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1. Summary. In the present paper the problem of point estimation is con-
sidered in terms of risk functions, without the customary restriction to unbiased
estimates. It is shown that, whenever the loss is a convex function of the esti-
mate, it suffices from the risk viewpoint to consider only nonrandomized esti-
mates. For a number of specific problems the minimax estimates are found ex-
plicitly, using the squared error as loss. Certain minimax prediction problems
are also solved.

2. Introduction. The principles most commonly applied in the selection of a
point estimate are the principles of maximum likelihood (R. A. Fisher) and of
minimum variance unbiased estimation (Markoff).” Both of these principles are
intuitively appealing, but neither of them can be justified very well in a sys-
tematic development of statistics. This holds also for some modifications of these
principles proposed by G. W. Brown [1], as the author himself points out.

In an important early paper [2], Wald indicated a more systematic approach
to the problem, which he later developed into his general theory of statistical
decision problems [3, 4, 5]. Consider a random variable X distributed over a
space 9C according to a distribution Py with 8 € Q . It is desired to estimate some
g(6). If the value x of X is observed one makes an estimate, say f(z), and thereby
incurs a loss of W[g(6), f(z)] when @ is the true value of the parameter. We shall
assume that the loss function is nonnegative. It then follows that the expectation
of the loss will always exist (although it may be infinite). The risk associated
with the estimate f is defined to be the expected loss, as given by

(21) R () = B, Wig®, /@) = [ 12, 0} 4PF @

The choice of estimate should then be made according to the risk function. As a
particular possibility Wald suggests the use of minimax estimates, i.e. estimates
which minimize sups R, ().

The main purpose of the present paper is to obtain minimax estimates for a
number of specific problems. Only few such problems have been worked out so
far, the emphasis in Wald’s work having been on the general theory. In [2] Wald
obtained the minimax estimate of an unknown location parameter. Stein and
Wald [6] treated the sequential problem of estimating the mean of a normal dis-
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tribution with known variance, and in his forthcoming book Wald considers
as an example the sequential problem of estimating the mean of a random variable
distributed uniformly over an interval of length 1.

It seems worthwhile to consider further special problems both because one
may obtain estimates that in some cases are preferable to the conventional ones,
and because these examples throw some light on the general desirability of the
minimax principle. As we shall see below, it does not seem possible to reach
any definite conclusions on this latter point, and to obtain a generally valid com-
parison between the minimax estimate and, for example, the unbiased estimate
with uniformly smallest variance (when such an estimate exists).

Consider, for example, the problem of estimating the probability of success from
a number of independent trials each of which may be a success or a failure, when
the loss-function is the squared error. If the number of trials is one, the minimax
estimate (as is shown below) is given by f(X) = 31X + %, where X is 1 or 0 as
the trial is a success or failure. As is easily seen, this estimate has smaller risk
than the usual estimate f*(X) = X whenever 0.07 < p = 0.93. On the other
hand, when the number of trials is large the standard estimate X has smaller
risk than the minimax estimate nearly everywhere. The minimax estimate is only
slightly better in a small interval centered at p = 3, whose length tends to zero
as the number of trials tends to infinity, and is worse everywhere else.

For our purpose it is convenient to formulate the problem of point estimation
as follows (see in this connection [7]). A random variable X is distributed over a
space 9C according to a distribution P belonging to a family F. We wish to esti-
mate g(P) where g is a function whose domain is  and whose range is contained
in some space Y (in any example VY is usually a Euclidean space, mostly even a
one dimensional Euclidean space). An estimate is a statistic f(X) taking on
values in Y. We denote by W[g(P), f(z)] the loss which results from making
the estimate f(z) when P is the true distribution, and we define the risk function
of the estimate f by

22) R/(P) = E:W[g(P), f(X)].

The problem is to determine f so as to minimize supe.g B, (P).

Our principal tool will be the following theorem, which is essentially contained
in Wald’s work but which is not stated there explicitly. The theorem is a slight
modification of one used for the theory of testing in [8].

THEOREM 2.1. Let { Py}, 0 e w (where w is a subset of a Euclidean space), be a
parametric subfamily of ¥, and let \ be a probability measure over w. Suppose that
f minimizes

(2.3) f Ey Wg(Py), f(X)] d\(0)

and that

(1) E,W [g(Ps), f(X)] 7s constant (say c) for all 8 € w,
(i) EpW [g(P), f(X)] < cfor all Pin .

Then f s a minimaz estimate for estimating g.
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Proor. Let f* be any other estimate of g. Then

sup B, Wig(P), f(X)] = [ B Wlg(P0), 7)) dN()
24) s [ BWlo@), P01 @)

=< sug E» Wlg(P), f*(X)1.
Pe

We note that if f is the unique function minimizing (2.3), then the first in-
equality in (2.4) becomes strict, and hence f is the unique minimax estimate of g .

Following Wald we shall call the function f that minimizes (2.3) the Bayes
estimate of g associated with the a priori distribution A. As a corollary to theorem
2.1, we note that a Bayes estimate whose risk function is constant, i8 a minimax
estimate.

3. Randomization. In the formulation of the problem of point estimation given
above, the estimate f(z) is assumed to be completely determined by the observed
value z of the random variable X. In the present section a broader formulation
of the problem will be considered, in which the estimate corresponding to £ may
itself be a random variable, say T'. . This extension is a special case of the notion
of randomized decision function introduced by Wald in his general decision
theory. We associate with each z in ¢C a. probability distribution F., with the
convention that when X is observed to have the value z, we estimate g(P) by
means of a random variable T'. which is distributed according to F. . Estimates of
this latter kind we shall call randomized, and the fixed estimates f(x)
nonrandomized.

The motivation behind the admission of randomized estimates (or more gen-
erally of randomized statistical decision funtions) is that in some problems of
statistical inference the performance of the decision funection is considerably im-
proved by randomization. It is clear however that the randomized functions are
more complicated, and hence that it is useful to know when their consideration
is not necessary. Before investigating this question we give the following defini-
tion, which makes precise a sense in which certain estimates may be omitted from
consideration. (See Wald [9]).

DerintTiON. For a given estimation problem a class C of estimates will be
said to be essentially complete with respect to a class D of estimates, if for every
estimate g in D there exists an estimate f in C such that R,(P) < R,(P) for all
P in F. If- D is the class of all randomized estimates we simply say that C is
essentially complete for the given problem.

It is clear that if one adopts the risk function point of view, one loses nothing
by restricting consideration to an essentially complete class of estimates. In the
present section we find conditions under which the totality of nonrandomized
estimates forms an essentially complete class.
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For this purpose we need the notion of convexity. A set S in a k-dimensional
Euclidean space is said to be convex if, whenever P and @ are in S, then all
points on the line segment from P to @ are also in S. A real valued function ¢
defined over a k-dimensional Euclidean space is said to be convex, if for any
points (x;, --- , 2:) and (31, - -+ , y) of the space, and any number 0 < o < 1
we have

a‘l’(zlr"'yzk)-'-(1—a)‘p(y1"",yk) 2
3.1)
Vo + (1 — ay, -, am + (1 — a)y).

We use the following notation for conditional expectation. If U and V are
two random variables which have a joint distribution, then E(Ulv) denotes the
conditional expectation of U given that V = v; E(U|S) denotes the conditional
expectation of U given that V isin S. Let #(v) = E(Ulv); thenfor (V) we write
EU | V).

Lemma 3.1. Let U, V be two random variables with a joint distribution, such that
U is distributed in a k-ditmenstonal space and E(U) 18 finite. Let  be a real-valued
convex function defined over this space and bounded from below. Then

EW{EU | M)} = Ey(D)).

Proor. The proof is immediate in the special case that, for almost all », there
exists a determination of the conditional probability distribution of U given v
which is a measure. We then know, from the convexity of ¥, that for almost all
values v of V,¢{E(U |v)} < E{y(U) |v}. Replacing » by V and taking expecta-
tions of both sides, we obtain the desired result.

If we do not assume the existence of conditional measures, the proof is more
complicated. Since E(U) is finite, there exists a function E(U | ») such that for
any set S, E(U|S) = E{E(U| V)| 8}, see [10], p. 47. Since ¢ is convex it is
measurable, and since ¢ is bounded from below E{y(U)} exists. Excluding the
trivial case E{Yy(U)} = o, we know there exists a function E{y(U) | v} such
that for any set S, E{y(U) | S} = E{E{y(U) |V} | S}.

If the lemma wer¢ false, we should have E{E{y(U) | V}} < EY{EWU| V)}},
and could find an ¢ > 0 and a set A of positive V measure such that for every
ved, E{Y(U)|v} + 2¢ <Y {E(U | v)}. This implies the existence of a number d
and a set B of positive ¥V measure such that for every v ¢ B, E{y(U) |v} £ d
andd + ¢ < ¢{E(U | v)}. Since ¢ is convex, the domain D of points P for which
Y(P) < d + eis convex, and we may find a subset C of B, of positive V measure,
for which the set of points E(U | v), v € C, lies in a convex domain E disjoint of D.
1t follows that E(U | C) lies in E, and hence that ¢ {E(U | C)} = d + e. Clearly
d = E{¢(U) | C}. Thus we have the contradiction E{¢(U) | C} > ¢{EU | C)}.

DerINITION. A loss function W will be called convex if for every u € Y, W(u, v)
1s a convex function of the estimate ».

An example of a convex loss function is provided by the Markoff principle of
estimation. The variance of an unbiased estimate may be considered as a risk
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function if we take the loss function to be the squared error, i.e. the square of
the difference between the true value g(P) and the estimated value f(z) or T ;
and this loss function is clearly convex.

THEOREM 3.2. If the loss function W s convex, if Y is in a Euclidean space,
and if we consider only estimates having finife expectation, then the class of non-
randomized estimates s essentially complete.

Proor. Let Tx be any randomized estimate such that E(Tx) exists and is
finite. Applying lemma 3.1 we see that E(T x | X), which as a function of X only
is a nonrandomized estimate, has a risk never greater than that of Ty .

The restriction in theorem 3.2 to estimates having finite expectation may be
replaced by the requirement that for each u ¢ Y there exist a number M., such
that if |» — u| = M, then W(u, v) > W(u, u). With this requirement and the
convexity assumption, it follows that the risk associated with 7'x isinfinite when-
ever E(Tx) is infinite.

Theorem 3.2 is related to a generalization of a theorem of Blackwell. If YV is a
sufficient statistic for ¢(P), and if for almost all ¥ the conditional distribution of
X given y exists in the sense of measure, we may regard estimation of g(P) based
on X as randomized estimation of g(P) based on Y; and if the assumptions of
theorem 3.1 are satisfled, we may apply this theorem to conclude the essential
completeness of the class of nonrandomized estimates based on Y. In the general
case we may resort again to lemma 3.1 to prove the following theorem; the proof
is the same as that of theorem 3.2 if X is replaced by Y throughout.

Tueorem 3.3. If the loss function W is convex, if Y is in a Euclidean space, if
we constder only estimates having a finite expectation, and if Y is a sufficient statistic
for F, then the class of nonrandomized estimates which are functions of Y only is
essentially complete.

Blackwell [11] proved that if U is a sufficient statistic for a real-valued param-
eter 8, and if 7 is an unbiased estimate for 6, then E(T | U), which is a function of
U only and also an unbiased estimate for 6, has a variance which never exceeds
that of 7. Observing that the theorems above hold true when we restrict attention
to unbiased estimates, Blackwell’s result may be obtained from theorem 3.3 by
letting Y be one-dimensional, letting W be the squared error, and restricting
ourselves to unbiased estimates. In a similar manner we can get from theorem 3.3
an extension of Blackwell’s theorem given by Barankin [12], who treated the
case in which W(6,¢) = |8 — t|", s > 1. It is clear that these loss functions are
convex.

If the convexity assumption is removed, theorems-3.2 and 3.3 cease to be
true. For example, if X has only n points, if Y is a finite line segment of length
greater than 2na, and if theloss is 0 whenever | ¢(P) — f(z) | £ , and 1 otherwise,
then the minimax risk among nonrandomized estimates is 1. By admitting ran-
domization, however, the maximum risk can be brought below 1 without using X
at all; if our estimate T' is uniformly distributed over ¥, then the maximum risk
will be 1 — o/(length of Y).

The example just given may seem inappropriate, in that with the specified loss
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function the problem would customarily be considered one of interval estimation
rather than point estimation. This objection does not apply however to the loss
functions considered in the following theorem.

THEOREM 3.4. Let X = {0, 1, --- , n}, n > 1. Let F be the set of binomial dis-

tributions P, defined by P,(X = z) = (:)p‘(l — )" ,0<p <1, LetY be the

closed interval [0, 1] and g(P,) = p. Lt W(p,t) = |p — t|',0 < s < 1. Then no
minimaz estimate can be nonrandomized, and the class of nonrandomized estimates
1s not essentially complete.

Proor. For any nonrandomized estimate f, RB,(p), being a sum of produets of
continuous functions of p, is itself a continuous function of p. The nonrandomized
minimax risk is less than 1, as may be shown by considering any estimate of the
following kind: f(0) = 0, f(n) = 1, and 0 < f(z) < 1 for all 2. Here R,(0) =
Ry(1) = 0, whileif 0 < p < 1, R;(p) < max, | p — f(z) |’ < 1. By continuity
supo< <1 By(p) < L.

It is easy tosee that there exists among the nonrandomized estimates a minimax
estimate, say h. Let the corresponding minimax risk be denoted by M. We know
that M = supo<p,<1 Ra(p) < 1; it is obvious that M > 0. Observe that h(0) <
1, since 2(0) > 1 leads to the contradiction R.(0) = | A(0) |' > 1. We can write

Rp) = 2 P,(X=12)-|p=h@[]+ 2 PuX=2)-|p—h@
h(z)=h(0) h(z)#h(0)

The second sum has a finite derivative with respect to p at p = A(0), while the

first sum increases with infinite speed as p is moved away from A(0). Therefore

Ri{h(0)} < M; and by an exactly symmetrical argument, 0 < hi(n) and

Ru{h(n)} < M. Using the continuity of R:, we can find a positive number w so

small that Rx(p) < M whenever | p — h(0) | < wor|p — h(n) | < w.

Consider now the randomized estimate T defined by 7. = h{z) if 0 < 2 < n,
and by T. = h(z) + oY otherwise, where Y is a random variable independent of
X and taking on the values 1 and —1 each with probability %, and where 0 <
a < w. Observe

Rry(p) — Ra(p) = A —p)"l3{ |p —h(O) + | "+ |p ~ h(0) — a|"} — |p —
RO) ']+ p"Bllp — ) + a|" + | p — h(R) — |} — |p— h(n) |’].

By the concavity of the functions involved, the first square bracketted term is
negative whenever | p — h(0) | > «, and the second is negative whenever
|p — h(n) | > a. We can choose a so small that whenever either | p — h(0) |
or | p — h(n) | is less than a, Rry(p) — Ri(p) < w. A continuity argument
now shows that supo<,<1 REry(p) < M. But this proves that no minimax esti-
mate, with randomization permitted, can be nonrandomized. It is also now
obvious that the class of nonrandomized estimates is not essentially complete:
every nonrandomized estimate must have a risk function which somewhere ex-
ceeds supo< <1 Rre(p)-
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4. General properties of minimax estimation. Whether a principle such as the

minimax principle i3 a desirable one has to be decided mainly on two criteria:
(i) its general properties, and

(ii) its performance in many particular instances.

It has already been remarked that in the second respect the minimax principle
does not seem entirely satisfactory. With regard to the former, one great ad-
vantage of this principle is that when there is a unique minimax estimate, it is
admissible. Here an estimate f is said to be admissible (see [3]) if there exists no
other estimate f* such that R;(P) < R,(P) for all P in ¥ with strict inequality
holding for some P. It is interesting that, as we shall show below, this admissi-
bility property is not shared by either the principle of unbiasedness or the maxi-
mum likelihood principle.

In this connection we begin by proving another theorem concerning essentially
complete classes.

TuaEOREM 4.1. Suppose that the space Y is a finite interval [a, b] on the real line,
and that for each u ¢ Y, W(u, v) 18 a non-decreasing function of v when v > u
and a non-increasing function of v when v < u. Then the class of estimates whose
range 1s contained in Y is essentially complete with respect to the class of all real
valued estimates.

Proor. If T is any real-valued estimate, define T™ by

T if TeY,
4.1) T =<a if T <a,
b if ¢t >0

It is clear that R (P) < R.(P) for every P ¢ &.

Halmos [7] has provided an example in which the minimum variance unbiased
estimate takes on, with positive probability, values outside the range of the
parameter. It can be shown from the proof of theorem 4.1 that in this case any
unbiased estimate is inadmissible, provided the loss function is of the kind
described in theorem 4.1.

That the maximum likelihood principle may also lead to inadmissible esti-
mates is easy to show, since this is the case in many familiar situations. The
following example may be of interest in that here the maximum likelihood
estimate is uniformly worst among all estimates which one would consider
using.

Ezxample. Let X be a random variable with only 0 and 1 as possible values, and
let P(X = 1) = p. Assume it to be known that 4 < p £ 4. Then the maximum
likelihood estimate for p is easily seen to be $(X + 1), and, if the loss function
is the squared error, the associated risk function is 4(p — 3)* + o&. This risk
function is, for every possible value of p, greater than that of any estimate f(z)
satisfying: § < f(0) < f(1) = 1 — f(0) = %

The selection of loss function in any problem should in theory be governed by
metastatistical considerations, but in fact the circumstances of statistical prob-
lems do not usually offer compelling reasons for using one loss function rather
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than another. Considerations of mathematical facility are often determining.
Thus, various classical unbiased estimates become minimax estimates when the
loss function is judiciously chosen. For, if we take as loss function the ratio of
squared error to the variance of the unbiased estimate, the risk becomes constant,
and we can easily obtain the classical estimates as minimax estimates in the
familiar binomial, Poisson, and rectangular problems, and in some of the non-
parametric problems considered in section 6.

However, this approach seems to be somewhat artificial, and hereafter we
shall restrict ourselves to a single loss function, namely the squared error. There
are two reasons for this choice. With squared error for the loss, the mathematical
problems are rather simple. And as was remarked above, squared error (if one
restricts oneself to unbiased estimates) is the traditional loss function. Fortun-
ately, the squared error loss function is convex, and hence theorem 3.2 permits
us to avoid considering randomized estimates.

When the loss function is squared error, we have the following obvious linearity
property, which for later reference we state as

TaEOREM 4.2. If f(X) is the minimax estimate for g(P), then af(X) + b is the
minimaz estimate for a - g(P) + b.

However, as we shall show by an example in the next section, it need not be
true that if X;, - -- , X, are independent and f;(X,) is the minimax estimate for
giP), © = 1,---, n, then 2.1 afi(X,) is the minimax estimate for
2.2 agi(Py). This is a definite disadvantage of the minimax principle as
compared with the Markoff principle which does possess the linearity property
mentioned.

We conclude this section with an explicit solution of the Bayes problem in the
squared error case. If the distribution P is itself a random variable distributed
over ¥ according to some distribution A, we may compare estimates f by means
of their expected loss Q(f) = E[g(P) — f(X)I’. Since Q(f) = E{E[g(P) — f(X)I* |
X}, it is well known that Q(f) is minimized by using the estimate
f(z) = E[g(P) | z], provided the conditional measures exist. In fact, this result
holds even without this assumption.

TuroreM 4.3. E[g(P) — (X))’ is minimized by f(z) = E[g(P) | z).

Proor. Efg(P) — f(X)]' — E{g(P) — Elg(P)| X]}* = E{E[g(P) | X] — f(X)}*
+ 2E[E{g(P) — Elg(P) | X]}{E[g(P) | X] — f(X)} | X] = 0.

In applications it is convenient to write E[g(P) | X] more explicitly. Suppose

that with respect to some measure u over 9C, each distribution P ¢ Fhasa general-

ized probability density pp , so that for any A4, the probability that X ¢ A com-
puted for P, is given by

j; pr(z) dulz) .
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Minimizing a quadratic expression shows that

. [ oPpr(a) )
4.2

[ o) axcp)

is a Bayes solution.

6. Binomial and hypergeometric distributions. In the present section we shall
consider three discrete minimax problems.
ProBLEM 1. (Binomial.) Let X be a binomial random variable witd parameter

p,0 < p<1,sothat P(X =Fk) = (2)7)"(1 — p)" . We shall show that the

minimax estimate for p is

X  n 1
oy " WatD VAT D

Consider any linear estimate aX + 8. The risk E,(aX + 8 — p)’ is a quadratic
1

function of p which is constantly equal to 8 when o = VARV and

1
B = m . Hence (5.1) is a constant risk estimate of p. Since it is easily

seen that

1
k_n—k

a—1 b—1
p-pPYq p ¢ dp  a+k
1 - y
f pkqn—k . pa—lnb-l dp a+b+n

0

(¢=1-p),

it follows that (5.1) is the Bayes estimate when p is distributed with probability
density C(pg)Y**! and hence by Theorem 2.1 we conclude that (5.1) is the
minimax estimate of p.

After obtaining this result we were informed that it had been obtained earlier
by H. Rubin, to whom, therefore, the priority belongs.

It is interesting to compare the risk of the above estimate with that of the
standard unbiased estimate X/n. We have

X P
E(;{ p) =%
14+ V% f -P T 41 + V)
P‘Z N S
As is easily seen, == < 4 Q \/~)2 if and only if

R
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Thus the standard estimate is better than the minimax estimate outside an
interval around p = % whose length decreases with increasing n, tending to 0 as
n tends to infinity. However, for very small values of n the minimax estimate has
the smaller risk over nearly the whole range.

ProsrLEM 2. (Difference of binomials.) Let X and Y be independent binomial

random variables, where P(X = k) = (Z)p’f 1—p)"Fand P(Y = 1) = (?)

p2(1 — po)" ", By use of theorem 2.1 we shall show that the minimax estimate for
.. V2n X Y

p1 — p2is ———{= — = ). For the set w of theorem 2.1 we take p; = p
14+ 2 \n 7

po=1—p,0< p<1,and welet Z = X + n — Y. Applying the result of

Problem 1 to Z, we find the minimax estimate of p to be azs + Z + B2, , and by

Theorem 4.2 the minimax estimate based on Z for ;4 — p, = 2p — 1, is

-—l/—é@—— (‘K — —Y:) , and the risk of this estimate is constant over w.
14+ vV2n\n n

To prove that this is also the minimax estimate of p1 — p. for the original
problem, we consider the risk as a function of p; and p, . It is easy to show that
(1 + v/2n)* R(p1, p2) = 2:[p(l — p) + (1 — p2)] + (pr — p2)”. Finally it
can be shown that p;(1 — p1) + p2(1 — p2) is maximized, subject to the condition
that p; — p. be constant, when p; 4+ p; = 1.

ProsrLEM 3. (Hypergeometric.) We finally consider the problem of estimating
the number of defectives in a lot from a sample drawn from this lot at random.
We denote by N and n the number of elements in lot and sample respectively,
and by D and X the corresponding number of defectives. For later reference we

note
bt — b =<’l“))<§:f),
™)

E(X) = nQ,

?

. nD(N — n)(N — D)
7= = NN — 1) '

As in Problem 1 we easily find a linear function of X whose risk is constant.
In fact

Ep(aX +8 — D)’ =4

when
N N an
T w3 (%)
N -1
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To prove that aX + B is the minimax estimate of D we shall show that it is the
Bayes estimate corresponding to

1
(5.2) P(D =d) = fo (]D p'¢"™ - C p"'¢" dp,
where a, b > 0, and
0 = I'(a + b)
I'(a) T(b) "
In this connection it is useful to notice that since (5.2) is a distribution
S N)F(a+d)P(N+b—d) I'(a + b)
(53) ;0 (d I'(N + a + b) T T

Using theorem 4.3, we find the Bayes estimate associated with (5.2) to be

N—ZM d (‘,f) (f:’_’kd) (J;’) T(a+d IV +b—d

T %? (Z) (5:;) (Z) I'(a+ d) T(N + b — d) '

Replacing d by (d — a) + a, and using the relation
(i) (5 _ If ) (]:1]) = (1:; _ ’? ) . (terms not involving d),

N—n

Z(N;n>r(d+a+1)P(N+b—d)
fh) = =
= (VT retarw s -

1==0

we find:

-— Q.

Now apply (5.3) to numerator and denominator separately; then

a+b+ N
at+b+n
a+b+N=a a(N — n)
a+b+n a4+ b4+ n

B g N—an—6

a—1’ a—1

a(N — n)
a+b+n’

fk) =k +

Putting = 8 one obtains easily

Substituting the values of « and g8 one finds that 3 > 0, N > an + 8 and that
a > 1 provided N > n + 1. In the special case N = n the result is immediate,
while if N = n 4 1, the result is obtained by giving to D a binomial distribution
with p = 1.
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6. Non parametric problems. We shall in this section consider estimation
problems in which the functional form of the distribution of X is not assumed
known. Restrictions will be imposed on the variables only to insure the existence
of estimates with bounded risk. The problem will be treated under two different
such restrictions: (i) that the variables are bounded with known bounds, (ii) that
the variables have bounded variances.

In the first of these cases we can assume without loss of generality that the
variables are distributed over the interval [0, 1], and then obtain

THEOREM 6.1. Let X, , - - - , X, be independently distributed over [0, 1] according
to a joint distribution belonging to a family F. Suppose that F contains the subfamily
Fo according to which X, , --- , X, are independently and identically distributed
with P(X; = 1) = p,PX: =0 =1—-p,0<p <1 Let E(X)) = ps,

1 . . . .
- El u; = fi. Then the mintmax estimate of i 18

6.1) 1;——\7—; (Va X+ 1)

Proor. Since (6.1) is the minimax estimate of @ = p when the distribution of
the X’s is known to belong to JF, , we only need to show that its risk is largest for
the distributions of ¥, . But

2 n
EAX +B—-p)?=A%:+[B+ (A — D]’ = ‘%5 Zlai.. + [B+ (4 — Dal*
and
Toi, = TE(XY) — Zu) £ Tpi — el = nig — Zu — @)° — n@ £ na(l — @)

where equality holds for the distributions in J, .

COROLLARY 6.2. Let X, ---, X. be a sample from an unknown univariate
distribution over [0, 1]. Then the minimax estimate of E(X,;) = p is given by (6.1).
CoRrROLLARY 6.3. Let X,, --- , X, be a sample from an unknown absolutely

continuous untariate distribution over [0, 1]. Then the minimaz estimate of E(X;) =
u s given by (6.1).

Corollary 6.3 follows from the fact that any risk function that can be obtained
for binomial distribution can be approximated by means of absolutely continuous
distributions.

Theorem 6.1 can be extended to include variables that are negatively cor-
related. Namely if X, , ---, X, are distributed over [0, 1] according to a joint
distribution belonging to some family &, if for each distribution of & the correla-
tion coefficient p;; of X;, X;is < O for all 7, 7, and if & contains the family ¥, of
theorem 6.1, then the conclusion of this theorem remains valid. This result can
be used for example in the following situation. Suppose a sample of n is taken
from a lot of unknown size, and suppose it is desired to estimate the proportion
p of defectives in the lot. If % is the number of defectives in the sample, it follows

. : : 1 koL
from the above remarks that the minimax estimate of p is 1+ /a ( v + 2) .
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It should be pointed out that this result holds only if no upper bound is assumed
known for the lot size. If it is known that the number of items in the lot is <N, ,
then the minimax estimate is that found in section 5 for the case of a hypergeo-
metric distribution with N = Ny .

Next let us consider estimating the difference of the average means in two
groups of variables.

THEOREM 6.4. Let X1, --- , X. ; Y1, -+, Y, be independently distributed over
the nterval [0, 1] according to a joint distribution belonging to a famz'ly J. Suppose
that ¥ contains the subfamily ¥, , according to which X, , --- , X, ; Y1, ---,
Y, are two samples with P(X; = 1) = p, ,PX;=0) =1 — pl P(Y; =1) =

p2’P(Yi=0)=1_p270_<.p17p2.<_1'IfE(Xi)=“1’1E(Yi)= Vi, B =

3:»—"'

g, - vi = b, then the minimaz estimate of g — » 18

Vo g
62) s XD,

Proor. Again, since (6.2) is the minimax estimate in the binomial case (Prob-
lem 2 of section 5), we need only verify that its risk is a maximum in ; . But
EAR - 7) — G — »)P
=EAX -p - AF =9+ 4 - 1DE - )
= Aoz +o3) + 4 — 1) @ — 9},

of which we already have shown that it is maximized in the binomial case.

Up to now we assumed the variables to be bounded. Let us now suppose in-
stead that the variances are bounded. With this assumption we can give an
analogue of the classical Markoff theorem on least squares.

THEOREM 6.5. Suppose that X, , - -+ , X, are independently distributed according
to a joint distribution belonging lo some family ¥, which contains the subfamily
fo where the X’s are normal with variance M. Suppose that for all distributions in
¥, EX,) = Z;l a:j0; and ox; < M'. We assume the matriz (a;;) to be known
and of rank s < n. Then the estimate [fi(X), -- -, fs(X)] of (61, -+, 6.) which
mintmizes sup E Z [f{(X) — 6., is the Markoff estimate.

Proor. Consider first the subfamily ¥, . Then there exists an orthogonal trans-
formation to Y, ---, Y, such that E(Y,) = k., for+ = 1, --- | s, where
ki > 0, E(Y) =0fori=s+1,--- ,n;and oy, < M*fori=1,--- ,n.
Then (Y, , --- , Y,) is a sufficient statistic for (6, , - - - , 6.), and it is easily shown,
using the methods of [6], that ({—1, ,%

1 g
(61, -+, 0,). But this is the Markoff estimate. In order to complete the proof we

must show that the risk of this estimate takes on in & its supremum over ¥. But

1
thisis immediate; for E D_ I, [f{(X) — 6> = E2> %, (—- - 0) sSMPYL k2

i

) is the minimax estimate for
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In a similar manner it is easily shown that the least squares estimate for a
linear function of one or more of the é’s, is the minimax estimate.

Theorem 6.5 gives a justification of the least squares estimate different from
that of the Markoff theorem. In the Markoff theorem, it is shown that the least
squares estimate has uniformly smallest risk among all linear unbiased estimates;
here it is shown that the least squares estimate minimizes the maximum risk
among all estimates. (The assumptions concerning variances also differ.)

7. Prediction problems. Frequently one is interested in estimating the value
of a random variable rather than that of a parameter. A customary method for
this is to estimate the expectation of the random variable (a parameter) and then
to “identify”’ the variable and its expectation; i.e., to use the estimate of the
expectation as a prediction for the variable. As we shall see below one is led to
this procedure if one adopts the point of view of unbiased estimation, so that
from this point of view prediction poses no new problem. This however is no
longer true when one employs the minimax principle.

Consider a pair X, Y of random variables having a joint distribution P
belonging to a family & of distributions. It is desired to use the observed X to
predict, say, ¢(Y). We are interested in minimax predictions; i.e., functions
f(X) which minimize supe.s E-Wg(Y), f(X)]. To obtain minimax predictions
we need the following analogue of Theorem 2.1.

THEOREM 7.1. Let {Ps}, 0 € w be a parametric subfamily of F, and let \ be a

probability measure over w. Suppose that f ts such that f EsWig(Y), f(X)] d\(0) is

minimum, and that

(1) EsWg(Y), f(X)] is constant, say = ¢, for all 0 € w,

(1) EpWig(Y), f(X)] = cfor all P € J.
Then f is a minimazx prediction for g(Y).

The proof is the exact analogue of that of theorem 2.1.

COROLLARY 7.2. A constant risk Bayes prediction ts a minimax prediction.

Suppose now that X and Y are independent and that Wig(y), f(z)] =
l9(y) — f(@)]. Consider the problem first from the point of view of unbiasedness.
A prediction could reasonably be called unbiased if Exf(X) = Epg(Y). Subject to
unbiasedness, the risk is given by E:[g(Y) — f(X) = o:f(X) + o3 g(Y).
But ¢7g(Y) is a known function of P, and hence the problem of minimizing
(for a particular P) the expected squared error reduces to that of finding an
unbiased estimate of Epg(Y) with minimum variance at P. In a similar way one
sees, without any restriction to unbiased predictions, that the Bayes prediction
for g(Y) 1s the same as the Bayes estimate for Epg(Y), and hence that formula
(4.2), with g(P) replaced by Epg(Y), may be used if the assumptions there made
are valid.

One might expect that as in the unbiased theory the prediction will coincide
with the estimate. This however is not the case since the A’s that give constant
risk in the two cases will usually be distinct. In fact the two problems are rather
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different in that the ‘“least favorable’”” A for the prediction problem must not
only take into account the difficulty of finding the correct value of 6 for various
a priori distributions but also the difficulty of predicting g(¥Y) when 6 is known.

As a first example consider the prediction analogue of problem 1 of section 5.
Let X, Y be independent binomial variables such that P(X = k) =

(”I:) P —p)"Fand P(Y =1) = (7;’) p'(1 — p)™"". Weshall obtain the minimax

prediction of Y in a manner quite analogous to the one in which we determined
the minimax estimate of p. Actually, the present problem is a generalization of
the earlier one, to which it can be reduced by letting n — . First it is easily seen

that \
E<a2-(+.3‘z>
m n

is a quadratic function of p, which when m > 1 is constant for

m 1 1 1
a_m~1l:1 1/77#;"77"7]’
1._

6: [24

2

But we have already seen that a;zrf + B is the Bayes solution corresponding to

a—1 b—1 m a l —«
= — = - . r] =
Cp* "¢  where a m-l—a+b’ﬂ m T aTb Clearly g 3 when
a = b,and a > 0 provided 0 < a < 1, which is easily verified when m, n > 1.
We note that as n — o, the values of «, 8 tend to those of the minimax estimate
of P.

X Y\*.
Whenm = 1, F aﬁ+ﬁ_ﬁ i1s constant for a =

n—1 1 — a

2n )B= 2 ?

and again « 72(7; -+ Bis the Bayes estimate of a beta distribution when n > 1, and

hence minimax.

Finally in the case n = 1, the situation degenerates. Since E(2 — Y)* = 1, the
prediction f(X) = % has constant risk. In addition it is the Bayes prediction
corresponding to the distribution which assigns probability 1 to p = 3. Hence
in this case, regardless of the value of X one would predict for ¥ the value }.

It is interesting that the above prediction problem can be interpreted also as
an estimation problem in the following manner. Suppose a lot of size N = m +n
is such that the number of defectives follow a binomial distribution; this is the
case when the items making up the lot are produced by a manufacturing process
that is in statistical control. It is desired to estimate from a sample of size m
taken from this lot, the proportion of defectives in the remainder. That this is
equivalent to the prediction problem treated above follows from a. remark of
Mood [13] that in such a lot the number of defectives in the sample and in the
remainder are independently distributed according binomial distributions with
common p.
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We can again use the binomial results to obtain the solutions of certain non-
parametric problems. For example, let X;, ---, Xm be independently ard
identically distributed on [0, 1] and let ¥, , --- , ¥, be another sample from the
same distribution. Then the minimax prediction for ¥ is given by «X + g with

S PR/ e R

that

E@X +8-T) =B -p) - T -+ @+ @— Dl
=a’(%+%)a2+ B+ (a — Dl

< az(%l + 7—1) w(d = u) + [8 +(a — Dl

An analogous modification clearly is possible for theorem 6.4.

For the situation considered in 6.5, the prediction problem gives the same
result as the estimation problem. For consider first two samples X;, ---
Xn;Y,, -, Y, from a normal distribution with known variance ¢*. Here

E’[f(Xl)"'y Xn) _ le = Epo(X;,'--, Xm) —_ 0]2 +%,

and hence the risk differs from that of the estimation problem only by a con-
stant. Thus X is the minimax prediction of ¥, and it is then seen immediately
that it is also the minimax prediction for ¥ when of the underlying common
distribution of the X’s and Y’s it is assumed only that the variance is bounded.
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