
REVUE FRANÇAISE D’AUTOMATIQUE, INFORMATIQUE,
RECHERCHE OPÉRATIONNELLE. ANALYSE NUMÉRIQUE

P. LASCAUX

P. LESAINT

Some nonconforming finite elements for

the plate bending problem

Revue française d’automatique, informatique, recherche opéra-
tionnelle. Analyse numérique, tome 9, no R1 (1975), p. 9-53

<http://www.numdam.org/item?id=M2AN_1975__9_1_9_0>

© AFCET, 1975, tous droits réservés.

L’accès aux archives de la revue « Revue française d’automatique, in-
formatique, recherche opérationnelle. Analyse numérique » implique l’ac-
cord avec les conditions générales d’utilisation (http://www.numdam.org/

conditions). Toute utilisation commerciale ou impression systématique est
constitutive d’une infraction pénale. Toute copie ou impression de ce fi-
chier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme

Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=M2AN_1975__9_1_9_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


R.A.LR.O.
(9e année, R-l, 1975, p. 9 à 53)

SOME NONCONFORMING FINITE ELEMENTS FOR
THE PLATE BENDING PROBLEM

P. LASCAUX ( 1 ) P. LESAINT ( 1 )

Communiqué par P.G. ClARLET

Abstract : We consider various non-conforming finite element methods to solve the plate
bending problem. We show thaï all the éléments pass the ''Patch test", a pratical condition for
convergence. Using gênerai results, we dérive in each case the error bounds for both strains
and displacements.

1 - INTRODUCTION

We shall study the convergence and accuracy of the approximate solutions of
the plate bending problem obtained with finite element methods using some
nonconforming éléments. These éléments are the quadratic triangular element of
Morley [15], two cubic triangular éléments recently introduced by Fraeijs de
Veubeke [9], the rectangular element of Adini [1] and the triangular element of
Zienkiewicz [3],

To obtain the corresponding error estimâtes, the keystone is the patch test
of Irons [10]. The first three éléments pass the patch test for polynomials of degree
less than or equal to 2 whatever the mesh geometry. Zienkiewicz's triangle passes
it only if the mesh is generated by three sets of parallel lines. Adini's rectangle
passes it for polynomials with degree less than or equal to 2, whatever are the
dimensions of the rectangles and it passes a "super" patch test — so called by
Strang [19] - when ail rectangles are equal.

(1) Commissariat à l'énergie atomique - Centre d'Etudes de Limeil - Villeneuve-Saint-Georges —
France
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10 P. LASCAUX ; P. LESAINT

The main results are the following : Let u be the exact solution, let un be
the approximate solution that one gets on a mesh of order h (the supremum of
the element side length), then :

\\U-Uh\\ <ch ( | t t | 3 + * | M | 4 )

II tt - l i j || <ch2 ( I « I 3 + * I « I 4 )

for the first three triangular éléments, and :

II u - u . || <ch
n 2

| U- U, || <Ch2 | « |

for Zienkiewicz's triangular element and Adini's element, and finally :

II M - « A II <ch2 | « | 4

for Adini's element, when ail rectangles are equal.

In these inequalities, c is a constant independent of h and || • ||^ (resp, I * i^)
dénotes the discrete equivalent of the SobolevH* norm (resp. semi norm).

We have assumed that the exact and approximated domains are similar, which
is an important restriction if one wants to use Zienkiewicz' or Adini's element
(see the last section). The proofs for the error bounds are first given in the case
of the clamped plate, and we show (in the last section) that they are still valid with
some other boundary conditions, such as, for example, in the case of a simply
supported plate.

An outline of the paper is as follows :

In section II, we introducé some notations and the plate équations, and we
dérive some gênerai estimâtes which are used subsequently.

In section III, we study the éléments of Morley and Fraeijs de Veubeke, which
seem to have similar properties. Section IV is devoted to the element of Adini, and
section V to the element of Zienkiewicz. In each of these sections, we first describe
the éléments, we check that the discrete energy is positive definite (for o < 1), we
show that the patch test is satisfied, we give an interior error estimate, we dérive
an error estimate for the terms arising at the interfaces between the éléments, and
finally, using techniques similar to these developped by Ciarlet et Raviart [6],
we prove the gênerai error estimâtes.

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



NONCONFORMING ELEMENTS FOR THE PLATE PROBLEM 11

In the last section, we consider the remarks already done above, and we also
show that if one sets the Poisson ratio o equal to the (irrealistic) value one in
order to simplify the energy formula, which is valid in the continuous case for
the clamped plate, the fust three éléments should no longer be used since the
discrete energy is no longer a positive definite form. For the last two éléments,
the energy is still a positive definite form. However, it is notknown whetherthis
positive definitiveness is uniform with respect to h.

II - EQUATIONS OF THE PLATE BENDING PROBLEM
AND GENERAL ESTIMATES

The problem of the plate bending can be written as follows [13]. Let^Z be a
bounded domain of the plane (x,y), with boundary F. We shall dénote by s a

curvilinear abscissa along F and — -̂ the derivative along the outer normal on

F and — the tangential derivative along F. We define the inner product (f,g) by
ds

(f>g) = | ƒ (x,y) g (x,y) dx dy and the corresponding norrn by :

Given an integer m > 0, we consider the usual Sobolev space :

# " ( « ) - {v,vez,2 (n) , baveL2 (n), | a | < m } ,

with the norm and semi norm || \\m ^ and | \m ^ defined by :

""Un =C I liaav||2
0>n)1/2,

I ot | = m

where a is a multiindex such that a ~ (at , a 2 ) , â . > 0 ,

n° avril 1975, R-l.



12 P. LASCAUX ; P. LESAINT

The following space will be of particular importance :

H2 (£2) = { v ; vGtf2 (fi) , v = —- = 0 on Y \ .1 bn J

Over the Sobolev space H2 (H), the semi norm i • |2 n is a norm, which is equi-
W lvalent to the norm || • H2 ^ . We let :

1
where the constant a is the Poisson's coefficient and satisfies 0 < a < —

The bilinear form a ( . , . ) is defined by :

(2.2) a(u9v) - | <u,v> (x,y) dx dy.
JQ,

The problem of the clamped plate can be formulated as follows [13] :

To fïnd u ̂ Hl (Q) such that
f 2 3) i

U (M,V) = (/v) for ail v J

The bilinear form a ( . , . ) is H2 - elliptic , since

( 2 . 4 ) a ( v , v ) = a I A v | ^ ^ + ( l - a ) | v | ^ n f o r a i l v

Since it is also continuous over the space H^, the problem (2.3)has a unique
solution u e i/^, and it is known that a G//3 ( f i ) n ^ (12) if fi is a convex poly-

If we use the Green's formula, we get [13] :

(2.5) a (t*,v) = ( A2 u 'V dxdy + l

Jn Jr
r 3 , d2u bv
ƒ — (AM)-v<fo + ( 1 - a ) [ _ _ ds.

7r
dn

If the solution u of problem (2.3) is smooth enough, then it is also the solution
of the problem :

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



NONCONFORMING ELEMENTS FOR THE PLATE PROBLEM 13

(2.6) A2 u - ƒ in

bu
(2.7) u = — = onT

dn

Hence, the solution u seems to be independent of the Poisson's coefficient o
(see section VI).

We shall now define a fini te element approximation of problem (2.3).

Définition 2.1 : We let P (£) dénote the space of ail polynomials in x and y,
of degree less than or equal to J2.

Consider a triangulation "g. of 12 with éléments K with boundary 3K(the
éléments will be either triangles or rectangles). To each element K, we associate a
set of degrees of freedom and a fïnite dimensional space PK of shape functions
uniquely defined by their values at the degrees of freedom. We assume that the
functions of PK are at least twice continuousîy differentiable and that PK

contains the space P(2) so that a first heuristical criterion of convergence ([21])
is satisfïed.

We define the following geometrical parameters :

h (K) = diameter of K , h = sup. {h (K))
K

p (K) = sup { diameter of the circles inscribed in K } .

h(K)
In what follows, we shall always assume that we have —— < X , where X is

a constant > 0 independent of h. P \K)

Now let V h be a fini te dimensional space of real valued functions defined on £7,
continuous at the degrees of freedom of the éléments K belonging to TS h and
whose restrictions to each éléments K belong to P ^ . A second heuristical
criterion of convergence ([21]) would imply that the functions of Vh should be
continuousîy differentiable on £2. On the contrary, as is often done for practical
calculations we shall consider a space Vh of functions which are not continuousîy
differentiable on SI ; the éléments which are used are then nonconforming or
incompatible ([10], [19], [20], [21]). Consider the following bilinear form :

(2.8) ah(uh,vh) = I t<»h>vh> (x,y) à* dj , for ufc, v,G Vf(

n° avril 1975, R-l.



14 P. L ASC AUX ; P. LESAINT

The finite element approximation of problem (2.3) witt be defined as follows:

Tofînd uh<aVh such that

(2.9)
a (u v } — (f v } for all v G V

hy h' hJ w ' hJ J h h '

REMARK 2.1. : This way of defining the problem is quite natural since, for
pratical purposes, the stiffness matrix of the problem is assembled element by
element.

We let :

f (

JK \ dy2

for vh S Vh

We then have :

(2.10) * * ( V V * ) >(l~°) \\vhW
2
h for all v^ G F^ .

If the following hypothesis holds :

(2.11) II • ||^ is a norm over the space Vh ,

then problem (2.9) has a unique solution uh G Vh .

We shall now dérive some gênerai estimâtes for the errors done on the strains
(measured by the norm || • ||^) and on the displacements (measured by the norm
H |l0 n ) . In the next paragraphs, we shali apply those results to different types of
éléments : Morley's quadratic triangular element ([15]) called T.Q.M, in what
follows, FRAEIJS de VEUBEKE's ([9]) triangular éléments (F.V.l and F.V.2),
ARI ADINI's rectangle ([1]) and ZIENKIEWICZ's triangle ([3]).

For the first three éléments, the displacements are not continuous at the inter-
faces between éléments and for the last two éléments, the displacements are
continuous, but the fust derivatives of the displacements are not continuous at the
interfaces.

We have the following result ([19] [20]).

Theorem2.1 : Assume that hypothesis (2.11) holds, and let w^e Vh be the
solution of problem (2.9) and u the solution of'problem (2.3).

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



NONCONFORM1NG ELEMENTS FOR THE PLATE PROBLEM

Then we have :

; C ( mf | | « - v | | A + sup ,

15

(2-12) | | « - « , |

where C is a constant > 0 independent of h, and where :

Eh(u,w) =

E7(u,w)=

Ej (u,w) + E2 (u,\

if Vh C C°

if V. i C°
._ , wit h

ds2
ds ,

9 s

f 9
I (Aw) wûs
JdK bn '

Proof.^Nt consider the expression Xh defined as foîlows :

xh =

Wehave: Xh > (1 - a ) || uh -v ||2 and

:(^« rv)-ûA(«,M -v)= A . I ( A 2 « - ( M , - V ) - < M , U / I - V

Applying Green's formula (2.5) to each element Kesh,we get :

fMu-v)- a.(u,uh-v) =
ds

2

dbc dy .

+ A- (A«) • («A-v) - (1 -o ) ^ - A (u-v)
dn " bnds ds "

ds,

n° avril 1975, R-l.



16 P. LASCAUX ; P. LESAINT

which yields inequality (2.12).

REMARK 2.2 : The expressions E} (w,w) and E2 (u,w) can be defined for any
w G Vh and any « G / / 3 (T2). The expression E3 (u,w) can be defined for any
w e Vh and any «G / / 4 (£2).

Définition 2.2 : For the non-conforming éléments, the second heuristical
criterion of convergence (continuity requirements) will be replaced by a weaker one
called Patch Test ([10], [19]). In its global form, the Patch Test will consist in
showing that :

EftiU'W) = 0 for any M G P ( 2 ) andanywGVh.

This définitions can be made local if we replace w by the different basis func-
tions of V^.

We shall see later on that all the éléments previously mentioned pass the patch
test, which is a practical condition for convergence. For these five examples, the
patch test combined with the continuity at the nodes will provide necessary and
suffîcient conditions for convergence. For this purpose, the foîlowing lemma [4]
may be useful :

Lemma 2.1 : Let £2 be an open bounded subset of R2 with a sufflciently
smooth boundary, let k and £ be Mo integers and let W be a space of functiom
satisfying P (9) C W <ZH % ~*~1 (£2) ; the space W is considered as being equipped with
the norm \\ • || g + i n* Finally, letA:Hk+l (£l)x W^Rbea continuousbili-
nearform which satisfïes.

A(u,v) - 0 for ail uGPQc), vGW,

A(u,v) = 0 forall uGHk+l (îî), vGP(£).

Then there exists a constant C = C (£ï) such that :

(2.13) \A(u,v)\ < C\\A\\ M f c + l n M £ + 1 n forall uGHk+x (O), vG W.

This lemma will be applied in the case where Q, is an element K^lZh, and
where k = 0, 9. = 0, W being the space of the first order derivative along a given
direction of the functions o{PK. We shall now dérive some gênerai estimâtes for the
displacements and their first order derivatives. We shall need the foîlowing resuit
for the biharmonic problem, which is true whenever £2 has a sufflciently smooth
boundary ([14]).

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



NONCONFORMING ELEMENTS FOR THE PLATE PROBLEM 17

(2.14)

(H), for £ = 0 , 1 , the problem of finding <p such that

A2 V = 0 in £"2 ,

<P =
bn

= 0 on

has a unique solution in 7/4 (£2) n#j^(£2) and we have

II* "4 fin < C H* H £ for £ - 0 , 1 .

Theorem2.2 : Assume that hypothesis (2.11) toto
solution of problem (2.9). 77ïe« we can write :

/er uh

(2.15) < C sup
k

inf
nk,Sl

fork = 3 or 4,
Where :

ƒƒ r/ïe inclusion V. C C° (12)

(2.16) \\u-uh II < C sup

we

inf

Proof: We shall use the classical duality argument ([2] , [17]) :

We can write :

(2.17) \\u-uh sup — ,with

H

r/ze

£ = O or 1 when Vh C C° (£2) and £ = 0 when Vh <jt C° (J2).

Let ^ be the solution of the biharmonic problem :

\2 V =g in n ,

p = =0 onT

n° avril 1975, R-l.



18 P. LASCAUX ; P. LESAÏNT

Using Green's formula, we may write :

(u-uh,g) = (u-uh, A2 y) = ah (u - uh ,t/>) +Eh(y,u-uh).

Moreover, for any *Ph e Vh, we have :

From the last two equalities, we get :

(2.18)(u-uk,g) ^%{u'uh^h~^h) + E
h (^,«-«A) + E

h («, * A - * ) -

Equalities (2.17) and (2.18) combined with hypothesis (2.14) lead to inequalties
(2.15) and (2.16).

III - MORLEY'S TRIANGLE AND FRAEIJS

DE VEUBEKE ELEMENTS

Given a triangle K with vertices A. with coordinates (x., yt), K i < 3, we let :

X. — area coordinates relative to the vertices A^ 1< / < 3 ,

b1 - y-i-y-s * c\ - X3 " X2 > dl ~ ~ (C2 " C^ cl + ™(^2 ~^3^ bl ' bi' Ci an^ di

for / = 2 or 3 being defined by cyclic permutation of the indices,

? 9 1/2

g — (pl + c z ) = length of the edge A. Ay. opposite to A., 1 < i < 3,

m. = A-k , where A- is the mid-point of the edge A Ak , 1< / < 3,

A-T, and A*,. = the points dividing the edge A. A, in the ratio :

Aj Ajjk Ak Akkj 3 - \ ^
y = >— = ( = the Gauss quadrature points for the edge

Aj Ak Ak Aj

AfAk) ,

A = area of K and G = centroid of K (figure 1).

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



NONCONFORMING ELEMENTS FOR THE PLATE PROBLEM 19

Given a function P defïned and continuously differentiable on K , we let :

= !' (V [£] =
dénotes the normal derivatives to the edge A. Ak ,

Pik = P ( V • PG = P

^331

^223 ^23 ^332

Figure 1.
Some particular points on a triangle

Définition 3.1 : Morley's element (T.Q.M.) is defïned as foliows [15] :

(i) The degrees of freedom are the values of the function at the vertices of the
triangle and the values of the first normal derivatives at the mid-point of the edges
of the triangle (figure 2).

ii) The space P^ of the shape functions is ^(2).

It can be shown that any function of PK is uniquely determined by its degrees
of freedom described above, and we have :

(3.1) P(x,y) = S v (x,y) P> + X fXxj) — , where
i = l ' ' / = 1 ' bni

n° avril 1975, R-l.



20 P. LASCAUX i P. LESAINT

=-2A / < 3

Z U t " • T t-1 t- -•

^1 C*».V) = ^ + a 2 ^ 2 + a3 ï 3 » w ^ a i ~ ~ ^ *—*-,i=2or3,

<P2 and <£3 being defined by cyclic permutation of the indices.

Given a function u defined and continuously differentiable on K, its interpolate
r„ u wül be the function of PK which is equal to u at the vertices of K and whose
first normal derivative at the mid point of each edge are equal to the mean value
of the first normal derivative of u along this edge.

ELEMENT TQM ELEMENT FV1 ELEMENT FV2

Local value of p

dp
Local value of ^^

on
dp

Mean value of ^~
on

Figure 2.

Eléments TQM, FV1 and FV2

Définition 3.2 : The first Fraeijs de Veubeke's element (F.V.l) is defined as
follows [ 9 ] .

i) The degrees of freedom are the values of the functions at the vertices, at the
centroid and at the mid-points of the edges of the element, and the mean value of
the first normal derivative along each edge (figure 2).

ii) The problem of finding a complete cubic assuming any degrees of freedom
has generally no solution, unless the following relationship is satisfied :

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



NONCONFORMING ELEMENTS FOR THE PLATE PROBLEM 21

(3.2) rc = i j ^ f, +± I / /-(/-A î \Sr.Z,] .where

1 y
A i AA 2 ' JA2

\ Dp ' mf I , i = 2 or 3, being defined by cyclic permutation of the indices.

iii) The space PK of the shape fonctions will be the space of all polynomials
of P (3) which satisfy equality (3.2), and we have :

(3.3) P(XJO= Z ^ i (*>y) Pi + £ (*h (1-^) 0-2
* = 6 - i - ƒ

where*1 (x,7) =X 1 (X 1 - \)(XX +1) +3Xj X2X3 - ^ X 2 (2 X2 - 1 ) ( X 2 - 1)

H- - ^ X3 (2 X3 - 1) ( X3- 1), * , (x,y) for i = 2 or 3
3

being defined by cyclic permutation of the indices.

We have the inclusions P (2) C PK C P (3).

Given a function w defined and continuously differentiable on K, its interpolate
rK u will be the function of PK which is equal to u at the vertices and at the mid-
points of the edges of K and for which the mean value of the first normal derivative
along each edge is equal to the mean value of the first normal derivative of M along
this edge.

Définition 3.3 iFraeifs de Veubeke's element F,Y.2. is defined as folîows.

i) The degrees of freedom are the values of the fonctions at the vertices and at
the centroid of the element, and the values of the first normal derivative at the
Gauss points on each edge (figure 2).

ii) The space PK of the shape fonctions is P(3).

n° avril 1975, R-l.



2 2 P. LASCAUX ; P. LESAINT

It can be shown that any function of PK is uniquely determined by the degrees
of freedom previously described.

Given a function u defined and continuously differentiabie on K, its interpolate
rK u will be the function of PK which takes the same values as u at the degrees of
freedom.

For the three éléments defined above, the space Vh will be the space of functions
whose restriction to each triangle K e "G h belongs to PK which are continuous
at the degrees of freedom, and equal to zero at the degrees of freedom located on
the boundary F. Given a function u defined and continuously differentiabie on O,
equal to zero, (along) with its fîrst order derivatives on the boundary F, its inter-
polate rh u will be the function of Vh whose restriction to each K e ts h is equal
to rKu.

We let S^be the set of all the edges S which are not contained in F and S^ be
the set of all the edges S contained in F.

Generally, the inclusion V, C C° (Q) does not hold, but we have :

Lemma 3.1 : For the three éléments, the mean values along the edges tf-Tof the
first order derivatives o f the functions of Vh are the same on both sides of the edges,
and they are equal to zero along the edges C F.

Proof ; For the three éléments, we have along any edge A. A. :

(3.4) J f Dw- A. A. âs=\A. Af \ (w (A.) - w(4.) ) for all w.

Since we have continuity at the vertices, the mean value of the first order deri-
vative directed along the edge is the same on both sides.

dw
For the element (I), we have PK = P(2), so — e P(l) andA dn

fA
(3.5) / -f^ds = \A,AA ^~ (Aü) , which implies

J dn * J dn lJ

Ai

that the mean value of the first normal derivative is the same on both sides of the
edge.

TMs property is also true, by définition, for element (II)

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



NONCONFORMING ELEMENTS FOR THE PLATE PROBLEM 23

For element (III) we have :
A[ Aj bw i > bw bw

(3.6) \ ds=±\AiA \(— (A ) + — (A ) ) , for all w e Vh ,y>< 3n 2 * / dn "' bn JJl n
Ai

bw
since is a polynomial with degree < 2 on A. A. and the points A... and A... are

Gauss quadrature points.

Lemma 3.2 : Problem (2.9) has a unique solution uh e Vh, when Vh is constructed
with any o f the three éléments defined above.

Proof : We only need to show that for any vh e Vh and satisfying || vh || — 0,
we have vh — 0. If for some vh e Vh, we have || vh\\ = 0, then the first order
derivatives of v. are constant on e ach element K : since the mean value of these
derivatives are continuous at the inter element edges and equal to zero along the
edges C r , the first order derivatives are equal to zero, Hence vh is constant on
each element ; since v^ is continuous at the vertices of the éléments and equal to
zero at the vertices e F, we have vh — 0.

Lemma 3.3 : Patch test. For any u e P(2) and any w e Vh,we have : Eh (u,w) = 0
for the éléments defined above, where Eh is defined in Theorem 2.1.

Proof : Given an edge S belonging toS^ , we let Ks and K's dénote the two
triangles which are adjacent to S, w and w' dénote the restrictions of w to Kg and
K' and -—- , -~~ the first normal derivatives on S directed outward K , K' (wes on on s s

have — = — - ^ - ). The expression E (u,w) can be written as follows :
—

(3.7) js ( f - (A w) • w + -^L (AM) . w') ds -

/. v , b2u A N / 8 w , 9w>' .
(1 - a ) (—— —Aw) ( — + )

bs bn bn'

n° avrii 1975, R-l.



24 P. LASCAUX ; P. LESAINT

+ Z_ f ( A (au) • w - (1-0 ) J£ïL M
Se Sk JS bn dnds ds

d . .

= 0 for ail w e J^ and all u e /^ if we can show that

(3.8)

(3.9)

(3.10)

(3.11)

j ( ) ds = 0
}g ds ds

[ *» ds = 0

f , dw . dw' x A .i ( —_ -f —— ) ds — 0
ie dn dn*

J «J

f ^ ds ^ 0
}s 3"

for ail Se S,,

forallSSS^

for ail S G S,,

for ail Se Sft

Lemma 3.1 says that equalities (3.8) to (3.11) are satisfied for ail w e Vh, and
the Patch Test is then satisfied.

Before being able to give the error bounds, we need some results in approximation
theory.

Lemma 3.4 : For the éléments T.QM. and F. F. 7» we have :

(3.12) lii-avwl < C(h (K)f~m | w L „ , f o r 0 < m < 3 ,
" mtK

 ô*K

forany uGH^(K)f where c is a constant independent of h and u.

For the element F. V.2, we have :

\u-rhu\ ^C{h{K)f~m \u\kK , / a r O

for any uG H2 (O), with h = 3or4, where Cis a constant independent of h and u.
Proof : To be able to apply an affine theory as in [6], we defîne for each case

a function?^ u . For the éléments T.Q.M. and F.V.l, we show that we have in
fact 7^u = rKu, For the element F.V.2, we prove that the différence between ?K u
is small.

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



NONCONFORMING ELEMENTS FOR THE PLATE PROBLEM 2 5

For the element T.Q.M., we let 7K u be the unique function of P„ such that :

7Ku - u at the vertices of K

Dri u - mi = — - f k Du -m. ds , 1 < / < 3 .
iV I Q I f

For the element F.V.l, we let rK u be the the unique function of P„ such that :

r^ru = u at the vertices and at the mid points of the edges of K.

\D ri u - mA = \Du • m A » 1 < / < 3 .
LA. IJ l I j

If we apply an affine theory as in [6] , we have in both cases, since Z*(2) C P-

(3 .14) \u-7Ku\mK < C (h(K))3'm \u\3K , 0 < w < 3 ,

for all u G H3 (K) and any K G ̂  .

For the element T.Q.M., we can show that :

J _ ( r M ) = [ 3 Ï L ] = j L _ ( r M) ; 1 < f < 3

and for the element F.V.l, we can show that :

Hence in both cases, we have f^ u =rK u , for all u and for all A" G TS^ ; ine-
quality (3.14) gives immediately inequality (3.12).

The proof is more complicated for the element F.V.2. We proceed as in [7 ] ,
[8] . Let 7K wbe the unique function of PK such that :

7K u = u at the vertices and at the centroid of K,

DrK u • m.= Du * m. at the Gauss points of the edge opposite to the vertice

A. ,
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If we apply the affine theory [6] we get :

(3.15) \u-7Ku\mK <C(h(K))k-m \u\ktK ,

foraU ueHk (SI) , À; = 3 or 4 and any K G S h .

We can write :

(3.16) 7„ u - r„ u = A ^ | ,4 i4. I ( /C u —) , where the
A A ij=j "' f ' 3« A 3« «y

< .̂./s are the shape functions relative to the normal derivatives at the poi
i*j , 1 <f, / < 3.

If we apply an affine theory [6] , we can get :

(3.17) max {\\D% u-Du\\ ;(x,y)eK) <c (h(K))k'2

for ail u£Hk(K), k = 3 or 4, and any A'e 7? ̂  , where Du dénotes the total
derivative of u and || • || the operator norm induced by the euclidean norm.
Moreover, one can show that :

(3.18) \*iiJ\mK <CQi(K))l-m , m>0 ,

Combining inequalities (3.17) and (3.18) with equality (3.16), we get :

(3.19) \rKu~rKu\mK < C {h(K)f-m \u\kK ,

for ail u^Hk (/C) , k = 3 or 4 and for any

Inequalities (3.15) and (3.19) give inequality (3.13).

Lemma 3.5 : For the three éléments, we have the estimâtes :

(3.20) \Ex(u,w-wh) | +\E2 (u,w-wh) \<C h\u\3n \\w-wh \\h ,

for all u <=H3(O) , wGH2 (£2) and wh e Vh .

(3.21) \E3(u,w-wh)\ <C(h\u\3a +h2\u\^a) • \\w-wh \\h

for all u<EH4(n) , w G ^ 2 ( f i ) , and whevh .

P r o o f : F o r a n y f u n c t i o n g d e f m e d o n a n e d g e i S € S ^ U S / ï , w e d e f i n e i t s
m e a n v a l u e n o g b y :
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n g — / g ós , where L (S) is the length of S.
° L (S) JS

According to equalities (3.8), (3.9), 3.10) and (3.11):

\ ' j OU Ö

(u,w-wu) - *-* I ((1 — a ) — Au) ( —

on

T ( d2u (b
E. (u,w-wh) = ^ I - (1 - a ) —

9

Now consider the following expression :

* (u,w-wh) = ((l-o ) ^4" "
-/ 5 os

9

where S is a face of a triangle ^

Let v be a function defined on K, and equal to the first order derivative of
w-wh in the direction defined by the outer normal on S and let :

g = (1 - o^) — À u . If FK dénotes the affine transformation which maps
os jk

the référence triangle K onto K we let ^ = q o KK for any function q defined
on K,

The bilinear form A (g, tf) = f- g ($ - no v) df, where TTO tf=mean value

of v on *S, with £ =^x (^), satisfies the hypothesis of Lemma2.1 with
£ = k = 0, and we get :

\A(g,v)\ < C \g\h£ \v\hx

Going back to the element K, we get :

w-wh\
2,K

n° avril 1975, R-l.
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Summing over all the edges S G S^ U S ^ , we get :

/3El(u,w-wh)\ < C ^ | u | 3 n || w-w^ H for ail u£ H* (Sl),w&Hl (O) and

The same inequality can also be derived for i E2 (w, vv-w^) | and we get the esti-
mate (3.20).

For any function q defined and continuous at the nodes, we let qf be the
continuous function equal to q at the vertices of all the triangles K and whose
restriction to any triangle K G 7^ belongs to P (1).

We have :

£*3 (u, w-wh) — ^ I — (Aw) . (vv-w^ - (w-wh)) ds .

We consider the bilinear form :

El = / P(y-v) ds , where P = — (A M)
5" dn

A,

and v = w-wh , and the corresponding bilinear form on K :

èi - /. P ( ^ ds .

One can show that [ 6 ] , [14] :

I F$ | ^ f ! Z> | l / î II P II ! / ^ | tf | - c
«7 C,iY •*•>*»• 4bjiV

? O t i 1 > f ) \t\2jt

Going back to the element K, we easily get :

h ( K ) 2 lul+

Summing over all the éléments K, we get inequality (3.21).

We are now able to show the foîlowing estimâtes :

Therorem3.1 : Assume that uEH^(Q) and let uh G Vfj be the solution of
problem (2.9). We have, for the three éléments :

( 3 . 2 2 ) II u - ! ! , > Il < C ( * l « l 3 , n + * 2 i « l 4 , n ) >
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where C is a constant independent of h,

Proof : We use inequality (2.12).

According to Lemma (3.4) applied with m = 2, we have :

Lemma 3.5 shows that :
2

(u9w) <C(h \ u \ ^ a + h 2 | M l 4 > n ) \\w\\
h

for ail wG Vh.

These two inequalities lead to inequality (3.22).

Theorem3.2 : Assume that u G / / 4 ( H ) , that hypothesis (2.14) holds with
fi = 0 and let uh e Vh be the solution of problem (2.9). We have for the three
éléments :

(3.23) I I " " " * » < C f t 2 ( | M | 3 n + | « | 4 ) •

Proof :We use Theorem 2.2. In expression E{uf uh, <p , ^ ) , we choose ^ - rh$
as defined above. Applying Lemma 3.4 and Theorem 3.1, we get :

\ah (u-uh,v-rh <p ) | <C\\u-uh\\ \\V-rh<P\\ .
h h

According to Lemma 3.5, we have :

\Eh { V , u - u h ) \ < Ch I l ^ | l 4 n \\u-uh II ,
' h

\Ek{u,H>-rh*)\ < Ch ( l « l 3 > n + l « l 4 i n ) \\*-rh*\\h

But from Theorem 3.1, we know that :

\ \ u - u h \ \ < Ch ( | M | 3 n + A | « | 4 n ) ,

and from Lemma 3.4, we know that :

W*-rh n <Ch | * > l 3 n ,
h *

so we get inequality (3.23).
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IV - ARI ADINFS RECTANGULAR ELEMENT

Définition 4.1 : Ari Adini's element [ 1 ] is deflned as follows :

i) The geometrical shape is a rectangle (or a parallelogram),

ii) The degrees of freedom are the values of the function and of its first order
derivatives at the vertices of the rectangle (figure 3),

iii) The space PK of the shape functions is defined by :

{ P=PoF~l ; VpGP ) , with

P= \P(3) U U

The problem of finding a function G PK assuming any given degrees of freedom
has a unique solution and the shape functions can be expressed easily in local
coordinates £, T? if we use the isoparametric mapping FK defined for
- K * , T ? < l b y :

-M4 -M+ 4 2 + 4 ^ 3 + 4

where (xf. ,JJ) are the coordinates of the vertices^4;., 1< i < 4.

Let î - dénote the vaiues of f&?K at the vertices A^ , i ^ / ^ 4, we have :

4

(4.2) P(x,y) - I /J *}(XJO + 2 ZWC^).^^ v } , ^ ) ,
i = i (^/) e ƒ ' ''

ƒ r= I (/,/) ; ij < 4 ( / ^ / , | / - / | = i or 3 } and where

q (x,y) = ^ o / J 1 , 1< i < 4 , ^ ; / (x.7) - fy o ^ - 1 , (/,/)€ƒ,

with :

(4.3) ^ ( | , ) = <l

(4.4)
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(4.5)
16

the other shape functions being derived by changing £ in — % or (and) 77 in-17.

+ 1

- l

- 1

+ 1

• Local value of p

' E Local values of the derivatives of ƒ>.

Figure 3.

Art Adini's element.

The space V. will be the space of functions whose restriction to e ach quadri-
latéral K belongs to PK , and which are continuous along with their fîrst order
derivatives at the vertices of the rectangles. At the vertices belonging to F ,the
degrees of freedom are set equal to zero.

The functions of Vh are continuous over f2, equal to zero on F , but generally
they are not continuously differentiable.

Lemma 4.1 : Problem (2.9) has a unique solution u.
constructed with the element described above.

when Vh is

Proof : Let vh SVh be such that || vh \\ — 0. Then the first order derivatives
of vh are constant on each element ; since they are continuous at the vertices of
the éléments and equal to zero at the vertices €î F, they are equal to zero on £2.
Then v^ is constant on each element ; since v. is continuous on £2 and equal
to zero on F , vh is equal to zero on £2 .

Lemma 4.2 : Patch Test, For any u G P(2) and any w G K ^ w e have :
Eh (u,w) = 0, where Eh is defînedin Theorem 2.1.
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Proof : Since we have the inclusion ^ C C ° (£2), we can write :

(4.6) Eh («,w) =El (u,W) = KT^ j ^ ((1 -a-) | f - *

We shall consider separately the edges parallel to the x and y axes.

We write : Ex = Ex + E , with

(4.7) V*«>-,£

(4.8)

Let - — be the continuous function whose restriction to each element K

belongs to 0 (1 ) , the space of all polynomials q of the form q=a+bx+cy+dxy,

and which takes the same values as — at the vertices of the éléments.

(4.9) z. = — - — .We have :
v J h hx bx

+

The Patch test consists in showing that :

zu nv as = 0 for all wE Vu .
/a

We shall show a stronger and more local resuit, i.e. :

ƒ zu n es = 0 for ail w G Vu and ail X" e
dK h x h h

The calculations will be done on the référence element K, in coordinates £ , 17 .
On the element £ , any function wEVh can be written as :
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(?) +T?2^2tt) +Î? 3 ^ (I) , where

PQ andi^ (resp.F2 and P3 ) are polynomials of degree<3 (resp.<l).

It is easy to see that :

±zA(i,n) = th (-M) = ~ ( | ^ +v ~± ) O7-D.

Hence we have :

f f + 1

(4.11) j ^ z^ ^ ds - ^ j ^ (fA(l,tî) ~2^ (-1,7?)) d77 - 0 ,

where Ay is the length of the edge parallel to the y- axis.

Remark 4.1 : We shall show later on that if the éléments are equal rectangles,
then we have :

(4.12) ^ (w,w) - 0 for ail ueP(3) and ail w e ^ .

Error bounds : We define the interpolate rh u E Vh of any continuously
differentiable function u as the unique function of Vh which is equal to u and
whose first order derivatives are equal to those of u at the vertices of the éléments.
If we apply the resuit of [6] on Hermite interpolation, we get :

Lemma 4.1 : We have the estimate :

(4.13) | v - r . v | < C Qi(K))k-m | vL K for 0<m<k ,

for any v G ƒƒ * (K) , k — 3 or 4 and for any K G *6, , where C is a constant > 0
independent of K and v.

We shall need the following technical resuit whose proof is straightforward :

Lemma 4.2 : For any w G Vh, we have :

(4.14) | w\3fK < C (h(K)T1 \w\2tK , for any

Lemma 4.3 : We have the following estimâtes :

(4 .15) E ^ u w ) < C h 2 \ u \ 3 a ( I \ w \ 2 )
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(4.16) Ex(u,W) < Ch \u\ha \\w\\h , foraîl wG H3(Ü)andw e Vh.

Proof : Consider the expression E (w,w>) defined by equality (4.10) and
define :

% j ( (1-cr») ^ - - A " ) zh"x** > with

3w dw
h dx dx h

Let : v = -j- , g = (1 - o - ) -^-y - A M , v = vQ FK and g= gQ FR.

Wehave: E*(u,w) = — ^ (g, v) , with

+ 1

We can apply Lemma 2.1 with fi = 1, k = O, £2 — K and

W =
dx

rK 9 since according to (4.9) and (4.11) we have

(gJ) = 0

(g,v) =0

Hence we have the estimate :

Going back to the rectangle K, we get :

d2u
ÏK (u,w)\ ^C(h(K) f j ( (1 - o— ) -r-y - AM)|

X

Summing over all the éléments Â G ^, we get inequality (4.15).

Applying Lemma 4.2, we easily get inequality (4.16).

We shall now consider what happens when the rectangles are equal.
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We need the following notations. Let £1 be the rectangle [Q,a] x [0}b] .

In 12, we defïne the points A., , 0 < / < / , 0 < ƒ < / , of coordinates
where :

0 = x0

0 =

<

Let A; = rectangle ofvertices i4f. . , ^

for 0 < / < / - l , 0 < ; < / - l (figure4).

For any function wEVh, we let :

wu = w(Au)

<Xj = a

and

for 0<i</ , , (><ƒ<ƒ

,for

>for

/ - l

/ - l i

Figure 4.

A triangulation of the domain with equal rectangles.

We can write :

n° avril 1975, R-l.
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(4.17)

Where : *, (7) = ( (1 - cr ) 0 - A u) (xpy) , 3 - K(j = A.. AIJ

and: d + K.. = Af+1J A,+

y - \ (y; +>7+i)
Let : 7] — — , we then have, after some calculations

y,-

Lemma 4.4 : We have the equality

E. (u,w) = E'. (u,w) + EJ(u,w) , with

i = o

for l < / < / - l , for all M G / / 3 ( Î 2 ) and iv€ 7A , where

^U + T D !

b.f = D

/or : 0< i,j < 7-1, 7- 1 .

Lemma 4.5 : We have the inequalities :

(4.18) iflu I < C 1*1, jf , /or 0 </,ƒ < 7-1, 7-1

(4.19) | f y | < C l*l3ijf„ , /or 0 </,/ < /-l, 7-1
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(4.20) {Dwj+u + £ ) w / , / + i I < C i ^ i 2 ^ . . ' f°r

for ail w£ Vh where C is a constant independent of h.

Proof : We can easily check that :

dr? ,

Where wu = wQ FK

From these equalities, we easily get inequalities (4.18) to (4.20).

Lemma 4.6 : We have the estimâtes :

(4.21)

2
E'(u,w)\ < C / z ^ + 1 | ^ | ) t n / I | w [ 3 ^ \ , / o r k =

1 / 2/Y ? \
(4.22) \E'j(u,w)\<Ch2 l^ l i .n ( j c c n . i ^ l ^ j , w/zere

Î2;. = U (A"f/ ; 0 < i < / - 1) for ail ge H2 (n) , wG Vh

If we have t h e equalities x . ^ - x . = A x , / o r 0 < f < 7 - 1 ,

1 2(4 .23) \E'j (u,w)\ < Ch1 l * l 2 n <

for all gG H

Proof : One can easily check that we have :

17(1-r?2) ( # / ( Ï ? ) - # / + 1 (T?)) dr? - 0 for all § ($ ,7?) G P (1)

(1-ï?2) (ffy(ï?) - £ / + 1 (T?)) dr? = 0 forall^ G /> (0)i:
n° avril 1975, R-l.
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Using the same techniques as in [6], we get :

f"1 2 *

j (1 -T?2) (g (ri) -g x (r?) ) dr?

KtKij
for/c=lor2

IsliL,A ( y

for ail K.. C £2 .

These two inequalities, combined with Lemma 4.5 (inequalities (4.18) and (4.19)
give inequalities (4.21) and (4.22).

Whenx(._j_1 -x. — Lx , 0 < / < 7-1 , the expression E'j (u, w) can be
written as :

(4-24) X (j

Since we have the identity :

f 1
j (1 -î?2) (2gt (i,) - g . + 1 (TJ) - #._! (TJ) ) dr? = 0 for all g GP(1) ,

we get :

1
f (l-*72

- ^ / . . 1 ( T J ) ) di, h \g\2

This last inequality combined with inequality (4.20) yields inequality (4.23).

Remark 4.2 : Lemma 4.6 (inequality (4.21), with k = 1, and (4.22)) gives us
b2u

a second proof for Lemma 4.3, if we replace g byits values ( 1 - a ) Lu and
dy2

sum over all the indices ƒ, 0 < / < / - 1. This second proof is much more compli-

cated, and its interest will be shown in the following resuit.

Lemma 4.7 : Assume that xi + 1 - x . = Lx , 0 < / < 7-1, and
- v. = Lyf f 0 < / < / - 1 , we /̂ze/î have :
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(4.25) \EX (u ,w) | < Ch2 |w | 4 > n \\w\\h , for ail utEH4(Sl) and w e ^ ,
where C is a constant > 0 independent of h.

Proof : We use inequalities (4.21) and (4.23) along with Lemma 4,2. Summing
over the indices j , 0 < ƒ < / -1 , we get an estimate for E (w,w). The same
work can be done for E (w,w) and we get inequality (4.25).

Remark 4.3 : We might have expected the following estimate, instead of
inequality (4.25) :

1/2
2 \ foraU uG / / 4 (n ) and( 4 . 2 6 ) Ex (ttfw) < Ch* \u\ 4J I | w\2 \

\Ke-6h ' J
wGF^ . It does not seem possible to get such an estimate, because of equality
(4.24).

Remark 4.4 : Inequality (4.25) states that the patch test is passed for allw€JP(3).
We are now able to dérive the following error bounds :

Theorem 4.1 ; Assume that u G #3(£2) and let uhGVh be the solution ofpro-
blem (2.9). Wehave:

(4.27) Ilw-M^H <Ch | M | 3 n

(4.28) II « - « A II < Ch2 |K | 3 > n .

Moreover, assume that «e//4(î2) and that x j+1 -x. = Ax, 0 < i < 7-1 ,
yj+l -y, = ày , O < / < J-\ , then :

(4.29) I I K - U J I < Ch2 \u\Aa .

In those inequalities, C dénotes a constant > 0 independent o f h.

Proof: We use Theorem 2.1, inequality (2.12). According to Lemma 4.1,
wehave for all ueH3 (Q) :

i n f I I , - v i l ,
V€V h

u~rHu

2K

|w
3,n -

According to Lemma43, inequality (4.16), we have :

sup I - L ' <Ch
weVh \\w\\h
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40 P. LASCAUX ; P. LESAÏNT

These last inequalities combined with inequality 2.12 give estimate (4.27).
We shall now use Theorem2.2, Lemma 4.3 and inequality (4.27) imply that, for
ail <pe//3 ( f i ) , wehave:

(4.30) ah C\\u-u

We can show, using Lemmas 4.3 and 4.2, that :

I < z
\ Ke-G

uh"rh u

3,K K€
Vhu

2

3,K

Ch~2 \\uh-rh uh h

C \u\

+ C \u\

Using the last inequality and Lemma 4 3 (inequality 4.15), we get :

(431)
3, A:

/ 2

(4.32) Ch2

for ail

Inequalities (4.30), (4.31) and (4.32) give estimate (4.28).

Accordingto Lemma4.1, we have for all « £ / / 4

inf
v e vu

- v u-rhu
2>K

Lemma 4.7 implies that, if the rectangles are equal, we have :

sup
w e v.

Ch2 \u\4a , for ail

These last inequalities lead to estimate (4.29).

Remark 4.5 : As we have seen in remark 4.3, it does not seem possible, because
of the therms E"(u,w) , 0 < / < 7-1 , to get an estimate like (4.26)
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for neither unequal nor equal rectangles. For this reason, we could not get a rate of
convergence of order h? in the norm || • ||0 a .

V - CUBIC TRIANGULAR ELEMENT OF ZIENKIEWICZ

Définition 5.1 : The cubic triangular element of Zienkiewicz [3] is defîned
asfollows:

i ) The degrees of freedom are the values of the functions and of their first order
derivatives at the vertices of the element (figure 5).

ii) The space PK of the shape functions will be the space of ail functions P of
P (3) satisfying the following relation :

P(G) = i I Pt +± I DPjk ,where
i = \ {<ƒ,*< 3

P. = P(At) , 1 < i < 3 ,

DPjk = DP-Aj A^{Af) , \<j,k<3,j*k

We can show that the problem of fïnding a function of PK assuming any given
degrees of freedom has a unique solution, and we have :

y) = I (Xj(3-2X.) + 2 \X\2\J P
i= 1

I i- ^\k(l+\r\k) DP

The following inclusions hold : P(2) C PK C P(3)

Local value of p

Local values of the first
order derivatives of p.

Figure 5.

ZIENKIEWICZ* element.
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Now, given a function u defined and continuously differentiable on K, its
interpolate r^u will be the function of PK which takes on the same values as u at
the degrees of freedom.

The space Vh will be the space of ail functions whose restrictions to each
K G 'S h belong to PK, which are continuously differentiable at the vertices of the
éléments and equal to zero along with their first order derivatives at the vertices
belonging to F. Given a function u G C1 (iï) n HQ (£2) , its interpolate rh u
willbe the function of Vh whose restriction to each KG "6'^is equal to r„ u .

The following inclusion holds : Vh C C° (SI) ; however the functions of Vh are
not generally continuously differentiable on £2 .

Lemma 5.1 : Problem (2.9) has a unique solution w^G Vh, when Vh is
constructed with the previously defined element.

Proof : Assume that for some vh G Vh , we have || vh |L = 0. Then the
first derivatives of vh are constant on each element K G *E h. Since they are
continuous at the vertices of the éléments and equal to zero at the vertices belonging
to F , they are equal to zero. The function vh is then constant on each element,
and since it is continuous at the vertices and equal to zero at the vertices belonging
to F , we have vh = 0 .

Lemma 5.2 : Patch Test. Assume that the edges of the triangles are parallel
to three given directions, then we have :

(5.2) Eh (w,w) s Ex (u,w) = 0 for ail MG/>(2) and

Proof : We consider figure 6 and we let \A2A^\ = a, \ A^ A4\ = b

and A.. = mid point of A^ A., for any edge A. A.,

and A = area of the triangles.

For any u GP(2) , w 6 F ^ and any edge Ai A. 9 since the first derivatives of
w belong to P(2) on each element, we can write :

(5.3) f*1 (A»-(1-«)-0)|tdJ-^ /(4«-(l-a)^-).

where -̂ — dénotes the first normal derivative on A. A. , along eithersideof
AfAr
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Since the first derivatives of w are continuous at the vertices of the éléments,
we get :

(5.4) Et{u>w) = I I A((i_a)^Ji _àu)^L
Kevh LCdK dsL dnL

for ail «GP(2) and w E I ^ , where s, is a curvilinear abscissa along L , is
i

the outer normal derivative on L at the mid point of L and £ (L) is the length
of the edge L, for ail L C dK , K G ̂  .

Now, consider a function P&PK, where K is the triangle A A A . Then
the outer normal derivative on A2 A3 at the point A%^ is given by :

In (5.4), we shall only consider the edges parallel to A2 A^, and functions w
which are equal to zero for all the degrees of freedom, except at the vertex /4j.
We get :

(5.6) El (u,w) = | a ((l -a) ^-- Au) ( | ^ (A23) + ?£ (Au) +

where sa is an abscissa in the direction of A2 A^ , and wl, 1 < i < 6, are the
values of w in the triangles denoted by © , on figure 6. Using formula (5.5),
we get :

"^7 ^23) = j (" y p i " T DPn-YDP^ f

*?1 (A ) = - (~P -—DP + ~-DP ) + ^ ( - - l p - i ) P ) ,

o w , v Û * 1 3 1 v ö v - 3 1 v
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3»

3w5

dn

Summing up all these equalities, we easily get :

E\ (M,W) = O

This equality is also true for the two other directions, and for all the basis
functions of the space Vh . The patch test is then passed.

Figure 6,

An assembly of triangles with edges parallel to three given directions

Remark 5.1 : It can be seen easily that if the vertices are not parallel to three
given directions, then the patch test cannot be passed and we have thus a necessary
and sufficient condition to pass the patch test.

Remark 5.2 : If we add a degree of freedom at the centroid of each element,
in order to get a complete cubic on each element K, then the patch test fails
because the function ^ A2 X3 ^ o e s n o t Pa s s t*ie P a t c n t e s t-

If we apply the results of [6] for Hermite type éléments, we have :

Lemma 5.3: For ail v definedon K and G//3 (K), for ^ 6 7 ^ , wehave:

< C h K))3~m
(5.7) \v-rKv

m,K
i V L 0<m<3
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/ 3Now write El (w,w) as follows, for all u^H5(£l) and

E1(utw) = Ef(u,w) + Fj (w,w) -f Ei (u,w) , where Ef (u,w) is the sum
of the terms relative to the normal derivatives on all the edges parallel to A2 A^,
with a simüar définition for E^ and Ef . We shall only consider Ef (w,w) , the
two other terms being handled in the same way. We let :

g (s) = ( 1 - a ) — u) ( s) where s is an abscissa in the direction parallel to A -> A -.
os2 l -*

Let Sj and S ^ be the sets of ail edges S parallel to A^ A2 and A^ A*.
We have :

Lemma 5.4 : For all u G ƒƒ3 (£2) and w G V, , we can write :

(5.8) Ea
x(u,w) = I Gj{S) + I

5 e Sj Se SJJ

where we have, for example :

a2 ( f'
(5.9) Gj{Ax A2) = — I I a ( l -a) (g 2 3 (a)-£17 (a)) da

\ 'o y

Çl ƒ da

^ . (a) - ^(s(^.) + a a)

Proof : On the edge A^ A^ , we have :

= (2 t t-l)(a-l)^(yl1) +4a
n on

+ a(2a-l) ^ (X4)

^ =(2«-l)(a-l)^. (At) +4a(l-«) ^1 (̂
on on on

+ a(2a-l) ^ ( 4 » )
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s — s {A j)
where a = . Since the first derivatives of vt> are continuous at the

a
vertices, we get :

AA

(5.11) I 4 s O ) ( ^ + ̂ I ) d s = a Ç
JA bn dn )

Applying formula (5.5) , we get :

(5.12) *£ (Au) = ±. (- I w

(5.13) - | ^ (^14) = S. (- 1 w5 + 1 (wl+ w4) - I( w5 + (wl+ w4)

Since we have \A^A^~ A^ A5 + A^ A^ and^l j A4 = A^ A5 4- ^ j A~ , we

ge t :

and Dw 1 4 = flw15 + Dw

Combining equalities (5.12) (5.13) and (5.14), we get :

w2
 f . . dw3

 r A \ ü r 1 /

r ( 14> + "^r ( ^ i 4 ) = T ( T ( W I + W 4 - ^ 3 -

Dw13
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which can also be written as :

(5.15) <^0414) + ^ (Au) = ±

4- i-

Combining equalities (5.11) and (5.15) and summing over all the edges parallel
to A2 A^ , we get lemma 5.4.

Lemma 5.5 : We have thefoilowing estimâtes :

(5.16) \wf~wi + - i - ( f l w / r Z)w.) j < C h \w\2tK

(5.17) | W / _ W / + -L 2

for ail w&Vh and for any edge AtA. , of any triangle

A A A

Proof : Consider the référence triangle K , with one edge A B with length
equal to 1 and the transformation FK which maps K on K and such that
FK (Â B) = Ai A. .

Let w = w o FK . We have

i a- a" - C | ^
* A ** i n vu * ci w

w ( S ) - w(i4) — ( (B)+ (^4)) I

Going back to the element K by using the mapping F^ , we obtain Lemma
5.5.

Lemma 5.6 : We have the estimâtes,

(5.18) 1 ^ ( M , W ) | < C h | M | 3 | | W | I A

(5 .19) 1 ^ ( u , w ) | < C h2 l « l 3 n

w
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Proof : We shaîl prove estimâtes such as those of (5.18) and (5.19) for the
express ion^ (w,w) , the proof being the same for E^ and E^ .

It is easy to see that :

(5.20) f a (1 - a ) ( ^ (a) - gi7($) doc I < C gx UK

J A I ' 1 6

(5.21) I I a (1 - a ) (*2 3(a) - *14 (a)) da < C\glKUK
1 Jo | ' 1 6

for ail g^H1 (£2) , where K is the triangle denoted © on figure 6.

Combining equalities (5.8), (5.9), (5.10), inequalities (5.20), (5.21) with ine-
quality (5.16) (resp. (5.17)), we get inequality (5.18) (resp. (5.19)).

Theorem 5.1 : Assume that wG / / 3 (Q) and let uh G Vh be the solution of
problem (2.9). Assume that all the triangles KEL^h have their edges parallel
to three given directions. We have :

II M - M . || < Ch | M L n ,h h 3,n

\\u-uh ||̂  < Ch2 | M | 3 n

where C is a constant > 0 independent of h .

Proof : The proof is exactly the same as that of Theorem 4.1, since Lemma 4.1
with k = 3 and Lemma 5.3 on the one hand, and Lemma 4.3 and Lemma 5,6
on the other hand, play exactly the same rôle.

VI - MISCELLANEOUS REMARKS

Another type of boundary conditions :

Consider the problem of a simply supported plate, which can be written as
follows : let W = j v G # 2 (SI) ; v ^ 0 on T ] ; we want to find u G W such
that :

(6.1) a(u,v) - (fv) f o r a l l v G R ' .

By using Green's formula, it c#n be shown that if the solution u of problem 6.1
is smooth enough, then u is also solution of the problem :
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(6.2)

(6.3)

A2 u = f on

a2*
u = AM - (1 - a) -^f- 3z 0 on T

ds

To get an approximate solution of this problem, we may again use the method
described in paragraph II, with a space Wh constructed with one of the five
éléments given in the preceding sections. But, in this case, the functions vh G Wh

will be equal to zero (along with their tangential derivatives, for the Ari Adini's
and Zienkiewicz éléments) at the vertices belonging to F , and no assurnption is
made for the normal derivatives.

As far as the existence of an approximate solution is concerned, nothing is
changed, since ail what we need is the fact that the tangential derivative (or its
mean value along one edge) is equal to zero.

As far as the patch test is concerned, nothing is changed for the expressions
E2 (w,w) and £*3 (u,w) .

But it is no longer true that £\ (u,w) = 0 for ail u ^P2 and
This is due to the boundary terms in E± which are equal to

y [ ( ( i - a ) - ^ _ A M ) — ds . Nevertheless, the proof of
c r Js d d

( ( i a ) ^ AM)
s c r Js ds dn

the lemmas and theorems giving error bounds are still valid since it is sufficient
that the above expression vanishes for the exact solution u of (6.2), (6.3).

Existence of the approximate solution when cr = 1 :

The exact solution of the clamped plate problem does not depend upon the
Poisson's coefficient o . However the approximate solution uh does depend
upon o . The question then arises as to what should be the "best" value of the
constant o for a given h , and what happens if one sets a = 1 to simplify the
mathematical expression of a (w,v), although physically o has a given value less
than or equal to 0.5. In the latter case, inequality (2.10) is useless and one has to
reconsider the problem of the existence of an approximate solution and the validity
of the error bounds.

Actually, if one sets o = 1, one cannot use the three éléments of section III,
since the quadratic form ah (wfw) is no longer Vh elliptic. It is easy to see that
setting AH> equal to zero on each triangle yields on each element one homogeneous
équation in the case of element I, two équations in the case of element II and
three in the case of element III ; this does not imply that w = 0. For example,
one can consider a mesh as on figure 7.
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• J

• degrees of freedom of the element TQM

Figure 7.

A triangulation of the domain with triangles generated
by three famüy of parallel Unes.

In table I we give the number of équations corresponding to Aw = 0 in e ach
element and the dimension of Vh with respect to the type of the eiement used.

Element

I

II

IIII

Dim Vh

(2M-1)(2N-1)

7 M N - 3 ( M + N) +1

(3M-1)(3N-1)

Nurnber of équations

2MN

4MN

6MN

TABLE I

If one uses the éléments described in section IV and V, then writing Aw = 0 on
each element, for w G Vh , induces that w = 0 so that there exists a constant
C (h) > 0 suchthat :

(6-5) Y
K e -g h

L " 0 2 dx dy > C (h) \\w\\2
h for all w G ^ .
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But we are unable to décide whether this constant C (h) is uniformly strictly
positive with respect to h, although we know that an inequality such as that of
(6.5) holds for ail functions in the space H^ (12), with a constant obviously
independent of h.

Case where the éléments considered an section IV, are not ail rectangles for a
given triangulation.

This probiem does not arise for the éléments of section III, since no hypothesis
has to be done on the shape of the éléments to pass the patch test and get error
bounds. For the element of section IV, consider a domain £2 as on figure 8, and
consider the element K = AyA^A^A^.

Figure 8

Particular case of boundary éléments

Let g= (l—o) —r u where s is a curvilinear abscisse on dK.
ds

Lemma 4.3 is no longer true, because of the éléments adjacent to the boundary F ,
and we have :

E1 (u,W)<Ch3>* \\u\\3n ( Y Iwl3
\Ke-G h

El (u,w) < Chin | | « | | 3 n \\w\\h , for all u e H3 (Î2)

and w G F ^ .
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It is then possible to get the following estimâtes :

\\u-uh\\ <C h1" ||«

We see that we still have convergence, but we loose upon the order of conver-
gence, in a case where the triangulations is made up with rectangles and trape-
ziums for some boundary éléments.
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