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Some Oscillation Theorems for a Class 
of Quasilinear Elliptic Equations (*). 

HIROYUKI USAMI 

A b s t r a c t .  - Oscillation criteria are obtained for quasilinear elliptic equations of the form (E) 
below. We are mainly interested in the case where the coefficient function oscillates near in- 
finity. Generalized Riccati inequalities are employed to establish our results. 

1. - I n t r o d u c t i o n .  

In this paper we t reat  quasilinear elliptic equations of the form 

(n) div(IDulm-~ Du) + a(x) lu lm-  2u = 0 

in an exterior domain t9 r R N, where x = (xi), Du = (au/axi). We note that  the exponent 
of the leading term of (E) coincides with that  of the nonlinear term. Such quasilinear 
equations are sometimes called half-linear equations. We always assume that  
N i> 2, m > 1, and a e C(~2). By a solution of (E) we mean a function u which is of class 
C 1 together with IDulm-~Du,  and satisfies (E) near ~ .  

DEFINITION. - (i) A nontrivial solution u of (E) (defined near ~ ) is called osciUatory 
ff the set {x e t9 N d o m u :  u(x) = 0} is unbounded. 

(iN) Equation (E) is called oscillatory if every nontrivial solution (defined near  
) of (E) is oscillatory. 

When m = 2 or N = 1, there are many works in which oscillatory properties of (E) 
are treated; see e.g. [1, 5, 6, 7]. However, as far as the author knows, there are few re- 
sues  concerning equation (E) with m # 2 and N/> 2, even though a is nonnegative near 
~ .  Motivated by this fact, we intend here to establish sufficient conditions for (E) to be 
oscillatory. We are especially interested in the case where a may t a k e  on negative 
values for arbitrarily large Ix I- 

(*) Entrata in Redazione il 29 marzo 1997 e, in versione riveduta, il 25 giugno 1997. 
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278 HIROYUKI USAMI: Some oscillation theorems, etc. 

The paper is organized as follows. In Section 2, we show that the oscillatory proper- 
ty of (E) is closely related to the nonexistence of solutions near ~ of certain one-di- 
mensional generalized Riccati inequalities. We discuss these inequalities in Section 3. 
Our main results, as well as an illustrative example, are given in Section 4. 

2. - Reduct ion  to  one-d imes iona l  problems.  

In the paper we employ the notation 

where ON= | dS, the 
I~1=1 

spherical mean of a. 

~(r) - 1 ~ a(x) dS 
O)N rN-1  [xl= r 

area of the unit sphere in R N. This function is called the 

Let us begin with a preparatory consideration. Let u be a positive solution of (E) 
defined for I xl i> R. Then, the change of variable given by 

v = log u 

converts (E) into 

(E') div(IDvlm-2Dv) + (m - 1)IDvlm+ a(x) = O . 

Furthermore, introducing the function w by w = - IDvlm-2Dv,  we get from (E') 

(1) d i v w = a ( x ) + ( m - 1 ) l w l ' ~ / ( m - l ) ,  Ixl>~R. 

It should be noted that such a simple identity will not be obtainable if the exponent of 
the leading term and that of the nonlinear term do not coincide. The following lemma is 
suggested by [8]. 

LEMMA 1. - Let u be a positive solution of (E) defined for I xl >I R,  and w be as 
above. Then, the function defined by 

IxL ~ r  

for r >I R ,  satisfies the generalized Riccati inequality 

(2) z' (r) >1 
m - 1  

]z(r) [~/(m-1) + wyr•-l-g(r)  
(O) NrN-1)I / (m-l)  

for r >t R.  Here (,)  denotes the inner product between vectors. 
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PROOF. - Integrating both sides of (1) over the sphere I xl  = r ,  we obtain 

(3) f divwdS=coNrN-l-d(r)+(m-1) f Iwl"/(m-1)dS. 
ixl=r -' ixl=~ 

provided r I> R.  The divergence theorem shows that 

(4) z ' ( r )  = - -  
dr Ixl = , "  r 

dr R~<lxl_< r 
divw(x) dx + w(x), -~ dS = 

I~1 =R I~1 =r 

if r I> R.  On the other hand, HSlder's inequality implies that 

divw(x) dS , 

'z(r)'~ f 'wi'ldS~ ( f 'w'ml(m-1) dS)(m-1)ira( f d S) Ixi=r \,xi=r 

which is equivalent to 

(5) ( f l  x] =r ]wlm/(m-1) dS) (m-1)/m~(cONrN-1)-l/mlz(r)l' r>'R" 

Inequality (2) follows from (3), (4) and (5). The proof is complete. 

Lemma 1 immediately gives the following key result on which our oscillation theory 
is based. When N = 1 and m = 2, it is well known that a similar relationship holds be- 
tween (E) and the Riccati equation associated to (E); see e.g. [3, Theorem 7.2]. 

PROPOSITION 2. - Equation (E) is oscillatory i f  the generalized Riccati inequality 
(2) has no solutions near + oo. 

3. - G e n e r a l i z e d  R i c c a t i  i n e q u a l i t i e s .  

By Proposition 2, oscillation criteria for (E) follow from conditions which imply the 
nonexistence of solutions near + oo of inequality (2). For the sake of completeness, we 
will consider the inequality 

(6) h'1> I hla + q(r), 
p(r) 

more general than (2). We assume that a > 1, p is a positive continuous function, and q 
is a continuous function defined near + oo. We emphasize that q need not be nonnega- 

; = l i m  tive. Infinite integrals appearing in the sequel are improper: f. 
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PROPOSITION 3. - Inequality (6) has no solutions defined near + oo i f  there is a po- 
sitive C Lfunction cp satisfying 

(7) ; ( P ( r )  l c f ' ( r ) l " ) l / ( a - 1 ) d r < o  o 
q~(r) 

:r dr 
(8) p(r)[q~(r)]~ - 1 ' 

and 

or 

(9) f of(r) q(r) dr = 

PROOF. - Suppose on the contrary that  (6) admits a solution h e C 1 [R, :r ). We may 
assume that  cf is defined for r I> R.  Multiplying (6) by of, and integrating both sides of 
the resulting inequality on [R, r], we have 

(10) 

r r r 

h(r) ~(r) ~el -J- f h~' ds-J- f ~lhla ds J f ~qds , 
R R ~ R 

where cl is a constant. By HSlder's inequality we have 

. 

I h r  ds = I hl  �9 I '1 ds <<. c, ds - c,[H(r)] '/" , 
R R \  r P 

where 

c'=t lTJ/ p \ll(a - 1) Iq~'i a/(a - 1) ds)(a! - 1)la 

is finite by (7), and the function H is defined by the last equality. Hence (10) implies 
that  

(11) h(r)cp(r) >1 cl - c2[H(r)] 1/~ + - H(r)  + ds + cfqds,  
2 -2R P R 

for every r>~R. Since a >  1, the function -c2~1/a+ ~/2 is bounded from below on 
[0, ~ ). Then, assumption (9) shows that  the right hand side of (11) tends to + ~ as r - +  
--> + ~ .  I t  follows that  h(r) > 0, if r/> r0, for some sufficiently large to. Again from (11) 
we have 

(12) 1 ( cph ~ ds ,  h(r) ~(r) >1 -~ ~ P 
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if r ~  > rl, for some sufficiently large rl/> to. Differentiating H,  we obtain by (12) 

[h(r) of(r)] a 2-"[H(r)]  ~ 
H '  (r) = P(r)[cf(r)] ~ _ 1 >~ r >1 r l .  p(r)[cf(r) y -  1 ' 

Dividing the both sides by [H(r)] a and integrating, we have 

1 [H(rl)]l_a>~2_ar rj ds 
r ~ r  1 

a - 1  r1 P cpa-1 ' ' 

which contradicts (8). The proof is complete. 

4. - Osc i l la t ion  criteria for equat ion  (E). 

Now we are in a position to state our main results. 

THEOREM 4. -Equation (E) is oscillatory i f  there exists a positive Cl-function 
satis fying 

~ d r  I r N - l l p ' ( r ) [ m d r < : r  f =oo 
[ ~ ) ( r )  ] m -  1 [r N - 1 e(r)]l/(~- 1) ' 

and 

c~ 

~ rN-1Q(r)  -5(r) dr = ~ . 

COROLLARY 5. - (i) Equat ion  (E) is oscillatory i f  

oo 

f r m-  l -~5(r)  dr = ~ for  E > 0 .  some 

(ii) Let  N <. m .  Then, equation (E) is oscillatory i f  

oo 

f r N -  l-d(r) dr = 

(iii) L e t  N = m .  Then, equation (E) is oscillatory i f  

r162 

f rm- l ( logr )m- l -~ -d ( r )  dr = for  some O 0  E > O .  

Since these  results can be easily proved by combining Propositions 2 and 3, the 
proofs are left to the readers. 
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R E M A R K  6 .  - The assumption e > 0 in the s tatement  of Corollary 5 can not be weak- 
ened to e>~0. In fact, if N +  1 - 2 m > 0 ,  the equation 

div(IDul~-2Du) + (N + 1 - 2 m ) I x l - ' ~  lul '~-2u = O, 

has the positive solution u(x)= Ix I -1, and for this equation, obviously 

oo 

f rm-l-d(r) dr= cr 

R E M A R K  7 .  - Let  us consider the case where a has radial symmetry:  a(x) - ao ( I x l ) 
for some a0 (r). In this case, obviously ~ -- a0. Suppose moreover that  a0 (r) i> 0 near 
+ ~ .  Then, it has been shown [2, 4] that: 

(i) Let  N > m.  Then, equation (E) has positive radial solutions defined near  ~ if 

r162 

~ rm- l ao(r) dr < 

(ii) Let  N = m.  Then, equation (E) has positive radial solutions defined near ~ if 

~ r m- 1 (logr)m- 1 ao(r) dr < 

Comparing Remarks 6 and 7 with Corollary 5, we find that  our results are optimal 
in some sense. 

EXAMPLE 8. - Let  us consider the equation 

div( IDul'~- 2 Du) + 
l + k s i n  Ixt ] u l m - 2 u = 0 ,  

where k > 1 is a fixed constant, and v e R is a parameter.  Notice that  the coefficient 
function oscillates near ~ .  

(i) Let  v < m.  Then, this equation is oscillatory. This follows from (i) of Corol- 
lary 5. 

(ii) Le t  v > m.  Then, as in [2, 4] we can construct a positive (radial) solution of 
this equation defined near ~ .  

Acknowledgement. The author would like to express his sincere thanks to the referee 
for many helpful comments and suggestions. 



HIROYUKI USAMI: Some oscillation theorems, etc. 283 

R E F E R E N C E S  

[1] .~. ELBERT, Oscillation and nonoscillation theorems for some nonlinear ordinary differential 
equation, Lecture Notes in Mathematics, 964: Ordinary and Partial Differential Equations 
(1982), pp. 187-212. 

[2] t .  ELBERT - W. KUSANO, Oscillation and nonoscillation theorems for a class of second order 
quasilinear differential equations, Acta Math. Hung., 56 (1990), pp. 325-336. 

[3] P. HARTMAN, Ordinary Differential Equations, 2nd ed, Birkhiiuser, Boston (1982). 
[4] T. KUSANO - A. OGATA - H. USAMI, Oscillation theory for a class of second order quasilinear 

ordinary differential equations with application to partial differential equations, Japan. J. 
Math., 19 (1993), pp. 131-147. 

[5] T. KUSANO - Y. NAITO - A. OGATA, Strong oscillation and nonoscillation of quasilinear differ- 
ential equations of second order, Differential Equations and Dynamical Systems, 2 (1994), 
pp. 1-10. 

[6] T. KUSANO - Y. NAITO, Oscillation and nonosciUation criteria for second order quasilinear 
differential equation, Acta Math. Hung. (to appear). 

[7] E. S. NOUSSAIR - C. A. SWANSON, Oscillation of semilinear SchrSdinger equations and in- 
equalities, Proc. Royal Soc. Edingburgh, 75A (1976), pp. 67-81. 

[8] E. S. NOUSSMR - C. A. SWANSON, Oscillation theory for semilinear elliptic inequalities by 
Riccati trasformations, Canad. J. Math., 75 (1980), pp. 908-923. 


