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SOME NECESSARY CONDITIONS FOR
RADIAL FOURIER MULTIPLIERS

WALTER TREBELS

ABSTRACT. Necessary conditions in terms of differentiability and growth
properties for a radial function m(|z|) to be a Fourier multiplier of type (p, q)
are given and compared with sufficient ones.

Introduction. The starting point of the following is to be seen in the
observation (see [7, p. 114]) that a radial multiplier of type (p,p), p
< 2n/(n + 1), has to be continuous everywhere, except possibly the origin,
and the following strengthening of this result due to Tomas [9].

TueEOREM A. If f is a radial function on R" and f is in IP(R") for
1<p<2n/(n+1+2),k=k+&, kintegerand0 < & < 1, thenf (|z)
=f (f),z € R", t > 0, has k continuous derivatives away from the origin and

L0+ 5) — K < C(to)s® forallt > 1ty > 0.

Schoenberg [5] has proved that the Hankel transform (which arises as a
generalization of the Fourier transform of a radial integrable function on
Euclidean n-space) has [(n — 1)/2] derivatives; in [6] Schwartz has improved
Schoenberg’s result, actually obtaining a stronger version of Theorem A in
case p = 1. Our main result, Theorem 1, represents a combination of the
results of Schwartz and Tomas in case of ordinary derivatives; the extension
to fractional ones is new. Furthermore, Theorem 1 allows us to deduce
necessary conditions for radial Fourier M, multipliers (in an elementary way).
A comparison of these conditions with sufficient ones enlightens to some
extent the structure of radial Fourier multipliers.

The author is obliged to the referee for pointing out the papers of
Schoenberg [5] and Schwartz [6].

The following notation will be used: y,z € R",s, ..., x € R; S is the set
of all infinitely differentiable functions on R”, rapidly decreasing at infinity.
Let I?(R"), n > 2, be the standard Lebesgue space of pth power integrable
functions with norm

1y = (/e \f(y)|”dy)l/p,
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and L? ; be the subset of I? consisting of radial functions. The Fourier
transform of f € Lf ;, 1 < p < 2n/(n + 1), is defined by [8, p. 155]

M) D=1 O = [ Ky p)f6)s" s (0> 2),

where K, (s) = s7%J;(s), J;(s) denoting the Bessel function of order a, and
where we have set in abuse of notation £ Uz = £ @), f(y]) = f(s). By
Holder’s inequality (1/p + 1/p" = 1), £~ (|z|) exists for z # 0, since with the
aid of Lemma 3.11 in [8, p. 158]

. I/p

suple? 5™ 0] < ([ 116175 )

>0 0
() ,

® P n—1 Ve
(7 a1 a5) < Gy
in the prescribed p-range.
To state our main result we need the definition of a fractional derivative in

the sense of J. Cossar (see [10, p. 31]): Consider for 0 < § < 1 the fractional
integral operator

1180 = w5/ 6 - 0750
and define
(3) g® () = — lim (d/dr)[;~*[g] ).

Usual differentiation of g(‘s) yields pure fractional derivatives of order «
=k + 9§, 1.e.,

g™ () = (@/dr)*g® ).

If k is an integer, take ordinary derivatives; hence g(") is explained for all
x > 0. Our main result now reads:

TueoreM 1. If f € L2 4, 1 < p < 2n/(n + 1), then
sup |[**/P (1) < Gl
>0

provided 0 < « < n(1/p — 1/2) — 1/2.

ProOF. First let k = k be an integer; then one may differentiate (1) k times
under the integral (see [9]). Observmg that K/, (s) = —sK,,(s) (see [8, p. 154]),
P (t(d/dh)) @), i = l , k, can be estimated by a linear combination of
the terms (j = 1,.

;9 [ .
1Y [ K04, (50)sf ()5 ds

00 . , 1/p
@ < (7 197 Ky ny 1757 )
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the latter being true by Holder’s inequality. Hence,

1 ( ) "] <
and the assertion follows by observing that
k J
) = 3 ( LAWY
S (t) jgl Cj,k t dt f (t)
Next, let 0 < k = § < 1. First we note that we can equivalently define
g®() = - lim (a/dr)1,72[£](2)

if g(f) is bounded for large 7. Now we show that £ ®)() exists for each
t > ty > 0. To this end, fix ¢ and choose w sufficiently large. First observe that

sup (¢

C/, ] =
>0 ”f”’ j l,...,k,

f(s) = j{;w K(n_z)/z(sx)f(x)x”_'dx
= /:o Koy p(x(s +w — 0)f(x)x"Ldx

d rv ro
—%ft j(; Ny e U ) K(n_z)/z(xu)}f(x)x"_'dxdu
and that

d rwtt _ 00 _
Eft -1 8}; K(p)/2(xls +w = ) f(x)x" 'dxds = 0.
Then integrate by parts to obtain

O = = lim 371’(1 8)fw+t s=07f(s)ds

= wll»n:o % g(l_ t)s)f f {K(n 2)/2(x(u +s5—1)
K(n—2)/2(xu)}f(x)x” L ax du|w+t

w+l w

- lim % I(- s)f =07 TG0 dxduds,
The first term on the right side at s = ¢ + w (inside the limit-sign) behaves like
O(w™%) for large w and, therefore, vanishes in the limit; at s = 7 it vanishes
identically if one uses Theorem A with § < &. Furthermore, again by
Theorem A and relation (2), the triple integral converges absolutely for
0 <1<t <w,w fixed; thus, by Fubini’s theorem and 'a change of the s

variable,

.ood o1 W _s_
FO)p) = - lim E]; 1“(—8)]:) 581
'fow {K(n_z)/z(x(u +5)) — K(n_z)/z(xu)}f(x)x”_ldxdsdu
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the double integral being absolutely convergent by Theorem A and (2) for
t 2> tg > 0. Thus it follows by Holder’s inequality that

%/ 4
, © o d
S 00 < clfly f;7 s (700 )

0 0 , p
=l ;7 5 (7 1K ey a1 + ) = Kopozy a7~ ) s

Clearly, [ (J&°) converges absolutely by (2); thus consider fy (Jg°), split the
inner integration into three integrations over (0, 1), (1, 1/s), (1/s, c0), use Min-
kowski’s inequality, and denote the resulting double integrals by I3, 14, Is,
respectively. I5 is easily estimated without using the difference; I and 14 are
estimated analogous to Tomas [9]:

1 1 , 174
13 = '[0 S_a_] (j(; |K(n_2)/2(u(l + S)) - K("_z)/z(u)|p u"_l du) ds

1 1 74
< fo s'5< fo u"-'du) ds,

where we used the mean value theorem
| K(n2)/2(1 + 5)) = K(y_py p ()] < us Sup |xK,,/5(x)]

uSxutus

and the standard properties of the Bessel function (see [8, Chapter IV]).
Analogously, choosing 8,0 < 8§ < & < n(l/p — 1/2) — 1/2, there holds

1 , 1 , 1/p
I, <f0 §-1-80 (f fu Wl (n+l)/2|Pun—ldu> ds < oo.
Hence the assertion is true for all §, 0 < & < n(1/p — 1/2) — 1/2 < 1. The

general case k > 1 now follows by a combination of both methods, observing
that

W0 =c fow Pl fow {( %)kK(n-z)/z(x(' +3)) — (%)kK(n—z)/z(xt)}
~f(x)x"Vdx ds.
CoROLLARY. Let m(|z|) € MP, 1 < p < 2n/(n + 1), then
suple*m (0] < Climllyy

provided 0 < k < n(1/p — 1/2) — 1/2.

ProoF. First let k = k be an integer; choose g, € S such that

~' < <
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FOURIER MULTIPLIERS 101

and set g;(t) = go(27/#),j = 0, 1, .... Then, ! denoting the inverse
Fourier transformation, ||~ l[g (|z|)]|| = 21"/‘” 15" [golll, < C2/MP" . Now
m(|z|) € M implies m(|z|)gj(|z|) IS [L,ad] and, therefore by Theorem 1

sup
>0

(ki (4 imiyg,0]] < I8l 5151

< Cllmllyg 171851, < €277 [mllpgp.
But this implies

sup |t*m®()] < < Cllml|pgp
2/-1 <,<2j+l

uniformly in j, and hence the assertion. If « is not an integer, choose a radial
partition of unity with e;(z) = ¢;(27/1), ¢y(|z|) € S such that

1 2713 < p g V3

- , : == t 19 t > 0.

eO(t) {0, t < 2‘2/3,, > 22/3, .I o _]()
Then, as before,

0
sup [t W) < 3 sup
2/-1 <12+ i=j=12/-1€r24%1

o () e o)

. , o0
< Climllygp2"7 + @) 3 sup
i=j+2 2/-1<1<2i+!

Now observe that for r € [2/7!,2/%1] one has

(5) bt ol

(%)K[m(t)ei(t)] =C ;:;/3 (s — t)—x_lm(s)ej (s) ds,

which implies for i > j + 2

(%) 1] < c@)<jm,

sup
2/-1 <120+

()

. * . —K
< C'llmllpgp +C'(2/+l)x||m||M; ,=12+2 @

and, therefore,

sup
2j—l<,<2j+l

which is uniformly bounded in j. Hence the assertion follows.
REMARK. For a quasi-characterization of radial Fourier multipliers it is
convenient to introduce the following classes:

(i) WBY2,,k > 0,a > 0, consists of all sufficiently smooth functions such
that
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102 WALTER TREBELS

(ii) WBV,, 1 < g < o, B > 1/g, a > 0 consists of all sufficiently smooth
functions such that

2j+1 dt 1/q
lebwayg: = leeetls + (sup [ 12015 ) 7 < oo
J

(this is a generalization of (i) inspired by the localized Bessel potential spaces
in Connett and Schwartz [3]).

(iii) WBVf, B > 0,a > 0 consists of all sufficiently smooth functions
such that

lellwaye, : = el + llA*eB @)y < .

Now combining the above Corollary with results of Bonami and Clerc [1] we
obtain

(5) WBV;, C MP(rad) C WBYS,, 1<p<2n/(n+1),

where k < n(1/p — 1/2) — 1/2 and B integer, 8 > (n — 1)(1/p — 1/2) (in a
forthcoming paper it will be shown by using results of [3] and [11] that this
holds also for fractional 8). For p near 1, i.e., 8 =~ x, WBIf,H and WB V0 are
not so far away from each other, since WBWY, C WBI{?,O, but WBV
¢ WBY, K+e  for any e > 0, as the example e(r) = max{(1 — 1), 0} shows (cf
(10, p. 42)).

Now there arises the question if one can improve (5) in the sense that the
difference of the differentiation orders 8 + 1 and k becomes small. It suggests
itself to use the WBV0 o-spaces (which essentially obey Sobolev embedding

relations) and to conjecture that

11 1 1
0
6) MP(rad) C WBYG, 1< g< w0k < n(;_ i) + (i‘?>’

l<p<n+l

But (6) is not true for any g < oo pnear 1. Namely, COIlSldeI' fora > —1 the
function ,(») = max{(1 = [y/)",0) with g, () = CoKpvyyallzD) (se [,
p- 171)). Since for large ¢, all k > 0, g, ~®) ) = o(r ¢ "“ /%), it would follow
by (6) that g, & MPif a+ (n+1)/2 <« <n(l/p—1/2)+(1/2 - 1/q").
But this is a contradlctlon if p is near 1, ¢ < oo fixed, a near —1, to g,
e[l c Mp for each a > —1.

Since the right side of (5) cannot be improved in the above sense, let us try
with the left side and conjecture that

1 1 1 1
0
(7) %,q C MpP(rad), 1 < q < o0, B > n(‘; - 5) + (i — ?),

l<‘p<n+1

This time (7) is not true for ¢ > 2. For consider the famous example

License or copyright restrictions may apply to redistribution; see https:/A .ams.org/jo rnaI terms-of-use
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FOURIER MULTIPLIERS 103

where ¢(|z|) is a smooth function which vanishes near the origin and is 1 for
sufficiently large |z|. Observing f8) () = O(1#@=1~2) for large ¢, it would
follow by (7) that f € M/ if n(1/p — 1/2) + (1/2 - 1/g") < B < 2y/a. In
case 2y/an is near (1/p — 1/2), ¢ > 2 fixed, this is a contradiction to the result
of S. Wainger (see [7, p. 113]) that f & M/ if 1/p — 1/2 > 2y/an. There are
reasons to conjecture that (7) holds for ¢ = 2 (and hence also for 1 < g < 2);
this would harmonize with various known Hormander multiplier conditions;
see, e.g., [7, p. 96], [3]; also the Herz conjecture concerning the Bochner-Riesz
kernel would follow in the prescribed (a,p)-range, i.e., max{(l — |z|2)“,0}
€ M/ if a > n(l/p — 1/2) — 1/2 and otherwise & MF; a concise review
concerning how much is already proved of the Herz conjecture is contained in
Fefferman [4]; observe also the recent progress of Tomas [9].

Concluding, let us briefly mention inclusion relations for radial Mp" multi-
pliers, where we omit an analogous discussion:

{1 el + f;7 1P a0 < 0} € MiGad) © WBIY,

2n 1 1 1 1 1 1

<9<, 77 B>n((—1*§)—§, x<n(5—§)—§

(the left inclusion is proved in [10, p. 83] in case ¢ = 1 and otherwise in [2]).
If 1 <p< q<2n/(n+ 1) there holds (see [11])

WBVT © Mg C WBYY, g =1p+ Yr—1,
where 8 > n(l/r — 1/2) — 1/2, k < n(1/q — 1/2) — 1/2.
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