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We give some graph theoretical formulas for the trace T'r (T) of a tensor T which
do not involve the differential operators and auxiliary matrix. As applications
of these trace formulas in the study of the spectra of uniform hypergraphs, we
give a characterization (in terms of the traces of the adjacency tensors) of the
k-uniform hypergraphs whose spectra are k-symmetric, thus give an answer to a
question raised in Cooper and Dutle [Linear Algebra Appl. 2012;436:3268-3292].
We generalize the results in Cooper and Dutle [Linear Algebra Appl. 2012;436:
3268-3292, Theorem 4.2] and Hu and Qi [Discrete Appl. Math. 2014;169:
140-151, Proposition 3.1] about the k-symmetry of the spectrum of a k-uniform
hypergraph, and answer a question in Hu and Qi [Discrete Appl. Math. 2014;169:
140-151] about the relation between the Laplacian and signless Laplacian spectra
of a k-uniform hypergraph when k is odd. We also give a simplified proof of an
expression for Ty (T) and discuss the expression for 7r3(T).

Keywords: tensor; trace; eigenvalue; spectrum; hypergraph

AMS Subject Classifications: 15A18; 15A69

1. Introduction

As was in [1], an order m dimension n tensor A = (ailiz...im)lﬁ,'jf,l (j=1,--,m) over the
complex field C is a multi-dimensional array with all entries a;,;,....,, € C (i1, ,in €
[n] = {1,---,n}). For a vector x = (xq, - -~ L x) T e €, let Ax™! be a vector in C”
whose ith component is defined as the following:
n
(Ax™ 1y, = Z Qjiyeripg Xin " Xipy» (1.1

i,y im=1

and let x["1 = (xf, - ,x,ﬁ)T. Then [1,2] a number A € C is called an eigenvalue of the
tensor A if there exists a nonzero vector x € C" such that

Ax"1 = pxlm=1 (1.2)
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and in this case, x is called an eigenvector of A corresponding to the eigenvalue A. Qi and
Lim also defined several other types of eigenvalues (and eigenvectors) in [1,3].

The unit tensor of order m and dimension 7 is the tensor I = (6;, j,,... i,) With entries
as follows:

slm

s 1 ith=i==i,
'12s0lm T () otherwise.

It is easy to see from the definition that Ix”~! = x["~! Thus Equation (1.2) can be
rewritten as

(I —A)x" ! =0.

By using the definition of determinants of tensors, Qi [1] defined the characteristic
polynomial of a tensor A as the determinant Det (Al — A), where I is the unit tensor.

In [4], Morozov and Shakirov defined the dth order trace Tr;(T) of a tensor T (with
order m and dimension n), in terms of an auxiliary matrix A of order n (whose entries a;; are
viewed as independent variables) and some differential operators involving these variables
as follows:

d;
0
Tr (T = -1 n—1 fo— f Ad(mfl) ,
ra(T) = (m — 1) > H a (m m— >y, da | )
dy+-+d,=d i yie[n]’"’l i

(1.3)

where we use the notations
0 .
tiy i= tiiy..iy, and —— = (ify=iz- i),

3a,‘y 3(1,','2 3(1,’,""

and dy, - - - , d, run over all nonnegative integers withdy + --- + d, = d.
It was proved in [5, Theorem 6.3] that, by using Tr;(T) and the Schur function, the
characteristic polynomial ¢1(z) of T can be expressed in the following way:

Tri (T Tre(T
or(2) = ZP ( n® - ’;C( )>zd_k (d =n(m— 1",
where the Schur function P;(tq, - - - , tg) is defined as:

d
tq "'tdm
Pyt ta) =y > S (=1

m=1d+-~+d;,=d(d;>0)

or equivalently

oo oo
exp (Z tkzk) =Y Pt )2k (1.4)
k=1 k=0

It was also proved in [5, Theorem 6.10] that T, (T) is the sum of kth powers of all the
eigenvalues of T. In the following Lemma 1.1 and Theorem 1.1, we show that this important
result can also be simply proved by using the Schur function as follows.
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Lemma 1.1 Letag =1, and Z?:o @' = (z—A1) - (z—Ay) bea monic polynomial
of degree n with n roots Ay, - -+ , Ay. Let ty = _%(27:1 AI;), and g(z2) = Zl?il 1xz*. Then
we have 8@ =31 _ agzk.

Proof Differentiating both sides of the equation g(z) = Y o nz*, we have (since
Z,fil 1 zF has a positive radius of convergence)

0=~ Tn(Lwor) - (Lm0 w0
j=1

Also g(0) = 0, so we have g(z) = Z?:l In(1 — A;z), and thus

eg@:]i[(l—sz):z" (Zaz = ”) Zakz

j=1 k=0
O
TueorREM 1.1 [S] Let T be a tensor of order m > 2 and dimension n, let Try(T) be

defined as in (1.3). Let A1, - -+ , Aq be all the eigenvalues of T (where d = n(m — 1)"~1).
Then we have

d
Tri(T) = Z,\’;. (1.5)
=1

Proof Let¢r(z) = Zflzo a;z%" = (z = A1) - - - (z — Ag) be the characteristic polynomial
of the tensor T. Let 1, = _%(2721 )J;), and g(z) = Z,fil txz*. Then by Lemma 1.1, we
have 8 = Zzzo arz~.

On the other hand, by [4-6], we know that the coefficient a; of the characteristic polyno-

mial of the tensor Tis a; = Pk(—T”T(T), e —nk7®),and P (— Tr'l(T), - T”;C(T)) =0

when k > d. Thus by (1.4), we also have

X Tp (T s Try(T Tri(T d
exp (Z——r/;c( )zk) = ZPk (—%), ,—$> = Zakzk .
k=1

k=0 k=0
Comparing this with the expression for e4@, we obtain that

> - T”;fT) F =)= Zrkzk,
k=1

k=1

9

and thus —T”‘T(T) = = —%(Z?Zl A];). From this (1.5) follows. O

Notice that the current formula (1.3) for the trace Tr¢(T) (given in [4,6]) involves the
differential operators and auxiliary matrix A, so it is quite difficult and complex to use it to
study the traces. And it is hoped that some more explicit formulas for the trace Tr;(T) can
be obtained (as was mentioned in the final remarks of [5]).
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In this paper, we will give in Sections 2 and 4 some new formulas for the trace Tr(T) in
terms of some graph theoretical parameters. These formulas do not involve the differential
operators and auxiliary matrix. In Section 3, we give three applications of the trace formula
given in Section 2 in the study of the spectra of uniform hypergraphs. Firstly, we give a
characterization (in terms of the traces of tensors) of the k-uniform hypergraphs whose
spectra are k-symmetric, thus give an answer to a question raised in [6]. Secondly, we
generalize the k-partite and hm-bipartite hypergraphs to p-hm bipartite hypergraphs, and
prove that the spectra of this class of hypergraphs are k-symmetric if p and k are coprime.
This result is a common generalization of the results [6, Theorem 4.2] and [7, Proposition
3.1]. Thirdly, we answer a question raised in [7] about the relation between the Laplacian
spectrum and signless Laplacian spectrum of a k-uniform hypergraph. In Section 5, we use
the new trace formulas given in Section 4 to give a simplified proof of a formula for 7r,(T),
and discuss the possible expression for 7r3(T).

2. A new graph theoretical formula for the trace Try(T)

In this section, we first use the weighted associated digraph D(A) of a matrix A to give a
graph theoretical expression for 77 (A”) in Lemma 2.2. Then we derive a graph theoretical
formula (2.11) for the trace Tr;(T) of a tensor T in Theorem 2.1.

A multi-set is a collection of elements which allows the repeated elements. In this paper,
if a multi-set A contains s distinct elements ay, - - - , a; with the multiplicities rq, - - - , 7y,
respectively, then we write

A:a{l ceap.
Lemma 2.1 Letay,---,ayandby, - -- , b, be nonnegative integers witha; +- - -+a, =
by + -+ + by,. Then we have
gaittan bi!---by! ifa=b; (ie{l, -, n})

by by by
X x5 xn) = .
() X n") 0 otherwise.

(9x1) 1 (dx2)42 - - - (Dxp )
2.1)

Proof 1If some a; # b;, then by the conditiona; +---+a, = by + - - -+ b, we must have
some a; > b;. Thus in this case, the left side of (2.1) is zero. The case when a; = b; for all
i =1,---,nisobvious. U

In the following, we write [n] = {1, --- , n}.

Definition 2.1 Let A = (a;;) be a matrix of order n. Then the weighted associated digraph
D(A) of A is the digraph with vertex set V = [n] such that there is an arc (i, j) in D(A) if
and only if a;; # 0, and in this case, the arc (i, j) has a weight g;;. The weight of a walk
W in D(A), denoted by a(W), is the product of the weights of all arcs of W (here the arc
set of W is regarded as a multi-set). Let W, (D (A)) be the set of all closed walks of length
rin D(A).

The following lemma gives a graph theoretical formula for the trace tr(A”) in terms of
the weighted associated digraph D(A) of a matrix A.
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Lemma 2.2 Let A = (a;j) be a matrix of order n with the weighted associated digraph
D(A). Then we have

tr(A”") = Z a(w). (2.2)
WeW,(D(A))
Proof We have
n
tr(A") = Z Qjyiy Qiniy * * * Qiyiy = Z a(W). O
i, ir=1 WeW, (D(A))

Let H = (hji,..i,) be a tensor of order m and dimension n, for the convenience of
notation we write

. . -1
Rijis.ipy, = hija (Where @ = in -« iy € [n]"7).

For an integer d > 0, we define

Fa= {1, 01), -, Ggyaq) |1 <iy <---<ig<n; a,-- a4 € [n]" ). (2.3)
For nonnegative integers dy, - - - , d,, withd) + - -- + d,, = d > 0, we also define
Fdyondy = (1, 01), (g, ) € Fy | {it, -+ ig) =17 n™). (2.4)

Then we obviously have
Fa= U Fa..a
d\+..+dy=d

To prove our formulas for Tr;(T), we need the following elementary formula on the
transformation of reversing order between sums and products.

Lemma 2.3 For a tensor H = (hji,..i,) of order m and dimension n with h;,;,. i,
denoted by h(i1, o), (@ =iz iy € [n1"~1), we have

n di d

[Tl >, nrayw| = 3 [nG;. an. 2.5)

i=1 \y;e[nm-! (Gr.ar),....(id.a)€Fay,....dy J=1
Proof We have

d;
n
[Tl X niw] = >
i=1 \y;e[n)! yij€lny= (i=1,...n, j=1,...d;)

h(L, y11) - (L, y1a)h(2, y21) - - - h(2, y2a,) - - - h(n, yn1) - - - h(n, Yna,)

d
= > [ThG. o). O

(Gr,a1),.. (g, aa)) €Fay, ... dy J=1
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Now for F = ((i1, 1), -+, (ig, @q)) € Fy4 and the tensor H = (h;,;,..;, ) of order m
and dimension n, write

d
mr() = []ha;, ). (2.6)
j=1
Also for a given F € Fy, there exist unique nonnegative integers dy, - - - , d, with d; +

-+ +d, =dsuchthat F € Fy, 4, .Inthis case, we write (for any one variable function

g(x))
g =]]ed) (FeFu..a) 2.7
i=1

Using these notations and Lemma 2.3, we further have

Lemma 2.4

d;

Yoo T e@ | > nrayo| |= D] ePmr@E.  (28)

it tdy=d i=1 yi€ln=! FeFa

Proof From (2.5), (2.6) and (2.7) we have

d;

S TTs@ | > na.vn

di+-+dp=d i=1 yi €[n]m—1

n d
= ) (Hg(d») > [1nGs.ap
1 (Gr01),

dy++dy=d \i= 'v(idvad))Efdl,---,dn j=1

= ) (ﬁg(do) D)

d\++dy=d \i= Fe}—dlc--.dn

= > > (ﬁg(dn)npaﬁl)

ditddy=d FEFy; ... 4y \i=1

= D g(F)mr(H). O

FeFy

Now we introduce some more graph theoretical notations. We first assume that the
digraphs considered here have the vertex set V = [n], and may have loops (arcs of the
form (7, 7)) and multiple arcs (such digraphs are called ‘multi-digraphs’). Thus there may
be several arcs from vertex i to vertex j. For convenience, we use D, to denote the complete
digraph of order n with the arc set E(D,,) = [n] x [n].

For an arc multi-set E, we use V (E) to denote the set of vertices incident to some arc
of E.
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In the following, when we mention an arc multi-set £, we always mean that E is a
multi-set each of whose element is in [n] x [n]. Namely, V(E) C [n]. Also, for each vertex
i €[n],let dg (i) and d; (i) be the outdegree and indegree of i in the arc set £, respectively.

A (multi) digraph is called a ‘balanced digraph’, if the outdegree and indegree of each
vertex are equal. It is not difficult to see that, if W is a closed walk (of some digraph with
vertex set V = [n]), then W (as a multi-digraph) is a ‘balanced digraph’.

Definition 2.2 Let E be an arc multi-set (with V(E) C [n]). Then

(1) Let b(E) be the product of the factorials of the multiplicities of all the arcs of E.

(2) Letc(E) be the product of the factorials of the outdegrees of all the vertices in the
arc set E.

(3) Let W(E) be the set of all (directed) closed walks W with the arc multi-set
E(W) =

Definition 2.3 Let F' = ((i1,a1), -, (g, 0q)) € Fy, where (ij,a;) € [n]" (j =
,d). Then

(1) Let E(F) = 7:1 E;(F) (in the sense of the union of multi-sets), where E; (F)
is the arc multi-set as following:

E;(F) =A{Gj,v1), ({j,v2), - (), vm—1)} if aj =1, , vm-1).

Thus, E(F) is also an arc multi-set.

(2) Letb(F) = b(E(F)) be the product of the factorials of the multiplicities of all the
arcs of E(F).

(3) Letc(F) = c(E(F)) be the product of the factorials of the outdegrees of all the
vertices in the arc set E(F).

Itis easy to see thatif ' € Fy, . 4,,then dg(F) (i) = d;j(m — 1). Thus, in this case
we have ¢(F) = [/, (di(m — D)!.

4) Let W(F) = W(E(F)) be the set of all closed walks W with the arc multi-set
E(W) = E(F).Itis obvious that the length of each walk W in W(F) is |[E(W)| =
|E(F)| =d(m —1).

(5) Let the differential operator d(F) = ]_[ =1 aaa , where

ad ad
= it o=(sq, - ,8m_1) €[] ).
Ta H i (s1 m-1) € [n]"7)
Here, a;; (i, j = 1,--- , n) are viewed as distinct independent variables.

Now, let T = (#,;,.--i,,) be a tensor of order m and dimension n, where t; i, i, = lij«
(@=1ir- iy €[n]"" 1) Take the tensor H in (2.8) as hjo = tjq =— a (viewed as an element
in some operator algebra). Then 7w r(H) = 7r(T)d(F), and from (2 8) we have

d;

0 1
Z H(d(m—l))' Z tfyf'% =ZmﬂF(T)8(F) (2.9)

di+-+d,=di=1 yie[n]m=1 FeFy
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We also have the following formula about the action of the differential operator d(F)
on tr(A4m=D),

LemMma 2.5 For F = ((i1, 1), -+, (ig, ¢g)) € Fy, let (F) = ]_[j 1 da be defined
oj

as in Definition 2.2, and A = (aij) be a matrix of order n, where a;; (i, j = 1 ..., n)are
distinct independent variables. Then we have

A(F)(tr (A=) = b(F)|\W(F)|  (F € Fy). (2.10)

Proof By using the trace formula (2.2) for matrix A", we have

(F)tr(A4m=1y — > A(F)a(W).

WeWyn—1)(D(A))

Now for fixed W € Wy(,—1)(D(A)) and F € Fy, we know by Lemma 2.1 that
d(F)a(W) # 0 if and only if the arc multi-sets E(W) = E(F), namely W € W(F), and
in this case d(F)a(W) = b(F) by Lemma 2.1. Thus, we have

A(F)tr(AYm=Dy = Z A(F)a(W) = Z b(F) = b(F)|W(F)]. O

WeW(F) WeW(F)

Now we are ready to prove our first graph theoretical trace formula.

Tueorem 2.1 Let T = (t,i,...i,,) be a tensor of order m and dimension n. Then we have

-1yt S )
Tra(T) = (m = 1) F; DIV .11

where (the graph theoretical parameters) b(F) c(F) and |W(F)| only depend on the arc
set E(F), and are independent of the tensor T.

Proof By (2.9) we have

d;
9
> ]_[ fiy —— | tr(A%m=D)y
_ | Z Lyi A
di++dy=di= l(dl(m D! y;e[n]m—1 aalyi
— d(m—1)
=y mmc(ﬂr)a(F)tr(A ).
FeFy
Substituting (2.10) into the above equation, we obtain
d;
9 d
> ]_[ fiyy— | tr(a%m=D)
— ) Z Dig,.
dy+-+dy= (i (m D)t yien]n-! daiy,
b(F)
= Z C(F)np("JI‘)|W(F)|. (2.12)
FeFy

Multiplying both sides of (2.12) by (m — )"~ we obtain our trace formula (2.11). O
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3. Some applications in the study of spectra of hypergraphs

In this section, we give some applications of the trace and our trace formula (2.11) in
the study of the spectra (and Laplacian spectra) of hypergraphs (For the basic concepts of
hypergraphs, the readers are refered to [8]). Firstly, we give a characterization (in terms of the
traces of tensors) of the k-uniform hypergraphs whose spectra are k-symmetric. Secondly,
we generalize the k-partite and hm-bipartite hypergraphs to p-hm bipartite hypergraphs, and
prove that the spectra of this class of hypergraphs are k-symmetric if p and k are coprime.
Finally, we answer a question raised in [7] about the relation between the Laplacian spectrum
and signless Laplacian spectrum of a k-uniform hypergraph.

A hypergraph H = (V, E) is called k-uniform if every edge of H contains exactly
k vertices. The adjacency tensor of H (under certain ordering of vertices) is the order k
dimension n tensor A = Ay with the following entries [6]:

@ o= (kjl)z if {iy,iz,---,ix} € E(H)
et 0 otherwise.

The characteristic polynomial and spectrum of a uniform hypergraph H are that of its
adjacency tensor A.

LetD = Dy be the degree diagonal tensor of H (its ith diagonal element is the degree of
the vertex i), then the tensor L. = D — A is called the Laplacian tensor of H,and Q = D+ A
is called the signless Laplacian tensor of H. The Laplacian spectrum and signless Laplacian
spectrum of H are defined to be the spectrum of IL and QQ, respectively.

The spectrum of a tensor or a k-uniform hypergraph is said to be k-symmetric, if this
spectrum is invariant under a rotation of an angle 2/ k in the complex plane.

In [6, Theorem 4.2], Cooper and Dutle proved that the spectrum of a k-partite k-uniform
hypergraph is k-symmetric. They also proposed a problem in [6] about characterizing those
hypergraphs whose spectra are k-symmetric. In the following Theorem 3.1, we will give a
characterization of the k-uniform hypergraphs whose spectra are k-symmetric in terms of
the traces of its adjacency tensor, and then we will give an application of this result (together
with the new trace formula (2.11)) in Theorem 3.2 to show that the spectra of the class of
p-hm hypergraphs are k-symmetric when p, k are coprime.

Tueorem 3.1 Let H be a k-uniform hypergraph, A = Ay be its adjacency tensor, and
oa(h) = ZS':() ajNl (r =nk — 1"~ be the characteristic polynomial of A and H.
Then the following three conditions are equivalent:

(1) The spectrum of A (and H) is k-symmetric.

(2) If d is not a multiple of k, then the coefficient aq (of the codegree d term in the
characteristic polynomial ¢ (X)) is zero. Namely, there exist some integer t and
some polynomial f, such that g (L) = A" f (AF).

(3) Ifd is not a multiple of k, then Try(A) = 0.

Proof We will show that (1) <= (2) <= (3) (also see [6, Theorem 4.2] for (1) and (2)).
(2) = (1): This is obvious from the expression ¢ (1) = A F (K.
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(1) = (2): Let ¢ = ¢**/* be the kth primitive root of unity. Then (1) implies that
da(er) = &"¢pp()). From this we have

r r
Zadé‘r_d)nr_d — Zadgrkr—d'
d=0 d=0

Thus we have ay¢ =aye", or ad(sd —1)=0.
Now if d is not a multiple of &, then ed —1 # 0. So in this case we have ag; = 0.
(2) = (3): By (2), we may write ¢ (A) as:

r—d

pa(n) =1k — by ok = by,

Let P = (p;;) be the circulant permutation matrix of order k (where p;; = 1 if and only if
j =i+ 1(mod k)). If d is not a multiple of k, then all the diagonal entries of P are zero,
thus tr(P?) = 0.

Also, we have ¢.p(L) = WK — k. Soif Ui, -+, U are the k roots of Mw—ck =0
(i.e. the k eigenvalues of the matrix ¢ P), then ,ufli, cee :“Z will be the k eigenvalues of the
matrix (cP)?. Thus, we have

wi + -+l = tr((cP).
Therefore by Theorem 1.1, we have

.
Try(A) = Z M=tr(cP)) 4 +1r((c;P)) =0 (ifdis not a multiple ofk).
j=1

(3) = (2): By [4-6], we have

Tri(T Try(T
ad=Pd<— AL )), 3.1)
where P;(ty, - - , tz) is the Schur function defined as in Section 1 [4,6]:
d
Pt )= > % (3.2)

m=1d|+-~+d;,=d(d;>0)

Now suppose that ag # 0. Then by (3.1) and (3.2), we see that there exist some positive

integers dy, - -+ , dp, withdy + - -+ + d,, = d such that
Tra,(A)---Trq, (A) #0. 3.3)
By condition (3), we see that (3.3) implies that dy, - - - , d,, are all multiples of k. Thus
d =dy +---+d, is also a multiple of k, this proves (2). Il

In [7], Hu and Qi defined the (k-uniform) hm-bipartite hypergraphs (which is a gen-
eralization of the k-partite hypergraphs studied in [6]), and proved that a number Ag is
an eigenvalue of an hm-bipartite hypergraph H if and only if Age>™/* is an eigenvalue
of H. In the following, we further generalize hm-bipartite hypergraphs to p-hm bipartite
hypergraphs, and prove the k-symmetry of the spectra of p-hm bipartite hypergraphs when
p, k are coprime, thus generalize the results [6, Theorem 4.2] and [7, Proposition 3.1].
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Definition 3.1 Let H = (V, E) be a nontrivial k-uniform hypergraph. It is called p-hm
bipartite if V can be partitioned into V = V; U V,, where V| and V; are nonempty and
disjoint, such that every edge of H intersects V; with exactly p vertices.

The hm-bipartite hypergraphs defined in [7] is a special case p = 1 of p-hm bipartite
hypergraphs. Also, the cored hypergraphs defined in [9] (every edge contains a vertex of
degree one) is a special class of 1-hm bipartite hypergraphs.

In order to prove the k-symmetry of the spectra of p-hm bipartite hypergraphs when
p, k are coprime, we need the following Lemma 3.1 which is in some sense an equivalent
version of [6, Theorem 3.12].

Let F = ((i1, 1), -+, (ig, 2q)) € Fy4 (where each component of F' is an element of
[7]™), and leti € [n]. Let d; (F) be the number of times that the index i appears in F as the
primary index (i.e. the first index in some component of F), and ¢; (F) be the number of
times that the index i appears in F' as the nonprimary index. Let p; (F) = d;(F) + g; (F)
be the total number of times that the index i appears in F. Then it was defined by Cooper
and Dutle in [6, Definition 3.3] that F' is called m-valent, if for each i € [n], p;(F) is a
multiple of m.

Lemma 3.1 [6] Let F = ((i1, 1), -+, (ig, @q)) € Fgq (where each component of F is
an element of [n]"). I W(F) # ¢, then F is m-valent.

Proof Take W € W(F) to be a closed walk with E(W) = E(F). Then we have da} (i) =
dy, (i) for each vertex i € [n] (since E(W) is balanced). Now by the definition of E(F),
we can see that d$(i) = (m — 1)d;(F) and dy; (i) = ¢;(F). Thus we have ¢;(F) =
(m —1)d; (F), and so p;(F) = d;(F) + qi(F) = di(F) + (m — 1)d; (F) = md; (F), which
is a multiple of m. O

Now let
F)={F € F4 | Fism — valent }. (34
Then from Lemma 3.1, we can see that (2.11) can be rewritten as (in terms of F)):

b(F)
c(F)

Trg(T) = (m—1)""" )

FeF,

7r(TIW(F)], (3.5

since for those F € F,\F/,, we have [W(F)| = 0 by Lemma 3.1.
Now we apply (3.5) to prove the following theorem.

THueorReEM 3.2 Let H = (V, E) be a nontrivial k-uniform p-hm bipartite hypergraph with
p, k coprime, then the spectrum of H is k-symmetric.

Proof Let A = Ap be the adjacency tensor of H. By Theorem 3.1, we only need to show
that A satisfies the condition (3) of Theorem 3.1. Let V; and V; be as in Definition 3.1.

Suppose that Tr;(A) # 0 for some positive integer d. Then by the formula (3.5), there
exists some F € F, such that 7z (A) # 0. Thus, the d components of F corresponds to d
edges {e1, - - - , eq} (with repetition allowed) of the hypergraph H, and that F is k-valent
by (3.4).
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Let Eg = {ey, - - - , eq}, and for each vertex v of H, let dg,(v) be the degree of v in the
sub-hypergraph of H induced by the edge subset Ey. Then by the k-valent property of F,
we see that all dg,(v) are multiples of k.

On the other hand, by using the same idea as in [6, Theorem 4.2] and the definition of
p-hm bipartite hypergraphs (in Definition 3.1), we have pd = ZveVl dg,(v), which is a
multiple of k. So d is also a multiple of k since p, k are coprime. This proves that A satisfies
the condition (3) of Theorem 3.1. O

Now we consider an application of the formula (2.11) in the study of the Laplacian
spectra of hypergraphs. In [7], it was asked whether the Laplacian spectrum and signless
Laplacian spectrum were equal or not for a k-uniform hypergraph with odd k¥ > 3. By using
our trace formula (2.11), we are able to answer this question in the following theorem.

TueorREM 3.3 Let H be a nontrivial k-uniform hypergraph with odd k > 3. Then its
Laplacian spectrum and signless Laplacian spectrum are not equal.

Proof Let A = Ap be the adjacency tensor, and D be the diagonal degree tensor of H.
Let L = D — A be the Laplacian tensor of H. Then we obviously have D+ A = ||, where
|L| is obtained from L by taking the absolute values entrywise. Now by Theorem 2.1, we
have

Tr@—A)=Tr@)=k-1D"" )" %MLMW(FM (3.6)
FeFy
and
b(F
T + ) = Tr(L) = (6 = ' Y 28 (LD IWCE)
FeFy
=k-1"" Y ’mmmnww 3.7
FeFy

Namely, each term of the right side of (3.7) is the absolute value of the corresponding term
of the right side of (3.6).

Now we want to show that there exists some Fy € Fj such that mg (L) < 0 and
IW(Fp)| > 0. For this purpose, take an edge e = {iy, - - - , ix} of the hypergraph H and take

Fo= (G102 i), (2,13, -+ ik, i1)s -+, Gk, i1, -0+ 5 1k—1)) € Fre

Then we have g, (L) = mp (—A) = (—l)km < 0 since k is odd.

On the other hand, we have E(Fy) = {(i,j) | i,j € {i1,i2---,ik} and i # j},
which means that the digraph (on n vertices) induced by the arc set E(Fp) is isomorphic
to the complete digraph Dy (without loops) which is both strongly connected and balanced
(d‘gk (v) = dl_)k (v) = k — 1 for all vertices v in D). Thus by the criterion for the ‘directed
Eulerian graphs’,[10] we conclude that there exists a directed closed walk W € W(Fp)
with E(W) = E(Fp). So we have |W(Fp)| > 0.

Now for this Fy, we have CEFO;JTFO (IHIW(Fp)| < 0, since b(F) > 0 and c(F) > 0 for
all F € Fj. From this we see that at least one term in the summation of the right-hand side
of (3.6) is negative, so the right-hand sides of (3.6) and (3.7) are not equal (since each term
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of the right side of (3.7) is the absolute value of the corresponding term of the right side of
(3.6)). Consequently, we have Try(ID — A) # Tri(D+ A). From this and Theorem 1.1, we
conclude that D — A and D + A have the different spectra. U

4. Some other formulas for the trace 7T'ry (T)

In this section, we give some more formulas for the trace Tr¢(T), and consider some
examples and applications. In order to obtain these trace formulas, we need to introduce
some more graph theoretical notations.

Definition 4.1 Letn, d, r be fixed positive integers. Let E4 - (n) be the set of arc multi-sets
E (with V(E) C [n]) satisfying the following three conditions:

(1) |E| = dr (in the sense of multi-set).

(2) The arc multi-set E is balanced (i.e. for each vertex i € [n], the outdegree dz: (i)
and the indegree d, (i) are equal).

(3) The outdegree d;(i ) of every vertex i € [n] is a multiple of r.

By the condition (3) of the above definition, we see that if E € E; ,(n), then dg (i)=>r
ifd;:f(i) > 0. On the other hand, recall that V(E) = {i € [n] | dl;f(i) > 0}. Sodr = |E| =
I df (i) = |V(E)|r. Thus, we have

EeEqy,(n) = |V(E)| =d, 4.1

where equality holds if and only if every vertex i with dg (i) > O has d]'lf (@) =dg@()=r.

Lemma 4.1 Let n,m, d be fixed positive integers and F € Fy. If W(F) # ¢, then we
have E(F) € Eg y—1(n).

Proof From the definitions of 7, and E (F), itis easy to see that F' € F; implies |E(F)| =
dim —1).

Also, by the hypothesis we have W(E(F)) = W(F) # ¢, which means that there is a
closed walk W € W(E(F)) with E(F) as its arc multi-set. Thus E (F') is balanced, since
E(W) is.

Furthermore, F € F; implies that ' € Fy,... 4, for some nonnegative integers
dy,---,d, withdy + --- +d, = d. Then it is easy to see that dg(F)(i) =di(m—1)
which is a multiple of (m — 1) for all i € [n]. Thus, E(F) satisfies all the three conditions
in Definition 4.1 (withr =m — 1),s0 E(F) € Eg j,—1(n). O

By Lemma 4.1, we have

{FeFa|WF)#¢} S U {FeFa|E(F)=E} € Fa. (4.2)
E€Eq n—1(n)

Thus, the trace formula (2.11) can be further written as:

— 1y b(F)
Tra(T) = (m — 1) ;d " F(DIWE)
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_ b(F)
=m-1"" Y ——ap()W(F)|
E(F) g )

b(E
=m-1n"" Y > %NF(TNW(E)I. (4.3)
E€Ey 1 (n) FeFy,E(F)=E C( )

We also have

LemMa 4.2 Let b(E) and c(E) be defined as in Definition 2.2. Then for any arc multi-set
E =, U;f:l(i, )i € Eg m—1(n), where the multiplicity of the arc (i, j) in E is rij,
and dyf (i) = Z’;‘:l rij, we have

¢(E)

HF € Fa | E(F) = E}| = bE)’

4.4)

Proof For each fixed i, we list all the elements of E with the initial vertex i as following:

@1,---,G;--- ;G n), -, ({, n) where there are r;; many (i, j)/s (G=1,---,n).

4.5)
By using the formula for the number of permutations with repetition, we know that the num-
ber of the permutations of the elements in (4.5) is the following multi-binomial coefficient:

riv+ -4 rin . rin o+ rin)!
Til, s Tin riplcerin)
Thus, we have

i) Tl @) e(B)
|{F€.7:d|E(F)=E}|:H ritl e rin! :H:'lzlll_[;f:lrij! :b(E).

i=1

Now for each E € E4 ,—1(n), let

rp(M= Y 7p(D), (4.6)

FeF, E(F)=E

nd )3 T b(E
_ET
FeF s, E(F)=E TF _ ( )nE(’]I‘). @7
HF € Fa | E(F) = E}|  c(E)
Thus, wg (T) is the average value of all those values 77 (T) with F € F; and E(F) = E.
Using this and the Equation (4.3), we can now obtain the following two trace formulas.

7e(T) =

TueorREM 4.1 Let T be a tensor of order m and dimension n. Then we have

b(E
Tra(M =(m—1""" ) %E;?TE(TNW(E)L 48)
E€Eq m—1(n)
and
TraM =m—-1"" Y 7eIWE)L. 4.9)

EEEd,m—I (n)
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Proof (4.8) follows directly from (4.3) and (4.6), while (4.9) follows directly from (4.8)
and (4.7). O

Now we look at some examples.

Example 4.1  Let the tensor T = A = (a;;) be a matrix of order n (i.e. m = 2). Then we
have Try(T) = tr(A%).

Proof First we have m — 1 = 1. Next, for any arc multi-set E € E; 1(n), let
a(E) = 1_[ a(e) (where a(e) =a;jife= (i, j))
ecE

be the weight of the arc multi-set E in the weighted associated digraph D(A).

Now for any F = ((i1, j1), -, (ig, ja) € Fq with E(F) = E and W € W(E), we
have np(T) = a;yj, ---aiyj, = a(E(F)) = a(E) = a(W), where a(W) is defined in
Definition 2.1. Thus we have 7 (T) = a(E), and so

Yo aWy=aE) Y 1=rg(DIWE) (4.10)

WeW(E) WeW(E)

Also, we have

WapAN < | W,
E€E; 1(n)

andif W € Uper, oy WE)\Wa(D(A)), then a(W) = 0. Thus by (2.2), (4.9) and (4.10),
we have '

r(Ah = > aw)

WeWu(D(A))

2. ) aw)

EcE;1(n) WeW(E)

> meMIWE))
E€Ey4 1(n)
= Trq(T).

Example 4.2 Let J be the tensor of order m and dimension »n with all elements 1. Let
Wam—1(n) = {Wisaclosed walk | E(W) € Eg ju—1(n)}.

Then we have Try(J) = (m — 1)" "1 \Wy ,,—1(n)|, where

(d(m —1))!
(Wa,m—1(n)| = E n .
‘ e d\+-~+d,=d Hi:] (dl (m - 1))'
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Proof By Definition 2.2, we know that W € W(E) if and only if E(W) = E. So by the
definition of Wy ,,,_1(n), we have

Womaimy= ) WE, so Weuaml= Y  [WE)
E€Eg p,—1(n) E€Eq p;—1(n)

Since all the elements of J are 1, we have mg () = 1 for any E € E4 ,,—1(n). Thus by
(4.9) and the above equation, we have

Tra@ =m—=1"" > WE)|=@m—-1"" Wanu 1.
E€Ey ;n—1(n)

By using the formula for the permutations with repetitions, and viewing a closed walk as a
sequence of vertices, we can see that

(d(m —1))!
Wam—1(n)| = E - )
‘ o di++d,=d ni:](di (m —1))!

(Note: Here, |W4 ,,—1(n)] is a combinatorial parameter which only depends on n, m and d,
and is independent of the tensors.) [l

5. The expressions of 7r;(T) and Tr3(T)

In this section, we show how our trace formulas can be used in the study of 77 (T) and
Tr3(T). First, we use the formula (4.8) and (4.9) to give a simplified proof of a formula of
Try(T) in [5].

TueorREM 5.1 [5] Let T be a tensor with order m and dimension n. Then we have

n m—1
_ 2s
Tra(M) = ="' Dt i+ ) ——
i=1

i<j s=l1

x Z Liiy--iyy Z Ljjae jm

{in, i )=jsim—1-s {j2,---jm}:i5j’"*1*5

Proof We use the formula (4.9).

Foreach E € Ey ;,—1(n),let V(E) = {i € [n] |dz:(i) > 0} as before. Then |V (E)| < 2
by (4.1), so we can divide the set Ej ,,—1(n) into two subsets as Ep ,,—1(n) = E; [ JEa,
where E € Ej if and only if |V(E)| = k (fork = 1, 2).

Thus we can further write

E ={E),---,E(n)}, and Ey = UE(i, 7). 5.1

i<j

where V(E(i)) = {i} (thus E(i) = (i,)?™~ D), and V(E) = {i, j} for each E € E(, j).
Furthermore, for each | <i < j < n, we can write

E(lv ]) = {E()(l, .])’ El(is ])7 ) Em—l(i» ])}a
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where (as arc multi-set)
E;(i, j) =, j)s(j,i)s(i,i)m’l’s(j,j)m’l’s O<s<m-—1,1<}j). 5.2)

Now for E = E(i) = (i,)>" =1, we have [W(E)| = 1 and 7 (T) = 7 ,. So
n

Y mMWE =) 1, (5.3)

EcE,; i=1

For E = E;(i, j), we can verify from (5.2) that
b(E) = (s!(m — 1 — s)H?, c(E) = ((m — 1))?,
and

mg(T) = > 7 (T)

FeFy, E(F)=E(i,])

- ) liig:ip > Ujjaessjm | - (5.4

{iz,,,,im}:]‘sl’m—l—x {j2,"'jm}=l"ij"1_]_‘y
Now we consider W(E) for E = E(i, j). If W € W(E), then the initial vertex of W
is either i or j. If the initial vertex of W is i, then there are " s_ ! different orderings

of the m — 1 arcs in W starting from i, since there are s arcs (i, j) among these m — 1 arcs.
On the other hand, among the m — 1 arcs in W starting from j, the last arc must be (j, i)

since the terminal vertex of W is also i. Thus, there are only different orderings

s—1
of the remaining m — 2 arcs in W starting from j. The similar arguments apply if the initial

vertex of W is j. Therefore, we have [W(E)| = 2 ms_ ! r;z_—12 for E = Es(i, j).

Combining this with the expressions for b(E) and c(E), we have for E = E(i, j) that

— f— 2 —_— —
@IW(E)I _ (s!m — 1 sz)!) 2<m 1) <m_ 2)
c(E) ((m — 1Y s s—1

S(m— 1 m—2
s s—1 2s 55)
B m—1)\> om—1 ©
K
Finally, by using the formula (4.9) together with (5.3), (5.4), (5.5) and (4.7), we have

TrM=m-n"" > 7eMWE)
E€Ep —1(n)

=m—-1D"" Y 7eMWE)+ Y 7e(MIW(E)
EcE, EcE;
m—1

=m—"" Y 7eMWEI+ DY 7ea0)DIWEG, j))

EcE, i<j s=0
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m—1
. b(Es . )
=(n—1"! Zl ,+§§c(E iy WES G )l .y (D
=(m—1""! Z”l p—

i<j s=l1

x > lity-iyy > Ljjar jm

{in, i )=jsim—1=s (oo jm =is jm—1-s

Here, the first equality follows from (4.9), the fourth equality follows from (5.3) and (4.7),
and the last equality follows from (5.4) and (5.5). [l

Finally, we consider 7'r3(T). Similarly as for 7r,(T), we can divide the set E3 ,,_1(n)
into three subsets as Ez ,,_1(n) = E; | JE2 | JE3, where E € Ey if and only if |V (E)| = k
(fork =1, 2, 3),since |V(E)| < 3foreach E € E3 ,,,—1(n). Then we consider the following
three cases.

Casel (For|V(E)| =1).WeobviouslyhaveE|; = {E(1),---, E(n)},where V(E(i)) =
{i},andso E(i) = (i,i)>" V. Thus, we have [W(E(i))| = land 7g(T) = ¢ . Therefore,

> me(MIWE)| = Zr, i (5.6)

EEE]

Case 2 (For |V(E)| = 2). We have E; = |
E € E(i, j). Furthermore, we have

i E(, j), where V(E) = {i, j} for each

E. j) = {Eo(. j). Ex(i, ).+ Em—1(. )},
where
EgGi, )= (. )G D GDX DG " 0<s<m—1,i#)).  (5.7)
Now for E = E;(i, j), we have

BE) = (s)2(m — 1 —)!2m — 1) — ),  ¢(E) = (m — DIQ2(m — 1)1,

and similarly as in the case for Tr,(T), we alsohave [W(E)| = (m s_ 1) <2(m —-b- 1)

s—1
+ (2(ms— D ’?__12 for E = E(i, j) (where the first term corresponds to those
closed walks with initial vertex j and the second term corresponds to those closed walks

with initial vertex 7).
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Combining this with the expressions for b(E) and c(E), we have for E = E(i, j) that
b(E 1 — _1) -
( )|W(E)|: ((m 1><2(m _1) 1)
c(E) m—1Y\(2m—1) s s—1
("))
())
s s—1

s s 3s

= + = . 5.8
2m—1) m—1 2(m—1) (5-8)
For E = E(i, j), we also have
g (T) = > r(T)
FeF3,E(F)=E(i,J)
= Z tiiZ"‘im tikZ"'km Z tij"'j/;l
(i, im ko, o Y=o 120n=D=s {2, jm}=i® jm=1=3
Thus, we have
> 7e(MIW(E)|
EcE,
m—1
3s
) 1 Z 1ip-imtiky--km
i#j s=0 (m ) {in, i koo ko Y= 5 i 20m=1=s
X Z tij"'jm . (59)

{2y jm}=i® jm =1
Case 3 (For |V(E)| = 3). We have E3 = Ui<j<k EG, j, k), where V(E) = {i, j, k} for
each E € E(i, j, k).

Now for fixed | <i < j <k <nandeach E € E(i, j, k), we have dg(i) = dg(j) =
dg(k) =d; (i) =d;(j) =dg(k) =m — 1. Let p, g, r, s be the multiplicities of the arcs
@, j), (J, k), (k,i)and (j, i) in E, respectively. Then E must have the following form:

E=EGjk;,p,q,rs)
= (i, NP, Tk, D) (G D) G k) TP (e, TP Gy
x (j, "I e P (5.10)

Thus, we have

E(ly,]5k) = {E(iaj’k;p’Qar7s) |0§ p’Qar7s Sm_ 15
and all the multiplicities in (5.10) are nonnegative} (5.11)

Now for E = E(i, j, k; p,q,r,s), we have c(E) = ((m — N3, and

b(E) = plqiris!r+s—p)l(g+s—p)lm—1—s—r)liim—1—-s—q)!(im—1+p—r—s—q)\.
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So

b(E)

c(E)

_ 1

T G TN | AP )
s,rym—1—-s—r)\p,g+s—pm—-1—-s—qg)\g,r+s—pm—1+p—r—s—gq

(5.12)

Now let w(m; p,q,r,s) be the number of closed walks W with the arc multi-set
E(W)=E(,j,k;p,q,r,s). Thenw(m; p, g, r, s) is a purely graph theoretical parameter
(which only involves the digraphs with three vertices), and is independent of n, i, j, k, and
independent of the tensor T. Then we have

\W(E)| = w(m; p,q,r,s)  (f E=EQG, j. ki p.q,r,s)). (5.13)

(for those values 0 < p, g, r, s < m — 1 such that some multiplicities in (5.10) are negative,
we would have |W(E)| = w(m; p,q,r,s) =0.)
Also, let

t(i, j,k;p,q,rs)

= Z tiiZ"‘iz11 Z t]]Z]m Z tka"'km
{ig, - im)=i* jPRT TSP {j2. e jm}=i° j*k? (ko ek =" jAT5—Pk*

(5.14)

(where the *’s mean suitable numbers such that the total multiplicities of the multi-sets
{io, -~ -im}, {J2, -+ jm} and {kp, - - - k;,} are all m — 1.) Then we have

nE(i,j,k;p,q,r,s)(T) =1t(, j.kip,q.,r,s). (5.15)
From (5.11), (5.12), (5.13) and (5.15), we have

b(E)
> B TEDIVE)]
EcE;

m—1m—1m—1m—1

_ Z ZZZZ w(m; p,q,r, )t j.k;p,q.r.s)
(o It )

ik p0 gm0 =0 s=o (™ 1 m—1 il
S, F, %k p,q+s—p, % q, r+s—p, *

(5.16)

(where the *’s mean suitable numbers which make the sums of the corresponding three
numbers equal to m — 1.)
Combining (5.6), (5.9) and (5.16), we finally have
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TueoreM 5.2 Let T be the tensor with order m and dimension n. Then we have

Tr3(T)
(m r31)n 1 Ztu :+222(m

i#j s=0

X § : Liigewoig Lik ki § Ljja jm
{i2>"'im >k2s'“ skln}:jsiz(m_l)_j {j2s'“jm}=isjm717‘v

m—1lm—Ilm—1m—1
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w(m; p,q,r, ), j,k;p,q,r,s)
DD IDID I D p— pr—
l<j<kp0q0r0S0( )( )(
S, 1, % p,q+s—p, *

q, r+s—p,
where w(m; p,q,r,s)and t(i, j, k; p,q,r,s) are defined in (5.13) and (5.14).
Proof By (4.9) and E3 ,,—1(n) = E; JE, | JE3 we have

Tr3(T)
(m — 1)n—1

EEEI E€E2 EEE3

Substituting (5.6), (5.9) and (5.16) into the above equation, we obtain (5.17).
Remark 5.1

(1) For those values 0 < p,q,r,s < m — 1 such that some multiplicities in
are negative, we have w(m; p,q,r,s) = 0. So adding or deleting some

)

(5.17)

=Y meMWE)+ Y 7eMWE) + Y 7p(T)IWE)|.

(5.10)
terms

corresponding to these values p, g, r, s (or those values p, ¢, r,s such that the
corresponding w(m; p, q, r,s) = 0) will not affect the value of the total sum in the

expression of our formula.

(2) When m is small, the graph theoretical parameter w(m; p, g, r, s) can be computed

directly or by using a computer.
(3) A further comment on the term Y g, %nb— (T)|W(E)| in (5.16).

Theoretically, if we obtain a formula of > EcE; b(E) e (T)|W(E)| for the tensor T of

«(E)

order m and dimension n = 3, then we can obtain a formula of ZEGE3 5 rrE (T)|W(E)|

for a general tensor T of order m and dimension n by doing the following two steps:

Step 1 Ineach term of the formula of ), s bE) o £(T)|W(E)| (for the tensor T of order

c(E)

m and dimension n = 3), replace all the subscripts 1 by i, 2 by j, and 3 by k, and

keep the coefficients of that term unchanged.
Step2 Add ) ;. j<k at the beginning of that part (for E' € E3) of the formula.



Downloaded by [Hong Kong Polytechnic University] at 23:59 22 February 2015

992 J.-Y. Shao et al.

Funding
Research supported by the National Science Foundation of China [grant number 11231004], [grant

number 11271288], [grant number 11101303]; and the Hong Kong Research Grant Council [grant
number PolyU 501909, 502510, 502111 and 501212].

References

[1] Qi L. Eigenvalues of a real supersymmetric tensor. J. Symb. Comput. 2005;40:1302—1324.

[2] Chang KC, Pearson K, Zhang T. On eigenvalues of real symmetric tensors. J. Math. Anal. Appl.
2009;350:416-422.

[3] Lim LH. Singular values and eigenvalues of tensors, a variational approach. In: Proceedings 1st
IEEE International Workshop on Computational Advances of Multitensor Adaptive Processing;
2005; Puerto Vallarta. p. 129-132.

[4] Morozov A, Shakirov S. Analogue of the identity Log Det = Trace Log for resultants. J. Geom.
Phys. 2011;61:708-726.

[5] Hu S, Huang Z, Ling C, Qi L. On determinants and eigenvalue theory of tensors. J. Symb.
Comput. 2013;50:508-531.

[6] CooperJ, Dutle A. Spectra of uniform hypergraphs. Linear Algebra Appl. 2012;436:3268-3292.

[7] Hu S, Qi L. The eigenvectors associated with the zero eigenvalues of the Laplacian and signless
Laplacian tensors of a uniform hypergraph. Discrete Appl. Math. 2014;169:140-151.

[8] Berge C. Hypergraphs, combinatorics of finite sets. 3rd ed. Amsterdam: North-Holland; 1973.

[9] HuS, QiL, ShaoJY. Cored hypergraphs, power hypergraphs and their Laplacian H-eigenvalues.
Linear Algebra Appl. 2013;439:2980-2998.

[10] Bondy JA, Murty USR. Graph theory with applications. New York (NY): The Macmillon Press;
1976.



	Abstract
	1. Introduction
	2. A new graph theoretical formula for the trace Trk(mathbb T)
	3. Some applications in the study of spectra of hypergraphs
	4. Some other formulas for the trace Trk(mathbb T) 
	5. The expressions of Tr2(mathbb T) and Tr3(mathbb T)
	Funding
	References

