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1 Introduction
Let D be the open unit disk in the complex plane C, B the open unit ball of the complex
vector space C”, H(D) the class of all holomorphic functions on D and H(B) the class of
all holomorphic functions on B.

For f € C'(B), the invariant gradient %f is defined by

(Vf)(2) = V(f 0 ¢.)(0)

where

V(@) (afl 2. .,%(z)>

is the complex gradient of f.
A holomorphic function f in D is said to belong to the Bloch space B(D) if

Ifl5 = [f(0)] + sug(l —21*)|f'(2)] < co.

Under the above norm, (D) is a Banach space (see, e.g. [1]). On the unit ball, the Bloch
space B(B), which was introduced by Hahn in [2], is the space of all f € H(IB) such that

(Vf(z), w)|
Ifll =sup sup ——
zeB weC"\{0) n+1 A=|z®)Iwl* +](wiz)|* +\ wz)|

(1-|z|2)

For some classical results on Bloch spaces see [3] and [4].
It is well known that f € B(B) if and only if (see, e.g. [5])

sup(1 - |z]*)|Vf(2)]| < oo.

zeB
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For o > 0, an f € H(B) is said to belong to the «-Bloch space, denoted by 5*(B), if

sup(l - |z|2)a |Vf(z)| < 00.

zeB

When o =1, the a-Bloch space is the classical Bloch space.

It is of some importance to give new characterizations for a function space, since, for
example, it can be useful in the study of operators acting on the space. For example, by
using the last expression, it is difficult to study composition operators on «-Bloch space.
However, in [6] Zhang and Xu introduced the metric

Fo(w) = \/” + 1/ 2 (12D W] + (1= A (|2) [ (W, 2) [2/|2]2
‘ - 2 (1-|z2)®

and proved that f € 5*(B) if and only if

Vi @wl _ o0, M

z,weC"\{0} F;‘}’ (W)

and by using (1), they completely characterized the boundedness and compactness of com-
position operators on a-Bloch spaces. For some other results on operators on Bloch-type
spaces see, for example, [7-21] and the references therein.

For f € H(B), in [22] was proved that f € B(B) if and only if

M- L VY2 (1 )2 If (2) —f(w)] )
v s (=) = o )
z#w
Somewhat later, in [23] it was proved that f € B(B) if and only if
My = sup (1 [22) 2 (1 - ) LT 3)
z,weB |Z - W|

z#w
while in [24] it was proved that f € B(B) if and only if

My = sup (1— [22) (1 = pwp) 2 LEZSIL

z,weB |1 - (Zl W) |

These characterizations can be seen as derivative-free characterizations of the Bloch
space on the unit ball. For the case of the unit polydisk, see [25] and [26]. For more char-
acterizations of Bloch-type spaces in the unit disk, unit polydisk and unit ball, see, for
example, [5, 22-24, 27-49].

In this paper, we give some new characterizations for the Bloch space. In Section 2, we
give some preliminary results which are used in the proofs of our main results. In Section 3,
we give two new characterizations for the Bloch space on D. In Section 4, we give four new
characterizations for the Bloch space in the unit ball B, which, among others, generalize
the corollaries in Section 3.

Throughout this paper, constants are denoted by C, they are positive and may differ from
one occurrence to the next. We say that two quantities Kj(x) and K;(x) are comparable, if
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there are positive constants C; and C, independent of variable x such that
CiKi(x) < K (x) < Gk (x).

2 Preliminaries and auxiliary results

Letz = (z1,...,2z,) and w = (wy, ..., w,) be points in the complex vector space C" and (z, w) =
Z21 Wy + -+ - + z,W,. Let Aut(B) be the group of all biholomorphic selfmaps of B. It is well
known that Aut(B) is generated by the unitary operators on C” and the involutions ¢, of
the form

a—-P,z—5,Q,z

%(Z) = 1— <Z,ﬂ)

)1/2

where s, = (1 - |a|*)'2, P, is the orthogonal projection into the space spanned by a € B,

ie.,
(z,a)a

zZ= PE |a|2= (a,a), Pyz=0

a

and Q, =1 - P,. See [5, 50] for more properties of ¢,(z).
Recall that the weighted Bergman space A% (B), where 0 < p < 00 and « > —1, consists of
those functions f € H(B) for which

I[flli,; =/BV(Z)}pdVa(Z)=Ca/B[f(Z)’P(1—|z|2)°‘dV(Z)<OO;

T'(n+a+1)
n'T(a+1)

n =1, we denote dv, by dA,. When « = 0, we get the classical Bergman space, which will
be denoted by A? = A?(B).
Let

where ¢, = , dv is the normalized Lebesgue measure of B (i.e. v(B) = 1). When

dav(z)

d)\.(Z) = W

For any ¥ € Aut(B) and f € L}(B),

/ F@)dn(2) - / Fop(D)dra). @)
B B

Thus dX(z) is a Mobius invariant measure (see, e.g. [36]).

Next, we quote some well-known results that will be used in the proofs of our main
results. We begin with the following characterization of the Bloch space in the unit ball
(see [5, 32, 34]).

Lemma 2.1 Let 0 < p < 00. A holomorphic function f is in the Bloch space B(B) if and only
if

sup|[f 0w, —f(a) ||Ap < 00.
aeB
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In [51], are proved the following two characterizations for the weighted Bergman space
in the unit ball.

Lemma 2.2 Assume that 0 < p < oo, a > -1 and f € HB). If B and y are real parameters

such that

B+y=a+p—(n+1) (5)
and

-1<B<p-(n+1), -l<y<p-(n+1), (6)

then the following statements are equivalent:
(a) f € Au(B);

(b)
o= [ [P ey v, ) < oo )
(©
= [ [ L2 a0 <o ®)

Moreover, the quantities Q:(f), Qa2(f), and |[f||ip are comparable.

Lemma 2.3 [32] Assume thatf € HB),0<p<o0,-1<g<00,0<s<00,0=<t<p+2n,
and p +s>n. Then for a € B,

s WU 121" (1 - |@a@)[) dv(2)
<C [ FfPA-12P) (1~ |9u2)|") dv(z). 9)
B

Lemma 2.4 [32] Assume that f € HB) and 0 < p < 0o. Then f € B(B) if and only if
sup/ Wf(z) ’p(l - |<pa(z)’2)n+1 d\(z) < oo. (10)
acB JB

The following well-known result can be found in [50] or [5].
Lemma 2.5 Let -1 <t < oo and c € R. Then there is a positive constant C such that
(1l =m0
e . _
/[Bu_—dv(z) §Clogm, ifc=0,

(Z, W) |n+1+t+c
is bounded, ifc<0,

forallw e B.
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3 Characterizations of the Bloch space in the unit disk
In this section, we give two characterizations for the Bloch space in the unit disk as follows.

Theorem 3.1 Assume that f € H(D) and 0 < p < 00. If B and y are real parameters satis-
fying the following conditions:

B+y=p-2, -1<B<p-2, -l<y<p-2, (11)

then the following statements are equivalent:

(2) f € BD);
(b)
@) —F)P (1= |a?)(1 - [2P)P (1= [w]2)? ,
aemf / emwp | [L-azP e awpe @A) <0
©
@) —FOnIP (1= a1 - 2P (1 = [w]2)?
Z‘!B/D b zwp | L-araawppr DA <eo

Proof By taking n =1, « = 0 in Lemma 2.2, we see that f € A?(D) if and only if

// lf|z W|‘;:)| —|z|2)ﬂ(1—|W|2)VdA(z)dA(w)<oo (12)
and if and only if
/ lffl) ZfWTZ”p (1-12P)" (1 - [w?)” dA(2) dAw) < oo, 13)

when the conditions in (11) hold.
Replacing f by f o ¢, — f(a) in (12) and (13), and using Lemma 2.1, we conclude that

f € B(D) if and only if
O QPa o zz( )
oy / / o =z {val) (1= 121%)" (1 = [w])” dA(2) dA(w) < o0, (14)

which is equivalent to

S“p/f If 0 9a(2) —f 0 pa(W)I? (1- 1212)" (1 - |wP?)” dA(2) dA(w) < oo. (15)

ach |1 ZW|p

Using the change of variables z — ¢,(z), w — ¢,(w) and the following equalities (see, e.g.

(1]):

|z = wl(1 - |al?)

|0a(2) — 0a(w)| = 1= awil=73]

and

11-2zw|(1 - |al®)

11— .(2)pa(w)| = TR
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we see that the double integrals on the left side of (14) and (15) are equivalent to

sup
acD JD JD

B Z1al®)2(1 = 121281 = (w2
/ @ =fl A =[PP A= PV A= wP)

|z —wlp |1 —az|P-v+2|1 — gw|r-F+2

and

If () = fW)1P (1 —|al*)*(1 - |z|*)P (1 - |w|*)"
sup / / - zwIP - dA(z) dA(w),

aeD |1 —az|f~7+2|1 - aw|r—F+2

respectively. Therefore, f € B(D) if and only if (b) holds, and if and only if (c) holds, as
desired. a

Taking B = y = p/2 —1 in Theorem 3.1, we easily get the following corollary.

Corollary 3.1 Assume that f € H(D) and 2 < p < oo. Then the following statements are
equivalent:

(a) f e B(D)
(b)

@) —fW]\
sup / / (%) (1= 0a@)[*) (1 = |@u(w)|?) dAL(2) dA,(w) < o5

acD JD JD

(©)

_ p
sup f / (M) (1= 0a@[*) (1 = a0 ) dAs (2) dA, () < o0,

acDJp Jp\ [1-2ZW|
where t = (p — 4)/2.
Taking 8 = p/2 — 2, y = p/2 in Theorem 3.1, we can easily get the following result.

Corollary 3.2 Assume that f € HD) and 4 < p < co. Then the following statements are
equivalent:

(@) f € BD);

(b)

Supéé( |z —wl| >(1 |[0aW)[")” dAs(2) dA(w) < 003

ach

(0
W)| 22
sup / / ( T ) (1= [0aw)|*) dA.(2) dAL(w) < oo,

where t = (p — 4)/2.

4 Characterizations of the Bloch space in the unit ball

In this section, we generalize Corollaries 3.1 and 3.2 in the setting of the unit ball.
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Theorem 4.1 Assume thatf € HB) and n+1<p < o0o. Then f € B(B) if and only if

sup//(lf(Z) f(w)l) (1-|pal2)) > (I—I%(W)\ ) T dvy(2) dvi(w) < 00,

acB |1 - Z’

where t = (p — 2(n +1))/2.

Proof Leta =0and B =y = (p— (n+1))/2 in Lemma 2.2. We see that f € A% (B) if and only
if

f / (lf(z) f(W)| |Z|2)1/2(1—|W|2)1/2)pd‘/k(2)de(W)<o°’

where k = —(n +1)/2.
From this and by Lemma 2.1 we see that f € B(B) if and only if

Sup//<lf0(ﬂu(z) fOQDa(W ( _ |Z|2)%(1_|W|2)%)Pde(z)de(W)<oo.

acB |1_ W >|

Using the change of variables z — ¢,(z), w — ¢,(w) and (4), we see that the left side of the
last inequality is equivalent to

[f(2) - fW)IP(A - ¢a Igaa(w)|2)]%+1
sup/ / 11— (¢a(2) %(me dh(z) dr(w). (16)

acB JB JB

The result follows by using the equalities (see, e.g. [5])

~ 1-{a,a))1 - {z,w))
=@ 0 = T T )
and
—la®)1-z?)
1-|pa@)]* = W
in (16). -

Theorem 4.2 Assume that f € HB) and 2n < p < co. Then f € B(B) if and only if

[ [ (LI N 0) (0 lea) S o <o

acB P,z —5,Q,z|
17)
wheret=(p—2(n+1))/2.
Proof Suppose that (17) holds. Since
! ! z,weB. (18)

< ’
11— (z,w)| ~ [w—Pyz—s5,Quzl

Then by Theorem 4.1 and (18) we see that f € B(B).
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Conversely, suppose that f € B(B). By using the change of variables z — ¢, (1),
Lemma 2.3 and the following equality (see [5]):

1 _ 1- (u, W) ; WG]B
1—(gu)w) 1-[w?’ )
we have
[f(Z |(/7a( )] )n_ﬂ(l—|(pﬂ(w)|2)”7+1
/ / |W P,z -s,Q,zP avi(z) dvi(w)

n+1

- / / @ =fWPO- @) T A= lpaP)E

lpw(2) P11~ (w,2) |
O Py —foop, '3 nel "
:f/lf (2 (bl) f % (0)| (1_’90&1((/714/(%))‘2) 7 th(u)(]-—’(/)a(W”Z) . d}\(w)

|ul?
<c//\Vfo<pw(u — |ea(pu@)]*)

= C/ / TP 1 lon@ )" (1~ @) * ar@)(1 - o)) ¥ drtw)
BJB

n+l n+l
2

dv(w)(1- leam[*) T dr(w)

=CK /B V@I (1 |ea@) dr2), (19)
where
1 2\ n+l+t 9, 1l
K= P i L 1-|¢a Z da(w).
aS;e[J)B/B 1- |%(z)|2)”*1( |§0 (Z)| ) ( |§0 (W)| ) (w)

Employing the change of variables w — ¢,(u) and using the fact that |@,(w)| = |p.w(2)| we
have

1 n+l+t 2, 2l
K = sup —M - |u|2 1— |0, (1) 2 di(u).
I oy 0l

a,z2eBJB (1 —

It follows from Lemma 2.5 and the fact that |(p, o ¢,)(4)| = |@,@4)(4)] (see [5]) that

1 il
K = sup / (I—M( - |(/)goz(a)(u)’2) Z dv(u)

azeBJB lp.(@)[*) 2
(- |uP)s / (- [uP)s
= su ——dv,(u) =su —_—— dvi(u) < 0. (20)
%/B 1= (@)t 08 L=yt
Combining (19) with (20), the result follows from Lemma 2.4. O

By choosing « = 0, y =p/2,and 8 = p/2 — (n + 1) in Lemma 2.2, similarly to the proof of
Theorem 4.1 is obtained the following result.

Theorem 4.3 Assume that f € H(B) and 2(n + 1) < p < 00. Then f € B(B) if and only if

sup//(lf(z) f(W)l) (1 ywﬂ(w)‘Z)rHl th(Z)dvt(w)<oo,

acB |1 - Z’

where t = (p — 2(n + 1))/2.
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Using Theorem 4.3, similarly to the proof of Theorem 4.2 is proved the following re-

sult.

Theorem 4.4 Assume that f € H(B) and 2(n + 1) < p < co. Then f € B(B) if and only if

p
sup//<|w If(z) f(W)l ) (1_ |§0a(W)|2)n+1th(Z)dvt(w)<oo’

acB P,z —5,Quz|

where t = (p — 2(n + 1))/2.
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