International Journal of Scientific & Engineering Research, Volume 4, Issue 9, September-2013 1814
ISSN 2229-5518

Some Modal Operators on Intuitionistic Fuzzy Multisets

A. M. Ibrahim and P. A. Ejegwa
Department of Mathematics,
Ahmadu Bello University, Zaria, Nigeria

Abstract

In this paper, we extend the idea of modal operators to intuitionistic fuzzy multisets (IFMSs)
since it is the extension of intuitionistic fuzzy sets. We defined two modal operators,] and 9,
which are analogous to the modal logic operators necessity and possibility on intuitionistic fuzzy
multisets A and B. We deduce and prove some theorems based on these operators.
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1. Introduction

Intuitionistic fuzzy sets (IFSs) introduced by [2,3] as an extension of fuzzy sets proposed earlier
by [1] received much attentions in fuzzy community due to its flexibility and resourcefulness in
tackling the issue of vagueness in standard set theory. The main advantage of IFSs is the ability
to cope with the hesitancy that may exist. This is achieved by incorporating a second function
along with the membership function of the traditional fuzzy sets called non-membership
function.

Subsequently, Shinoj and Sunil [5] proposed IFMSs by combining IFSs [2] and fuzzy
multisets(FMSs) introduced by [4] because there are times that each element has different
membership values with a corresponding non-membership values. In this article, we extend the
idea of modal operators in [3] to IFMS.

2. Preliminaries

Definition 1: Let X be a nonempty set. A fuzzy set A drawn from X is defined as A =

{(x, ua(x)): x € X3}, where p,(x): X — [0, 1] is the membership function of the fuzzy set A.
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Definition 2: Let X be a nonempty set. An intuitionistic fuzzy set A in X is an object having the
form A = {{x, us(x),v4(x)): x € X}, where the functions pu,(x),v4(x): X — [0, 1] define
respectively, the degree of membership and degree of non-membership of the element x € X to
the set A, which is a subset of X, and for every element x € X,0 < u,(x) +v,(x) < 1.
Furthermore, we have m,(x) =1 — us(x) — v4(x) called the intuitionistic fuzzy set index or
hesitation margin of x in A. m,(x) is the degree of non-determinacy of x € X to the IFS A and
ma(x) € [0,1] 1.e.,mya(x): X — [0,1] for every x € X. The hesitation margin expresses the lack

of knowledge of whether x belongs to IFS A or not.

Definition 3: Let X be a nonempty set. A fuzzy multiset (FMS) A drawn from X is characterized
by a function, ‘count membership’ of A denoted by CM, such that CM,: X — Q where Q is the
set of all crisp multisets drawn from the unit interval [0,1]. Then for any x € X, the value
CMy(x) is a crisp multiset drawn from [0,1]. For each x € X, the membership sequence is

defined as the decreasingly ordered sequence of elements in CM,(x). It is denoted by

(0 ()2 (), o, (), Where pl () 2 p2(x) =. . . = pli(x).
3. Concept of Intuitionistic Fuzzy Multisets (IFMSs)

Definition 4: Let X be a nonempty set. An IFMS A drawn from X is characterized by two
functions: “count membership” of A denoted as CM, and “count non-membership” of A
denoted as CN, given respectively by CM,: X — Q and CN,:X —Q where Q is the set of all
crisp multisets drawn from the unit interval [0,1] such that for each x € X, the membership
sequence is defined as a decreasingly ordered sequence of elements in CM,(x) and it is denoted
as (u}(x), u2(x),....u%(x)), where wj(x) = p2(x) =. .. = uj(x) but the corresponding non-

membership sequence of elements in CN,(x) is denoted by (vi (x),v3 (x), ...,v4 (x)) such that
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0< ufq(x) + v4 (x) < 1 for every x € X. This means, an IFMS A is defined as; A = {(x,CM,(x)
CNy(x)): €X Yor A = {(rpl(x),vi(x): xeX}, fori=1,.. ., n my(x) =1 - pi(x)—
v (x) is the intuitionistic fuzzy multisets index or hesitation margin of x in A. The hesitation
margin my(x) for eachi =1,.. .,n is the degree of non-determinacy of x € X, to the set A
and T, (x) € [0,1].The function r}(x)expresses lack of knowledge of whether x € X or not.

Note: i, (x) + vi (x) + mh(x) = 1.

4. Operations in Intuitionistic Fuzzy Multisets

[Complement] A° ={(x,v}(x), iy (x)): x € X}

[Union] AU B ={(x,max (u,(x), u (x)), min (v(x),vh (x))): xeX}

[Intersection] A N B ={(x, min (1}, (x), u5(x)), max (vi(x),vi(x))):x € X}
[Addition] A® B ={(x, (1, () + s (6) = b, (), (1)), (VA () v (x))): x € X}
[Multiplication] A® B ={(x,(1), (x)u; (X)), (V4 (x) + vi(x) — v4(x) vE(x))):x € X}.

5. Modal Operators in Intuitionistic Fuzzy Multisets

We define over the set of all IFMSs, two modal operators,[ 1 and ¢, which transform every IFMS
to FMS.These modal operators are similar to the operators; necessity and possibility defined in
some modal logics. The concept of modal operators in IFS was introduced in [3] but we extend
the concept to IFMS.

Definition 5: Let X be nonempty. If A is an IFMS drawn from X , then;

(i) OA = {Ouh(0)): x € X3 = {(or, g (x),1 — s (X)) x € X3
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(i)  0A={(x,1—vi(x))xeX} ={{x,1—v,(x),vs(x),):x € X}, foreachi = 1,2, ..., n.

Theorem 1: Let X be nonempty. For every IFMS A in X;

a. DA =0A
b. [10A =0A
C. OLUA =1A

d 004 =04
Proof
a. A ={(x, p (x), vy (x)):x € X}
DA = {(x, wa (6)): x € X} ={(xui (x),1 — 5 (0)): x € X} DA ={Cx,y (%), va(x)):x € X}
A = (o () x € Xy ={cup(x), 1 — (X)) x € X }= 04
b. A ={(x,u5 (%), va())x € X3={(x, 1 = vj(x), 1 — py(x)):x € X}
04 ={(x,1 - va(x))x € X} ={(x,1 — (1 — py (x))):x € X}
={(x, ua (x)): x € X} ={Cc, i (x),1 — pp (x)): x € X }=L04
Then 1104 ={(x, u4(x),1 — pY(x)): x € X }={(x, 1 — vi(x),vi(x)): x € X }=0A
c. A ={(x,uy (x), vi (x)):x € X}
DA ={(x G () x € XY ={(x, up(x) |1 — 5 (x)): x € X}
={0e,ua (), va(x)): x € X} ={(x, 1 — vj(x), 1 — py(x)): x € X}
00A = {(x, 1 —vi(x)): x € X} ={(x, i (x)):x EX}=TA
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d. A ={(x, uj (), va()x € X3={(x, 1 — vj(x), 1 — py(x)): x € X}

04 ={(x,1 —vi(x)):x € X} ={(x,1 —vi(x),vi(x)):x € X} = {(x,1 —vi(x),1—

ua(x)): x € X}
004 = {(x,1—vi(x)): x € X} =0A.0
Theorem 2: Let X be nonempty. For every two IFMSs A and B in X;

a. (AN B) =0ANOB
b.  0(ANB)=04N0B
c. (AU B) =[1A U'B
d.  0(AUB) =04 UOB
e. [(A@B) =LA@ B
f, (A®B) =LA® B

0(A®B)=0AGOB

Q@

h. 0(A@B) =0A&0B
Proof
a.AN B ={(x, min (uy(x), pp(x)), max (vj(x),v5(x))): x € X}
(AN B) = {xmin(uy (x), pp(0))xeXy={0x,ua(x))x € X} n{(x, up (x))x € X}=ANIB
J(ANnB) =JANCB
b. AN B ={(x, min (i} (x), uj (%)), max (v} (x),vi(x))): x € X}
AN B ={(x, min (1 = vj(x),1 = vi(x)), max (1 — gy (x), 1 — up(x))): x € X}
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0 (ANB)={x, min (1 —vi(x),1—-vix))):x € X}

O(ANB)={(x,1—vi(x)):x € XIn{{x, 1 —v5(x))): x € X}=0A NOB

0(A N B) =0ANOB

c.AU B ={(x,max (uy(x), u (x)), min (vj(x),v5(x))): x € X}

O(A U B) ={(x, max (u5(x), up (x))): x € X}={(x, 1y (x)):x € XIu{(x,up(x)):x € X}=1JA UB

[J(AUB) =LA ULB

d.AU B ={(x,max (uy(x), up (x)), min (v4(x),v5(x))): x € X}

AU B ={(x, max (1 —vi(x),1 — v5(x)), min (1 — u4 (x), 1 — us(x))): x € X}

0(AUB) ={{x,;max(1 —vi(x),1 —vi(x))): x € X}={(x,(1 — vi(x)): x € X} U{(x,(1 —

vE(x)):x € X} = 0A UOB

0(AUB) = 0A UOB

e. A®B ={(x,(} (x) + (%) — s () ()), (i (x) v5(x))): x € X}

A®B ={(x,(ua (x) + pp (x) — (1 = va(x) ) (1 — v (x)), v (x) v5(x)):x € X}

1 (A®B)={(x, (ua (x) + up (x)): x € X} ={(x, (1 (x)): x € X} O{(xx,(up (x)): x € X}=UASB

[ (A®B)=[A® B

f-A® B ={(x,(ua ()up (%)), (va(x) + vi(x) — va(x) vi(x)) )ix € X}

(A®B) = {(x, 1 ()b ()): x € X}= {0x, b (1)): x € X} ® {(x, b ()): x € X}=IA®I B
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(A®B) = A®B

g-A® B ={(x,(us (0)up (%)), (va(x) + vp(x) — vi(x) vp(x) ) )ix € X}

= {0, (1= Vi) )1 = vE (), (1 — (o) + 1 — pp () — (1 — p53 () (1 — pp (X)))): x € X}
O(A®B) ={(x, (1 = v4(x) )(1 = v5(x))): x € X}

= {(x, (1= vi(x))):x € X} ® {(x, (1 —vi(x) )): x € X} = 0A® OB

0(A®B) = 0A® OB

h. A®B ={0x, (1, () + W () — b, (O)u (), (vh () vE())): x € X}

A®B ={(x,(1 = vj(x) + 1 = v5(x)) = i ()L (0)),( 1 = pa () (1 = pp(x))):x € X3

O(A®B)={(x,(1 = vi(x) + 1 —v5(x))):x € X}={(x,1 — vi(x)):x eX}D{(x, 1 — v (x)):x €

X} =0A®0B
O(ADB)=0ADOB.O
Theorem 3: Let X be a nonempty IFMS. Let4, B € X, then

a.AcUB if andonly if JA cB

b.A c OB if and only if 0OAc OB

Proof: Given that A ={(x,u} (x), vi(x)): x € X} and B ={(x,u (x), v5(x)): x € X}.

a.1B ={(x,up (x)): x € X} ={(x, uj (1)1 — s (X))x € X} = {(x,pup (), vp(0)):x € X} = B
i.e. OB = B and consequently 1A = A whenever r' tend to zero in IFMS.
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A cB=pb (x) < uh(x) and vi(x) = vi(x)vxeX. Since A = A=DACOB.
Conversely, if 1A <['B =Ac [1B for the same reason as in above.
b.0B ={(x,1 — v (x)): xeX} ={(x,1—v5 (%) V5 (%)) : xeX} ={(x,uk (x), v5 (x)): xeX} = B

— OB =Band also 04 =A. Then if AcOB =u}(x) < ub(x) and vi(x) = vi(x)vxeX.

Obviously, 0AcOB since 0A = A.
Conversely, if VAcOB =AcOB is true for the same reason as in above.o

Conclusions

We have presented and proved some basic theorems using the modal operators on IFMS.
Extending the work to Cartesian product of two IFMSs thereby defining relations and functions

more theorems could be developed.
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