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Some Interpolation Inequalities Involving Stokes Operator
and First Order Derivatives (*).

PAaoLo MAREMONTI

1. -~ Introduction.

As is well known, an interpolation inequality states o priori properties of a function
(or of its derivatives) beloging to some Sobolev spaces [2,4, 10-12, 17, 19, 23-25, 33-
34, 37-38, 42]. Usually, on the right hand side of such inequalities in a multiplicative
form the L?-norm of the function and of its derivatives of maximum order appear.
However, in the study of some partial differential equations it is required for an inter-
polation inequality to involve on the right hand side a suitable differential operator, in-
stead of the maximum order of the derivatives. This is the case of Navier-Stokes equa-
tions and Stokes operator, owing to the nonlinear character of the equations and the
fact that the maximum order of derivatives which appears in the equations is due to the
Stokes operator (PA4). ’

One of the aims of the paper is to prove some interpolation inequalities involving
Stokes operator in a multiplicative form. Our chief requirement is to state the results in
exterior domains Q of R*. If © denotes a bounded and sufficiently smooth domain,
w(x) e W2P(2)NJVP(Q) (see section 2 for notations), then the following inequality
holds [5, 13, 15-16, 41, 43-44]

(1.1) |w|2,p$C|PAw|p,

where C, independent of w(x), among other parameters, takes into account of the
Poincaré inequality. After which by general interpolation inequalities of second order
by Gagliardo and Nirenberg type, one is able to prove properties for w(x) and Vw(x) in

(*) Entrata in Redazione il 10 giugno 1996.
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a suitable L"-space by means of an inequality of the type (1):
|Diw|,<C|PAw|g|w|i™®, j=0,1,

where j, r, a, p, g satisfy a suitable relation. When £ is unbounded in any directions,
in particular if it is an exterior domain, the above considerations fail to hold. In this
connection, it is sufficient to think that in (1.1) C depends on Poincaré inequality. Actu-
ally the situation is more involved, since an inequality of the type |D?w|, < C|P4w]|,
for any p = %/2 does not already hold [13, 15, 30]. Here we employ a technique which
does not make use of the above inequality and it is able to prove the desidered interpo-
lation inequalities when £ is an exterior domain. Of course, as a consequence we have
that inequality |D?w|, < C|Pdw |p for any p = #/2 is not necessary to obtain our esti-
mates on function w(x), in particular we can say that (p > n/2) w(x) e L *(). So it is
completely avoid the use of standard Sobolev imbedding theorems.

Another aim of this paper is to prove interpolation inequalities between H ?(R™)
and H ~1?(R") either of the first order of derivatives. Since to explain the results it is
necessary to introduce some notations, here we want only to point out that we ecan
prove some interpolation Sobolev inequalities without require that the functions have
traces equal zero on the boundary. Moreover, we try to give a numerical value to the
constants which appear in interpolation inequalities of the first order (for functions bel-
oging to the completeness of Cy* (R*) in suitable norm). Of course, we consider expo-
nents that are not connected with the cases g =mns/(n—s), se[1, n) for which are
known the results of [1, 45]. The constants are not sharp, however they are deduced in
such a simple way that it seems interesting to communicate.

We conclude stressing that our results also come if we substute the Stokes operator
with some elliptic operators. As well as in the inequalities of the first order, we can sub-
stute the operator «V» with «A(x)-V», where A(x) is a matrix which defines an elliptic
operator. However, the extension is not so trivial with exception of the Laplace opera-
tor. Our technique consents to consider the case of V-(A(x)-Vu{x)) € L1(£2) and in the
view of the results of [39] this appears of particular interest also for the domain 2 not
exterior.

Finally we quote the paper [32, 47]. In [32] MASUDA for the first time considered our
question for the case of Laplace operator. He proved an inequality of the type
sup |u(x) | < C|du|3* | V|3, (@) s0 = 0, where 2 c R? is an exterior domain. Subse-

o)

quently, in [47] XIE proves the same inequality considering an arbitrary domain 2 c R®.
Moreover he gives a precise value of the constant, in fact C = (2x) !/ is the best con-
stant for the inequality.

Further comments on the results of the paper we refer the reader to the remarks of
section 2.

() Such an inequality, in an ambit of Navier-Stokes equations, was proved and used in [8] for
questions connected to the existence of solutions. More precisaly they proved (p=¢ =2 and
r=0)|w|,<C|PAw|3*|w|}*. However in [8] the domain QcR® is bounded. In exterior
domains this inequality becomes interesting not only for questions connected to the existence,
but also for problems of stability of solutions (see [18, 32]).
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2. — Notations and statement of the results.

Throughout the paper £ will denote an exterior domain of R" (n = 2). As far as the
regularity of 82 is concerned, it is specified in the statements of the below
theorems.

L?(Q) (p=1) denotes the set of all fields ¢(x) on £ such that

ol2=[lp@) |Pde< e ;
2

L *(82) = {Lebesgue measurable qo(;c): ess sup |@(x) | < o };
Q

m

Wmr(Q) = {p@): |@lh.,= > |DeplE< w},

|a| =0

where D* p(x) denotes weak derivatives of g(x) of order |a|. W™ P(£2) is the comple-
tion of C¢°(£2) in the |-|,, , norm. G () is the whole set of C* (L) vector field ¢(x)
with compact support on  such that V-@(x) = 0; JP(£2) and J™ P(£2) denote the com-
pletion of G(Q) in LP(Q) and W™ P(Q) respectively. It is well known [13] that
LP(Q) =JP(Q)DGP(RQ), where GP(2) = {y(x): Y(x) = Vi(x), h(x) € L, (2)} (here

30 is smooth of C%class). As is standard, we set (f, g) = jf(x)-y(x) dx, for any

f(x), g(x) such that f(x)-g(x) is integrable over Q. If 1/p + 1%] =1, we have for any
Rx)eJP(Q) and y(x) e GP(RQ), (f, y) = (f, Vh) =0. The operator P, is the pro-
jector from L7(Q) into J9(RQ); if in the context there is no ambiguity then we omit
index g. We indicate by Hy'?(Q) the completion of LP?(RQ) with respect the

norm |@|-1,,= sup jqo(x)v(x)dx with 1/p+1/g=1. WbP(Q) =

W) e WhUD), |9]1,,=1 '@
={@(@): |Vg|,<} and Dj-?(82) denotes the completion of Cy” (£2) with respect |V-|,.
Following [13, 15] we indicate by Dy *'P(£2) the completion of Cy(£2) with respect the

norm ||y, , = sup | I(p(x)-tp(x) dx| with 1/p+1/g=1. We set
px)eD 1), [Vyl=11 5

HPA(Q) = {w(x) e JUR): Vw(z) e LE(2) and PAw(x) e JP(Q)};
HPA (@) = {w(x) e HPA(Q) and w(@)50=0};

ﬁé",",; Q) = {w(x) e ﬁi“p(Q) and Vw(x)j;0=0}.

In the definition of the above sets of functions it is assumed that 82 is smooth of
C*?-class. We denote by E(x), P(x) the Stokes fundamental solution, E(x) is a tensor
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and P(x) is a vector field, they have componénts:

1 1 ;% 1 %
Ey(m) = —[64ln — + , Plw)=———, np=2,
i@ 4%( AT |x|2) ) 27 |x|?
1 0; 1 X; %; 1 o
E(x) = ——— 4+ — | P=—-—, n=23,
2o, \n-2 || | w, x|

where w, is the measure of unit sphere.
We define for w(x) e H}%,(2) the boundary integral quantities:

i) fE(x—x0)~T(w(x), ax))-n do=8B,, pe[g,n), n>2;
30

jT(w<x>, M) ndo=By, pe(l,2), mn=2;
aL

in the case of p =n = 2, with further condition

i) f VE(x — ) - T(w(x), n(x))-ndo = B} ;
a2

where n(x) is the function such that PAw(x) = Aw(x) — Va(z) in 2 and T(w(x), n(x)) is
the stress tensor of components T(x) = —0 ;m(x) + (Sw;(x) /9x; + w;(x) /dx; ). The
symbol S H{4,(22) denotes the set of functions w(z) € H}4,(Q) for which B, =0, or B, =
=B, =0, n>2. Of course it is H;%; *(2) c SHE4,(R), while SHE4,(Q) is a subset of the
class of solutions to Stokes system with boundary conditions w(x) ;0 =0 and B, =0, or
B, =B, =0,n =2, whose existence was stated in [30], for the case of Laplace equation

see [29].
Now we are in a position to stand our results:

THEOREM 2.1. — Let QCR" be, n = 2, and assume 92 of C™ class with 2m >'n, m an

even positive integer. Assume w(x) e ITI;AP(Q), with p, ge (1, «). Then there exists a
- constant C indipendent of w(x) such that for a0, 1] and pe (1, n/2) (n=8)

np
n-—2p ’

np
n—2p ’

(ClPAw|, ) |w|;~* if g<
lw|, < _
(C|PAw], Y~ fwlg if g>
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where
1 1 2 1
g e and —=a|l——-——|+{1-a)—, ifgs P
n—2p r p n q n—2p
re
1 1 2 1
P ,ql and —=Q-a) -~ -~ |+a—, ifq= P .
n—2p 7 p n q n—2p

Moreover for p=Zn/2 (for n =2, p> 1), there exists a constant C indipendent of w(x)
such that

. , © ifn<sd,
@1) |, <C|PAw|t|w|i-2, rell® Y
lg, @)  fn=2;
provided that for a [0, 1)
1 1 2
(2.2) —=a(—~—)+(1—a)l,
r p n q

where C depends on p, q, r, a and 382.

THEOREM 2.2. — Let w(z) e W (R NLYR"), n=1, se[l, o], q=1. Then there
exists a constant C such that for a0, 1] and sell, n) (n=2)

C|Vw|)* w]}* if g ——
@3) lw|, < nes

C|Vw|)' " |wlg i ¢=
n—s

where

1
[q, s )(md—=a(l—l)+(1—a)—1—, ifqg< "3
r q

n—S_8 S n n—3S8
re
1 1 1 1
[ i ,q] and—=(1—a)(———)+a—, if = = ;
n—S r s n q n-—=s

constant C is the following

g2 ~1p p—1\"' I'l1 +w/2) [(n)
n—p Tn/p) (1 +n —n/p) |

Moreover, for sen, =] and r=q we have (n=1)

24 |w], < M|Vw|?|w|i™?,
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with a0, 1)
1 1 1 1
2.5) —=a(-———)+(1—a)—.
r s n q
If r=s, then in (2.4) there is
M('}", s, q, n) = a—a/(a+/3)M1ﬂ/(a+13)Mél/(a+ﬂ) +‘341aﬁ/(a+ﬂ)Mlll/(a+/5)M£/(a+ﬂ) ;

otherwise for s=r=gq, there is M(r,s, q,n)=M(s,s, q, n)’ with b=s(r - q)/
/r(s — q), where

M, = (4n)—(n/2)(1/q~1/7’)’31—%/2/31’ _.}_. =1+ l — l;
B1 r o q
1/8
M, = (47)~2XA/s=1/r) g =1 2= /25 r'Px(n/2+ B, /2) ’ 1 =1+ 1.1 .
I'/2(n/2) B r 8

THEOREM 2.3. - Let 2 R" be, n =2, 3 locally lipschitzion. Let w(x) e WY 5(2) N
NLI(). Then there exists a constant C indipendent of uw(x) such thot

(2.6) |w|,<C|Vw|% |w|s™*,
with the following restrictions:

@7 ifsell,n),

1 1 1 1
[q, "8 ] cmd——=a(————)+(1~a)— if ¢< s ,
n—s s s n q n—s
then re
1 1 1 1
s ,q] (md—=(1—a)(———)+a— ifg= 2|
n—s r s m q n—s

with ae(0, 11; if sen, ), then relq, ») and

2.8) l=a(l—l)+(1-~0&)l.
r

s n q

with 010, 1). Constant C depends on v, s, q and a.
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THEOREM 2.4. — Let QCR" be, n=2, 392 of C?%class. Let w(x)eD{*(2)N
NHyVQR), senf(n—1), ©]and ge[n/(n—1), ©). Then there exist constants Cq
and C, indipendent of w(x) such that
2.9) lw], < Cy | Vw|2 |w|11% + Co | Y] |w| 7Y,

with ae[1/2,1) and be [0, 1), provided that » =7 = max{s, q} and

1 1 1 2 1

—=—+ta{———|+1Q-a)—, ns

roon s n q 7, if sell, n),
2.10) re n—8

1 1 2 1

—=b(———)+(1—b)—, 7, o] ifszn.

r s n q

In particular, if w(x) = D;w(x) with w(x) e LI(RQ), then inequality (2.9) becomes
2.11) |D;w|,<C |D*w|§|w|;™% aell/2,1),

provided that relation (2.10); holds. If 2 =R", n =2, then inequality (2.9) and (2.11)
hold for se[l, ] and ge[1, ).

If w(zx) e DY 5(Q) N Dy 9(R), there exists a constant Cy indipendent of w(x) such
that

212) |w]|, < Cy | V|2 lwl1?,
provided that (2.10); holds.

Finally, if w(x) e L*(R™) N H L 9R"), then w(x) e H 1 "(R™) and there exists a
constant Cs indipendent of w(x) such that

(2.13) jw|_1,, < Cg|w|2|w| 37,

provided that for a [0, 1) 2.10), holds. If w(x) e L*(R™) N Dy " Y(R"), then w(x) e
e Dy V' "(R™) and there exists a constant C, indipendent of w(x) such that

(2.14) l'LUI 1, TSC4|?/UI Iw 1 q,
provided that for a0, 1) (2.10); holds.
For r=ns/(n — 8) inequalities (2.9)-(2.12) hold with a =1 and Cy = 0. Constants C;

(i=0,1, ..., 4) in 29), (2.11)-(2.14) depend on r, s, q, a and in (2.9), (2.11)-(2.12) on
382 also

THEOREM 2.5. — Let Q CR™ be as in Theorem 2.1. Let w(x) € H, AP(Q), g, pe(l, ).
Then the following inequalities hold:

2.15) |Vw|, < C|Pdw|S |w]i~°,
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provided that pe (1, n/2), ae[1/2,1), r =27 = max {p, ¢}, and

1 1 1 2 1
(2.16) —=~+a(————) (1—a)y—,

r n P q
with C indipendent of w(x); moreover, for p =mn /2

@17) |Vw|, < Cs |PAw| [w|} "+ Cg | PAw|2 |w|}® + C; | PAw |} |w]s ™,

with C; 1=5, 6,7 indipendent of w(x), provided that acl[1/2,1), relr, =] (re
e[r, ») for n=2), relation (2.16) holds and

,

" fn=s cmdp>ﬁ,
2pq +n(p—q) 2
@18) b=J — P ¢ veelo,—"P
2pq+mn(p —q) #2pq +n(p - q))
fn=2and p>1, n=3 and p=—g—.

If v is less than w, then inequality (2.17) holds with C;=20.

If p belongs to (1, n/2), then inequality (2.15) holds with a = 1.

Finally, inequality (2.15) fails to hold in the following cases: forr>n and p=q =
=n/2;forr=mnp/(n—p),peln/2, n)anda=1.Constant C, Ci(i =5, ..., T) depend on
r, P, q ond a.

THEOREM 2.6. — Let 2 cR" be as in Theorem 2.1. Let w(x) e 10{5,"]5 Y(Q) with p=n/2
(p>1 for n=2) and ge (1, ©). Then there exists a constant C indipendent of w(x)
such that, ¥ = max{q, p},

_ [7, ®], n»=3,
2.19) |Vw]TSC|PAw|Z|w|; “ red
[T, OO), 7?/:2,
provided that for ae[(1/2), 1)
1 2 1
(2.20) l=_+a(1__)+(1_a)__’
r n P n q

where C depends on p, q, r and a.

Moreover, if w(x) eSHf;Ap(Q), then inequality (2.19) holds with dimensional bal-
ance (2.20) and with the following restrictions: r=7 if pen/2,n); r=p=q if
p=n.
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COROLLARY 2.1. — Let QCR” be as in Theorem 2.1. Let w(x) e fI{I’f‘p(Q) NWL(Q)
for some p, qe (1, ») and se[1, ©). Ifse[l,n), ns/(n—8)>q, relq, ns/(n—9)],
then

2.21) lw|,< C|PAw|% |Vw|¥ |w|t~ % %,

for some constant C only dependent on r, p, s, q, a, b, x and 32, provided that for
a, bel0, 1],

¥, x'€l0,1] and y+x'=1,

2.22) 1=a(1_3)+(1_a)l=b(l_l)+(1—b)l.
7, P ” q 8 n q

If sell,n), ns/(n—s)>q, r>ns/(n—s), then for any ye(0,1]
(2.23) |w|, < C|PAw|% |[Vw |51~ |w | ~oXt-a

for some constant C only dependent on v, p, s, q, a,x and 32, provided that for
ae(0, 1],

20 1 (1_3)+<l_a>[x(1-i)m_x)l].
r p n 8 7 q

If se[1,n), g>ns/(n—s), re[ns/(n—s), ql, then inequality (2.6) holds again (in
other words (2.21) with a = 0). Finally, if s > n and r = q, then we have again inequal-
ity (2.21) with restrictions (2.23). We stress that v = « may be for n =3, while r <
for n=2, in accord with Theorem 2.1.

Some words of comments about the theorems.

REMARK 2.1. — The theory of the interpolation spaces has application in several
fields of the analisys. Apart from the pioner and fundamental results by Riesz and
Thorin, or of their generalizations, with papers [10-11, 23-25, 37-38] by Gagliardo, Lions
and Nirenberg the theory had a meaning devolopment and application in the field of
the partial differential equations, as well different methods of interpolation were intro-
duced (real and complex interpolation methods by Peetre and Calderon respectively).
Here we cannot be exhaustive for the whole research field, thus we refer the reader to
[2] for a general theory of the interpolation and to the books by Lions-Magenes [26],
where the interpolation theory (of functional spaces and linear operators) is used as
systematic tool to solve questions related to some partial differential equations. Nev-

~erthless, we refer to [27] who wants a clear and complete (at least up to 1963) matter on
the theory of the interpolation and about its application in partial differential
equations.

REMARK 2.2. - We are essentially interested to interpolation inequalities which are
not connected with ones of Sobolev exponents: se[1, n) and r=mns/(n—s). This is
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made since for the above exponents the theory becomes a repetition; in Theorem 2.2
they are considered uniquely for the sake of completeness in the statement.

The study devoloped in this paper is based on the properties of the resolving opera-
tor associated to (unsteady) Stokes system and for Theorem 2.2 to the heat equation. In
the papers [6, 9, 46, 48] (®) properties of symmetric Markov semigroups are connected
with inequalities of Hardy-Litflewood-Sobolev type. More precisely, in [6] symmetric
Markov semigroups on L2(Q) are considered and an equivalence is given between
L™ — L? estimates of semigroups and the following inequality:

|fI3H < CRUN | f11*,
for some constant C, Vfe D(Q) N L!, where Q(f) = Jalj(x)(a/aw,-)f(a/axj)fdoc, uis a

suitable parameter connected to the L * — L% semigroup properties (concerning the
above estimate also see the papers [7, 36]). In [46] L * — L7 estimates of semigroups are
considered and an equivalence is given with the Hardy-Littlewood-Sobolev inequali-
ties. In a class of operator containing the negative of Laplace operator, the necessary
condition of the above result is due to [48]. Although we employ properties of the re-
solving operator associated to the Stokes problem, stated recently in [31], the approach
to the result is completely different from [6, 46, 48]. As well as, the order of interpola-
tion inequalities (we consider second derivatives, Sobolev spaces of negative order) and
exponents of summability of the L?-Lebesgue space interpolated (we can consider p =
=1) are different from ones deduced in [6, 46, 48].

To obtain our Sobolev inequalities we employ an argument by duality. We consider
the solutions of a suitable initial boundary value problem (heat equation and Stokes
problem) as test functions for an integral variational formulation of Laplace equation
and (steady) Stokes system. Thus the solutions are test functions with a parameter,
that is the time variable ¢. After which, making use of the evolution equation we attain
a sort of Green formula. The arbitrarity of ¢ consent to us to obtain the inequality in a
suitable form. Of course the choosen of the evolution equation is close connected with
the interpolation inequality consedered.

In this approach there is a sort of equivalence between dimensional balance of the
inequalities (see for example (2.2), (2.5)) and properties of resolving operator of the sol-
utions to equations (more precisely we refer to properties of Theorem 3.1-3.2). In [31]
results of optimality have been obtained for solutions to Stokes problem in exterior do-
mains. Among these it is proved that the exponents x4 and ' in (3.7) are sharp for p =
=n/2. These results are not connected with Stokes operator, since also for the heat
equation it is possible to obtain the same results, but to the fact that the domain £ is ex-
terior. For a Cauchy problem (8.7) is substuted by (3.11). Now in the light of our tech-
nique the optmality of (3.7) and (3.11) can be seen as a consequence of the dimensional
belance stated for the inequalities of interpolation. Indeed it is not difficult to prove
that if we modify (3.7) or (3.11), then a posteriori we can violate the dimensional be-

(®) When this paper was completed Professor Y. Gica informed the author of the existence of
papers [6, 9, 46, 48]. The author wishes to express his thanks to Professor Y. Gi1Ga for drawing his
attention to the quoted papers.
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lance of the interpolation inequalities, which gives an absurdum. This last assertion
prove the optmality. Conversely assume that it is possible to modify the dimensional
belance of the interpolation inequalities, then it is possible to violate the optimality of
(8.7), which is an absurdum by virtue of the results of [31].

REMARK 2.3. — Theorem 2.1 is our chief result. In this theorem the assumption 6Q e
e C™ with 2m > n seems too much requirement (in effect, as it will be clear from the
proof, for pe (1, n/2) it is sufficient to require 62eC 2). Moreover, for n =2 it is re-
quired r < ., Actually both the assumptions are consequenee of the results obtained in
[31] (see Theorem 3.1 of the present paper), which are employed for the proof of the
theorem. However both the assumptions can be removed if we consider the Laplace op-
erator instead of Stokes one. In fact the equivalent of Theorem 3.1 for heat equation
can be proved with Q2 e C% and 7 = « for n = 2 (see sect. 2 Theorem 3.2). It is not so
immediate, but more in general, following for example the arguments employed in [31]
and for some estimates in [28], it is possible to extend the results of Theorem 3.1 and
Theorem 3.2 to parabolic operator: £(u) = V-(A(x)-Vulx, £)) — (8/3t) u(x,t) =0. As a
consequence we have (2.1) with V-(4(x)-Vu(x)) instead of PAw(x). Moreover for such
elliptic operator it is possible consider (2.1) also p = 1. Taking into account the result of
[39], our technique assume a particular interest for elliptic operator, indipendently of
the case of exterior domain Q.

For the validity of (2.1) in H; p(Q) the requirement w(x)|50 = 0 is a necessary and
sufficient condition. In fact to prove that the condition is necessary, it is sufficient to
cons1der the set of function ¢ = {w(x) such that PAw(x) =0, w(x) jae = a(x) =0, a(x)-

“T|ae =0 and w(x) —0 for |w| — o0 } (harmonic function in the case of Laplace opera-
tor). It is well known that ¢ is a non v01d set for n = 3, with 9cc H[4(RQ), ¢ > n/(n — 2).
Therefore if 1nequahty (2.1) holds in H}4(9), it implies that 9¢= @, which is an absur-
dum. Neverthless it is of some interest to stress that for w(x) e H 4 b2 »(8), g>n/n -2,
we can modify (2.1) as it follows. Consider the function W(x) € 3¢ Wlth W(z) 50 = w(x).

Then, setting U(x) = w(x) — W(x) we have U(x) eHP »(£2), inequality (2.1) implies
|U|. < C|PAw]|3|U|;~",
or in particular

], < C|Pdw|5 |U|3=" + | W],

REMARK 2.4. — Here we like to recall that, contemporaneously with the quoted pa-
pers in the introduction, as far as interpolation inequalties of the first order is con-
cerned, in [21] Ladyzhenskaya proved the following fundamental inequality for the

theory of two dimensional Navier-Stokes system: Vuxx) e Wb 2(Q) QcR?, |w|ss
<214 |Vw|3/? |w|3/%. Theorem 2.2 and Theorem 2.8 are connected to such family of in-
equalities, they state inequalities which have the same dimensional balance. However
the theorems are completely different in the aims. Theorem 2.2 tries to give a value of
constants sufficiently precise. This is trivial consequence of the results of [1, 45] on the
best eonstant for exponent se[1, n) connected to the well known Sobolev inequality.
While for exponents of summability which are not connected to Sobolev inequality (see
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(2.4) and (2.5)) the results are obtained making use of properties concerning the sol-
utions of the heat equation. The employed technique makes very simple the computa-
tion of the constants.

In Remark 2.3 we have already observed that if we perform a suitable study for the
parabolic equation £2(-) = 0 (see Remark 2.3), then operator PA4- in (2.1) can be substut-
ed by V-(A(zx)-V-). Also in Theorem 2.2 we have, by the same considerations, the possi-
bility to substitute in inequality (2.4) the «V» with «A(x)-V» (for any s=n, ¢=1 and r
given in (2.5)). In this way we discover a result near to ones of [6] proved fors=2,¢=1
and =2 (the case of L * — L? estimates of semigroups already quoted in Remark
2.2.).

In Theorem 2.3 a quite different purpose is considered. In [14] (we do not known
similar results in literature former ones proved in [14]) for the first time was taken in
consideration the possibility to prove a Sobolev inequality of type (2.3) with r = ns/(n —
—8), se[1, n), without requiring that the function belongs to the completion of Cy* (£2)
in norm |V-|,, se[1, n). The idea is to consider only the condition at infinity of the
function, in other words we employ the fact that w(x) —0 for || — « in a generalized
sense. When this last condition is not satysfied, then it is proved in [14] that for any
funetion w(x) such that |Vw|,< o, se[1, n), there exists a constant w, such that
|w(x) ~ wy | —0 for || — o« in a suitable sense. An exaustive devolopment of these
ideas it is given in [13], moreover it is given the value of w, (for analogous results see
also papers [20] and [3]). A natural extension of the above results is to prove mequah-
ties interpolating function w(x)e WLs(@)NLYQ) for s=n, without requaring
w(x) 50 = 0. So that the results of Theorem 2.3 cannot be seen as a particular case of
Theorem 2.2. We explicity point out that unfortunately our technique only proves Theo-
rem 2.3 for r < o, while Theorem 2.2 holds for » < « . However we note that from (3.4)
of Lemma 3.3 section 3 and (2.6), we can deduce the following inequality:

|w(®) | » < C| V|4 |w]|y~ %+ Cle) |[Vw|s ¢ |w|;T¢7%  Vee(0, al.

REMARK 2.5. — In Theorem 2.4 is proved an interpolation inequality for function
w(x) e W ()N H 1 9(Q). The meaning of the inequalities is immediate. We stress
that if © is bounded, by virtue of Poincaré inequality (W(x)lag = (), constant C, in (2.9)
is equal zero. It is interesting to note that the constant C, is equal zero also in the case
of w(x) e Dy ()N D ~14(R) as stated in the theorem.

REMARK 2.6. — It is well known that for any w(x) H 2(£2) the following inequality
holds: |Vw|, < |P4w|3/? |w|3/?. This inequality is true for any QCcR”, n =2, whose
boundary 392 is locally lipschitzian. The aim of Theorem 2.5 is to generalize the above
inequality compatibly to any exponents of summability. The theorem proves that the in-
equality can not be generalized to the cases of »>n and r=np/(n — p), pe[n/2, n).
For re (1, n] the result is not complete. Indeed inequality (2.15) holds for p e (1, n/2).
For p =n/2, we have estimate (2.17). We gess that estimate (2.17) can be improved
with constant Cy; = 0 in the case of » > n and, of course, with constants Cg = C; = 0 in the
case of re[n/2, nl.

Inequality (2.19) of Theorem 2.6 has the same dimensional balance of ones proved
in Theorem 2.5. In Theorem 2.6 we consider the cases p = n/2 (n = 8), since the cases
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pe (1, n/2) are discussed in Theorem 2.5 in the weakner hypothesis w(x) ﬁgf'p(g).
In fact, the aim of the theorem is just to give no restriction on the exponents of summa-
bility obtaining (2.19). However, it is achieved by requaring that w(x) € Hi%'(2) or
w(x) e SHY4(RQ).

REMARK 2.7. — Corollary 2.1 gives results by suitable coupling of the above interpo-
lation inequalities. Apart of regularity of 32 (in the case of Laplace opearator 0f2 can
be choosen of C*class) and the value of the constant C as particular case Corollary has
the result of [47]. In fact in (2.23) for n =3, p=s=2, we can choose y =1.

3. — Some preliminary lemmas.

Let us consider steady Stokes system in £:
Aux) + Va(x) = f(x), Vou(x)=0 in 2.

For Stokes problem we mean the Stokes system with Dirichlet boundary condi-
tion:

u@)s0=0, ul@)—0 for |x|—>x.

The following lemma holds

LEMMA 3.1. — Let QcR" be, n=2, 3Q of C?class. Let f(x) e JP(Q), pe (1, n/2)
(n = 8). Then, there exists a unique solution (u(x), n(x))e WL.P(Q) to steady Stokes
problem such that

3.1) |D?u|,+ V|, <C|f],.

Let u(x) eflﬁ,(!)), g,pe(l, ©), n=2. Then, for some n(x), (w(x), w(x)) e
e WLP(2)NJIU(R2) X LE(2) is a solution to steady Stokes system with f(x) = PAu(x);
moreover there exists a constant C independent of u(x) such that

(3.2) |D2u|, + |Va|, <C(| |, + |u|imen), D=1,

where Q%c Q is an arbitrary bounded domain such that 3Q N H(Q2 — %) =4.
Inequality (3.1) is sharp, in the sense that it fails to hold for p=n/2.

Finally, if u(z) e SHE4, (), ¢, pe (1, @), n=2. Then (u(x), a(x)) e Wi?(2)N
NJU(2) X LEA(82) is a solution to Stokes system in Q with f(x) = PAu(x) and with
u(x) 50 = 0 and boundary integral condition B, =0 forpen/2,n) (p>1, n=2) and
B, =B} =0 for p=n. Also, there exists a constant C such that (u(x), n(x)) satisfies
mequality (3.1).

PROOF. — Inequality (8.1) is proved in [30] and see [44] for the case of » = 3. As far as
inequality (3.2) is concerned, the proof is possible to deduce from the results of [30].
The optimality of inequality (8.1) is proved in [30]. However inequalities (3.1)-(3.2) have
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been object of study of several authors [3, 15, 16, 20]; in [13] these results are quoted
and, also for a more general Stokes problem, are devoloped and discussed the same

questions. Finally the case of u(x) eSﬁIf;f‘p(Q) is a particular case of the results for
Stokes system proved in [30].

LEMMA 3.2. — Let QcR" be, n=2, Q2 locally lipschitzian. Let Viy(x) e LP(£2),
pell, n). Then, there exist constants v, and C such that

Jim f |y(r, 6) —y,|Pdo=0,
(3.3) Wy
¥ —vol¢sSC|VY|., lg=1l/p—1/n,

where o, 18 the sphere of radius 1.

Proor. - The above lemma is proved by Galdi in {13], Chapt. II, Theorem 5.1. See
[14] for the particular case of QCR® and 82 of C*-class.

LEMMA 3.3. — Let Q¢ R" be a bounded domain having the cone property. Let y(x) e
eW™P(Q)NL™(Q), p=1and pye(l, ©]. If m—n/peNU {0}, then there exist a
constant C(2, n, m, p) indipendent of w(x) such that

3.4) DIy, <CUD™ |5 wlp “+ [¥]p),

provided that 1/r=1/n+a(l/p—m/m)+ (1-a)Xl/q) and aelj/m,1]. If m—
~n/peNU {0}, then (3.4) holds with ae[j/m, 1).

PROOF. — The lemma is due to Gagliardo [11] and Nirenberg [37]. See also [35] Theo-
rem 58.X.
Let X be a Banach space. By L?((0, T); X) we denote the Banach space of funetion
T

1/p
@(z) from (0, T') in X normed by (J | p(z) |§}dr) .
0

Consider the nonstationary Stokes system:

@, t) —Aplx, t) =Vp(x,t), V-plx,t)=0, on 2x(0,7),
35) § 9@, =0, @, t)=>0 for [g]|—>, Vie(0,T),
(e, 0) = @o(x).

For solutions to system (3.5) the following theorem holds:

THEOREM 3.1. — Let QcR" be, = =2, 82 of C™ class with 2m > n. For any ¢ o(x) be-
longing to Co(2), there exists a unique solution (g(x,t), p(x,t)) corresponding to
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@ o(x) such that
g, e [} LP((0, T) JH"(Q) nW>P(Q)),
>
(3.6) ?
Vo, D), @@, e (1 L?(O, T); LX)
Moreover, there exists a constant M such that
( nfl 1
i, sM 7+, =—f——-=1,
|90, < M|@ol,t ™, z(p q)
| (1, ], fp=1, n=3;
ge<[p, 1, ifp>1, n=3;
[p, ®), ¥p>1, n=2;
, 1
|V(p(t)|qSM|(p0Ipt_”’ .u’=_2-+/u!
(1,n], ¢yp=1, n=3;
3.7 J .
qeqlp,nl, ¥p>1, n=2;
[p, ®»), fp>1, n=2, te(0,1];
. n
VoO 1, <Mlgolyt ™, w'=5o, aZn, L1215
nll 1
D], sM t™, w=1+—-|—-—-=-1], n=3,
lo:() g < Mo, I 2<p q)
(]-y OO], przly
qe .
\ (p, =1, #p>1.

In estimate (3.7) M 1is a constant independent of @ o(x) and if ¢ > p it is also indipen-
dent of p= 1. For p =n/2 exponent u" is sharp, in the sense that it is not possible to

improve it in u"+ e, Ve >0, with M indipendent of t and ¢ (x).

Proor. ~ Theorem 3.1 is part of results proved in [31] Theorems 1.1-1.2,

Lemma 3.1.

REMARK 3.1. — In the present paper, in some proofs is crucial the property of con-
stant M stated in Theorem 3.1. That is: constant M is indipendent of p for ¢>p=1.
Since this result is enclosed in paper [31], for the sake of completeness, we like here to

repeat the proof of the property as it follows.
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Assume that (3.7); holds for some constant C, with C a priori depending on p, q,
then we can establish the existence of a constant M such that (3.7), holds and M is in-
dipendent of p for g>p=1.

To this end, consider two solutions of system (3.5), say (v(x, t), a(x, t)) with vy(x) €
eLP(Q),p=1,and (h(x, s), w(x, s)) with h(x, 0) = ho(x) € Co(£2). For a fixed ¢ > 0, we
set h(x, ) = h(x, t — 7), Yo [0, t]. Multiplying (3.5); by h(x, 1), taking into account
(3.6), an integration by parts gives:

(v(t), ho(x)) = (v, h(2)) .

Applying the Holder inequality to the right hand side of the last relation, subsequently
the LP-convexity theorem, we arrive at

| (@), ho)| < [oo |, |R@) |, < oo |, | B [% |R(E) |g7 7,

1 —
with ¢’ = —2— g=-1"P ygsp,
g-1 pg-1

Employing (3.7), for the solution A(x, ) with exponents ¢=p=¢q' and g= o, p=¢q’,
we obtain

|((2), ko) | <(C(q', ©))°(Cq", g0 % |o |y [hg [t ~P/P=1D | YRy (1) € Cp(R2),
which implies
o) |, <(C(g’, @) (C(g", g)) vy |t ~WPUP=D | for g>p=1, £t>0.

Therefore, setting M = ,max ](C(q’, ©))?(C(q’, ¢"))' % M is indipendent of p. We

conclude observing that, from properties of resolving operator associated to system
(8.5), it is easy to prove the result also for M in (3.7)»-(3.7),.
Consider in £ the initial value problem for heat equation:

58 Ap(x, t) — @ (2, £) =0, on 2x (0,7,
' oz, ) =0  for |x| > ®, @, t)e=0, @, 0)=gq).

The below theorem holds for solutions to system (3.8). It is more complete then The-
orem 3.1.

THEOREM. — 3.2. — Let QCR" be, n =2, 82 of C*class. Let () € Cy~ (2). Then cor-
responding to @(x) there exists o unique solution ¢(x, t) such that

o, e [ LPQO0, T); TP (@ NW*P(Q)), ¢, 1) Epﬂ LP((0, T); L*(2)) .
p

>1 >1
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Moveover, there exists a constant C such that

[ n({l 1

le®) [:q<Cleolst ™, #25(5_5)’ gelp, @], p=1;
, 1

Vo) | <Cloo |t ™ n' =5 +u,

1,n]l, p=1,
geslp,nl, fp>1,
(3.9) ﬁ [p, ©), ifp>1, n=2, te(0,1];

lo®) [;SCloolpt ™, w'=-—, q=n, t=1;

—u" " n
Pl <Mlgol,t ™, W=+

[p, ©1, fp>1.

{(1, ], ifp=1,
ge

.

In inequality (3.9) C is a constant indipendent of p =1 and ¢ o(x). Estimate (3.9); is
sharp for p=n/2.

PROOF. — The proof of this theorem can be performed following the ideas of [31] for
Stokes problem. However, here we want to point out some further references. As far as
the existence is concerned we refer [22] and for some aspects on the asymptotic decay
we recall [28]. In these theorems it is sufficient to require 62 of C 2 ¢lass since we follow
[28] to obtain (3.9),. In [28] a different technique with respect the one of [31] is em-
ployed. The difference of technique is essentialy due to the presence of the pressure
term. Since we are considering the heat equation, apart of (3.9),, we are able to prove
the theorem for n = 2.

Let us consider for system (8.8) the Cauchy problem on R", » = 1. The following
lemma holds:

LEMMA 3.4. — Let ¢o(x) e LP(R)", p = 1. Then for the initial value problem (3.8)
there exists o unique smooth solution @(x,t) such that Vgzp=1

nil 1
!(p(t)lngﬂwolpt’/‘, Yi>0, [uzg(___);
(8.10) P q

Vo) |, S M, |@ol,t ™, VE>0, u'=
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where

My = (4m) ™+ P

(3.11) i mnms TP (/2 + B/2) 1
= (477)" " 1/2-n/28 -

1
=1+— -
g

= |-

ProOF. — The proof of (3.10) with some constants M;, M, is well konwn. On the
other hand we have the analogous of Theorem 3.2 already quoted for the initial bound-
ary value problem (3.8). However here we want recall the numerical value of the con-
stant My, M,, not only their existence. The key tool to prove (3.10)-(3.11) is the Young
theorem on convolution product. From the rapresentation of the solution by mean heat
kernel,

g, ) = (4at) ™ [ el 1ig () dy
R’ﬂ/
we have in virtue of the Young theorem (we set 9((z, t) = (4dmt) ™2¢ ~1#I°/4%)
(@) [ <[5 s, 0 |90 [ 5

|Vo(t) [o < | VICE) | pip, ) 1P 0 | 5

with 1 /8(p, ¢) =1+1/q ~ 1 /p. Taking into account the properties of Gamma function,
a simple computation gives

|9C(E) | pip, g = (ATtY"2E— 2B ~"2E = (4gr) KB "RB g # = Mt H

s TR

vac(t = (4t PP Ry 1
9568 |65, = (42 B T ny2)

The lemma is proved completely.

LeMMA 8.5. — Let QcR"™ be, n =2, as in Theorem 2.1. Let w(x) f]ff‘p(!)) and as-
sume PAw(x) =0 a.e. in 2. Then w(x) is equal zero a.e. in Q.

PRrOOF. — In our hypotheses we have that w(x) is a solution to system (3.1) with
f(x) =0. We consider in system (38.5) ¢,(x) € G(£2) and multiply (3.5); by w(x). In
virtue of the summability properties of @(x, ¢) given in Theorem 3.1, integrating by
parts on £2 x (0, t), we have

8.12) w, @) =, ¢t)), Vi>0.
Applying Hoélder inequality to (3.12), from (3.7); we deduce

1
|, 9o) | < |w], |¢®) |y SClw|, |@o |1+t @PUFTLITN >0, ce (0, —
q_.

].
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Making t— o, we obtain (w, ¢,) =0. For the arbitrarity of ¢ ((x) € &(f2) we con-
clude that w(x) =0 a.e. in Q.

LEMMA 3.6. - Let QCR" be, n.= 2, 32 C?-class. Let u(x) e LE,(Q), ¢ > 1, with u(z)-
';Z|a_g =0 and

(8.13) |, )| sM|o|y, VYo(x)e ().

Then there exists a function a(x) such that u(x) = u(x) — Va(x) e JI1(L2). Moreover, if
u(x) e JP(Q), for some p > 1, then u(x) e J1(2).

ProoF. ~ For any R >diam(2°) we can consider on Qr=2N8S; (Sg={xe
eR", || <R}) LYU(QR) =JUQr)®GU(RE). We set up(®) =u(x) — Vrg(x). From
(8.13) we deduce that |ug |, <M, VR > diam (£2°). We define up(x) = ug(x) if re Qp,
otherwise 0. Since {#g(x)}5 is uniformely bounded from M in J9(£2), we can select a
sub-sequence, again labelled by E, such that &g (x) weakly converges to some %(x) in
J9(2) and |u|,<M. Now we have

(u—1, (p)=li}£n(u—uR,q))=li}ren(VnR, ¢)=0, Vo(x) e G(£2).
Then [40] u(x) — u(x) = Va(x) with (d/do_z)) 7T a9 =0, which proves the first part of the

lemma. As far as the latter is concerned, we observe that Ax(x) =0 and, in virtue of
summability, Va(x) tends to zero at infinity, then Va(x) =0.

4. - Proof of the theorems.

Proor oF THEOREM 2.1. — The former part of the theorem is a easy consequence of
Lemma 3.1, Lemma 3.2 and convexity theorem for L "-spaces. In fact if ¢ < np/(n — 2p)
we have

@] < w520 (@] < C VW0 | psn -y [ ] 77 <

a _ np
sC|D2w|$|w|,} SC[PAw|g|w|é e, Vre[q, n—Zp];

the conversely, ¢ = np/(n — 2p), is the same.
To proving the latter part of the theorem, we start for some re [7, x), where

7= max{p, q}. Since w(x) € flf;f‘p(Q) we multiply PAw(x) by ¢(x, t) solution to system
(8.5) with ¢ (x) e & (£). Integrating by parts on Q x (0, T) we obtain

[3 [3 ¢
J(PpAw, @(1))dr = f(w, P, Agp(7))dr = I(w, @.(D))dr=(w, ) — (w, o).
0 0 0
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Thus we have

4.1 [(w, o) | < |(w, g))] +

i
[Paw, o) dr | =)+ T(0).
0

Now we estimate J;(¢) for j =1, 2. Applying Hélder inequality and (8.7); we have
i) < [wl], |90, <M|w], @0t 7",

4.2)
”(—1- - 3), ro=rr=1), ¢ =alq—1).
q r

For J,(t) we again apply Hélder inequality and after inequality (3.8);, then

11 i
|l 1
4.3) Jo(t) < |PAw|,,J|¢(r)|p,drsM|PAw|p|cpoi7.rjr‘/‘1dr, ,M1=E("‘__);
0

0

we observe that, for any a [0, 1), (2.2) implies 1 /p <1/r+ 2 /n, thus the right hand
side of (4.3) is finite for any » = 7. Increasing the right hand side of (4.1) by mean (4.2)-
(4.3), we deduce by simple computation:

|(w, go) | SM|@o |- (|PAw|,t' 1+ |w|,t ),
q

This last inequality holds for any ¢,(x) € G(£2). From Lemma 3.6 it follows that
(4.4) [w], < M(|PAw|,t' 1 + |w|,t #).

In virtue of Lemma 3.5 we can assume |PAw|,#0. Therefore, setting {=
=(|lw|,/|PAw|,)*, o =2pq/2pq+n(p — ¢)) ®) we have 2.1) with 1 —a+u,a=au=a
or conversely (1 —u;) a=1—au=1—a, which are equivalent to (2.2). To extend the
above result to the case of ¥ = « (n = 3), it is sufficient to make the following observa-
tions. Lemma 3.1, inequality (4.4) and Sobolev imbbending theorem ensure that w(x) e
e L * (), moreover Theorem 3.1 ensures that inequality (4.4) holds for any » = ¢ (w(x) e
e L"(2)) with the right hand side depending on » as continuous and bounded function,
thus making r— « we dedudce (2.1) for r= oo.

Now, we remove the hypothesis » = 7. If it is the case of p < g, then the proof of the-
orem is complete. Otherwise for ¢<p we consider the convexity theorem for
L *-gpace:

b 1-b
—_——t —, for r,>p.

1
(4.5) jw|, < |w|s Jwl;™" ==
r 71 q

() Since g<r and 1/p<1/r+2/n, we have a > 0.
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Since 7; > p, we increase the right hand side of (4.5) by (2.1), therefore
lw|, < M|PAw|) |w|;~%, Vr>gq.
A simple computation gives bc = a, with a satisfying (2.2).

Proor oF THEOREM 2.2. — In hypothesis s e [1, =) inequality (2.5) is a trivial implica-
tion of Sobolev inequality and convexity theorem for L”-space. In fact if ¢ <ns/n —s
we have

B ns
[w], < |w|Gym—s |w|g~* < (C|Vw|)* |w|g™%, Vre [q, n—S};

the conversely, g = ns/(n — ), is the same. As far as the value of constant C we refer to
[1, 40].
Now, we consider the case of s = n. We start considering re [F, « ], 7= max {s, ¢}
The following equation holds v
(Vw, Vo)) = —(w, Ap®)) = —-(w, ¢,@)), Vt>0,

where @(x, t) is the solution to the initial value problem of heat equation (3.9) corre-
sponding to @(x) € L™ (R™). Integrating on (0, t) we have

[
(w, 90) = (w, 1)) + [ (Vw, Vo(1)) dr
0
Applying the Holder inequality and (3.10), we obtain
3
|, @0) | < |wl, |90 |+ [Vool, [ [Vo(@) | dr <
0

SMI !w‘q |§00 lﬁ,.ft—’u’k (1 —ﬂ’)_le |V'bU|s |q00 |,r't1_‘u' ,

where we have taken into account that (2.5) and ae[0, 1) imply u' <1 (1/s<1/n+
+1/r). The last integral inequality implies

(4.6) |w], <M |w|,t ™+ y(r, 8) Mz |Vw|,t17#,  Vt>0.
Since we can assume |Vw|,=0, we get t=(|w|,/(|Vw|,y(r, s)))*E with a=
=2 qs/(2sq +n(s — ¢)) and &> 0. Therefore, after substuting this ¢ in (4.6), we ob-

tain

47 |w], < (M E#+ (1= ) My =+ ) | Van|® ]},
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with a deduced from (2.5). Making on the right hand side of (4.7) the minimum value
with rispect to &, we deduce (2.4). If s < ¢ the proof is complete. Thus suppose s> q.
For any +e[q, s], we have

1
4.8) lwle < Jwls|w|™", - =
7

Increasing by (4.7) written for » = s we deduce (2.4). The numerical value of the con-
stant C in (2.4) is consequence of a simple computation which takes into account the ex-
ponent a and b in (4.7)-(4.8).

ProoF oF THEOREM 2.3. ~ To prove (2.6) it is sufficient to employ the convexity theo-
rem for LP-space and Lemma 3.2, as it has been already made in the proof of Theorem
2.2.

Let us consider the case s =%, ¢ = s and r < . We denote by d = diam (2°). More-
over we define two cut-off functions as it follows (R > d) k;(x) =1 for |x| <R, hy(x) =
=0 for |x| 22K, h(x) €[0, 1] for |x| e [R, 2R]; he(x) =1 for |x| <2R, ho(x) =0
for |x| 23R, ho(x) €[0, 1] for |x| e [2R, 3R]. Moreover they satisfy the condition
|Vhi(x) | <A; /R and |Vhy(x)| <Az /R. Consider

wi (@) =1 = hy(@)wx),  w(x) = hylz) wizx).

Since w, (x) is defined in the whole R” we can apply Theorem 2.2, then

_ 1 . _
|wy | < Cy |V |§ |wy |q a$Cl(|Vw|s+EiwlL%RsMszm) lw|y e <

1 . _
s@\'1(|Vw|s+ W]“"q) |wlg™".

We employ Lemma 3.3, then
‘ |W2|T$02lvw2lg'|?z{)2|,11—a+03|’bl)2lq.
Now two cases are possible

leq < g l-ma—s)gs or lwlq > g 1-mg-s)igs
[Vaol, [Vaol,

In the former case we fixed R > d and increase |w|, in estimates of |w, |, and |w; |,
with d'~™9- 94 | Vy|,, therefore

|'LU|7-S le |7~+ I’M)z |7.$
< [C (1 + (1/R) ~™a= s )o 1 Cp + Cyd @~ 0= 9199 | Yap| ¢ [w]} 2.

In the latter case we modify the estimate for w,(x) and choose R subsequently in a suit-
able way. For any r = q there exists an Se[1, ) such that #n5/(n — 5 > r. In virtue of
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(2.6) we can get with C independent of R and w,(x)
IWer ClV’bUzl |U)2 1= b.
Since s >5 and w,(x) is zero for |x| = 3R, applying Holder inequality we deduce

|w2|,.<CRbn(s s)/sslvw | Iwz 1- b<

o 1 b
SCRbn(s-—s)/ss(|v,w|s+ E |w|Ls(2Rslz|<3R)) leé_bs

s | 1 pl1-b
<CR™® s’/ss(Ilestmlwlq) lwlg™".

We observe that for s =n we have 1 > n(q — s)/gs, for any ¢ = 1. Now we are free to
choose R!~™I~9 = || /|Vw|,>d?~™?~9%4 Therefore the estimate for |w]|,
becomes

|w], < Jwy |+ |we |, <2°C; | V|2 w5~ %+ 2°C| Van |30 7P ||}~ 50=P),

Now, taking into account the value of b in (2.7) and a in (2.8), a simple computation gives
a = b(1 — B), then we have completed the proof in the case of ¢ = s = n. Now, let us con-
sider the case g <s. First of all we prove that w(x) e L*(£2). Of course by Poincaré
inequality w(x) e L. (2). Moreover, introducing a smooth cut-off function k(x) such
that k(x) =1 for |x| <R, k(x) =0 for |z| Z2R, R>diam(Q°), setting w(x) =
=(1 - k(x)) w(x), from (2.4) we have

@], < C|Vin|§ ||~
which implies w(x) e L°(2 — S;5). So we have proved w(x) e L*(RQ). Now, for w(z) e
e W' () we have already obtained estimate (2.6). Then for any »=s
(4.9) |w], < C|Vw|2 |w|i .
Applying to (4.9) the convexity theorem for LP?-space, we deduce

s —q)
sr—gq)

|w|, < C|Vaw| 2% |w]B1%) |01 =0X1-0)  with =

It is immediate to deduce
|wl], < C|Vw|¢ |w|;™?,

with a given in (2.9). To obtain the cases of re (g, s) it is suffiment to apply again the
convexity theorem for LP-spaces.
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PRroOOF OF THEOREM 2.4. — The case of r=ns/(n — s) with se (1, ) is the ordinary
Sobolev inequality. Thus we consider only the cases of inequalities (2.9), (2.11)-
2.14)

We introduce a smooth cut-off function s(x) such that h(x) = 1for |x| <R, h(x) =0
for |x| Z2R and |VA(x)| <C/|x]. Let us consider the following relation

4.10)  (Yw, Vo) k) = —(w, Ag(t) h) — (w, Vh-Vo(t)) =
= —(w, @) h) — (w, VR-Vo(t)), vVi>0,

Where ¢(x,t) is the solution of (8.8) corresponding to ¢@(x)eCy (2), with
supp{@o} cS(O, R) for some R < R. Integrating (4.10) on (0, t) we deduce

t i
@11)  (w, poh) = (w, p(t) h) + j (Vw, Vo(z) h)dr + j (Vw, ¢(z) Vh)dr +
0 0

t
+ f(w, Vi-Vo(r))dr =1,(t) + L (t) + I;(t) + I,(t), Vi>0.
0
Now we increase I;(t), i=1, 2, 3, 4. We have

o1 ,
@12) L@ < |w) 1, |9® b1 o <Clw] 14| @0 |Tv(t‘” ot )

1 1 1
Vi>0, ﬂzg—(;—;), u'=—2-+,u

where increasing we have taken into account (3.9) and r=q. As far as I,(f) is con-
cerned, applying the Hoélder inequality and (3.9), we obtain

t
(413) 1| < [Vwl, [ |Vem], dr< Cy|Vul, |g, |, 214,
0

We stress that (2.10); and » =7 imply 41 <1. Finally, applying Hélder inequality, in
virtue of Theorem 3.2, we get

t
414 |LO+LO| < 0|1, [ [VhVPD) | g dr + Vool |[Vhe®) |, dr <
0

C t
< (W] ygt |Vw|s)0j lp(0) |, dv .
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Recalling that supp {@,} cS(0, R) N 2, from (4.11)-(4.14), we deduce

1 .
(415) |(w, §00)| $C|'M)|_1’q l@o |T'(t_ﬂ+ ‘}'—E—t_'aﬂ‘t“‘u)‘i‘

1
+Cy(r, 8)|Vw|, |@o |wt"’("’s)+C(t)—E(|w|_1,q |Va|,).

Making R — o in (4.15) we arrive

|, @0)| S Clw|_1,q|@o|rE*+E7) + ylr, 8) C| V|, |@o |t 7.
Since supp {@ ()} cS(0, R) N Q for the arbitrarity of ¢ o(x) we get
(4.16) |w|zrs0, Bynoy S Clw]_1, (& +¢7#) + Cy(r, 5) | V|, 779
On the other hand the right hand side of (4.16) is indipendent of R, therefore
(4.17) |w|, < Clw| -y, & #+E7#) + Cy(r, s) Ve |t 7",

We can assume |Vw|,#0. In fact if |Vw|,=0, then w(x)=0. We set t=
=(|w| 1,4/ Yw|s)* with a = 2¢s/(2gs + n(s — q)). We observe that from (2.10), it fol-
lows that a > 0. Substuting ¢ in (4.17), after a simple computation, we conclude the
proof of inequality (2.9). As far as (2.12) is concerned, then we modify estimate (4.12) as
it follows

1
|L(8) | < Jwl-y, ¢ |[VRe®)) |, < Clwl-1, 4|90 lr’(t 4+ Et_ﬂ)-

After which it is sufficient to repeat the above argument lines. Finally to prove (2.11)
we again modify (4.12) and precisely we have

L) | = |, Dyg®))] < |, |Vo®) |, < Cld], | 9ot

then we repeat the above arguments.

Taking into account Lemma 3.4 the case 2 = R" is formally the same, thus the proof
is omitted.

Since Cy(R™) is dense in LP(R™), W =1 9(R™) and D ~ 9(R™), we restrict the proof of
(2.13)-(2.14) to w(x) € Cy(R™), after which by standard arguments of density one com-
pletes the proof. We consider the equation

(wy (Pt(t)) = (w’ A(P(t)) ’
where @(x, t) is the solution to (3.8) corresponding to ¢(x) e W' (R"). Integrating

the above equation on (0, ) we have

. t
o, @0) | < |, ()] + [ |, Ap(@))]de = L)+ L,(0).
0
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Now, with simple computation and taking into account (8.10), we obtain

[w] _1, ¢ 19@) | < Clw| _y, (¢ =271 g}

L)< 2)(1/g -1
le—l,q [V¢(t) Iq’ sClwl—l,qt_(n/ Xfa=1/m |V<00 !r’;

,

t
], [ 146(0)|-dr < Clao] 112~ 20217 |V |, <
0

L)< ] < Clw)|, tY2~ ®DUP=1 g | s

i
[, [ 1490, dr < Cla], 12~ @21 | Vg .
0

\

In the above inequalities for /() and I;(f) the former estimate on the right hand side
is obtained to deduce (2.13). While the latter estimate is obtained to deduce (2.14).
Therefore, following the arguments already employed to prove inequalities (2.9) and
(2.12) one concludes the proof.

PROOF OF THEOREM 2.5. — In virtue of Lemma 3.1 we can assume D2w(x) e LP(Q).
We introduce a smooth cut-off function h;(x) such that A;(x) =0 for |xz|=2R,
hi(x) [0, 1] for |x| e[R, 2R], hy(x) =1 for |x| <R, R > diam (Q°). Define w,(x) =
=(1 - hy(x)) w(x). Estimate (2.11) implies
@18) |Vie |, <Gy |D*wy [§ |0, |3 < CID*w]5 + |w]Srrce o <) ]2,
with o as stated in (2.10);. Taking into account (3.4), estimate (4.18) becomes

(4.19) |le 17‘SC(|D2w|g+ |W|%pRs(|w|)g23)IW|é_a.

If pe (1, n/2), applying Holder inequality to the right hand side of (4.19), the Sobolev
inequality (3.3) and inequality (3.1) we have

420) |Vw; |, <C(|D?w|g+ |w|opn-2p) W]} <

SC([D*w(p+ | Voo |y -—p) @y~ < C|D*w|j |w|g™ ¢ < C|PAw]j [w]g ™"
If pe[n/2, ), then we increase the right hand side of (4.19) by (3.2), after which we
employ Holder inequality. Then we obtain (2*c Q is a bounded domain including £,
and R < |z| <2R).
(421) |Vw, |, <C(|PAw|§+ |w|fry)|w]; "<

SC(|PAw|g|w |3+ |w|imen |w|;7%), po=1.
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Now, if »=3 and p>n/2 we can choose p, = «, otherwise for p=n/2 (n=3) and
% = 2 exponent p, can be choosen sufficiently large but less then infinity. Therefore em-
ploying (2.1) we obtain from (4.21)
(4.22) |V, |, < C(|PAw|3 |w|i~ %+ |Pdw|? jw|;~ %),
with b as stated in (2.2). Let ky(x) be another smooth cut-off function with support in
S(0, 3R) with hy(x) =1 for |x| <2R and hy(x) €[0, 1] for 2R < |#| <3R. Define
wy(x) = hy(x)w(x) and apply (3.4), thus we have (2,=2 NS0, 3R))
|Veoy |, < Co(|D*wy |Eriay |2 113y + | W2 |Lo0y) <

SC(D*w |3+ |w|fsie,) @] Lad, + Clws | Loy -
Finally applying inequality (3.4), we have
(4.23) IVWg IT £ C(|D2w |g + |w |%p(92)) |w |i;(?22) + C|w2 IL‘I(Qz) .
Since £, is bounded, for p e (1, n/2) we apply Hélder inequality as it follows
@29 |Vw [, <CUD*w|3+ |w|ipym-zp |w]g ™+ Clw|ro0y, s=q.
From Sobolev inequality (3.3) |w |y —2p) < C|VW|upin—p < C|D*w|,; moreover for
1/s=1/r—1/n estimate (2.1) gives |w|,<C|PAw|;|w|;~*. Therefore, taking into
account (3.2), for pe (1, n/2), inequality (4.24) becomes
(4.25) |Vw, |, <C|PAw|j|w|;™*, pe(l,n/2).

If p=zn2 from (4.23) applying (8.3) and Holder inequality we have, 7=
= max {p ’ Q} ’

[Vws |, < C(|PAw|; |w|; ™+ |w|irey |w]Lidy + [W]Lee,) S
<C(|Pdw|p|w|g™* + |w|pne,), sZF.

Now, for n=3 and p>n/2 we set 5, < », for p=n/2 (n=3) and n =2 we choose
81 <  but arbitrary greater then 7. Thus from (2.1) we deduce for p = n/2

(4.26) |V, |, < C(|PAw|} jw]; =% + ]PAwllel;‘b),
with b as stated in (2.15). Coupling (4.20) and (4.25) we deduce (2.15), while coupling
(4.25)-(4.26) we deduce (2.16). In the case of » <, then we can modify (4.26). Indeed,
we can choose 1/s;=1/r—1/n, thus via (2.1) (4.26) becomes

|Vw, |, <C|PAw|} |w]|}~*.

This last estimate and (4.25) ensure (2.17) with C, =0.
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To complete the proof of the theorem we must prove that (2.15) is not true for r > n
with p =2 ¢ =n/2 and v =np/(n — p) with p = € [1n/2, n). Assume that inequality (2.15)
holds for some r > n and p = q. Applying this inequality to solutions of system (3.5), we
obtain

Vg (t) |, < CIPAG() |3 |9(®) [5° = Cl@:(8) |3 | 9(8) |14 < Cp o0+ 02/a=1/m) g |
with 1/r=1/n+a(l/p—2/n)+ (1-a)1/g). A simple computation gives a(l +
+(n/2)(1/g—1/p))=1/2+ (n/2)(1/q—1/r) >n/2q, which denies the optimality of
(3.8);. Therefore (2.15) is not true. In the case of pe [n/2, n) and r = np/(n — p) again

we assume ab absurdum that (2.15) is true. As consequence from inequality (3.2), ap-
plying the Poincaré inequality and Holder inequality, we deduce

|DZWIP$C(IPAw’p+ ILU|LP(Q*))$C(IPAW|p+ |Vw|Lp(Q*))S
sC((lPAWlp‘F IVll)anp/(n—p)(Q*))sC'PAU]IP .

This last result contradicts the optimality of (3.1) stated in Lemma 3.1. Thus (2.15) for
r=np/(h—p) and pe[n/2, n) is not true.

Proor oF THEOREM 2.6. - The proof of the former part of the theorem is very similar
to one of Theorem 2.1. We assume w(x)e H:%'(2) and multiply PAw(x) by

(3/9x;) p(x, t) = Doz, t), where g(x, t) is the solution to system (3.5) corresponding
to @o(x) e G (). Integrating on 2 X (0, T) we obtain

t 3
[ Paw, Dp()) dr = [[(4w, Dgp(v) ~ (Vor, Dep(r))] dr =
0 0

i 2
= f (4w, Dg()) dr — j lim (V#,, Do(r)) dr =
0 0

t 4
= j (VDw, Vo(z))dr + j lim (VD ¢(0)) dr =
Q0 0

t t
—j(Dw,Acp(z))r= - j(Dw, @ .(z) — Vi(z)) dr =
0 0

i
(Dw, @) + @, Dgp(r)) ~ [lim(w, VDF,(x)) =
0

= Dw, ¢,) + w, De(z)), Vt>0;

in above equation 7(x) is an extension of sz(x) inside of £2°¢, in such a way that we can
consider the mollification (Va(x)), = V& (%), quite analogous is the meaning of p(zx, ).
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Therefore we deduce

i
427 |<Dw,¢0)|s|(w,Dcp(t))|+|f(PAw,D¢(r))dz|=11(t)+12(t), V>0,
0

Now, we apply the Holder inequality and (3.7), to I;(¢), i=1, 2. Then we have
(428) L) < |w|, Vo) |, SM|w|,|@ol-t™,

1 nil 1
v, weged(i-1)

Since r=¢ and (2.18) imply 1/p<1/r+1/n, it is possible to increase I (f) as it
follows:

i
429 L)< |Pdwl, [ |Vow)|, dr<M|PAw],|go| ',
4

1 nll 1
»! ]_’ ', = — = = —].
€Y #1 2 Z(p ’r)

Since Lemma 3.1 and (2.11) imply Dw(x) e J"(R), increasing the right hand side of
(4.27) by mean (4.28)-(4.29), for the arbitrarity of ¢ (x) € G (L), in virtue of Lemma 3.6,
we get

(4.30) |Dw|, < M(|PAw|,t'"#i+ |w|,t7*'), Vt>0.

We again set { = (Jw|, /[PAw|,)* with a = 2pq/(2pg + n(p — ¢)), therefore the above
inequality implies (2.19). If » = 3, to obtain the case of » = o it is sufficient to observe
that for any r = q¢ Dw(x) e L"(£2) and the right hand side of (4.30) depend on 7 as con-
tinuous and bounded function, thus making r— « we deduce (2.19) for r= oo,

Now we prove the latter part of the theorem. We begin considering the case of
peln/2,n). Let k(x) be a smooth cut-off function with k(x) =0 for |z| <R,
R >diam(Q°), k(x) =1 for |x|=2R and k(z)e[0, 1] for |2|e[R,2R]. Define
w;(x) = (1 — k(x)) w(z). Estimate (2.11) implies

431)  |Vw, |, <C|D%w; |2 |w, |}7°<
SC(D*w|p+ |V | Lo <o) <2m) + | 0| Lo < o) <2m) )" W] 7°

Since it is np/(n — p) = r = p, after applying the Holder inequality to the right hand
side of (4.31), taking into account Lemma 3.2 and the Poincaré inequality, we
have

@32 [V, |, <
<C(|D*w|,+ |V | Lwin-01R < o) <2y + |W | Lowsn-D(R < o <2m))* W30S
SC(IDZwlp'i' lvw|L'er/(n—p)(R$|x|$2R))a leé_a$

<C|D*w||w|; *<C|PAw|g |w]|l~°.
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Now, we consider |V |- ons5,,)- From Lemma 3.3, applying the Holder inequality and
the Poincaré inequality, we deduce

|Vin| - @5, S CUD*w 5 (w ]} + |w|Lagns,) <

<O(ID*w|, + |V |uma-sio s ) )37
From Lemma 3.2 and inequality (3.1), we obtain
(4.33) |V, | 7o nsomy < C| PAw | w3~ .

Estimates (4.32) and (4.33) imply (2.19).
Now we consider the case of p = n. We commence cosidering the case of r=p =gq.
Making an integration by parts and applying the Holder inequality, we have

|Vio |2 = [ | Vo(a) |7~ Vao(a): Vao(w) do <
Q

s(p—l)fIVw(w)[p’2 |D?w(z)| |wx) |de< (p—1)|Vw |52 |D*w|, |w|,.
2

Therefore, from (3.1)
4.34) [Vw|, < C|PAw|}? |w|}/?.

Now, we consider the case ¢ <p. From (2.1) it follows that w(x) e J?(2) and |w|, <
<C|PAw|} |w|;~° with b given in (2.2). Thus, from (4.34) we deduce also

(4.35) |Vw|, < C|Pdw|}/2+o2 |w| /2702 .

Finally, if » = p = q, before we note that inequality (4.35) ensures that Vw(x) e L?(£),
after which we can apply inequality (2.6) and obtain

(4.36) |Vw|,<C|D2w| | Vw|}~°,

with ¢ given in (2.7). We estimate the right hand side of (4.33) by inequality (3.1) and
(4.32):

|lers ClPAlUIil,/2+c/2+(b/2)(l_c) |w|((11/2)(1—b)(1—c)_

Making a simple computation we have a=1/2+¢/2+(b/2)(1—¢) and 1-a=
=(1/2X1—-b)1-0¢). The theorem is completely proved.

ProoF oF COROLLARY 2.1. — The proof of the corollary is very easy. Infact to prove
(2.21) we observe that from (2.1) and (2.6) the following inequalities holds:

(4.31) |w|i<C|PAw|% (w]|i~%, Eel0,1],

(4.32) |lw|I<C|Vw|o |jw|7™™, nel0,1],
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Therefore a suitable coupling (4.31) and (4.32) implies (2.21) with y = §/(§ + ) and x' =
=n/(§ +n). To prove (2.23) we observe that V7 e [q, ns/(n — s)] we have from 2.1)

(4.33) lw|, < C|PAw|% |w|;~°,
with a satysfying (2.2). On the other hand in virtue of Theorem 2.3
lw|-<C|Vw|¥|w|;~*.

Substuting this last inequality (4.33) we have (2.23). The arbitrarity choosen of 7e
e [q, ns/n — s]impliesone of y € [0, 1]. Forse[1, n),q>ns/(n — s),re [ns/(n — s), q],
we have (2.6) since (2.1) does not hold. Finally for s > = and r = q to prove (2.21) it is
sufficient to repeat the argument lines already employed for the above case of
sell, n), ns/(n—s)>q, relq, ns/(n—s)l.
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