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Abstract. In this paper, we establish some new inequalities of Simpson’s type based on s-convexity via
fractional integrals. Our results generalize the results obtained by Sarikaya et al. [1].

1. Introduction and Preliminaries

It is well known that the following inequality, named Simpson’s inequality, is one of the best known
results in the literature.
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where f : [a, b]→ℜbe a four times continuously differentiable mapping on (a, b) and ‖ f (4)‖∞ = supx∈(a,b) | f
(4)(x)| <

∞.
In [2], the class of functions which are s-convex in the second sense has been introduced by Breckner as

the following.

Definition 1.1. Let s be a real number s ∈ (0, 1]. A function f : [0,∞) → ℜ, is said to be s-convex (in the second
sense), or f belongs to the class K2

s , if

f (λx + (1 − λ)y) ≤ λs f (x) + (1 − λ)s f (y)

holds for all x, y ∈ [0,∞) and λ ∈ [0, 1].

It can be easily seen that for s = 1, s-convexity reduces to ordinary convexity of functions defined on
[0,∞).

In [3], Dragomir and Fitzpatrick proved a variant of Hermite-Hadamard’s inequality which holds for
s-convex functions in the second sense. In [13], the authors proved some new integral inequalities of these
classes of functions via (h − (α,m))-logarithmically convexity.
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Theorem 1.2. Suppose that f : [0,∞)→ [0,∞) is an s-convex function in the second sense, where s ∈ (0, 1), and let
a, b ∈ [0,∞), a < b. If f ∈ L1([a, b]), then the following inequalities hold:

2s−1 f (
a + b

2
) ≤

1

b − a

∫ b

a

f (x)dx ≤
f (a) + f (b)

s + 1
. (1)

The following Lemma is proved by Sarikaya et al.(see [1]).

Lemma 1.3. Let f : I→ℜ be an absolutely continuous mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io with
a < b. Then the following equality holds:
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Using Lemma 1.3, Sarikaya et al. in [1] established the following results which hold for s-convex
functions in the second sense.

Theorem 1.4. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′| is s-convex on [a, b], for some fixed s ∈ (0, 1], then the following inequality holds:
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(3)

Theorem 1.5. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′|q is s-convex on [a, b], for some fixed s ∈ (0, 1] and q > 1, then the following inequality holds:
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where 1
p +

1
q = 1.

Theorem 1.6. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′|q is s-convex on [a, b], for some fixed s ∈ (0, 1] and q > 1, then the following inequality holds:
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where 1
p +

1
q = 1.

Theorem 1.7. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′|q is s-convex on [a, b], for some fixed s ∈ (0, 1] and q > 1, then the following inequality holds:
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where 1
p +

1
q = 1.

In the following, we will give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used further in this paper. For more details, one can consult [4-5].

Definition 1.8. Let f ∈ L1([a, b]). The Riemann-Liouville integrals Jαa+ f and Jα
b−

f of order α > 0 with a ≥ 0 are
defined by

Jαa+ f (x) =
1

Γ(α)

∫ x

a

(x − t)α−1 f (t)dt, x > a

and

Jαb− f (x) =
1

Γ(α)

∫ b

x

(t − x)α−1 f (t)dt, x < b

respectively, where Γ(α) =
∫ ∞

0
e−tuα−1du is Euler gamma function. Here J0

a+ f (x) = J0
b−

f (x) = f (x).

In the case of α = 1, the fractional integral reduces to the classical integral. For some recent results
connected with fractional integral inequalities, see [6-12]. For more fractional integral applications, please
see [14-21]

The aim of this paper is to establish some new inequalities for s-convex functions in the second sense
via Riemann-Liouville fractional integral. Our results generalize the results obtained by Sarikaya [1] and
provide new estimates on these types of inequalities for fractional integrals.

2. Main Results

In this section, we introduce some inequalities via fractional integrals. First, a new identity is presented
as follows:

Lemma 2.1. Let f : I→ℜ be an absolutely continuous mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io with
a < b. Then the following equality holds:
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Integrating by parts
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From (8), (9) and (10), we have conclusion (7). This completes the proof. �

Remark 2.2. In Lemma 2.1 , if α = 1, then we obtain Lemma 1.3.

Using this lemma, we can obtain the following fractional integral inequalities which a new result of
Simpson’s inequality for s-convex functions.

Theorem 2.3. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′| is s-convex on [a, b], for some fixed s ∈ (0, 1], then the following inequality holds:
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Proof. From Lemma 2.1 and since | f ′| is s-convex on [a, b], we get
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where I3(α, s) and I4(α, s) are defined in (12). This completes the proof. �

Corollary 2.4. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′| is convex on [a, b], then the following inequality holds:
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Proof. Setting s = 1 in (11), we get the required result. �

Remark 2.5. In Theorem 2.3 , if α = 1, then we obtain Theorem 1.4.

In the following theorem, we shall propose a new upper bound for the right-hand side of Simpsons
inequality for s-convex mapping with fractional integral type.

Theorem 2.6. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′|q is s-convex on [a, b], for some fixed s ∈ (0, 1] and q > 1, then the following inequality holds:
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Proof. From Lemma 2.1 and Hölder’s inequality, we get
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|
tα

2
−

1

3
|pdt

)
1
p

(

∫ 1

0

∣

∣

∣ f ′(
1 + t

2
b +

1 − t

2
a)
∣

∣

∣

q
dt

)

1
q

+(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

(

∫ 1

0

∣

∣

∣ f ′(
1 + t

2
a +

1 − t

2
b)
∣

∣

∣

q
dt

)

1
q
}

.

Since | f ′|q is s-convex on [a, b], by using in (1), we get

∫ 1

0

∣

∣

∣ f ′(
1 + t

2
b +

1 − t

2
a)
∣

∣

∣

q
dt ≤

| f ′(b)|q + | f ′( a+b
2 )|q

s + 1

and
∫ 1

0

∣

∣

∣ f ′(
1 + t

2
a +

1 − t

2
b)
∣

∣

∣

q
dt ≤

| f ′(a)|q + | f ′( a+b
2 )|q

s + 1
.

Hence
∣

∣

∣

∣

∣

1

6

[

f (a) + 4 f (
a + b

2
) + f (b)

]

−
2α−1Γ(α + 1)

(b − a)α

[

Jαb− f (
a + b

2
) + Jαa+ f (

a + b

2
)
]

∣

∣

∣

∣

∣

≤
(b − a)

2

(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

{( | f ′(b)|q + | f ′( a+b
2 )|q

s + 1

)

1
q

+

( | f ′(a)|q + | f ′( a+b
2 )|q

s + 1

)

1
q
}

.

This completes the proof. �

Corollary 2.7. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′|q is convex on [a, b] and q > 1, then the following inequality holds:

∣

∣

∣

∣

∣

1

6

[

f (a) + 4 f (
a + b

2
) + f (b)

]

−
2α−1Γ(α + 1)

(b − a)α

[

Jαb− f (
a + b

2
) + Jαa+ f (

a + b

2
)
]

∣

∣

∣

∣

∣

≤
(b − a)

2

(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

{( | f ′(b)|q + | f ′( a+b
2 )|q

2

)

1
q

+

( | f ′(a)|q + | f ′( a+b
2 )|q

2

)

1
q
}

,

(15)

where 1
p +

1
q = 1.

Proof. Setting s = 1 in (14), we get the required result. �

Remark 2.8. In Theorem 2.6, if α = 1, then we obtain Theorem 1.5.

Next, we shall give another versions of Simpson’s type inequality for s-convex functions with fractional
integral type as follows:

Theorem 2.9. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′|q is s-convex on [a, b], for some fixed s ∈ (0, 1] and q > 1, then the following inequality holds:

∣

∣

∣

∣

∣

1

6

[

f (a) + 4 f (
a + b

2
) + f (b)

]

−
2α−1Γ(α + 1)

(b − a)α

[

Jαb− f (
a + b

2
) + Jαa+ f (

a + b

2
)
]

∣

∣

∣

∣

∣

≤
(b − a)

2

(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

{( (2s+1 − 1)| f ′(b)|q + | f ′(a)|q

2s(s + 1)

)

1
q

+

( (2s+1 − 1)| f ′(a)|q + | f ′(b)|q

2s(s + 1)

)

1
q
}

,

(16)

where 1
p +

1
q = 1.
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Proof. From Lemma 2.1 and Hölder’s inequality, we get

∣

∣

∣

∣

∣

1

6

[

f (a) + 4 f (
a + b

2
) + f (b)

]

−
2α−1Γ(α + 1)

(b − a)α

[

Jαb− f (
a + b

2
) + Jαa+ f (

a + b

2
)
]

∣

∣

∣

∣

∣

=
b − a

2

∫ 1

0

[

∣

∣

∣

tα

2
−

1

3

∣

∣

∣

∣

∣

∣

∣

∣

f ′(
1 + t

2
b +

1 − t

2
a)

∣

∣

∣

∣

∣

+
∣

∣

∣

1

3
−

tα

2

∣

∣

∣

∣

∣

f ′(
1 + t

2
a +

1 − t

2
b)

∣

∣

∣

∣

∣

]

dt

≤
b − a

2

{

(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

(

∫ 1

0

∣

∣

∣ f ′(
1 + t

2
b +

1 − t

2
a)
∣

∣

∣

q
dt

)

1
q

+(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

(

∫ 1

0

∣

∣

∣ f ′(
1 + t

2
a +

1 − t

2
b)
∣

∣

∣

q
dt

)

1
q
}

.

(17)

Since | f ′|q is s-convex on [a, b], we know that for t ∈ [0, 1] and s ∈ (0, 1]

∣

∣

∣ f ′(
1 + t

2
b +

1 − t

2
a)
∣

∣

∣

q
≤ (

t + 1

2
)s| f ′(b)|q + (

1 − t

2
)s| f ′(a)|q. (18)

From (17) and (18), we have

∣

∣

∣

∣

∣

1

6

[

f (a) + 4 f (
a + b

2
) + f (b)

]

−
2α−1Γ(α + 1)

(b − a)α

[

Jαb− f (
a + b

2
) + Jαa+ f (

a + b

2
)
]

∣

∣

∣

∣

∣

≤
b − a

2

{

(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

(

∫ 1

0

∣

∣

∣ f ′(
1 + t

2
b +

1 − t

2
a)
∣

∣

∣

q
dt

)

1
q

+(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

(

∫ 1

0

∣

∣

∣ f ′(
1 + t

2
a +

1 − t

2
b)
∣

∣

∣

q
dt

)

1
q
}

.

≤
b − a

2

{

(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

(

∫ 1

0

∣

∣

∣(
t + 1

2
)s| f ′(b)|q + (

1 − t

2
)s| f ′(a)|qdt

)

1
q

+(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

(

∫ 1

0

(
t + 1

2
)s| f ′(a)|q + (

1 − t

2
)s| f ′(b)|qdt

)

1
q
}

=
b − a

2
(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

{(

∫ 1

0

( t + 1

2
)s| f ′(b)|q + (

1 − t

2
)s| f ′(a)|qdt

)

1
q

+

(

∫ 1

0

(
t + 1

2
)s| f ′(a)|q + (

1 − t

2
)s| f ′(b)|qdt

)

1
q
}

≤
(b − a)

2

(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

{( (2s+1 − 1)| f ′(b)|q + | f ′(a)|q

2s(s + 1)

)

1
q

+

( (2s+1 − 1)| f ′(a)|q + | f ′(b)|q

2s(s + 1)

)

1
q
}

.

This completes the proof. �

Corollary 2.10. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′|q is convex on [a, b] and q > 1, then the following inequality holds:

∣

∣

∣

∣

∣

1

6

[

f (a) + 4 f (
a + b

2
) + f (b)

]

−
2α−1Γ(α + 1)

(b − a)α

[

Jαb− f (
a + b

2
) + Jαa+ f (

a + b

2
)
]

∣

∣

∣

∣

∣

≤
(b − a)

2

(

∫ 1

0

|
tα

2
−

1

3
|pdt

)
1
p

{(3| f ′(b)|q + | f ′(a)|q

4

)

1
q

+

(3| f ′(a)|q + | f ′(b)|q

4

)

1
q
}

,

(19)

where 1
p +

1
q = 1.

Proof. Setting s = 1 in (16), we get the required result. �

Remark 2.11. In Theorem 2.9, if α = 1, then we obtain Theorem 1.6.
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Theorem 2.12. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′|q is s-convex on [a, b], for some fixed s ∈ (0, 1] and q > 1, then the following inequality holds:
∣

∣

∣

∣

∣

1

6

[

f (a) + 4 f (
a + b

2
) + f (b)

]

−
2α−1Γ(α + 1)

(b − a)α

[

Jαb− f (
a + b

2
) + Jαa+ f (

a + b

2
)
]

∣

∣

∣

∣

∣

≤
b − a

2
I5(α, s) × {I6(α, s)

1
q + I7(α, s)

1
q },

(20)

where 1
p +

1
q = 1 and

I5(α, s) = (

∫ 1

0

|
tα

2
−

1

3
|dt)1− 1

q = (

∫ 1

0

|
1

3
−

tα

2
|dt)1− 1

q ,

I6(α, s) =

∫ 1

0

|
tα

2
−

1

3
|

(

(
1 + t

2
)s| f ′(b)|q + (

1 − t

2
)s| f ′(a)|q

)

dt,

I7(α, s) =

∫ 1

0

|
1

3
−

tα

2
|

(

(
1 + t

2
)s| f ′(a)|q + (

1 − t

2
)s| f ′(b)|q

)

dt.

(21)

Proof. Using Lemma 2.1 , the power mean inequality and Hölder’s inequality, we have
∣

∣

∣

∣

∣

1

6

[

f (a) + 4 f (
a + b

2
) + f (b)

]

−
2α−1Γ(α + 1)

(b − a)α

[

Jαb− f (
a + b

2
) + Jαa+ f (

a + b

2
)
]

∣

∣

∣

∣

∣

=
b − a

2

∫ 1

0

[

∣

∣

∣

tα

2
−

1

3

∣

∣

∣

∣

∣

∣

∣

∣

f ′(
1 + t

2
b +

1 − t

2
a)

∣

∣

∣

∣

∣

+
∣

∣

∣

1

3
−

tα

2

∣

∣

∣

∣

∣

f ′(
1 + t

2
a +

1 − t

2
b)

∣

∣

∣

∣

∣

]

dt

≤
b − a

2

{

(

∫ 1

0

|
tα

2
−

1

3
|dt

)1− 1
q

(

∫ 1

0

|
tα

2
−

1

3
|| f ′(

1 + t

2
b +

1 − t

2
a)|qdt

)

1
q

+(

∫ 1

0

|
tα

2
−

1

3
|dt

)1− 1
q

(

∫ 1

0

|
tα

2
−

1

3
|| f ′(

1 + t

2
b +

1 − t

2
a)|qdt

)

1
q
}

(22)

Since | f ′|q is s-convex on [a, b], we know that for t ∈ [0, 1] and s ∈ (0, 1]

∣

∣

∣ f ′(
1 + t

2
b +

1 − t

2
a)
∣

∣

∣

q
≤ (

t + 1

2
)s| f ′(b)|q + (

1 − t

2
)s| f ′(a)|q. (23)

From (22) and (23), we have
∣

∣

∣

∣

∣

1

6

[

f (a) + 4 f (
a + b

2
) + f (b)

]

−
2α−1Γ(α + 1)

(b − a)α

[

Jαb− f (
a + b

2
) + Jαa+ f (

a + b

2
)
]

∣

∣

∣

∣

∣

≤
b − a

2

{

(

∫ 1

0

|
tα

2
−

1

3
|dt

)1− 1
q

(

∫ 1

0

|
tα

2
−

1

3
|
[

(
1 + t

2
)s| f ′(b)|q + (

1 − t

2
)s| f ′(a)|q

]

dt
)

1
q

+(

∫ 1

0

|
tα

2
−

1

3
|dt

)1− 1
q

(

∫ 1

0

|
tα

2
−

1

3
|
[

(
1 + t

2
)s| f ′(a)|q + (

1 − t

2
)s| f ′(b)|q

]

dt
)

1
q
}

=
b − a

2
I5(α, s) × {I6(α, s)

1
q + I7(α, s)

1
q }

where I5(α, s), I6(α, s) and I7(α, s) are defined in (21). This completes the proof. �

Corollary 2.13. Let f : I ⊂ [0,∞) → ℜ be a differentiable mapping on Io such that f ′ ∈ L1([a, b]), where a, b ∈ Io

with a < b. If | f ′|q is convex on [a, b] and q > 1, then the following inequality holds:
∣

∣

∣

∣

∣

1

6

[

f (a) + 4 f (
a + b

2
) + f (b)

]

−
2α−1Γ(α + 1)

(b − a)α

[

Jαb− f (
a + b

2
) + Jαa+ f (

a + b

2
)
]

∣

∣

∣

∣

∣

≤
b − a

2
I5(α, 1) × {I6(α, 1)

1
q + I7(α, 1)

1
q },

(24)

where 1
p +

1
q = 1.

Proof. Setting s = 1 in (20), we get the required result. �

Remark 2.14. In Theorem 2.12, if α = 1, then we obtain Theorem 1.7.
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[1] M. Z. Sarikaya, E. Set, M. E. Özdemir, On new inequlities of Simpson’s for s-convex functions, Comput. Math. Appl, 60 (2010)
2191-2199.

[2] W. W. Breckner, Stetigkeitsaussagen für eine Klasse verallgemeinerter konvexer funktionen in topologischen linearen Raumen,
Pupl. Inst. Math. 23 (1978) 13-20.

[3] S. S. Dragomir, S. Fitzpatrik, The Hadamard’s inequality for s-convex functions in the second sense, Demonstration Math. 32 (4)
(1999) 687-696.

[4] R. Gorenflo, F. Mainardi, Fractional Calculus: Integral and Differential Equations of Fractional Order, Springer Verlag, Wien,
1997, 223-276.

[5] I. Podlubni, Fractional Differential Equations, Academic Press, San Diego, 1999.
[6] G. Anastassiou, M. R. Hooshmandasl, A. Ghasemi, F. Moftakharzadeh, Montogomery identities for fractional integrals and

related fractional inequalities, J. Ineq. Pure. Appl. Math. 10 (4) (2009) Art. 97.
[7] S. Belarbi, Z. Dahmani, On some new fractional integral inequalities, J. Ineq. Pure. Appl. Math. 10 (3) (2009) Art. 86.
[8] Z. Dahmani, New inequalities in fractional integrals, Int. J. Nonlinear. Sci. 9 (4) (2010) 493-497.
[9] Z. Dahmani, On Minkowski and Hermite-Hadamard integral inequalities via fractional integration, Ann. Funct. Anal. 1 (2010)

51-58.
[10] Z. Dahmani, L. Tabharit, S. Taf, Some fractional integral inequalities, Nonlinear. Sci. Lett. A 1 (2010) 155-160.
[11] Z. Dahmani, L. Tabharit, S. Taf, New generalizations of Gruss inequality usin Riemann-Liouville fractional integrals, Bull. Math.

Anal. Appl. 2 (2010) 93-99.
[12] M. Z. Sarikaya, H. Ogunmez, On new inequalities via Riemann-Liouville fractional integration, arXiv:1005.1167v1 (Submitted

for publication).
[13] J. H. Chen, X. J. Huang, Some integral inequalities via (h − (α,m))-logarithmically convexity, J. Comput. Anal. Appl. 20 (2016)

374-380.
[14] J. Chen , X. H. Tang, Infinitely many solutions for a class of fractional boundary value problem, Bull. Malays. Math. Sci. Soc. 36

(2013)1083-1097.
[15] Y. Zhao, H. Chen, Q. Zhang, Existence results for fractional q-difference equations with nonlocal q-integral boundary conditions,

Adv. Differential Equations, 1 (2013) 1-15.
[16] J. Chen, X. H. Tang, Infinitely many solutions for boundary value problems arising from the fractional advection dispersion

equation, Appl. Math. 60 (2015) 703-724.
[17] Y. Zhao, H. Chen, B. Qin, Multiple solutions for a coupled system of nonlinear fractional differential equations via variational

methods, Appl. Math. Comput. 257 (2015) 417-427.
[18] Y. Zhao, H. Chen, The existence of multiple positive solutions for singular functional differential equations with sign-changing

nonlinearity, J. Comput. Appl. Math. 234 (2010) 1543-1550.
[19] J. Chen, X. H. Tang, Eigenvalue criteria on existence of nontrivial solutions for a class fractional boundary value problem, Dyn.

Syst. Appl. 22 (2013) 157-169.
[20] Z. Bai, On positive solutions of a nonlocal fractional boundary value problem, Nonlinear Anal. TMA. 72 (2010) 916-924.
[21] Y. Zhao, H. Chen, L. Huang, Existence of positive solutions for nonlinear fractional functional differential equation, Comput.

Math. Appl. 64 (2012) 3456-3467.


