SOME PROPERTIES OF FREE GROUPS

BY
HERBERT FEDERER AND BJARNI JONSSON

1. Introduction. In this paper the methods introduced into the theory of
free groups by Jacob Nielsen(!) are applied and extended. It is shown (3.9)
that if Nielsen reductions are applied af random to a finite sequence of ele-
ments of a free group, then the process will terminate after finitely many
steps and vyield a free generating set for the subgroup generated by the given
elements. It is proved (4.2) that if G is freely generated by the set X and if a
subgroup H of G is well ordered in any manner consistent with X-length, then
H is freely generated by the set of all those elements which are not expressible
in terms of preceding elements(?). The homomorphisms of free groups into
free groups are completely described by the theorem (6.4) that if f is a homo-
morphism of a free group G onto a free group H, then G is expressible as a free
product of two subgroups such that f maps one factor isomorphically onto H
and f maps the other factor onto the identity element of H(3). The answer
to the question whether a given finite subset of a free group generates a free
factor of this group is shown (5.1) to be finitely computable.

Since Nielsen’s fundamental paper is written in Danish, the present paper
includes an exposition (§3) of that part of his work which it uses—with cer-
tain modifications.

The paper is so arranged that the reader may pass from §3 to any of the
last three sections, which are substantially independent of each other.

2. Elementary facts. We say that the group G is freely generated by X if

Presented to the Society, April 30, 1949; received by the editors April 1, 1949.

(*) J. Nielsen, Om Regning med ikke-kommutative Faktorer og dens Anvendelse i
Gruppeteorien, Matematisk Tidsskrift (1921) pp. 77-94. Related papers by the same author
are Uber die Isomorphismen unendlicher Gruppen ohne Relation and Die Isomorphismengruppe
der freten Gruppen in vols. 79 and 91 of Math. Ann.

(®) This implies the theorem of O. Schreier, Die Untergruppen der freien Gruppen, Abh.
Math. Sem. Hamburgischen Univ. vol. 5 (1926) pp. 161-183, which states that every subgroup
of a free group is a free group.

(®) The authors wish to thank Professor R. Baer for informing them that, in the special
case in which G is finitely generated, this can be proved by a method used by F. Levi, Uber die
Untergruppen der freien Gruppen (2. Mitteilung), Math. Zeit. vol. 37 (1933) §3, pp. 95-97. See
also J. H. C. Whitehead, On equivalent sets of elements of a free group, Ann. of Math. vol. 37
(1936) pp. 782-800, in particular §4, I. Gruschko, Uber die Basen eines freien Produktes von
Gruppen, Matematicheskii Sbornik vol. 50 (1940) pp. 169-182 (Russian with German sum-
mary), and A. G. Kurosch, Teoriya Grupp. OGIZ, Moscow-Leningrad, 1944 (Russian), in
particular p. 314. We believe that the two theorems stated on p. 303 by Kurosch, and sub-
stantially credited to Gruschko, can probably be extended to the case of infinitely many
arbitrary free factors by a convergence process very much like the one which we develop in §6.
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2 HERBERT FEDERER AND BJARNI JONSSON [January

and only if X generates G and for every function f on X into any group K
there is a homomorphism F of G into K such that F(x) =f(x) for xEX.

A free group is a group which is freely generated by some set.

It follows at once that if G and G’ are freely generated by X and X’ and
if card X =card X'(%), then every one-to-one correspondence between X and
X' can be extended to an isomorphism between G and G’. Hence the iso-
morphism type of a free group is determined by the cardinal number of any one
of its free generating sets.

It follows that G is freely generated by X if and only if XNX~!=0 and
every element of G is uniquely expressible in the form

H Yiy
i=1
where 7 is a nonnegative integer (in case n=0, the product is the identity
element of G), 31, * -+, ¥.EXJIX' and y; =y, for i=1, .- ., n—1.
Clearly the unique representation property implies the homomorphism
property. In order to prove the converse it is sufficient, in view of our pre-
ceding remark, to construct a single group which is freely generated by a set
with prescribed cardinal number and such that the unique representation
property holds. Such a group is readily constructed as a homomorphic image
of a semigroup of finite sequences.
It further follows that G is freely generated by X if and only if G is
generated by X, XMNX—1=0, and there do not exist elements y, - - -, ¥,
€X'\ UX! such that

Hy,~=e, n >0, y.-;éy;ll fori=1,---,n—1,
=1

We observe that {e} is freely generated by 0.

If G is freely generated by X and C is the commutator subgroup of G,
then G/C is a free abelian group generated by the image of X under the
natural homomorphism. If S is the subgroup of all squares in G/C, then the
cardinal number of (G/C)/S equals 2% X or card X according as X is finite or
infinite. Hence the cardinal number of a free generating set of a free group is
determined by the group.

In case G is freely generated by X we associate with each ¢ €G the non-
negative integer Lx(a), the length of a with respect to X, by the conditions

Lx(a) = n, a = fI Viy

=1

yl,'--,ynEXUX—l, y,-;éy::lfori=1,...,n——1.

(*) We agree that card X =the cardinal number of X.
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1950] SOME PROPERTIES OF FREE GROUPS 3

In particular Lx(e) =0.
If g, - -+, an€EG, then

Lx( fIla.~> =< 2":Lx(a¢)
with equality holding if and only if
Lx(aiaiy1) = Lx(a;) + Lx(gip1)fori=1,---,m— 1,
If a, bEG, then there exist unique #, v, wEG such that
a = uvl, Lx(a) = Lx(u) + Lx(v),
b= vw, Lx(d) = Lx(v) + Lx(w),
ab = uww, Lx(ab) = Lx{w) + Lx(w).

We say that « is an initial X segment of a if and only if there is a v such
that

a = uyl, Lx(a) = Lx(u) + Lx(v).

We observe that in this case v is an initial X segment of a~'.
Extending the notion of length, we define

4
Lx(a) = ELx(a;)
=1
for every p-termed sequence a of elements of G.
We say that the group G is the free product of its subgroups Hy, + - -, H,,
and write

G = Hy+Hy» - -+ s« H,,

if and only if H\\UH,\J - - - \UH, generates G and for any homomorphisms
fi, - -, foof Hy, - - -, H, into any group K there is a homomorphism F of
G into K such that F(x) =f;(x) for x€H;, j=1, -, s.

It follows that G=H, + Hy » - - - + H, if and only if every element of G is
uniquely expressible in the form

H Xy
=l
with exx;CHy) for ¢=1, - - -, nand p(@) #=p(i+1) for =1, - - -, n—1.
For each subset 4 of a group G we let [4] be the subgroup of G generated
by A.
Among the sets which generate a group there are some whose cardinal
number is minimal. This cardinal number is the rank of the group. We ob-
serve that rank {e} =0.
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4 HERBERT FEDERER AND BJARNI JONSSON [January

If G is freely generated by A\UB and ANB =0, then [4], [B] are freely
generated by 4, B and '

G= [A]i [B]

If H, K are freely generated by 4, B and if G=H *+ K, then G is freely
generated by A\UB.

The class of elementary transformations of order n is the least class C
with the following properties:

(1) Every element of Cis a function which maps the class of all n-termed
sequences of group elements into itself.

(2) C is closed to superposition.

(3) If 1=¢<n and g is the function such that

g(a) = (0!1, oty Qi a-’_l, Qiy1y " ° Oln>

for every n-termed sequence « of group elements, then g&C.

(4) If 1245j=<n and g is the function such that

g(a) = (alr Tty Q] QG Qily an)

for every n-termed sequence a of group elements, then g&C.

It is easy to check that if the group H is freely generated by the range of
a univalent n-termed sequence « and if g is an elementary transformation of
order #n, then g(a) is a univalent sequence and H is freely generated by the
range of g(a).

We observe that to every permutation of the integers 1, -« -, n there
corresponds an elementary transformation of order 7.

3. Nielsen reductions. Jacob Nielsen(5) discovered a process which allows
one to compute from each finite subset 4 of a free group, in finitely many
steps, a set B such that [4] is freely generated by B. This section describes
Nielsen’s method; in particular the theorems 3.10, 3.11, 3.13 are due to him,
and 3.9 generalizes one of his results by allowing greater freedom in the
computational process without impairing its finitary character.

Suppose G is freely generated by X. A subset 4 of G is said to have the
Nielsen property with respect to X if and only if

(1) ANA—1=0,

(2) a, bEA\JA, Lx(ab) <Lx(a) implies that b=a1,

3) a, b, c€A\JA™!, Lx(abc) <Lx(a)—Lx(b)+Lx(c) tmplies that either

b=a1'or c=b"1
3.1. LemMA. If G is freely generated by X, ACG, A kas the Nielsen property

with respect to X, and if a1, - - - , e, EA\JA, a;54a}y for i=1,- - -, s—1,
and b= H:_l ai, then there exist y1, + + + | ¥s, 20, * * + , 2.E&G such that

(5) See footnote 1.
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1950]) SOME PROPERTIES OF FREE GROUPS 5

Bo=zo=e  @=ziaya,  YiEe
Lx(a;) = Lx(2i—1) + Lx(v:) + Lx(z:),
LX(Zi—l) = Lx(ai)/z, LX(Z.') = Lx(a,-)/Z,

b= fI v,  Lx(d) = iLx()’.‘)y

Lx(b) = Lx(e1)/2 + s — 2 + Lx(a,)/2.

Proof. The statement is trivial in case s =1. Using induction, suppose the
statement holds for s and let

s+1
-1 .
al,---,a,+1€G,a,-;£a.-+1 for $=1,“',S, 3=Hai.

i=1

Determine b, y1, *+ =+, ¥, %0, * * *, 2 in terms of a4, + - + , @,.
Choose u, v, wEG so that
a, = uvl, Lx(a,) = Lx(u) + Lx(v),
Qg1 = v'w—l, LX(“H-I) = LX(”) + LX(w)v

Ayqy1 = uw_l, LX(a'aa/8+l) = Lx(u) + LX(w)'

Subtracting the last of the three equations on the right from the sum of
the first two and using (2) in the definition of the Nielsen property, we find
that

2Lx(9) = Lx(a,) + Lx(@sr1) — Lx(@:05r1)
< inf (Lx(as), Lx(as4+1)),
Lx(u) 2 Lx(e.)/2,  Lx(w) 2 Lx(ass1)/2.
Hence # and z,_; are initial X segments of a, with Lx(2,—,) £Lx(u), and we
choose &G so that
%= Z,_17, Lx(u) = Lx(2,—1) + Lx(r).
We shall prove that r>e. In fact, ifbr=e, then
By 10ylei1 = Zs_2¥e1W 1,
Lx(@:-1040441) = Lx(%—2) + Lx(ye—1) + Lx(w)
= Lx(as—1) — Lx(3:—1) + Lx(as+1) — Lx(2)
= Lx(@,-1) — Lx(as) + Lx(as41),

and we would get a contradiction from (3) in the definition of the Nielsen

property.
Defining 71, « -+, %a41, $o, - * * 5 Cap1 DY the formulae
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6 HERBERT FEDERER AND BJARNI JONSSON [January

N = Y for i=1,---,5—1; Ne = 7, 77:+1=w_1v
§o=2 for ¢=0,--+,5—1; {=9 {n=ce,
we readily check that the statement of the lemma holds with s, b, ¥, z replaced
by s+1,8, 9, {.
3.2. CorOLLARY. The hypothesis of Lemma 3.1 implies that
k
Lx(Ha;) SLx(b)for1 S j<kSs.
=i
Proof. For 2 <s we have
Lx(z) £ Lx(az+1) — Lx(26) = Lx(¥a+1) + Lx(Zr41),

k k
Lx( II a,-) = Lx(zi-1) + 2 Lx(y:) + Lx(zs)

-7 i
k+1 k1

< Lx(z;1) + 2, Lx(y:)) + Lx(za41) = Lx( II ai)-
=i =7

It follows that

Lx( ina.-) = Lx( ga;>.

A similar argument yields the inequality

Lx( ﬁa.-) < Lx( fIa.-) = Lx(b).

$a=f 1=l

3.3. CoroLLARY. The hypothesis of Lemma 3.1 implies that
Lx(as) = Lx(®)fori=1,---,s.

3.4. COROLLARY. If A has the Nielsen property with respect to X, then [A]
is freely generated by A.
Furthermore

La(d) < Lx(®) forb € [4].

Proof. Since the hypothesis of Lemma 3.1 cannot hold with s>0 and b=e¢,
[4] is freely generated by A.

3.5. REMARK. It is possible to show that, even if 4 satisfies only (1) and
(3) of the definition of the Nielsen property, [4] is freely generated by 4.
However, we shall never use this fact, proof of which is somewhat more
involved.

3.6. DEFINITION. Suppose G is freely generated by X and « is a finite se-
quence of elements of G.
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1950} SOME PROPERTIES OF FREE GROUPS 7

For a €G, let Mx(a, o) be the number of ordered pairs (¢, v) for whichv= *1
and a is an nitial X segment of of.

Also let Nx(a, a) be the number of ordered pairs (¢, v) for whichv=+1, a s
an tnitial X segment of of, and Lx(a) < Lx(a:)/2.

For each positive integer k, let

Py(@) = I Wx(a, a) + 1),
oES

where S= {a|aE€G and Lx(a)=F}.

We observe that if ¢ is an indtial X segment of both ¢ and ¢! and if c##e,
then Lx(a) <Lx(c)/2.

Otherwise we could find y &G such that

c = ayl, Lx(y) = Lx(¢c) — Lx(a) = Lx(a).

Then a and y would be initial X segments of ¢! and we could choose 2&G
so that

a = yz Lx(e) = Lx(y) + L(z).
Consequently
¢=yzy',  Lx(¢c) = Lx(y) + Lx(2) + Lx(y).

Thus ¢ =yz and yz~! would be initial X segments of ¢! with equal X length,
Hence yz=yz"1, z=¢, c=e.

3.7. DEFINITION. Let G be freely generated by X.

Suppose o and B are n-termed sequences of elements of G. We say that

B is an X reduction of o

if and only if there are integers i, u and elements a, b of G such that
1) u= =1, of =ab~', Lx(a;) =Lx(a)+Lx(b) >0,
either (2) Lx(a)<Lx(b) and Mx(d, o) 22,
or (3) Lx(a)=Lx(d), Nx(a, @) =2 and Nx(b, a) 22,
(4) Bi=dfa;in casej*1 and bis an initial X segment of a; but not of o *,
(5) Bi=aja;* in case j~i and b is an initial X segment of o; " but not}of
O,
(6) B;=ofajor ™ in case j i and b is an initial X segment of both a; and
ajl,

(7) Bi=qay for all j not covered by (4), (5), (6).

3.8. CorROLLARY. Under the conditions of Definition 3.7 we have:

(8) There is an elementary transformation g such that g(a) =0.

(9) Lx(B;) SLx(a;) forj=1,---,mn.

(10) If Lx(a) <Lx(b), then Lx(8) <Lx(c).

(11) If Lx(a)=Lx(d)=m and Lx(B)=Lx(a), then P3(B) <Px(a) and
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8 HERBERT FEDERER AND BJARNI JONSSON [January

Px(B) < Px(c) for k>m.

Proof. The statements (8), (9), (10) are obvious. Suppose now that the
hypotheses of (11) hold. Then

Lx(8;) = Lx(a)) forj=1,---,n,
Nx(,8) =1, ‘
Nx(a, 8) = Nx(b, @) + Nx(a, @) — 1,
Nx(c,B8) = Nx(c, a) whenever Lx(c) =m, ¢ # a, ¢ # b,
and since
220+ <(p+ D@+ Nforp>1,¢>1,
we have

(Nx(b, 8) + D(Nx(a, 8) + 1) < (Nx(b, a) + 1)(Nx(a, ) + 1),
P3(8) < Px(a).

Next suppose k>m. If Lx(c) =k and neither a nor b is an initial X seg-
ment of ¢, then

Nx(c, 8) = NX(Cr @).

All other ¢ for which Lx(c) =k are of the form ad or bd with Lx(d) =k —m.
In case Lx(ad) =k but Lx(bd)=k, then

Nx(ad, B) = Nx(ad, a).
In case Lx(bd) =k, but Lx(ad) =k, then
Nx(bd, 8) = 0 = Nx(bd, a).
In case Lx(ad) =k and Lx(bd) =k, then

Nx(bd, 8) = 0,
Nx(ad, B) = Nx(ad, a) + Nx(bd, a),
and since
p+g+1=(p+1)(g+ 1) wheneverp 20,¢ 20,
we have
(Nx(ad, B) + 1)(Nx(bd, B) + 1) £ (Nx(ad, @) + 1)(Nx(d, a) + 1).

Pairing ad and bd whenever the last of these cases occurs, we obtain the
inequality

P%(8) < Px(a).
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1950} SOME PROPERTIES OF FREE GROUPS 9

3.9 THEOREM. If G s freely generated by X and o'V, - - - , a'® are such
n-termed sequences of elements of G that otV is an X reduction of a'® for
1=1,. .., p—1,and if g=Lx(a?®), then

p = (g + 1)(2n)e

Proof. Let V be the set of all those g+1 termed sequences v of integers
such that

0=n=yg 129, = 2u)rfori=2,--.,q+ 1.

We order V lexicographically so that v <w if and only if there is an integer
j such that v;=w; for 1 £4<j and v;<w;. Let

1” = (Lx@?), Px(@™), PX(a7), - - -, Px(@™))
for =1, - - -, p and note that
@DV for i=1,---,p, p(HD) < 9@ for {=1,---,p—1,

p=card V = (¢ + 1)(2n)%".

3.10. THEOREM. If G 1s freely generated by X, o is a finite sequence of ele-
ments of G, and if there exists no X reduction of a, then (range a— {e}) has the
Nielsen property with respect to X and

a; = a; implies i = j or a; = e.

3.11. THEOREM. Suppose G 1is freely generated by X and A is a finite subset
of G. Then [A] is a free group.

In fact, [A] is freely genmerated by a set B which has the Nielsen property
with respect to X. Furthermore

card B = card 4,
with equality holding if and only if [A] is freely generated by A.

Proof. Let n=card 4 and let o? be a univalent n-termed sequence
whose range is 4.

Let a®, - - -, a® be n-termed sequences such that «+V is an X reduc-
tion of a'® for £=1, - - -, p—1 and such that there exists no X reduction of
a®, Then the set

B = range a® — {¢}
has the Nielsen property with respect to X. Therefore the group
[4] = [range a®] = [range «®] = [B]
is freely generated by B, and

card B < » = card 4.
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10 HERBERT FEDERER AND BJARNI JONSSON [January

If [A] is freely generated by A4, then card B=card 4.

If card B =card 4, then card B =#; hence a'® is univalent, range a‘® =B,
and [4] is freely generated by range a®. Since there exists an elementary
transformation g of order # for which g(a®) =a®, we conclude that {4] is
freely generated by range oV =4.

3.12. REMARK. Suppose A and B are as above. Then

2. Lx(b) < 2 Lx(a),
»EB aE4

and if equality holds, then [A] is freely generated by A — {e }
This inequality holds because the left member equals Lx(a‘®), the right
member equals Lx(a®), and

(»)

Lx(e)”) < Lx(ay ) forj=1,- -+, n.

If [A] is not freely generated by 4 — {e}, then

card {]l a}l) # e} = card (4 — {e}) > card B
card {j|a§-m;ée}.

We therefore have of’ e and of”’ =¢ for some j, and strict inequality holds.

3.13. THEOREM(®). If G is freely generated by A, then rank G =card 4.
If G is a free group, G=[A], rank G is finite and rank G=card A4, then G
is freely generated by A.

Proof. In case rank G is infinite, the conclusion follows from the fact that
card G=card A for every set 4 such that G=[4].

From now on suppose rank G is finite, and suppose G is freely generated
by X. Clearly rank G =<card X.

First we choose a finite set 4, for which G = [4,] and rank G =card A4,.
We use Theorem 3.11 to obtain a set By such that card BoScard 4o and G is
freely generated by B,. Hence card X =card Bo=<rank G, and we conclude
that

card X = rank G.

Now, if G is freely generated by 4, then card 4 =card X =rank G.
On the other hand, if G=[4] and rank G =card 4, then 4 is finite. If G
were not freely generated by 4, then Theorem 3.11 would yield a set B such

() An immediate consequence of this result, due to J. Nielsen, loc. cit. footnote 1, is the
theorem, conjectured by H. Hopf, that every homomorphism of a finitely generated free group
onto itself is an isomorphism. In fact, if G is freely generated by the finite set X and fis a
homomorphism of G onto G, then G = [f(X)] and rank G Scard f(X) Scard X =rank G, hence
G is freely generated by f(X). Consequently f is an isomorphism. W. Magnus, Beziehungen
swischen Gruppen und Idealen in einem speziellen Ring, Math. Ann. vol. 111 (1935) pp. 259-280,
has published a proof of this theorem.
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1950} SOME PROPERTIES OF FREE GROUPS 11

that G=[B] and card 4 >card B=rank G.

4. Level sets. The main result of this section is Theorem 4.2, and the
reader may better understand our motivation by glancing at 4.2 and 4.3
before reading 4.1.

Suppose G is freely generated by X. A subset 4 of G will be called a level
set with respect to X if and only if [4] is freely generated by 4 and for each
b&[A] we have

bE[{alaEA and Lx(a)éLx(b)}].

It follows from Corollary 3.3 and the first statement in Corollary 3.4 that
every set which has the Nielsen property with respect to X ts a level set with re-
spect to X.

In case [A] =G, we see that 4 is a level set with respect to X if and only
if there is a subset ¥ of X such that 4 =(X—-Y)U ¥~

For each subset A of G and each nonnegative integer n we define

QX(Ar n)

as the set of all #-termed sequences « of elements of G such that

(1) [range a]=[4],

(2) o [{esli<i}] for 15ism,

(3) If 1gi<n, bE[4], and Lx(b) <Lx(a:), then b€ [{a;|j <4} ].

We observe that if 4 is a level set with # elements, then there is a uni-
valent sequence a € Qx(4, #) for which range a=4.

In case [A] is freely generated by A and «, 38 are elements of Qx(4, n), we
say that 8 is an admissible reduction of a with respect to A and X if and only if
there are integers 7, j, #, v such that

12i#j5=n, u=+1, 2= + 1, a; & A\ A7,

u

B;=aia; Lx(8) = Lx(a;),  La(B;) < La(as),
Br = apfor k # 7.

4.1. LEMMA. Suppose ACG and a EQx(A4, n). We then have:

(1) [A] is freely generated by range o.

(2) If A has the Nielsen property with respect to X, then there exist
aV, ..« aPECQx(A4, n) such that oV =a, a*+V 45 an admissible reduction of
oD with respect to A and X for i=1, - - -, p—1, and

range a® C A\J 4L

Proof. These statements are trivial in case #=0. We shall use induction
with respect to #.

First we show that, for each integer #, (2) implies (1).

In fact, if ACG and aE€Qx(4, n), then [4] is finitely generated and
there is a set BCG such that [B]=[4] and B has the Nielsen property
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12 HERBERT FEDERER AND BJARNI JONSSON [Januvary

with respect to X. Then aEQx(B, n) and there exist successive admissible
reductions a=a®, a®, . . ., a®P & Qx(B, n) with respect to B and X such
that range a® CB\JB™1. Since 87 #0; for BEQx(B, n), 1 Zi<j=n, u==+1,
we conclude that [B] is freely generated by range a(®. Since a can be ob-
tained from a® by an elementary transformation, it follows that [B] is
freely generated by range c.

Now assume 7 is a positive integer and that the lemma holds with #

replaced by any smaller integer.

In order to prove (2), suppose A has the Nielsen property with respect to
X and a&EQ0x(4, n).

If B, yEQ=x(4, n) and v is an admissible reduction of § with respect to 4
and X, then Lai(v) <L4(B). Hence every sequence of successive admissible
reductions with respect to 4 and X is finite, and we may just as well assume
that there is no admissible reduction of o with respect to A and X, and prove that,
in this case, range a CA\JA™L

Since & Qx(4, n), we have

Lx(a;) < Lx(aiya) fore=1,--+,n— 1.
Let {=Lx{e,), let m be the least integer such that Lx(om41) =t and let
B=(u - ,an), B={ala€4,Lx(a) <t}

Since « EQ0x(A, n) and A has the Nielsen property with respect to X,
which implies that A4 is a level set with respect to X, it follows that

[range 8] = [[4] n {o] Lx() <#}] = [B],

BEQx(B, m), B has the Nielsen property with respect to X.
We observe that there exists no admissible reduction of 8 with respect to
B and X because every such reduction would induce an admissible reduction
of o with respect to 4 and X. Since m <z, we may apply (2) to B, 8, m and
conclude that
range 8 C B\U B,
range 8\U (range 8)~! = B\U B~L.

Next we shall prove the following statement:
If Lx(a,‘) =t, then LA(aj) <2 and ajE [A ‘—B]
Suppose L(a;) =s and

aj=1law, ax€AUAork=1,---,s

k=1

In case a;€B\UB-!, we have ay=a; * with 1Sm <j, u=+1, Lx(cfa;)
< Lx(a;) by Lemma 3.2, and Lx(cfe;) =t because a;€F [B]. Then the sequence

“
<C(1, Sty (], GO, Gty T Ty aﬂ)
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1950} SOME PROPERTIES OF FREE GROUPS 13

would be an element of Qx(4, #) and an admissible reduction of a with re-
spect to 4 and X.

Hence Lx(a:) =¢. Similarly Lx(a,) =t.

By Lemma 3.1 we have

t =Lx(a;) = Lx(a1)/2 4+ s — 2+ Lx(a,)/2 = s — 2+ ¢,

hence s £2. This proves our statement.

Let C={a;|La(ey) =2}.

Then card C<#%, because otherwise L4(b)=2 for b&Erange «, hence
La(b) would be even for & [range a]=[4].

Let v be the subsequence of a such that range y=C.

For each & C we successively infer that b&EB\UB~!, b&krange 8, Lx(b) =4,
bE[A—B]. It follows that [C]C[4 —B] and that yEQx(C, card C). We
apply (1) to C, v, card C and conclude that

[C] is freely generated by C.

Let D be the set of all those elements of 4\JA~! which are initial 4
segments of elements of C\JC~1 Then

DAD'=0,
because otherwise there would exist a, b, ¢ such that
a,bcc(4A—-B)\J(A~— B and ebalcecCUC,

and we could apply Lemma 3.1, with s=3, a1=c¢"!, aa=a, as=b to infer
that cla=y1y22; }, ab=z1y2ys,

Lx(y1) + Lx(y2) + Lx(z2) = Lx(c7'a) = ¢,

Lx(z1) + Lx(y2) + Lx(ys) = Lx(ab) = ¢.
Adding the last two equations we would obtain

Lx(ctab) + Lx(a) = 2t = Lx(c™') + Lx(b),

contrary to the fact that 4 has the Nielsen property with respect to X.

Next we shall prove the following statement:

If C#0, then card C<card D—1.

Consider a graph whose vertices correspond to the elements of D and
whose edges correspond to the elements of C in such a way that the end
points of the edge corresponding to ¢ are the vertices corresponding to the
initial A segments of ¢ and ¢~ Since every simple closed polygon corre-
sponds to a sequence of elements of C'\UC-! whose product is e and since [C]
is freely generated by C, our graph is a tree. Since the difference between the
number of vertices and the number of edges of a tree equals the number of
its components, we conclude that
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14 HERBERT FEDERER AND BJARNI JONSSON [January

card D — card C = 1.
Next we define
E=AN DYDY,
F = A N (range o \U (range o)1),
and we shall prove the following statement:

If C#0, then n=card A+card (ENF)—1.
This inequality holds because

n=cardF + cardC = card F 4+ card D — 1
=card F + card E — 1 = card (E\UF) + card (ENF) — 1.
The remainder of our argument will hinge on the following proposition:
If124Zn,8=(, - - -, a;), and if [range 8] is freely generated by range §,
then a; € D\U D1,

In fact, if o™ were an initial A segment of of, with o;EC, then the
sequence

u v
<0!1, Tty Oy @G, Gy, t C, aﬂ)

would be an element of Qx(4, #) and an admissible reduction of « with
respect to 4 and X.

Now if 1£4<n and 8= (o, - - -, @;), then §&Qx(range §, 7). Applying
(1) to range §, 8, 4, we conclude that [range 8] is freely generated by range
8. Hence

a; E DUDfori=1,---,n—1,

and (EMF) has no element except possibly a, or a;'. It follows that card
(ENF)=1.

If C0, then n<card A4, card range a<rank [range a] and we infer
from Theorem 3.13 that [range a] is freely generated by range a. Taking
i=n, 6 =a, we conclude that a,& D\JD"1, hence D=0, C=0.

Consequently C=0, range a CA\UA~1,

4.2. THEOREM. Suppose G is freely generated by X and H is a subgroup of
G. If H is so well-ordered by the relation < that

aC H b&E H,a <b implies Lx(a) < Lx(b)
and if A is the set of all aEH, for which
ek [{b] b€ [H]and b < a}],
then H is freely generated by A ; in fact A is a level set with respect to X.
Proof. Clearly H=[4].

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1950] SOME PROPERTIES OF FREE GROUPS 15

Suppose B is any finite subset of 4.
Let C be the set of all a € [B] for which

a & [{b]b € [B]and b<a}].

Then BC C and no element of C comes after the last element of B. Choos-
ing such a finite subset ¥ of X that BC[Y], we have

C C {a|la€ [V]and Ly(a) < sup Ly(b)}
=)

and conclude that C is finite. Let vy be the finite sequence such that range
v¥=C and v, <#; for £<j. Then yEQx(B, card C) and we infer from Lemma
4.1 that [B] is freely generated by C. Since BCC, we have B=C.

Hence [B] is freely generated by B.

4.3. REMARK. An immediate consequence of the preceding theorem is the
statement that every subgroup of a free group is a free group, which was first
proved by Schreier in a quite different way (7). We note that, though Schreier’s
construction is not similar to ours, his free generating set is a level set with
respect to X, like ours; in fact, Schreier’s set has the Nielsen property with
respect to X.

F. Levi has constructed a free generating set of a subgroup of a free
group by well-ordering the subgroup, as we do, but, unlike ours, Levi's well-
ordering is a special one(®). Levi's generating set has the Nielsen property
with respect to X.

In view of the arbitrary nature of the well-ordering which we use, it is
clear that every level set can be obtained, from some well-ordering of the sub-
group which it generates, in the manner described in Theorem 4.2.

4.4. THEOREM. If G is a free group, G=A + B, H is a subgroup of G and if
ACH, then there is a subgroup C of H for which H=A » C.

Proof. Choose E and F so that 4 and B are freely generated by E and F
respectively, let X =FE\JF, and well-order H by the relation < in such a way

that
aEH bEH,a<b implies Lx(a) £ Lx(b),

x < xlforx & E.
Let ¥ be the set of all a&H for which
a& [{#| b€ Hand b <a}]

It follows from Theorem 4.2 that H is freely generated by Y. Furthermore

ECY.
We let C=[Y—E] and conclude that H=[Y]=[E]+ [Y—E]=4 «C.

(?) See footnote 2.
(®) F. Levi, Uber die Untergruppen der freien Gruppen, Math. Zeit, vol. 32 (1930) pp. 315-

318.
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16 HERBERT FEDERER AND BJARNI JONSSON [January
4.5. THEOREM(®). Suppose G is freely generated by X, H is a finitely gen-
erated subgroup of G, and
Fi=[{a]ea € Hand Lx(a) S k}]for k=0,1,2,--- .
For every set A such that [A]=H we have
2. Lx(a) = 2 k-(rank F) — rank F;_,)
a€4 k=1
with equality holding if and only if A — {e} s a level set with respect to X.

We observe that Fo={e} and F,=H for large &.

Proof. We shall always assume that 4 is finite and that e A.
First suppose H 1s freely generated by A.

For k=0,1, 2, - -, let

A= {a|a € A and Lx(a) < &},

note that H=[4:] » [4 —A4.], [4:] CF, hence, by Theorem 4.4, there is a
group Ci such that Fy=[A4;] « Ci, and we have

rank F;, = rank [4;] = card 4,
with equality holding if and only if Fp=[4,].
Taking # so large that 4,=4 and F,=H, we obtain

Tz =3 5 Lz
a4

k=1 aCAy—A;

n n—1
D k-(card Ay — card Azy) = ncard A — 2 card 4,

k=1 k=1
n—1 n
= nrank H — D rank F, = 2 k-(rank F;, — rank Fy_,)
k=1 k=1

with equality holding if and only if
Fi= [Ay]fork=1,--+,n—1,

that is, if and only if A4 is a level set with respect to X.
Next suppose A generates H, but not freely.
From 3.12 we obtain a set B which generates H freely and for which

> Lx(a) > > Lx(b) = D k-(rank F, — rank F_y).
a4 1133

k=1
(*) The referee has pointed out a connection between this theorem and pp. 406407 of

On Schreier systems in free groups by M. Hall and T. Radé, Trans. Amer. Math. Soc. vol. 64
(1948).
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4.6(1®). THEOREM. If o and 8 are univalent n-termed sequences whose ranges
generate the same group freely, then there exists an elementary transformation g
of order n such that g(c) =p.

Proof. Let B=range 8. From Theorem 3.8 we obtain sequences a =y,
Y@, ... 4® such that ¥(+D is a B reduction of ¥® for ¢=1, . - -, p—1,
and such that there exists no B reduction of y(®,

Clearly ¥® can be obtained from « by an elementary transformation.

Since the range of each of these sequences generates [B] freely, we have
e€range ¥, and we conclude from Theorem 3.10 that range y® has the
Nielsen property with respect to B; hence it is a level set with respect to B,
and there is a subset Y of B such that

range ¥® = (B — V) U VL

Consequently 8 can be obtained from ¥ by an elementary transforma-
tion which permutes the terms of ¥ and replaces some of them by their
inverses.

4.7. THEOREM(1Y). Suppose G is freely generated by X. If o and B are
univalent n-termed sequences whose ranges generate the same subgroup of G and
are level sets with respect to X, then there exist univalent-n-termed sequences
a=yD, D ... y® =8 such that

Lx(a) = Lx(v®) =LxB) fori=1,---,p,

and such that, for =1, - - - | p—1, the sequence ¥+ is obtained from the se-
quence Y9 by an elementary transformation which either is a permutation or is
of one of the two special types described in (3) and (4) of the definition of the
term “elementary transformation” at the end of §2.

Proof. Choose A so that [4]=[range «] and so that 4 has the Nielsen
property with respect to X. Then «, & (Qx(4, 1) and by Lemma 4.1(2) there
exist sequences a=a®, - - -, @(? and =6, . - -, B such that

a0 is an admissible reduction of a(® with respect to 4 and X, for
i=1, -, q—1,

BG¢t+D is an admissible reduction of 8¢? with respect to 4 and X, for
i=1, -, r—1,

range @ C A\J 471, range BV C A\J AL

Since a(® and B are univalent sequences whose ranges generate [4]
freely, 8 can be obtained from a(? by replacing certain terms of a{? by their
inverses and then applying a permutation.

(*%) See footnote 1.

(%) This theorem appears to be substantially the same as Theorem 2 of J. H. C. White-
head, loc. cit. footnote 3.
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Since Lx(a®) =Lx(a) fori=1, - - -, gand Lx(8®) =Lx(B8) fori=1, - - -,
r, completion of the proof is immediate.

S. Free factors. In this section we show how to compute the answer to
the question whether a given finite subset 4 of a group G, which is freely
generated by X, generates a free factor of G; that is, whether there exists a
subgroup H of G such that G=[4] + H.

We may and shall henceforth assume that [4] is freely generated by 4,
because otherwise we could arrive at this situation by a finite number of X
reductions, without changing [4].

Clearly [4] is then a free factor of G if and only if 4 is a subset of some
set which generates G freely.

We may just as well assume that X is finite, for if it were not, we could
effectively choose a finite subset ¥ of X such that 4 C{¥], and by Theorem
4.4 the question whether [4 ] is a free factor of G is equivalent to the question
whether [4] is a free factor of [V].

In view of Theorem 5.1, which follows, we need, in case X is finite, only
consider all those subsets of G which contain 4 and have no element which is
longer than the longest element of A4 ; there are only finitely many such sets
and for each of them we can decide by a finite number of X reductions whether
or not it generates G freely.

Thus we have a method to decide the question.

We have not considered the problem whether Theorem 5.1 remains true
with the word “finite” deleted throughout, because Theorem 5.1 interests us
mainly for its computational applications.

5.1. THEOREM. If G is freely generated by the finite set X, A is a finite subset
of G, and if there exists such a subgroup H of G that
G=[4]+H,
then there exists a finite subset B of G for which
supLx(b) < supLx(a), G = [4]+[B].
bEB aEA

Proof. Suppose the theorem is false. Accordingly choose 4 and H so that
the conclusion does not hold and so that rank H is as small as possible.

In view of 3.11 and 3.12 we may assume that 4 has the Nielsen property.
Let

s = sup Lx(a).
a4

The hypothesis of the theorem implies the existence of some finite sets B
such that G is freely generated by A\UB and AMB=0. If B is any such set,

we have
Lx(b) > sfor b & B,
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because otherwise we could define
A'=4VV {b|bEBand Lx(®) s}, H = [B-4'],
infer that
G=[4"]+m, rank H' = card (B — 4’) < card B = rank H,
and apply the minimal property of rank H to obtain a finite subset B’ of G
for which

sup Lx(b) < sup Lx(a) < s,
bEB cE4’

G=[4]+[B] = [4]«[BN4']+ [B']
= [A]+[(Bn4) VU B,

sup Lx(b) = s,
bEBNANUE

contrary to the choice of 4 and H.
We now fix such a set B, define

m = card 4, n = card (AUB),'
and let @ be a univalent n-termed sequence for which
A={a|12i=m}, B={au|m<isgn}

We may just as well assume that there exists no X reduction 8 of a such

that
[{8:/1=i=sm}]=[a]
Since rank H>0, B0, m <n,
Lx(e;) >s=1form<i=Zn,

there exists, in view of Theorem 3.10 and the third and fourth paragraphs of
§4, an X reduction 8 of a. Reverting to the notation of Definition 3.7, we
observe that £>m and that we can choose j <m so that either (4) or (5) or
(6) holds.

Now (6) is excluded because Lx(a;) <s<Lx{a:).

Hence (4) or (5) holds, we have Lx(8;) <Lx(a;) s, define

C=(B—{a})\ {8,

and conclude that G is freely generated by 4\JC with ANC=0. It follows
from the first part of this proof (with C replacing B) that

Lx(d) > s fordb €C,

which is impossible because 8;& C and Lx(8;) <s.
5.2. ExaMPLE. We shall illustrate our method by applying it to the case in
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which
X = {=, v}, a= a3, A= {a}.

The answer will turn out to be negative, that is, [4] is not a free factor of

G.
If 4 is a free factor of G, then there is an element b of G such that

Lx(d) = Lx(a) = 5

and G is freely generated by {a, b}.

We shall, as is usually possible, shorten our computations by considering
G/C, where C is the commutator group of G, and the natural homomorphism
fof G onto G/C.

Then

f(a) = 2f(x) + 3f(3),
f®) = mf(@) + nf(y),

where m and # are integers and
|m|+|n| 5.

Since { f(x), f(y)} and { f(a), f(b)} are two bases of the free abelian
group G/C, we have

and (m, n) is one of the four pairs
(1' 1)7 (11 2 i (_'11 _1)7 (—17 _2)'

Consequently Lx(b) = 2.

Since {a, b} cannot have the Nielsen property with respect to X, there
are two possibilities:

In the first case

Lx(a*b®) < Lx(e)withu,v = + 1,
hence either x2? or y~2 must be an initial X segment of b or of -, and b is
either one of the elements
xzyx—-l, x2y2x—l, x2yx—-1y’ xyZ, y—lxy2’ y—lxy3,
or the inverse of one of these elements, a situation which we need not consider

separately.
In the second case

Lx(a%ba*) = 2Lx(a) — Lx(d) with u, v = + 1
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and Lx(b) is even, hence b is either the element
xy

or the inverse of this element, a situation which we need not consider sepa-

rately.
We compute the X reductions:

(%9, #?yx~t) — (xy?, ’yx7l),
<x2y3, x2y2x—l> — <xy, x2y2x—l>,
(#%y3, a?ya~ty) = (ylxy?, 2Pyxly),

(x93, xy?) — (xtyx~?, xy*),

(2293, y~lxy®) — (xy, y7'xy?),

(#%y%, zy) — (2?y2x71, xy).

There is no X reduction of any of the six sequences on the right, nor of the
sequence (x?y3, y~lxy?), and the range of none of these sequences generates G
because it is not a subset of X\UX~L.

Hence there exists no 8&G such that G is freely generated by {a, b}.

5.3. REMARK. Suppose G is a free group. It is obvious that:

If His a free factor of G, then H is a reiract of G, that is, there is a homo-
morphism 7 of G onto H such that r(x) =x for x&H.

In order to show that the converse of this statement is false we revert to
the preceding example, let H=[A4] and let 7 be the homomorphism of G onto
H such that 7(x) =a—! and r(y) =a. Then 7 is a retraction of G onto H, though
H is not a free factor of G.

6. Homomorphisms. It is quite obvious that if G and H are free groups,
G =S+ Z and rank S=rank H, then there exists a homomorphism f of G onto
H such that f maps .S isomorphically onto H and f maps Z onto the identity
element of H. The main purpose of this section is to show, as a consequence
of Theorem 6.4, that every homomorphism of a free group onto a free group
is of this simple type.

Since the argument of this section, leading up to Theorem 6.4, is some-
what involved, it may help to know roughly how one could give a relatively
simple proof of a special case of the result stated above:

In fact, assume that f maps the free group G homomorphically onto the
free group H and that rank G is finite. We suppose that H is freely generated
by Y. We take a finite univalent sequence ¥ whose range generates G freely,
let & be the f image of v, and pass by successive ¥ reductions from « to a
sequence 3 such that each term of 8 is either the identity element of H or
belongs to Y\U Y1, each element of Y\ ¥Y~! occurs at most once as a term of
B, and H is freely generated by these terms of 8. There is an elementary
transformation which carries « into 8; applying the same elementary trans-
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formation to 9, we obtain a univalent sequence d whose range generates G
freely, and such that the f image of J is 8. We then define Z as the group
generated by all those terms of 8 whose f image is the identity element of H,
and S as the group generated by all those terms of 6 whose f image is an
element of Y\U Y~ Then G=S5*Z, f maps .S isomorphically onto H, and f
maps Z onto the identity element of H.

6.1. LEMMA. If f is a homomorphism of G into H,
H is freely generated by ¥V, TCY,
v is an n-termed sequence of elements of G, a= {f(v1), - - -, f(va) ),
{aa, + - -, a,) ts a univalent sequence of elements of ¥,
and if there exists a Y reduction of a, then there exist d, 8, g such that
g is an elementary transformation of order n,
g(v) =38, gla) =B, B=(f(), - - -, f(Bu)
B is a Y reduction of o,
Sx=vyrfor k=1, -5,
and such that c € [T'] implies

v € [{8m| Bn € [T] and Ly(Bm) < Ly(ax)) or
(Ly(Bn) < Ly(ax)}].

Proof. Our notation will be consistent with that of Definition 3.7 except
that G and X will have to be replaced by H and Y.

In case there exists a ¥ reduction 8 of & with ;& [T'], we choose 8 accord-
ingly. In this case we may also assume that if a;=c¢ with k=<s and v= 11,
then 1=k.

In the alternate case, in which the preceding procedure is inapplicable, we
choose i and u so that if Ly(a) =Ly(b), then b& [T], and so that if ai=af
with 2<s and v= +1, then ¢==k.

In both cases we let g be the elementary transformation of order » such
that for each n-termed sequence £ of group elements and for j=1,---,n
we have

(g(8));=&; if the conditions of (4) hold,

(g(§));=&£&" if the conditions of (5) hold,

(g(8));=&E£" if the conditions of (6) hold,

(g(&);=¢; for all j not covered by (4), (5), (6).

We define § =g(y).

In order to check that 8, 8, g have the required properties it is helpful to
observe that in the alternate case the following statements are true:

If o;€[T) and Ly(a) =Ly (b), then B;=0;.

If a;€ [T], Ly(a) <Ly(b), and B;#a;, then Ly(B;) <Ly(a;) and Ly(cy)
< Ly(aj).

The very last inequality holds because otherwise there would be an ele-
ment ¢ of H and an integer » such that v=%1, of=cb™*, Ly(e;) =Ly(c)
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+Ly(b) >0, My(b, @) =2, Ly(c) SLy(a) <Ly(b) and the first case would be
applicable.

6.2. COROLLARY. If f is a homomorphism of G into H,
H 1is freely generated by Y,
CCWCG, W is finite,
[W] is freely generated by W,
TCY, TClf(wW)],
fO)CY, f is univalent on C,
then there exists a set D such that
[W] is freely generated by D, CCD,
f is univalent on {b|bED and f(b)ET},
and for each a EW for which f(a) € [T'] we have

a€DN{B|fGET or fb) =¢ or Lr(f() < Lr(f(a))}].

Proof. Let n=card W, s=card C, and let v be such a univalent #-termed
sequence that
W =rangey, C={yi|l1Si=s}.
We define

a=(f(y1), -+, flya))
and apply Lemma 6.1 to obtain sequences

y=q®, 4@ .y and o = a®, a®, -+ ., @@

such that ¥+ and a¢+? are related to ¥ and a® just as & and 3 are related
to ¥ and « in the lemma, and such that there exists no ¥ reduction of a(®,
It is easy to see that, for ¢=1, + - -, p,

[W] is freely generated by range ¥?, C C range v,
and that for each a €W for which f(a) € [T'] there exists an integer & with
a=+4, f(e@) =a, and we have

%) )

0 € [{vm | (an’ € [T] and Lr(an) S Lr(f(@)) or

(Lr(an) < Le(f(@))} ]

fori=2,---, p.

Since range a® — {e} has the Nielsen property with respect to ¥ and
T C [range a'®], we see that

o = (&) with v= +1 implies 2 =m or af’ =e,

P ETUT! whenever o2 & [T).

Let D be the set obtained from range ¥® upon replacing v by its in-
verse in each case in which a@E€T-1,
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6.3. THEOREM. If f is a homomorphism of the free group G onto the free
group H and if

H is freely generated by Y,

G is freely generated by X"JU'JV,

S is univalent on X', f(X")CY,

f(x)=e for x&U’,
then there exist subsets X'’ and U'’ of G such that

Xl C X//’ UI C UII’

G is freely generated by X'"\JU"’,

f is untvalent on X', f(X') =7,

fx)=e forxcU"".

Proof. Let X =X"UU’UV, and assume that X', U’, V are disjoint.
Let F be the class of all four-termed sequences

A = {4y, A2, Agy, A)

with the following properties:
Ai, Aq, Aj, A, are disjoint subsets of G,
G is freely generated by 4,\JA4,\JA4,UA,,
X'CA4,, f(4,) CY, f is univalent on 4,,
U’'CAs, f(42) C {e}, A; is finite, 4:CV,

[4:U 4; U 45] = [X — A44].

We observe that (X', U’, 0, V)EF.
We partially order F by the relation < in such a way that, for 4, BEF,
we have A <B if and only if
A # B, 4, C By, Az C By, A4 D By,
and a & A4; implies ,
a € [B1\J By {b] b € B; and Ly (f()) < Lr(f(a))}].

We shall prove the following two statements:
(1) Every simply ordered subclass of F has an upper bound in F.
(2) If A is a maximal element of F (that is, if A <B implies A =B), then

f(Al) = Y, A3=0, A4=0.
The theorem is an immediate consequence of these two propositions: Using
a well known inductive principle(*?) in conjunction with (1) and the fact
that F is nonvacuous, we obtain a maximal element 4 of F. We then take
X'"'=A4,, U'""=A4,, and apply (2).
In order to prove (1), let S be a simply-ordered subclass of F. We may

(1) K. Kuratowski, Une méthode d'élimination des mombres transfinis des raisomnement
matématigues, Fund. Math. vol. 3 (1922) pp. 76-108, in particular p. 89,
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assume that S is nonvacuous and that no element of .S is an upper bound of S.

We let B be the four-termed sequence such that

Bi= U A4;, By= U Ao, B; =0, B:= N As.
AES AES AES

The fact that B is an upper bound of .S will be evident as soon as we have
shown that

[X — B4] is freely generated by B, \J By,
and that
A; C [By\J B;] whenever 4 € S.

Suppose 4 €S, a € 4; and g=Ly(f(a)). Choose elements 4@, A® . ..,
A of S such that

A=A < AD < ... <A(q),
and check by induction with respect to ¢ that

U {8]6 € 457 and Lr(f()) < ¢ — i} ]

for =0, 1, - - -, g. Consequently

s [AP U4y

e € [AY U 4,"] C [B.U B).

It follows next that

X—Bi= U (X—4)C U [41VA4.U 4] C [B,U Bsl.
AES AES

" On the other hand

BiUBy,= U (41U4) C U [X—4,])C[X— Bl
AES AES

We conclude that
[X — Bi] = [B1U B,].

Since every finite subset of B;\UB; is contained in 4,\JA4. for some A ES,
it follows that [X — B,] is freely generated by B;\UB,.

Last we prove (2). Let A be a maximal element of F. We observe that if
Az=0and 4,=0, then H= [f(4,)] and f(4,) C Y. Hence f(4,) =Y.

In order to show that 43=0 and 44,=0 we assume the contrary and
choose a finite nonvacuous set R such that

As CRC 43\ A,
We successively choose finite sets 7 and W for which

rcy, f®CIr]l, TC[fm]
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RU {ala€ 4, and f@) ET} CW C 4,\J 45U 4,

let C=A:N\W, and use Corollary 6.2 to obtain a set D with the properties listed
there.
Let B be the four-termed sequence such that

By = A,\J {b| b€ D and f(b) € T},
By = A;\J {b| b € D and f(b) = e},
By =D — (Bi\UBy), By=Adi— W.
Clearly B,, B,, Bj are disjoint,
[41 V4, U W] = [(41—C) U4, U W] = [(4,— CO) U 4]+ [W]
= [(41 = C)\U 4,]+ [D] = [(4: = C)\U 4,V D]
= [B.\J B,\U By),
and it is easy to check that BE F. Furthermore
A1 C By, A C B:y,  A4D By,
and aE4; implies aEW, f(a) € [T], hence
a € [B1Y By {b| b € By and Lr(f(®) < Lr(f(@))} ).

In order to prove that A=B we assume the contrary. Then A,=B,,
WNA;=0, RNA;=0, RCA;, A3;70. Picking a €A4,, we have

e € [B1U B, U (Bs — {a})] = [4:1V 4. (4s — {a])],

which is impossible because G is freely generated by 4,\JA4,\JA4;\UA4..
Consequently 4 #B, 4 <B, contrary to the assumption that 4 is a maxi-
mal element of F.

6.4. THEOREM(®). If f is a homomorphism of the free group G onto the free
group H and if

G = G'+Z'*R, H = H'*K,

f maps G’ isomorphically onto H',
fmaps Z' onto the identity element of H,
then there exist subroups G’ and Z'' of G such that

GI CGII, ZI C ZII’ G = GII‘ZII’

f maps G'' isomorphically onto H,
S maps Z'’ onto the identity element of H.

Proof. Suppose

() See footnote 3.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1950] SOME PROPERTIES OF FREE GROUPS 27

G,Z2', R K
are freely generated by
xXuv, v, w.
Then H’ is freely generated by f(X’) and H is freely generated by the set
V=7/(XYUW.

Use Theorem 6.3 to obtain sets X'’ and U’/ with the properties listed
there, and let

G = [X"], 7" = [U/I].
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