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S u m m a r y .  - We prove some integral representatio~ theorems /or the F limit in L 1 o/ sequences 
o/ the /o'~m f/~(x, Du.) dx in coercivity and bounded growth hypothesis which are optimal as it 
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is checked with examples. These results are utilized to describe the L ~ lower semicontinuous 
envelope o/a given/unetional. We consider also the stability of F limits with respect to obstacle 
type perturbations and prove the homogenization /ormulas in conditions more generals o/ 
those already considered by several authors. 

O. - Introduct ion .  

A classical p rob lem in con t inuum physics consists in going back  f rom the micro.. 

scopic materi~l  models to an evaluat ion of the  connected macroscopic quanti t ies 

which are measurables.  

An example  of this kind of problems which POlSSO~ (~) has delt with and which 

is still a s tandard  subject  in e lect ro-magnet ism's  treatises (2) is the following (homo- 

genization): 

Does the sequence (h e l )  

(o.11, ~,ec~Inf { fa j~(hx)D~uDiudx + f / u d x  + fu dx} 
Y Y Y 

(where Y is the  uni t  cube of R", / e L ~, a ,  are measurable  Y-periodic functions and  

a, (x)z ,  zj>O, ~.> 0) converge as h - ~  ~ to the  value 

(0.2) 

Y Y Y 
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where q~ (independent from /) are suitable non negative constants? And how is it  

possible to calculate the q~? Tha t  is to say, do the energies associated to ~he micro- 

scopic problems converge towards the energy of a (( similar ~) macroscopic problem? 

A problem of the following kind is still classical (3): does the sequence 

(0.3) 

Y Y Y 

(where a~j,~ tends to infinity or to zero as h -+  ~ around a surface Pc Y) converge 

as h ->  c~ to the value 

(o.4) 

Y F Y Y 

where # is a suitable measure on F?  

The analysis of the Ll-scmicontinui ty problems for functionals of the type  

f ai~(x) D i u  D j u  dx 
.Q 

with a~j(x) not uniformly elliptic can be framed in the preceeding context.  

A first method  to s tudy this kind of problems has been introduced by  SPA- 

G~0L0 [51], [52], SA~CEEZ-PALE~CIA [41], [42], [43], BABU~KA [2J, [3], DE GIORGI- 

SPAG~0LO [20], TA~TA~ [56], [57], BE~NSOUSSA~-LI0~NS-PAPANICOLAU [6], [7]. 

I t  Consists in studying the convergence in L 1 of the solutions of Euler 's  equations 

associated to (0.3), (0.4). A new method has been introduced by  [DE GIORC~I in 1974 

in [16]. This work has been the start ing point  for a wide theory.  The central  idea 

consists in introducing a convergence notion, the P-convergence, for the ftmctionals 

associated to (0.3), (0.4) which generally implies the convergence of infima. 

The preeeeding can be divided in a series of intermediate problems. 

Given a Caratheodory function /(x, z ) > 0 ,  set for A open set in R ~ 

(0.5) F(A,  u) = 

f / ( x ,  D u ) d x  u ~ C I ( R  ") 
A 

÷ c~ u ~ I~oo - CI(R ") • 

One has to find: 

a) the minimal assumptions under  which from any sequence of functionals (0.5) 

it is possible to find a subsequence P-converging (Theo. 1.11); 

(8) JACKSON, oh. 1. 
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b) the natural  assumptions under  which the F-limit  of a sequence of fune- 

tionals (0.5) is a measure with respect to A; 

e) the natural  assumptions under  which the F-limit of a sequence of fune- 

tionals (0.5) can be represented as 

](x, Du) ; dx 
A 

d) an explicit calculation method of F-limits of part icular  sequences of func- 

tionals (0.5); 

e) under  which conditions the F-convergence implies the convergence of the 

infima of associated variat ional  problems (Theo. 1.12). 

In  this work we examine essentially points b), c), d). 

In  § 1 we list the notations,  definitions and prel iminary results to be used in the  

paper. 

In  § 2 we prove the coincidence between two kinds of limits, the F(C °) and F(Co): 

result which will be utilized in order to obtain the behaviour  of 

(0.6) Y(~72, u) = F (N,  C°(.Q) -) lim f ]~(x, Dv) dx (4) 
h.....> co 
v__.:~g, .Q 

as a function of f2. 

In  § 3 we continue to s tudy this dependence and prove tha t  assuming 

(0.7) 
~ d x ~  gx,  VD bounded open set such tha t  a d x =  0 

.o 0D 

then,  for such f2 and Vu e C ~ the functional  (0.6) has the form 

(o.8) F(f2,  u) = f/(x, Du) dx. 

Fur the rmore  we prove tha t  if the last of (0.7) is satisfied for any Borel  set ~2 then 

(0.8) holds for every bounded  open set and it  is also equal to 

F(.Y, Z~(~2) -) lira ffh(x, Dr) dx.  
h ---~ oo 

V--->U ~ 

(*) See theo. t.10. 
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This result had been obtained first by  DE GIo~GI [16] in the case 

(0.9) 
{ Izl</~(x,~)<a(l+l~l), ~eR÷ 

and then in [48] in the hypothesis  tha t  t 1/~ satisfy (0.9). 
l h  

Afterwards, several papers came out concerning the problem of generalizing 

the results of [16], [48] by  weakening the coercivity or the boundedness assumptions. 

In  the case p -~ 2,/~(x, z) = a~j,~,(x)z~zj some results have been obtained in [29], 

[30] and, for p--~ 1 in [11]. 

In  § 4 we s tudy some Ll-lower semicontinuity properties of an integral as 

(O.lO) f /(x, Du) dx 
t2 

where 

(o.~1) 
0<](x, z)<~(x)(1 + lz?) 

/(x, .) convex 

which may  fail to be L 1 lower semicontinuous, bu t  we show tha t  we can associate 

an integral to it 

f/o(x, Du) dx 

which is the max imum Ll-lower semicontinuous functional on Lip (Q) not  greater  

then (0.10). We give a formula for ]o. 

In  § 5 we consider stability properties of the F-convergence under  multiplica- 

tion of the integrands for a continuous function or addition of obstacles perturbat ions.  

In  § 6 we obtain some results of/~-convergence for funetionals depending also on u 

f](x, u, Du) dx . 

In  § 7 we give the homogenization theorem, which generalize those of [2], [28], 

[56] because no regulari ty assumptions of ](x, z) are made. 

At  the end, in § 8 we indicate some counterexample to the preceeding theorems. 

Vv~e wish to thank  professors E. DE GIORGI and S. SPAGNOLO for their  constant  

encouragements.  
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1. - Definitions, notat ions and preliminary results. 

For  any  

C~(~) 

open set in R - let us indicate with:  

the  set of ~he functions wi th  continuous derivat ives on ~ up to  

the  

G~(~Q) the  

JiL(~2) the  

L~'o¢(~) the 

L~(~2) the 

Hi,~(Q) the 

LiPloo(12 ) the  

BVlo¢(I2) the  space of L~o o functions 

measures  [0]. 

order m e ~ .  

set of u e C~(~2) with compac t  suppor t  in Y2. 

space of measurable  functions on Y2. 

space of u e v~(~9) such t ha t  lu] ~ is locally integrable on Y2{p ~> 1). 

space of functions u E v~(Y2) such t ha t  ]ut~ is integrable on ~2. 

Sobolev space of functions u e L~(~) such t ha t  Du~ [L~(~)] n. 

space of locally l iptschitzian functions on tP. 

whose distr ibutional  derivat ives are 

Fo r  any  ueBVto  ¢ we indicate with {Du t the to ta l  var ia t ion  measure  of Du = 
= (~u/~xl, ..., ~u/3x.) and  for any  Borel  set B_Cf2 we will indicate with 

j'tDui 
B 

the  value of IDu t on B. 

We  recall t h a t  for a n y  open set A _c f2 

fl I i f  ° } Du] = sup uD~g~dx: g~ c C:(A), ~ g ~ < l  

and  denote with BV(~)  the space of BV~o o functions such t ha t :  

Ilu[IBv(o)----flu[ dx + f lDu[ < co. 
D O 

I t  is well known [0] t ha t  BV(tP) is not  a normal  space of distributions,  bu t  it 

can be p roved  the  following useful 

T~:EO~E~t 1.1. - .Let u aBV(19), then there exists (uh)c C®(t~) such that u~--~u in 

I t  is also well known tha t  BV(f2)c L1(/2) with compact  injection. 

I n  the  following we indicate with Ap~ the family  of all bounded  open sets of R ~ 

and  introduce V D e A p ,  several metrics or ex tended metrics on Lip~oe= ZiPloc(Rn ). 
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W i t h  an  abuse  of n o t a t i o n  we will indica te  wi th  Co°(9) the  ex tended  met r ic  

sup lu(x) - v(x) l if spt(u)  c c / 2  

(u, v) e LiP~oo -+ ~ 

-~- c~ o therwise  

wi th  C°(9) the  met r ic  

wi th  L~(T2) the  met r ic  

(u, v) e Lip~o¢ --> sup [u(x) - -  v(x) l , 
x ~  

L p oo (fr -  dx) 

W e  recall some not ions  of measure  theory ,  for  which see [15], [19]. 

F o r  a n y  U, V e Ap~ we use the  n o t a t i o n  U c c  V to  m e a n  t h a t  there  exists K e J£~ 

(J£~ is the  fami ly  of all c o m p a c t  sets in R ~) such t h a t  U C_KC_ V. 

DEFINITIOI~ 1.2. - A set %LC_Ap, is called <(rich>> i/ /or any /amily (At)t~]o,lE 

with At  e Apn satis]ying 

t < s  => A t c c A s ,  

the set (t, A te%L}  is at most countable; it is said <( dense)> i/ V91, 9 2 e A p n  with 

91 cc 92 there exists A e ~]L such that 91 cc A c c  9~. 

I f  a :  Ap~-+[O, c~] is increasing and  = ( O ) =  O, we set V U e A p ~  

~_(U) ---- sup ~(V) ~+(U) ---- inf.(V) . 
VccU UccV 

DEFINITION 1 . 3 .  - -  We say that ~ is regular i// 

~_(U) = ~(U) = ~+(U) ,  V U e A p ~ .  

I)EFI~ITION 1.4. -- We say that ot is subadditive (respectively additive) on Ap~ i// 

/or U, U', V, W e A p ~ :  

Fc_ V u  W ~ ~ ( U ) < ~ ( V ) + a ( W )  

(resp. V ~  W = O ,  Uc_ V u  W¢_ U'=> a(U)<a(V)~, a(W)<a(U') ) .  

DEFI~ITIO~ ~ 1.5. -- We say that ~ is a measure on Ap~ i/ a =  a_, and it can be 

extended to a measure on the a-algebra generated by Ap~. 
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L e t  eh b e  a s equence  of i nc rea s ing  n o n  n e g a t i v e  se t  func t ions  on Ap~ such t h a t  

~ ( 0 )  = 0 : 

DE~t~ImIo~ 1.6. - We say that ~ converges weakly to 0¢ i]] 

( l i ra  in f  ~ ) _  = ~ = ( l im sup  ~ ) _  
h 

or, equivalently, i/] there exists qLc_ Ap~, ~[1~ rich, such that 

l i m  inf  ~ ( A )  = ~(A) = l i ra  sup  ~ ( A )  VA ~ %L. 
h h 

W e  wil l  use  t h e  fo l lowing  

PI~OPOSITIOlg 1.7. - The sequence o~ o/ /inite mesures o~ Ap~ converges weakly to c¢ i// 

e ( A )  = I i m  o:~(A) ViA ~ Ap~ such that ~u(~A) ~ 0 ,  
h 

(where # is the measure induced by :z on the a-algebra generated by Ap~), or equivalently i//  

W e  shal l  cons ide r  a n o t h e r  k i n d  of conve rgence  for  sequences  of I gadon  m e a s u r e s  

on t h e  b o u n d e d  Bore l  sets  gS~ of _R- of t h e  f o r m  

=j'a d  , a~e L~o o . 
B 

D]~FI~TmIO~- 1.8. -- We say that the sequence o~, is pointwise converging to a ( B ) =  

=fa dx i//  
B 

( 1 . 1 )  VB~C~n, fa~dx-->fadx. 
B 

I % E ~ K  1.9. - T h e  V i t M i - H a h n - S a k s  t h e o r e m  assures  t h e  e q u i b o u n d e d n e s s  a n d  

e q u i a b s o l u t e l y  c o n t i n u i t y  of fa~dx if (1.1) is sat isf ied.  
B 

L e t  (V, T) be  a t o p o l o g i c a l  space  a n d  F~:  V - + / ~ =  R t 3  ( - -  0% ~- o~} a s equence  
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of functions. Set Vu e V (see [10], [17], [18]) 

F(N-,  z-) lim F~,(v) = Sup lim inf I n f F h  
h-~¢¢ Uez(it) h U 
V - > i t  

F ( N  +, z-) lira Fh(v) = Sup lira sup Inf  F~ 
h-->c~ Ue~(u) h U 
qJ--->it 

F(N±, v+) lim F~.(v) = -- F(N ~, ~-) lira (-- F~(v)) 
h'-* r~ h'-'-> ee, 
it*--~ ~ 0,---> i t  

where ~(u) is the set of open neighborhoods of u. 

it/ 

(1.9) 

DEFI~ITIO~ 1.9. - The /unction F: V - > R '  is the F(N, z-) limit o/ F~ on V: 

F(u) = I"(N, T-) l im F~(v) Vu ~ V 
h- ->  c o  

F(u) = F(N- ,  ~-) lira Fh(v) = F ( N  +, ~-) lira Fh(v) 
h---~ ~ h - +  co 

Cue  V. 

The /unction F is the F(N, ~+) limit o/ F~ i]/ (1.2) holds replacing F ( . ,  T-) by 

F(',  z+). 

I t  is useful in ~he sequel the following characterizat ion of the F limits, t rue in a 

space satisfying the lrst countable axiom. 

TH~,0BE~ 1.10. -- I /  (V, ~) satis/y the/irst countable axiom, then (1.2) is equivalent 

to the two conditions 

(1.3) uh--~ u ~ F ( u ) <  lira infF~(u~) 
h 

(1.4) Vu e V 3u~-~ u such that F(u) = lim F~(u~). 
h 

PROOF (see [18]). 
A compactness result with respect to the /"-convergence, which in a different 

context  was given by  K~-RATOWSKY (5) is the following 

THEORE_~ 1.11. -- Let (V, z) be a space with a countable base. Then, ]or any sequence 

ff~: V-+ t~ there exists a subsequence which, has F(N,  ~-) limit on V. 

PROOF (see [18]). 

We want  to recall another  result  which indicates the connection between/"-conver-  

gence and the convergence of minima of F~ which is due to DE GIORGI-F~A~ZO~I [t8]. 

(5) ]~URATOWSKY, Topology, W a r s a w .  
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TILEOREI~ 1.12. -- Assume that there exists a compact K c V such that Vh e N 

Then i/ (1.2) holds we have 

inf  F~ ---- inf  Th • 
K V 

Min F ---- Min /7  = lira inf F ~ .  
K V h V 

Furthermore i/ uhe K satis/y Fh(uh) -+ in f /7  then there exists a subsequence u,,~ 

verging to a m in imum point o/ /7. 

I~E~A~K 1.13. -- If Eh= G V h e N ,  t h e n  

F(N,  T-) lira/7~,(v) ---- sc-( ~) G(u) 
~--> oo 

is t he  g rea tes t  lower  T-semicont inuous  func t ion  on V less t h a n  G. 

c o n -  

2 .  - S o m e  t e c h n i c a l  l e m m a s .  

Le t  p > i ,  aheL~oo(R '~) a nd  /h(x, z) ver i fy  for  a n y  h e n  

{ o < / ~ ( x , z ) < a ~ ( x ) ( l +  Izl ~) V(x,z) e R ~  
(2.1) /l~(x, ") c o n v e x  Vx e R '~ 

and  assume t h a t  there  exists a regular  measure  # on  Ap~ such t h a t  

(2.2) fa (x)dx- fd# we  ly (as 

Set,  for a n y  ~9 e Ap~, u e LiP~oo 

(2.3) Fh(Q, u) ~- f/h(x, Du) d x .  
f2 

To s impli fy  no ta t ions ,  o f ten  we shall no t  wri te  dx in (2.3). 

W e  w a n t  to p rove  the  fol lowing 

THEOI~E~ 2.1. -- .For any Q e Ap~ such that ffpdtt-~ 0, i/ in ueLip lo¢  there exists 

F(~),  u) = F ( N ,  C°(~) -) l i ra/~h(~,  v ) ,  
h--~oo 
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then there exists also 

/Vo(Q, u) = F(N,  Co°(D) -) l im Fh(O, v) ,  
h--~oo 
q3--->u 

and we have 

/~.(sg, u) =/~(£2, u). 

We begin with the following 

LE~lv~ 2.2. - Let a~eL~oc(R~ ) verily (2.2), and D e A p ,  be sueh that 

and set Ve > O 

0D 

B~ = {x e f2: dist (x, OY2) > s}. 

Then there exists a countable set C such that Vs ~ R + -  C 

f d # =  o .  

~B8 

lXurthermore i] e~eR + -  C veri]y e~ >s.+x, s.~O, ~ B s . =  ~ ,  then: 

h 
D --  Ben  -Q - -  B~ n 

lira f d# = O. 
D - - B e n  

Vn~ h r 

P~ooF (of Lemma  2.2). - By  the continui ty of x -~ dist (x, ~Y2) we deduce tha t  Be 

is an open set and sl<e~ ==> BqcBe2;  we have Mso 

/?s = {x e O: dist (x, 3Y2) > s } ,  

~Bs-= {x e tg: dist (x, ~ f2 )=  s}. 

For  any  n e N let us indicate by  I .  the finite set of s > 0 such tha t  (d# > 1/n then 

o n e  h ~ 8  ~B~ 

fa/~=o we]o, 1 [ - U L .  
n~N 

c~B~ 
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And so there  exists (e~)n~ 5. s tr ict ly decreasing to zero such t ha t  e~e ]0, 1 [ - -  U I~ and  

Let  us prove  t h a t  Ve > 0 

(2.4) 

I n  fact  

U/?~,= D. 
,a~zY 

ne2¢ 

Observe now tha t  b y  (2.4) it  follows 

~ ( 9  - ~ . ) < ~ ( 9  - ~ . )  < ~ ( [ D  - B~.] u ~B 0 

= ff(~) -- ~(/~o) + if(eBb.) = / 4 9 )  -- ~( /~ . )  = i f (9  -- ~ . )  

and so 

lira L a h ( x ) d x =  f d# .  
D--Be~ D--Be~ 

The last  l imiting relat ion follows by  the  regular i ty  of #. 

W e  prove  also the  following technical l e m m a  which will be used in the  proof  

of Theorem 2.1. 

L E ~ i  2.3. - Let B l e A p ~  and B c c B 1  and ~ such that 

~(x) ==1 V x e B  

I /  ] = f(x, z) • O is measurable in x e R ~, convex in z E R ~, set Yu, v ~ C1; t e ( 0 ,  1): 

w ~ =  ( 1 - t ) [ ~ v +  ( i -  ~ ) u ] .  

Then 

÷ t  I x , T / ) ~ ( v - u )  ÷ (x,O). 
Bi--B B 
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P]~OOF. - W e  h a v e :  

Dw t = (1 - -  t)[%0 Dv + (1 - -  %0) Du] + (1 -- t) D%0(v -- u) 

~nd also: 

1 - - t  ) 
](x, D w g < ( 1  - -  t ) /(x,  %0Dv ÷ (1 - -  %0)Du) ÷ t] x, ~ - -  D~f(v -- u) 

( 1 - -  t D%0(v -- u)) < (1 - -  t) I t (x ,  Dv) +/(x, Du)] + t/ x, ~ - -  

/ (x,  (1 -- t)Dv) < (1 -- t) /(x,  Dv) ÷ t/(x, 0 ) .  

T h e n  

f ](x, Dw ~) 
B~ B1--B B B~--B B1--B 

+ t f /(x, D%0(v-- u)) + (1-- t) f /(x, Dv) ÷ t f /(x, O) . 
B1-- B .B B 

PI~ooF (of Theo.  2.1). - Clear ly it  suffices to  p r o v e  t h a t  

(2 .5)  Fo(~9, u) = F(N+, C°(~9) -) l im  Eh(~2, v)<<F(f2, u ) .  
h --~. oo 
V--->U 

To this  a im  let  u~, 

such t h a t  

0°(~) 
> u  such t h a t  F(f2,  u ) =  limFh(f2,u~3 a n d  let  B,B~, B2eAp~ 

B cc  B~ c c  B2 CC ,.(Q . 

D e n o t i n g  b y  %0 a func t ion  in the  class Co~(Q) such t h a t  

(2.6) 

0<%0(x)<1  

1 V x e B  

%0(x) = 0 V x e f 2 - - B 1 ,  

for  a n y  t > 0  let  ~ 0 t ~ C l ( ~ )  be  such t h a t  

(2.7) 

1 V x ~ B 1  

~ ( x )  = 1 Vx e f2 -- B.  
1 - t  
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and set 

(2.s) w~-'= ~o,(i - t)(u+ ~(~- u) ) 

I t  is easy to check that  Vt > 0 

(2.9) 

and also 

w~~t .__._~ ~o~u(l(h__~) -- t) in ¢o°(D) 

(2.10) q ' u (1 - -  t) (t~-V£~o)u in C~(D). 

For  any e > 0 let t(s)< ½ be such that  Vte]0,  t(s)[ 

(2.11) F:(o, ~) < F:(o, v,~(i- t))  + ~ ; 

(this follows by  (2.10) and the lower semicontinuity of F~) then, using (1.3) we have 

b y  (2.5), {2.11) Vt a ]0, t(e)[ 

(2.12) F~(~2, u) <lira  sup Fh(9 ,  @~) ÷ s < 
h 

< F ( ~ ,  u) ÷ lim sup [Fh(D, ~ )  -- F~(D, u~)] ÷ s .  
h 

We have 

(2.13) F~(9, ,v l ) -  ~\(Q, u~) - f [h(x, D~i) -- h(x, Dub)] + 

~--B~ 

+ f[h(x, Dw~) -- h(x, Du~)] 
B1 

B y  lemma 2.3 we de4uce (with ] ~- ]~, v -~ u~, w ~ :  whl~)-t 

b~<--tf/~(x, Du~) ÷ (1--t) f l~(x, Du) ÷ t f ]~(x, ~ Dv~(u~--u)) ÷ tft,,(x, o) 

and Mso, b y  (2.1) 

(2.14) b~<--tf]h(x, Du~) ÷ ( l - - t )  f a~(x)dxsup(1 -~- IDul v) -~ 

/~--/~ B 

2 - ~ t n n a l i  d l  M a t e m a t i c a  
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~urthermore 

(2.15) °h<f 
D--B~ 

l~,(x, D ~ )  < 

< f a,~(x)&sup[l + 2~-~ (1 - t)~{l~Dul~ + 
dist (~BI~ ~B2) ~ 

¢°(o)> 
By (2.13), (2.14), (2.15)Vte]O,t(e)[ as uh u 

lim" f [fh(x, Dfft) - /h(x, Duh)] < - -  t lim" f h(x, I ) ~ )  

(2.16) + ( 1 -  t)supa (1 + ,Du,v)lira" f al~(x, dx + t  lim"fah(x, dx 
.B1-- B B, 

#lul~ -~] lira" f a~(x)dx 
dist (OB~, ~S~)~J] 

19--//, 

By (2.12), (2.16) we deduce, passing to the limit as t ->0,  

(2.17) F;(9, ,.) = F(o,  ,.) + ~ + lim" f ~(x) ~x sup. (1 + IDu ?) 
BI--B 

q-- sup [1 ~ 2~-~IDuI~ ] lira" f ah(x)dx 
h 

~--B, 

<F(Q,  u) -~ e + 2 sup~ [1 + 2~p-IIDui~ ] lira" f ahdx. 
Y2--B 

But, if as B we choose Be~ of lemma (2.2) we have Vn 

= f 
h y2ZBsn £2_Be~ 

so that Vn by (2.17) 

Fo(O,u)<F(~, u) + e + 2 sup [1 + 22~-11Du]~ ] f d# 
D--Bsn 

and we deduce (2.5), passing to the limit as n -~  c~. 

Let us now prove the following first consequence of Theo. 2.1 
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P~0FOSlTION 2.4. -- _Let Fa be de]ined by (2.1), (2.2), (2.3). Then there exist a se- 

quence (h~) and F:  A p ,  ×LiPloo--> [0, c~] such that Yu 

(2.18) F ( . ,  u) is a measure on Ap~ and is rich the set 

= / v  e A p . : ~ ( ~ ,  ~) = F(N, c o ( u ) - ) l i ~  F~  (~,  u) / R(u) 
J 

v--->~ 

PROOF. -- First  let us observe tha t  there  exists a countable family if) of open 

plurintervals which is dense in Ap~ and such tha t  VP e ~ !d /~  = 0. 

In  fact  VxoeQ ~ let (P~(xo))~]O,lL, be the family of all open intervals with center 

in xo; then  with an urgument  similar to tha t  of Le mma  2.2 it  is easy to check tha t  

there exists a countable dense set (e~)~ in ]0, 1[" such tha t  #(~Pc~(xo))--~ O, Vk e N 

fur thermore  we define if) the set of all finite unions of the elements of these countable 

families, when Xo describes Qn. 

Using an abstract  compactness result due to KURATOWSKI (Theorem 1.11) we can 

find a sequence (h,)~c~ such tha t  Y B e  ~ there exists 

F(B,  u) = T'(N, CO(B) -) l im Fh~ (B, v) .  
])--->co 

v --->~ 

Besides, by  theorem 2.11I of [15] it is enough to prove tha t  F is sub-additive on 3 ,  

i.e. VC, A, B e  ID; Vu e Liploc 

(2.19) Cc_A U B => F(C, u)<LV(A, u ) +  F(B,  u) . 

To this aim we pose M = (1 + sup [Du] ~) and observe tha t :  
A u B  

(A -- B) = (A -- /~)  W (~B n A ) ,  

(A -- •) n (aB n A) = 0.  

We deduce: 

# (A  -- B) = # (A  -- l~),  

# ( A - -  B) = sup # ( D ) .  
D e ~  _ 

DccA-  B 

Then there exist, Vs> O, D~ and D ~ e ~  such that: 

F(A u B- -  (nl  u n~)) < ~/ i .  
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Then~ as b y  Theorem 2.1, we have also VB~ff):  

~(B,  u) = r ( ~ ,  ¢0"(B)-) ~im ~, , (B,  *9- 
~ -  + co  

q) -+~ 

l~ow~ we have first: 

/ ' (N,  C °'r'*ot,,,~ w .,'2~)-) lira Fh~(D~_ U f2~, v) = 
~--> oO 

- r(5-,  ¢~(~D-) l i m ~ ,  ( ~, v) + r(5", cX(~)-)  l~m f~ ,  ( ~ ,  ~) 

We have also if .E_cD and E, D ~  ~:  

F(D, u)< F(E, u) -+ M f d # .  

In fact, as: 

we have:  

~(D - / ~ )  c ~D w 3E ,  

~(~(D--  ~))  = 0 ,  

and if u ~ - ~ u  in C°(E), F%(E, %)-->F(E, u), we deduce: 

Then b y  the monotoniei ty  of: 

t "  
= ~ ( ~ ,  u) + M[d#. 

~ d  

~)-~ 

B ~ ~ -+ E(B,  u ) ,  

we have tha t :  

[] 

In  the  following result we precise the  set ff~(u) of previous proposition and obtain 

the final result of this section. 

THEOREm 2.5. -- .Let F~ be defined by (2.1)~ (2.2), (2.3); then there exists a se- 

quence (h,) and F :  Ap~×LiPxoc--> [0, ~ ]  such that Via (2.18) holds and 

(2.20) F(tP, u) = F(N,  C°(D) -) lim Fh~ (D, v) := P(N,  C°(D) -) lira Fh, (Q, v) 
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Vu e LiPloo and if2 ~ Ap~ sueh that 

~Q 

- ~ 0 .  

P~OOF. - Using CoroU. 2 . I  and  the subsequent  oss. 2 . I  ia  [15] we have  only to  

p rove  t h a t  VueLipjoo , VTPeA/o~ such t h a t  

d # =  O, 

F ( . ,  u) is sub-addi t ive  in the  fami ly  of the  open subsets of ~ .  And  this can be  done 

similarly as done for (2.19). 

l~E~th~K. -- The  preceding theorem can be  generalized with  the  same proof  to 

the  case t h a t  

F,(O, u) -=f/~,(x, u, Du) 
9 

with 

l i~(x, v, z) = l'~(x, z) + t:(x, v), 

o<h(x, y, z)<a~(x)(l ÷ lyi~ ÷ lzl~), 

]'~(x, ") c o n v e x .  

Observe  t h a t  we have  never  used the  convexi ty  of the  l imit  funct ional  F(#2, .). 

3. - Integral  representat ion theorems.  

I n  this section, with the  same assumpt ions  of the  previous one and  moreover  

#(.Q) =fa(x)ax, aeL~o ¢ we wan t  to precise the  na ture  of the  F -  l imit  F given b y  
a 

Theorem 2.5. I n  par t icular  we prove  t h a t  ~ has an integral  fo rm similar to t ha t  

of T~, a t  least  oll a dense subset  of Ap~. 
At  the  end, (3.25), we will assume 

f ~ d x - ~ f a  dx , v~ ~ Ap 

and  obta in  a representa t ion  formula  for T of the  kind 

2~(#2, u) =f](x, Du), V Q ~ A p .  
$2 

for a suitable convex funct ion f (x , . ) .  
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All this will be a consequence of the following technical lemma.  

LE~-~A 3.1. - I] • is given by Theo. 2.5 and A ¢ A p ~ ,  then ]or any u e L i p ( A )  

there exists w ~  C~(A) such that 

w~ ~ u ,  Dw~---> Du  , a.e. in A 

ti Dwelt CO(A) < e i! Du  II C°(A) 

F(A~ u) = lira F (A ,  wh) 
h 

with 0 depending only by the dimension of J~. 

PROOF. - Let  u E Lip (A) and  fix a, t e (0, 1). Then  there exists a closed set Ct 

such t ha t  Ut c A and 

(3.1) ; a(x) dx < (1 - -  t) ~ . 

A--  Ct 

B y  W i t h n e y ' s  1emma [58] there exists wte  C~(A) such tha t  

(3.2) u = w t on C~. 

Le t  Ih~  ~) be a decreasing sequence of subsets of A such tha t  

(3.3) ~ I4 = U~ 
h ~ N  

and let  ~ C 1 be  such t h a t  

(3.4) 

and set 

(3.5) 

1 Vx e Ct 

~[(x) = 0 V x ~ A - - I h  

- t  X %( ) = ~,(x) dist (Ct, Ih) .  

Let  u~ c Lip (A) be  such t ha t  (for sempliei ty  we don ' t  indicate the  subsequences) 

(3.6) 

and  set 

(3.7) 

uh c'(~)> u ,  iV(A, u) = lira Fh(A, u~) 
h 

W t =  U h -  U - ~  W t 
h 
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so tha t  

(3.8) 

Fur the rmore  set 

(3,9) 

and observe that ,  

(3.1o) 

Let  us est imate 

We have  

and so 

(3.1~) 

by  

t 

w~-->w ~ in C°(A), t~S h -+  c~. 

o~vl = ~t[u~G + wi(1 - q~i)] 

(3.5), (3.8), (3.9) 

atv~--> atw ~ in C°(A) as h -+ oo. 

f h(x, tq Dvi) ax . 
A 

j'y~,(x, ~o- D~)=  f 1~(x, at Dw~)+ f t,,(x, t{[~¢~,~. + o.(t - ,~;) Dw~] + 
A A - -  I h  I a - -  Ct  

+ a(u~-- w~) -~' f at Dub) -~ + bh+ Ca 
C~ 

Using the convexi ty  of ]h(x, ') we have 

(3.12) 

and also 

(3A3) 

a~ = f ]~(x, taDu~ + ta[Dw ~-  Du]) <~ 

A --  Ih  

<t f /h(x, aDuh) ÷ (1-- t) f ]h(X, :l-----tt¢ [Dw~ - D u ] )  

A -- I~ A -- I~ 

f / ) <~ t  ]a(x, Dub) -+- t(1 -- a) ]~(x, 01 + (1 -- t) ]h x, ~ [Dw t -  Du] , 

A - - I h  A - - I h  A - - I n  

Ct Ct  
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(3.14) bh<t f /a(x, a~Duh -+- a(1 -- ~)Dw~) + 

In  - -  Gt 

(u~- wl)D~i) < 
lh-- Ct 

<t f ~I,~¢x, ~D~,~)+tf ¢1- ~)l,~(x, ~Dw~)+ 
I~-- Ct I a -  Ct 

+ (1,) f ,.(x ~ (.. w:).~:)< 
I a  - C t 

In - Ct I a -  C, 

+ ( l - - t )  th x , ~ - - ~ ( U h - - w l )  D95~ = b i + b ~ + b a .  

I n -  Ct 

We can estimate b' and b"- 
h h" 

(3.15) 

(3.16) 

f f { (~oo, bh<(~t (1 -- ~)]h(x, Dual + (1 -- (~)t ah(x) sup 

Ih  - -  Ct In ' - -  Ct 

In  - -  Ct I a -  Ct 

Dul) ~ + 1} 

So by (3.11), ..., (3.16) we deduce, using (2.1) 

A A A - -  Ct A Ct 

f ( )~ i {(° ,ow~o~ + (1--  t) ah 'sup t(~ ]Dw ~ -  Du] + (1--  (~) ah'sup 

A --lh Ih -- C~ 

la- Ct 

I)~+ 1} 

Passing to the limit as h -+  oo in (3.17), by  (2.2), (3.6), we have: 

A A -- Ct Ct A 

{( )" ta IDwt _ Du] + + (1-t)s~v 1}fo~x,~x 
A --  Ot 
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And, also b y  (3.1), (3.10) 

F ( 5  r, C°(A) -) lira F~(A, v) < taF(A, u) + (t -- at) fa(x) ax 
h -,.z. tm 
v--~taw A 

+ (1 - t)fa(x)dx + (t - t)ta 
Ct 

sup IDwt-- Du t ~ -+ (1 - -  t) ~+1 
A 

b y  which as t-->1 and  g - -> l  we have  the  result.  

THEOlCE~ 3.2. -- Let ~ be de]ined by (2.1), (2.3) and assume that there exists 
a ~ L~o ~ such that 

(3.18) f a a d x - + f a d x :  #(9) , V9 e Ap,~ such that f a d x - ~ O  . 

Then, there exists / -~ / (x ,  z) such that 

(3.19) 
o<l(x, z)<a(x)(1 + lzt9 

](x, .) c o n v e x  

and the junctional F given by Theo. 2.5 has the ]orm 

(3.2o) /7(9, u) = f](x, Du) d# 
t~ 

]or any uECI (R  ~) and 9 e A p ~  such that fa(x)dx-~ O. 

PROOF. -- Le t  us prove  (3.20) for u e CI(R~). We know t h a t  Vu e C ~ 

(3.21) /7(., u) is a measure  on Apn absolutely continuous with respect  to 

# ( 9 1  = f a ( x )  dx  . 
t~ 

And also t ha t  

(3.22) u -->/7(9, u) is c o n v e x .  

÷ fo  _-o 

Fixed  t o > 0  and  9o¢Apn  such t h a t  fa(x)dx= o, fixed u e C  1, we have  V 9 c 9 o  

0 D  ° 

such tha t  adx-~  0 and VveC 1 such tha t  I Iv -  ullc,(~)<r o 

0 < F ( 9 ,  v)<.M~ fa(x) dx 
.Q 
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with  M .  = 1 -~ (sup IDu] ~- ro)~. 
t) 

So, b y  the  convex i ty  condi t ion  (3.22), we deduce  

ro 

2 fa  dx. M~ 
D 

< ~]]:aX [Dvl(0g ) - -  D v 2 ( x )  l 
~o ~ 

F o r  a n y  2 e R  ~ the re  exists, b y  the  R a d o n - N y k o d i m  theorem,  a measurab le  

func t ion  ]~(x) such t h a t  

F( 9 ,  < ~, x) ) = f a(x) f ~(x) dx . 
D 

Given xoeR ~ and  v e C  ~, let  4 =  Dv(xo), 

then 

2 fa  dx..M~ 

1~(.9, <4, x})  - ~(~9, v) l<  ~ 
ro 

moreove r  there  exist  ]~ such t h a t  

m a x  ]~ - -  Dv(x)] 
xEff2 

So t h a t  

F(9,  v) = fa(x)L(x) ax . 

fa(x) dx (x) [/~(x) - lv(x)]dx 

Y2 

2M~ o 
< - m a x  [~ - -  Dv(x)[ 

r o  xe~9 

I f  we set ](x, 2)=f~(x), we can pass to  the  dens i ty  points  wi th  

#(O)=fadx ,  and  conclude  t h a t  for  # - - a . e .  xo~R ~ 
t~ 

l(xo, ~)=L(xo)=/(xo, Dv(xo)) 

so t h a t  

fl(x, Dv)a(x) dx = F(9,  v). 

respect  to  

L e t  us now replace (3.18) wi th  

(3.25) a~dx -+ fa dx --- #(~) , VQ ~ Ap~ 
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and p rove  tha~, in this case, the  F l imit  with respect  to C°(~2) is equal  to the  F l imit  

with respect  to the  y -measure  convergence. 

Plcoe. 3.3. - I] F([2~ u) is given by Theo. 2.5 and (3.25) holds instead o] (2.2) then 

Y/2 ~ Ap~, u e LiP~o o 

F(/2, u) = F(N, C°o(D) -) l im Fh, (/2, v) = F(5 r, JC~(~Q)-) t im F~,(/2, v) .  

Pt~00F. - Le t  % e  %AP~oo(/2 ) be such t h a t  yJ,--> u in y -measure  and  

F~,(/2, u) = F(zV, ~(~r2)-) ]imF~,, (/2, v) = l ira Fh, (~,  yJ,), 
¢-->co r 
q~-->U 

and let  @,, ~ --~ 0 such t h a t  

A , =  {x: l~,,(x)-- u(x)l > e,}, ~(A,) < ~,. 

]?or any  s~--> 0 if fl~ is such t h a t  

#,e ¢~(R), o<£:<]_ 

#Xt) = t ,  Itl<Q,; ~,('t)= o, V l t l > ~ r + ~ ,  

set 

Then 

ffh (x, Dw, ) - -~ , (x ,  D~f,) 
$9 ~2 

w, = u + # , ( u , -  u ) .  

.(2 £2 

< f(t - ?:)l~,(x, Du)+ f(~:--1 )/~,(x, Dr,)< ft~,(x, nu)-~0. 
~Q 0 A r  

And this proves  the  theorem.  

We  can now summar ize  the results of section 2 and  the  preceeding of this section 

giving the  following 

T ~ O ~ E ~  3.4. - Let Fh. be de/ined by (2.1), (2.3) and assume (3.25). Then there 
exists F~ and ] = ](x, z) satis]ying (3.19) such that V[2 ~Ap~, u cLiPioo 

f ] ( x ,  Du) dx 
$9 

= F ( N ,  C°(/2) -) l im F~, (/2, v) = ,F(N, ~(/2.)-)  l im i4~t,, (/2, v ) .  
T - + c o  $---> oo 

P]~OOF. - %% can prove,  as in Theo. 2.5, t h a t  (2.20) holds V~ ~Ap~. Since 

_P(O, u)<fa(x)(1 ÷ IDup)dx, V/2 e Ap~, the  result  follows b y  Theo. 3.2, L e m m a  3.1 
$9 

and  Prop.  3.3. 
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4. - Lower  semieont inuity  properties. 

In  this section we will consider a single functional 

(4.1) t~(u) =ff(x ,  Du),  u G Lip (2) 

satisfying the conditions (a a L1(2)) 

(4.2) 
{ 0<f(x, ~)<a(x)(1 + Izl9 

l(x, ") convex 

and analize its semicontinulty properties with respect to different topologies on 

the space Zip (2). 

I t  is well-known (e.g. see [36]) tha t  if one adds to (4.2) the assumption 

(4.3) lira f(x, z) = + cx~ 

and f is continuous, then  the functional (4.1) is lower semicontinuous in the Z:(2)  

topology on H:'1(2). 

Bu t  without  the assumption (4.3) one can give examples in which (4.1) is 1.s.c. 

in the weak topology of H1'~(2) but  not  in the strong one of J51(2) (see the final 

example). 

In  the following, using the result of previous sections, we will prove tha t  to any  

function ] verifying (4.2) another function ](x, z) convex in z can be associated such 

tha t  the functional 

~ ~ Lip (2) -+ F(u) ~[](x,  Du) 
Q 

is the greatest LMower semicontinuous functional less than  ~ on Lip (2). 

For  any  f verifying (4.2) let us define (see S E ~ I ~  [50]) Vu a Z~(2) 

(4.4) _Y(u) = Inf  f l im inf f](x, Dua): u~ e CZ(R"), u,~ --> u in L~(2) / .  
t .  h , s  ) 

We want  to give a representation of this functional for u ~ Lip (2). 

I~V,~A~K. - I f  (4.2) is replaced by  

(4.4) Izt~<t(x,z)<a(1 + lzl~) p > l  aeR 

/(x, ") convex 
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it  is easy to check t h a t  if p> 1 

(4.5) F (u )  = 

f/(x, Du) VuEtt"'(D) 
r2 

and  if p - ~ l  t ha t  

(4.6) _F(u) = ff(x,  Du) , Vu @ HI'I(~Q) 

bu t  F ( u ) <  c~ also out  of H~,I(~). Precisely 

(4.7) _F(u) < ~ iff ueBV(Q) .  

I n  order to p rove  (4.5), (4.6) first observe t h a t  V p > I  

F(u) : f / ( x ,  Du) , Vu ~ CI(R ~) 
r2 

in fact  _F is the  grea tes t  Z~(Q) lower semicontinuous funct ional  on C ~ less t han  

u---~f/(x, Du) and, b y  (4.4), this funct ional  is Z~(12)-lower semicontinuous.  

Then,  using the  relat ion 

[ ~ / F - - ~  - -  ~ / ~ J  < "rJ~ - -  v i i . , , . ( . )  

which is p roved  in [48] and  the first inequal i ty  in (4.4), we obtain  

F(u) =f](x, Du), VueH~,~(~), p > l .  

Fu r the rmore ,  in the  case p > l  if u~LI(Q)- -H1, ; (~Q)  let uh~C ~ be such tha t  

u~ u and  

_P(u) = l i ra  f](x, Du~,). 
T2 

I f  i t  was F ( u ) - - - - ~ <  ~ ,  then  (][Du~l]~,(~))~ would be a bounded  sequence and  so 

uh -> u in HI,~(Q) - -  weak 

and  also u ~ H1,~(~2). 



26 LUClA~O CA~B0~'E - CARLO SBOI~D0~E: Some properties of F-limits, etc. 

The proof of (4.7) is given in [50] theorem 3, p. 145. Bu t  clearly if there are no 

coercivity assumptions there are ma n y  difficulties for the identification of 2' also 

o n  ~ 1 .  

A first result  in this direction is the following 

PI~OPOSITION 4.1. - Let f verify (4.2), and F be defined as in (4.1); then~ setting 

VaeR~ A e A p ~  A c_ ~2, ~ R  ~ 

(4.8) 
A A 

and V(Xo, z) e t~ ~ defining the z-convex function ] by 

(4.9) ](Xo, z) ---- lira 
].4I~o 
xoeA 

we have 

lim Oo(A, z) 
(;---> oo 

( 4 . 1 0 )  F(u) =f](x,  Du), Vu e L i p  ( ~ )  . 

P~ooF. - By  Theo. 3.3 we have tha t  there exists ](x, z) convex in z such tha t  

F(u) = f](x, Du) , Vu e Lip (~) . 

Let  us prove tha t  Vz e/~" 

F(<z, x}) ---- lira 0o(f2, z) 
(/--+ oo 

and so we will have (4.9) as a consequence of Lebesgue points theorem. 

l~irst observe tha t  one can prove Vu a C 1 tha t  

F(u)  = i n f  l l im inf [f(x,  Du~,): u ~ -  u ~ C~(D), uh v(a)> u} .  
t. h " J  

D 

Then for any uhe <z, x}q-Co~(~) such tha t  u~-+ <z, x} in LI(~)  we have 

0~(~, z) < liminf f f(x, Du~) 
Q 

then 

lim O~(sQ, z) < l i m  inff](x, Du~) 
a - + o o  h 

Q 
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and  clearly 

l im 0~(Y2, z) <_~((z, x)) . 
if---> co 

Moreover for any  s >  0 let a ~  ]0 7 c~[ be such t h a t  

~ >  1 +  fa(x)(] + IDwl~) dx 
D 

and for any  K e N  let ~k~ (z, x ) +  C~(Y2) be such t h a t  

D 

then  it is clear t h a t  

f l(z, x ) -  ~1 < s . 

And so 

lira '  f ](x, DyJ~) <lim,_~ 0~(~, z) . 
~9 

The result  can be obta ined with a diagonal process. 

Le t  us now consider the  case of an integTand f(x, z) verifying only 

(4.11) 0 < ] ( x , ~ ) < a 0 + l z l ' ) ,  p > ~ ,  V(x,z)eR 2" a e n  + 

and observe tha t ,  wi thout  assuming ~ny convexi ty  of ](x, .), the  funct ional  F is 

not  weakly lower semicontinuous in Hl,~(tg). Nevertheless we have  the following 

TttEORE~ 4.2. -- Let f(x, z) verify (4.11), then there exists g(x, z) convex in z such 
that Vu E I~ip (Y2) 

u e L ip  (/2) ~ _F(u) =fg(x, Du) 
Q 

is the greatest Z1(~9) lower semicontinuous functional on Lip (Y2) less than 

u ~ Lip (Q) ~ f ] ( x ,  Du) .  
Q 
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Furthermore ~ is the weak-H~(~) - lower  semieontinuous envelope o] F i] and only i] 

g(x, z) =/**(x, z) (*). 

P~ooF.  - Fo r  ~ny topological sp~ce (X, z), and  any  funct ional  

G: X ~ R  

let us denote b y  

se-(v)G: X - > R  

the  greates t  ~-lower semicontinuous funct ional  on X less t han  G. 

We  have  then,  b y  a result  of EKE~)~D-TE~A~ [21], t ha t  Vu e H~,~(Q) 

Q 

Then,  clearly 

D D 

and  also, b y  apply ing  the  se - (Z l (~) )  to the  three  te rms  and  observing t h a t  

sc-(Lt(~)) 8c-(~1(9)) I¢(x , Du) = 
8~(Ll(Q))f/(x, 1)~), 

we deduce 

Q 

But ,  as ]**(% ") is convex,  we can use Thee. 3.3 to deduce the  existence of a convex 

funct ion g(x~ z) such tha t  

and  also the  result. 

(*) Let us recall that ([21]) ]*(x, z*) = sup (<z*, z>--](x, z)) and ]**(x, z) = (]*)*(x, z). 
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COI¢OLLAI~Y 4.3. - I f  / verifies 

then 

](x, z) = ]**(x, z) 

and F(u) is the convex envelope of F on whole H I ' ~ ( ~ Q ) .  

:EXAMPLE. - Let  (xk) be the sequence of rat ional numbers of (0, 1) and set 

] S~ = x~ - ~ , x~ + ~ 

ke~  

Then the functional  

1 

F(u) = f ( 1 - -  )~v(x))u'(x)~dx, u eHx,~(0, 1) 

0 

is not  L2-1ower semicontinuous. In  fact  

(4.12) s e - ( L ~ ) ~ ( n ) - =  o ,  Vu ~ H~,~(O, 1) . 

PI~OOF. - Firs t  let u e Hl,-~(0, 1) be an increasing function. We want  to show 

tha t  there exists a sequence (uh)c H~,~(0, 1) such tha t  

(4.13) u~ -> u in :L 2 , lira F(uk) = 0 .  

For  any k E N consider the increasing rearrangement  of x~, . . . ,xk 

x i <  x~ < ... < x1~. 

Denote  with S(x~) the interval  of the family (S~) whose center is x'i and with 2 ~  

its dimensions; and define u~(x) by  the following conditions: 

u'(x) 

0 

u'(x) 

u~(x) = 0 

0 

u'(x) 

u(x'~) - u(x'~_~) 
U l _ _  ! (x,-i  ÷ ~)  u(x~_~) 

u(1) - u(xD 

u(x'~ ÷ ~ )  - u(x'~) 

~ ( o )  = u(x'd 

if ' ' ' xi e S(xi_l ) ,  x e [x~_,, x'~[ 

,~ ,~ x ¢ ' x'~[ [ X l - 1  

t l t ! 
if x, ¢ S(xi_~) and x e [x~_~, x~-i + (~-1[ 

if x'~¢S(x'~_~), and x e  ]x1~- 8,, x'~[ 
k 

if x ¢ U S(x',) 
i = 1  

if x ~ ]x~, x~ ÷ (~k[ 

3 - A n n a l i  d i  ~ l l a t e m a f i c a  



30 LU~ANO CA~O:NE - CAJoLe S]~om)o~E: Some properties o/ /'-limits, etc. 

Then we have 

u(x) < u~+l(x) < u~(x) , 

and it is easy to check tha t  

and also tha t  

uk -+ u uniformly in (0, 1) 

1 

f (1  ' - X~(x)(uk(x)) dx ~ o @ 

0 

So we have (4.13). 

The same result holds for u arbi t rary,  as it  is difference of two increasing func- 

tions, and so we have also (4.12). 

5.  - Stabi l i ty  criteria.  

In  this section we consider some stabili ty problems of / ' - convergence  with respect 

to perturbat ions of obstacle type.  

Le t  ~2cAp,, and F~(u) be a sequence of functionals verifying (2.1), (2.2), (2.3) 

and set, for any F e L~(/2), u e Lip (/2) 

(5.1) F~(u, ~f) --~ I F~(~) if ~e~>~v a.e. 

t ~- co otherwise 

Le t  us suppose tha t  Vu e Lip (/2) 

(5.2) F(u) -~ f/(x, Du) --~/ '(N, L~(~9) -) l imFa(v) 
h--~- oo 

v - > i s  

The problem we want  to consider now is tha t  of deducing by  (5.2) a relation of 

the kind 

(5 .3)  F(u, ~p) = F(N,  Z1(/2) - )  l imFh(v,  %) 
h- -*co  
~)-->is 

assuming tha t  the sequence of obstacles ~Ph verify at  least the condition 

(5.4) ~fh LI(~)> ~0 . 

I t  is known tha t  a sufficient condition for (5.3) is (5.2) together  with y4--~ % L~(/2) 

(see [31]). And also tha t  the weak convergence in L 1 is not  sufficient (see [40]). 
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(5.6) 

(5.7) 

then we have (5.3). 

H e r e  we p rove  the  fol lowing 

TnrEOlCE~ 5.1. - I] (5.2) and (5.4) hold and there exist ~ E L i p ( Q )  such that 

]~(x, D%), weakly precompact in L~(tg) 

Set  

so t h a t  

I f  we p u t  

wo have 

P~ooF .  - L e t  u ~ v  2 >~ e a.e. and  u~- > such t h a t  

~ (u )  = n m ~ ( u ~ ) ,  u~ e Lip  ( ~ ) .  

~ = max {u~, ~ }  

and  so using the  inequali t ies 

lira [/2hi = 0 
h 

9 tJ - -  tg~ Y2a ~ .¢2a 

we h a v e  b y  (5.7) 

t~ 

So we have ,  if u - - ~ > e ,  the  re la t ion 

(5.8) 

B u t  if we recall  t h a t  

F(u)  = F ( N ,  Z1(~9) -)  l i m  Fh(v, ~fh) . 
/*-->co 

F(u) = F(u ÷ e) ,  W > o 

we deduce  t h a t  (5.8) holds V u > ~ .  
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L e t  us now assume t h a t  u < ~ on a set of posi t ive  measure ,  and  observe  t h a t  

if uh--~ u in Z~(tg) t h e n  Vh>ho u~< ~ on a set of posi t ive  measure  and,  since ~fh-+ 

in JL~(~9) we deduce Vh > h0 u h <  Wh on a set of posi t ive  measure  ind ipenden t  on h 

so t h a t  

_F(N, Z'(Y2)-) l im Fh(v, YJh) = + c~ , 
h"--> ¢ o  

~) - - > i t  

~nd therefore  (5.3) holds. 

Ze t  us now recall the  definit ion of the  capac i ty  of a set  A wi th  respect  to  

~geAp~ 

in f{ ; lDul2dx:  u e H ~ ' 2 ( ~ ) , u > l  on A, u > O  on Y2 / Ca(A) -~ 
1"2 

a n d  r emind  also t h a t  for  a sequence ~ e Z  ~ we p u t  

(5.9) 

if and  only  if 

% -> ~ in capac i ty  

Ys > 0 l i m e  a({x e Y2: [yJ~(x) - ~(x) l>  e}) = 0 .  
h 

W e  h a v e  the  fol lowing corol lary  of Thee.  5.1 

C0~OLZARY 5.2. - Zet us consider the sequence 

veri]ying 

_v~(u) = f /~(x, .Du) 
t2 

2lzl2</h(x, z)<A[zl ~ , ]h(x, ") convex. 

Then, i] (5.2), (5.9) hold, ~ f eZ ip  and ~fa equibounded, we have (5.3). 

P~o0F.  - Le t  us choose the  funct ions  ~h. 

~,n e H~(/2) such t h a t  

Ev iden t ly ,  for  a n y  n e h r there  exists 

f lh~h~l~dx < 1 
n 

D 

and  (h~) is increasing. 
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Then,  if we pu t  M =  sup IFh[ and 

~ . -  2MqSa, 

we have 

Sett ing 

we have 

~ . .  - *  0 , i n  L1(~2)  . 

n 

and we have for F h . , ~ , ~ h .  the assumptions of Thee. 5.1. Using the ~rbitrariety 

of the sub-sequence, we have the result. 

We want  to show now with an example that ,  when dealing with obstacle problems, 

the equali ty between F(C °) and F(L  ~) ma y  fail. 

EXA~PLE. - Le t  us consider the functional  

F~(u) =flDul~dx, 1 < ~ < 2 u e Lip (Q) 
$2 

where Q =  ((xl, x J  e R2: x~l+x~< 1}. 

Let  us define ~ as the cone with height ! ,  center of his base in (0, 0) and base 

equal to V~= {(x~, x~): x ~ + x ~ <  l /h} and set y)~= O in ~9-- t)h. 

Then it is easy to check tha t  

~ - + 0  

and (5.7) holds. 

Bu t  if we set 

F0(u) = F(N, Co(O) -) iim F~(v) 
h--> oo 
~$-+u 

we have tha t  

Fo(U) = + c~, Yu such tha t  u(O, O) < i. 

Let  us now consider the stabil i ty problem for F(C °) limits. 

THE01~EM 5.3. - Let us assume that Fh and F are given as in (5.1), (5.2) y& lower 
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semieontinuous and 

(5.1o) 

(5.11) 

Then 

9(x) = F (N ,  R +) l im %~(y) Vx e ~ ,  

Y-->X, Y~t'2 

Fo(u, 9) = F(N,  C°(D) -) l im Fh~ (v, ~h~) Vu ~ Lip  (/2). 
k'-> ~ 

÷ ~ if ~Xoe g :  u(xo)< ~o(xo) 

Fo(u, 9) = F(u) otherwise 

PROOF. -- a) Let  U(Xo) < 9(x0)-- e; then  VxeI(xo, ~) 

u(x) < 9(xo) 2 
C ~ 

and if ua - ->  u we have  

6 
u~(x) < 9(xo) -- ~ Vx ~ I(xo, ~) h>ho.  

B u t  using the  propert ies  of F + l imits there  exist  (x~) such t ha t  x~->xo ~nd 

lira yJh~ ( x ~ )  = yJ(xo) 
It 

so thut  

B u t  this implies t ha t  

b) Let  

9~(x^~) > ,f(xo) - ~ > u ~ ( x ~ )  . 

C o 

Vu~ ~ u ~ •o(U, 9 )  = + ~ .  

u(x) > 9(x)  ÷ ~ , Vx , 

c°(~) 
and  u~ > u such tha t  F(u)~-limFh(u~). Then Vh>~ho 

h 

u~(x) > 9(x)  + ~ . 

I f  there exist  x~ such t h a t  

u~(x~) < 9~(x~) 

then  as xhe [2 which is bounded,  we have  
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and so 

u(xo) = lim" u~(xh~) <l im"  ~h~(x~) < F ( N  +, R +) l im ~oh(x) = yJ(xo) 
k h-->co 

z--->f¢ o 

which is absurd.  

I~E)~A~K. -- Le t  us observe t h a t  b) is t rue  also if we assume only 

~f -~ F(N+, R +) lira ~,a 
h--->cx~ 

bu t  a) can be false in this e~se. 

I n  fact  i t  is not  necessary t ha t  Fo(U, ~o) ~ + ~ if there exists xo such t ha t  

U(Xo) < F(N+, R +) lira y~(x) ; 

we can only say t h a t  i t  is ~ ~ if it exists. 

I t  suffices to consider the  following example  

Then  

1 

F~(u) =fu '2dx  
o 

~ ( x )  = 0 

1 

~ _ ~ ( x )  = 

0 

F ( N  +, R + ) ~lim Fh(x) = { 10 xoX° e=]O,o 1] 

and there  exist  sequences (u~) (e.g. u 2 ~ :  0), u~-+u C e, and:  

l im inf F~(uz,) = 0 
h 

lira sup F~(u~) = + e o .  
h 

I n  the  following we intend to consider the  prob lem of the invariance of t h e / ~  l imit  

of ~ sequence of integrals of var ia t ional  calculus under  mult ipl icat ion of the  integr~nds 

b y  a continuous function. 

Le t  us suppose (2.1), (2.3), (3.25) and  tha t  Wg~Ap~, VueLiPloo 

(5.12) ( / ( x ,  Du) == F(N, C~(Q)-)lira ( / ,dx,  Dv) 
J h--+ co  J 



36 LVOlA~O CAB]30~E - CARLO S]30~D0~E: Some properties o/ F-limits, ere. 

we have  the  following 

T H E O ~  5.4. - I /  (5.12) holds and m e  C°(D)~ m(x)>O, then V u e L i p ( D )  

(5.13) fm(x)t(x, Du) = _F(N, C°°(~())-)h-.o~lim fm(x)h(x, Du) 
D V--~U ,(2 

PlcooF. - We begin to prove  (5.13) in the  case tha t  m is a simple function ( , .Q,  open) 

m ( x ) = ~ , z M x ) ,  IQr~D~J=0, D, r ~ = 9 .  
i = l  i=l / 

Le t  u~ -~ u then  

m(x)/(x, Du) 
= ~ f~ d (x ,  Du)< 

Q~ 

< ~l imy f~ i t~ (x , I )u~)< 
D~ 

Dt 

= liminff m(x)h(x, Dub). 

Fur the rmore  we know b y  (5.12) t ha t  VueLip ( t~ ) ,  Vi there exists a sequence (w~h)~ 

in Lip (D) such t h a t  

(5.14) w , ~ -  u ~ Cg(~Q.), IIw,,~- ull ~ o,  
9 i  -Q.~ 

Let  us set 

w~(x) = wMx), Vx ~ ~, ,  

(h-+oo) 
then  dea r ly  wT~--u e C~(Y)) and  []w~--u c~(n) > 0; moreover  by  (5.14) we deduce 

De, .0 [2 D 

Le t  us consider now the  general case in which m(x)e C°(~), m(x)>~O and let (m,) 

be  a sequence of simple functions such t h a t  

kn kn 

i=1 
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Fixed  u e L i p ( ~ ) ,  n e h  r, let  us define VhE~V, i - ~ l ,  ..., k~ 

such tha t  

w~,~e Lip (£2) 

~a 0 rt 
w~,~- u e ¢o(~,) 

f (5.15) l im II , h -  ul/ca<~a> = o ~ i ( x ,  Du) 
h -.-> c~ 

---- l i p  f o~i ]h(x, Dw:,~) . 

I f  we set Vx e T2 

w'~(x) = w:~,~(x) , Vx e ~ 

we obtain 

l im llw'~-- ullcg(a) = 0 fm.(x)/(x,  Du) ----lira fmJh(x ,  Dw'~) 
h-->co h-¢.¢~ 

Then Vn 

(5.16) r(~v, eo(~)-)1p fml.(. ,- .)-  r(N, eo(~)-)li5 fm.i.(x, .u) 

<l i ra  [ f m  ]~(x, Dw'~) - fm,,]h(x, Dw'~)] 4 l i p  f(m --m.)]~(x, Dw'~) 
~9 D 9 

< lira - -  m,~ !] 1;~(~) l i ra  ft.(x, Dw~)dx 

bu t  by  (5.15) we deduce 

So by  (5.17) and (5.16) passing to the limit as n--> ~ we deduce, recalling tha t  

m, < m, the  result. 

I~E)IA~K. - I f  m ~ C °, the result  of Theo. 5.4 can be not  t rue:  see the example 

of §4. 

6. - S o m e  observat ions  about  the  dependence  on  u. 

In  this section we consider a class of functionals of the form 

(6.1) tzh(Y2, u) -----fib(x, u, Du) dx 
D 
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w i t h o u t  a n y  con t inu i ty  a s sumpt ion  on ]h(x, ", z), for  which  we p rove  un equa l i ty  

of t he  k ind  

F(~V, C°(D) -) l im F~(D, v) = F(N,  C](D)-) l ira Fh(D,  v) .  
h-*oo  h -*oo  

Precisely  let ]~-~ ]h(x, y, z) be  defined for  x, z e R ~, y e /~  and  assume 

(6.2) 

(6.3) 

[ [ II 
O <]~(x, z)<fh(x, y, z)<~ k]~(x, z)@ ]~(x, y) 

]h(x, y, • ) convex  

o</~(x, z)< ~(x)(x + IzP) 

O < ]~(x, y) = a~(x)]y I ~ 

l im f l ; (x ,  Dua)< c~ ~ 3a  > I such t h a t  t im l]~(x, (~Duh) < @ c<) , 

where  abe  Z~o c ver i fy  

(6.4) ah dx ~ / a ( x )  gx ,  VD e Ap~. 

D D 

W e  h a v e  the  following 

THE01~EN 6.1. -- / ]  in D E Ap.~ u ~  C 1 there exist the /otlowing limits 

F.([2, u) = F(N,  CO(D)-) l i m F ~ ( D ,  v) 
h-->oo 

F ( D ,  u) = F(N,  C"(D)-) l im/~h(D, v) 
h--> ¢x~ 

then 

(6.5) H-----Fo. 

• ¢0(~) 
P~ooF .  - L e t  u~e C 1 be such t h a t  ,~= ~ u and  

F(D,  Ce) = l i m F ~ ( D ,  uro) • 
h 

F o r  a n y  c o m p a c t  K c c  ~9 let ($ ~ dist  (K, 1~ ~ -  D) and  set  as in [16], [48] 
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and let ~ ,  ..., ~ satisfy the conditions 

(6.7) 

%~ C](B~) 0 <y~,(x) < 1  Vx~ B, 

~(x) = 1 Vx ~ B~_~ 

v + l  
]D~0,(x)]< ~ Vxe B, 

Set  YheN; i = l ~ . . . , v  

w,,, = u + ( u ~ -  u)~f, 

and observe that  Vi-----1, ..., v 

wia ---> u, in C~(£2) , 

2'- o(-Q, u ) < l i m  inf_P~(~, w~) .  
h 

For  any e > 0 there exists h E N such that  Vh> 

(~.,) ~ 0 ( ~ , , > -  ~ ( ~ , , > -  ~ < fi,(~, w,,, -w,,) +fi,(x, ~,,, -w,,> -]t,(~, , , ,  - , ,> < 

< f1~(x,u,v~)+ f ~t,(x,w,~,v~,)-i,(x,u,,~)~,)j< 

< fa,~(x)dx.sup(1 + Iul~+ lDu[~)÷ f ],~(x,w~,Dw~). 

B u t  for any t e (0, 1), using the convexity of ]~(x, y, .): 

(6.9) ~ i,(x,w,,,~w,~>= f i , ( ~ , w , ~ , ( 1 - ~ , ) ~ . + ~ , + t ~ , - ~ ) ~ , ) <  

~t f ]h(X, Wih D~zt(Ua-- ( 1 - - y ) i ) . D u + D u h ~ ) ~  

B~--.B~_~ 

Du~ 
+ ( l - - t )  f ] ~ ( x , w ~ , ~ ) + ( 1 - - t )  f ]~(x, wih,~-~_t]< 

B~--B~-x B~--B~-I 
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f [ jDu), ] + (1 - t) a~ax s~p 1 + ( t u ~ -  ul + I~tl)" + (1 - t)~J + 

+ t) f a (x)dx f(~u~ d x .  

T h e n  we have  b y  (6.8), (6.9) V h ~ h  

(6.10) Fo(.O, u) - F(O,  u) - ~ < ( a ~ a x  sup (! + lul . + IDul). + 
d 

t)--K 

- } - - ,  ~ L t~ 
-Q-K 

_4_ 1 --v t an(x)dx.sup~ 1 + (luh - -  u I 4- lul) * + (1 - -  t ) ' ]  + 

-Q--K 

+ 
_f  _ f 

1-t,~ .~axsup(lu~_ul+lul~+l-tk~ ~ f X'l-t /  
~ - - K  Q - - K  

W e  pass to  the  l imit  as h - >  c~ and  obtain,  thanks  to  (6.3) 

O--K 

tfaa~supcl+lu]~]+l-tfaa~sup Jr 
- - ' Y  ~2 'Y ~2 

O - - K  .O- -K  

lDu I ~ 
[1 + [u[~ + (1- ~'] + 

f f(  1 - -  t a d x . s  lu[~ -F l - -  t k l im"  l~ x,  ~ t]  dx  " 

O - - K  ..O--K 

To the  l imit  as v--> ~ a nd  K~f2 we have  

0<Fo(12 ,  u) - F ( O ,  u) < e 

and  also the  result .  

I~n~ARK. -- A sufficient condi t ion  to  h a v e  (6.3) is the  fol lowing:  

(6.11) VC cc  R '~ the re  exis t  ~ a >  1, av > 1, such t h a t  

lira [/h(x, z(r~) - -  ~c]~(x, z)] = 0 u n i f o r m l y  for  h E N,  x ~ C. 
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Observe also tha t  quadratic forms for p = 2, (( area-like )~ integrands for p = 1 

and functionals (for every p > l )  such tha t  

satisfy (6.11). 

7. - H o m o g e n i z a t i o n  formulas .  

In  this section we want  to indicate tha t  in some cases it is possible to have more 

informations on the F-limit of a sequence f~, and in particular, for the homogenization 

problem, an explicit formula. 

Let  us consider a sequence fh(x, z) verifying 

o<m~(x)l~i~<h(x,z)<~&(x)(l+lzl~), p > 2 ,  

and assume tha t  m-~ 1, Mhe L~o ¢ and Y~ e Ap~ 

Jm~tx)- ax) 
D 

f Mh(x)4x -~ f M(x)dx 

TJEMMA 7.1. - In  the previous assumptions we have 

m(~)(x) lzl.</o(X, z) < M(x)Izi". 

P~00F. - Using tt51der inequality we obtain easily for Q e Ap~ 

( /~ 1 p" ~11(I--~)) 

Passing to the F-limit and then choosing u(x) =-- <z, x}, z e R 5 we have:  

( ~ i  ~ ,1/(1--.) f~o(X,Z) dX~ 
9 /} D 

and so, using Lebesgue points, we obtain the assertion. 
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W e  can  pass  n o w  to  t he  homogen iza t ion .  Se t  17 = ]0, 1[ ~ a n d  consider  a func-  

t ion  ] = / ( x ,  z) ve r i fy ing  

(7.z) 
{ m(x)lzi~ <f(x, z)<M(x)(1 + !zf~) 

](x, .) convex 

p >~2 

a n d  a s sume  t h a t  m -~, MeZZo ~ and  Vz 

(7.2) m, M,  ] ( - ,  z ) ,  a re  :F-periodic (e). 

Set ,  Vu e LiP~oc a n d  Q ~ Ap,, 

(7.3) F~(~, u) = f l (hx,  Du) dx . 
~J 

F o r  a n y  g e L~o c Y-periodic,  we p u t  

(g)~ =fg(x) d~. 
Y 

Define m(~) as 

m ( ~ ) :  (m-(~-l)) r 

a n d  obse rve  t h a t  for  a n y  Q e Ap~ 

(7.4) m~) ]~I : l i ra fm(hx)~-pdx. 
h 

~¢Ioreover, us ing  t t51der  inequa l i ty ,  we h a v e  

(7.5) 1 ( flDul~ ldx~ ~/(~-1) 

I f  we  consider  an  in teger  mul t ip l e  Y'  of Y, t h e n  for  a n y  ~ ¢ Y'  we h a v e  

~nd so, V Q c  17' 

(7.6) v~i~( f IDul~-:dx) :/(:-~) <~ Fh(~ ~) . 

(~) A function ~ : / ~  -+ R"  is 17-periodic iff for any i the function x~ -+ ~(xl . . . . .  x~ ..... x,~) 

is 1-periodic. 
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We know tha t  there exist a subsequence of / ~  (which we continue to  denote 

with F~) and /o(x, z) such tha t  for any t9 ~ Ap~ and Vu e Lip~o~ 

(7.7) F(.(2, u) = f/o(x, Du)dx = / ' ( N ,  El(Y)) -) lim f/(hx, Dv)dx. 
h-.+ oo 

~2 v-+u ~2 

We have  now the following result  

L E ] g ~  7.1. - In  the hypothesis (7.1), (7.2), the /unction /0(% z) given, by (7.7) is 
independent on x, and satis/ies the ]ollowing inequalities 

(7.8) 

P~OO~'. - The first assertion can be proved for example as in [30]. The inequal- 

i ty  (7.8) follows f rom Lemma  7.1. 

In  the following we want  to ex tend  the limit relat ion (7.7) f rom the  space LiP~o~ 

to B V~o ¢, in order to obtain the convergence of the solutions of some minimum prob- 

lems relative to / ~  as ~ consequence. 

To this aim let us consider the L~-scmicontinuous extension to BV~o~ of the 

functional  F~: 

f Liplo¢ 
(7.9) ¢~(/2, u) = sc-(Z~(Q)) 

co u ~ B Vlo~ - -  Liplo¢ t 

and prove the following 

LE~ivU. 7.3. - I/Ch are given by (7.9) and ~ ver'i/y (7.3), (7.7), then there exists (h~) 
such that, for any k e n  (i/ f2~= {xeR~: ix)< k}) there exist the limits 

(7.10) ¢(£2~, u) = F(N, 55~(tgk) -) lira ¢~,~ (tg~, v) Vu e BV~oo 
r.--~ o o  
v-'-~u 

and one has 

(7.1].) ¢(f2~, u) ~/~(~Q~, u ) ,  Vu e LiPlo¢ , k ~ / 7 .  

P~ooF. - Usii~g the ]~U~ATOWSKY compactness Theorem 1.11 and the separabili ty 

of Z I we have  the  existence of the 7Mimits in (7.!0) with a diugon~] process. As i t  

is clearly ¢<_F, then to prove (7.11) let u~eBVloc, u~--~ ~e e LiPlo c in Z1($9~) and 

¢(agk, u) = I i m  ¢~, (aQk, ur) .  
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so that 

Useful to the sequel will be the following 

PROPOSITION 7.4. - If $(Qi, u) is  defined by (7.10), then the functiond 

i s  convex, L~oc-semicont inuo~,  satisfies the relations 

PROOF. - This result can be obtained similarly as it is done in [30] in the 

quadratic case, and so we don't enter into all the details. 

After the proof of (7.13) which is similar to that of Lemma 4.4 in [30], for 

u E BV,,, , if a E Co(lZn) satisfies 

set : 

and observe that VQ E A p ,  (see [0]) 

while if / l ~ u j  = 0 
dR 



LUCIA1NO CAI%B01NE - CAI~LO SB01ZD01~E: Some properties o/ F-limits, etc. 45 

Then by  J E r s E y ' s  inequali ty and (7.13), (7.15) we deduce 

¢(=~, u)<¢(u) 

and also, by  the semicontinui ty of ¢, 

¢(u) = lira ¢ ( ~  * u) , 

which clearly implies (7.14). 

In  the following we want  to give an (( homogenizat ion )) result  by  which it is 

possible to describe the limit ]o(z) solving a differential problem connected wi th / (x ,  z). 

The first results of this kind were obtained by  SA:NCHEZ-PALEINCIA [4:1],  [4:2],  [4~3], 

Dn GIO~GI-SPAG~OLO [20], BAnU~xA [2] for a uniformly coercive quadrat ic  func- 

t ional of the kind 

F(u) ~-- faij(x) D iu  Dju  dx 
Y2 

2 AIzl <a.(x)z~z~ , 

and then where considered in more general situations by  several authors:  [5], [6], 

[7], [8], [9], [12], [13], [24], [25], [28], [30], [3]], [40], [56]. 

For  the homogenizat ion of non quadrat ic  functionals which have propert ies of 

coereivity on Sobolev spaces see [2], [28], [56]. 

Here  we generalize most  of this results in the sense tha t  we have some weak 

coercivity propert ies and we don ' t  assume any  regular i ty  of /(x, z). 

To this aim let us denote  with C~e r the set of all the  functions u e C 1 which are 

Y-periodic, and let W y  be the space of all u e BVlo ¢ such .that there exists (uh) c C~ r 

such tha t  

Y Y 

where f lDul  indicates the total  var ia t ion of Du (see § 1). 
Y 

We want  to prove  the following 

LElvngt 7.5. - I /  tzz, are de/ined by (7.3) and /o by (7.7), (7.8) /or any z e R  ~ set 

Vu e W r 

(7.15') 
Fh(Y,  u 4- z, x) u ~ W r  N Lip(Y) 

T~(u) 80-  ( .El(~Y)) 

t + oo u ~ W r - -  Lip (Y) 

- - 4 n n a l i  d i  M a t e m a t i c a  
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and 

(7.16) 

then 

(7.17) 

~(u) =so-(~(y)) I 
f fo(DU + z) dx u e W r  n H~ , (Y)  
Y 

-~- oo u e W y  - H 1 ~(~) 

T(u)  = F(N,  I ,I(Y)-)  l im  Th(v) Vu e W y .  
h - . *  oo 

v--->~t 

PlsooF.  - B y  K u r a t o w s k y  t h e o r e m  we k n o w  t h a t  t he re  exis ts  (h,) a n d  a c o n v e x  

func t i on  O(u) such t h a t  

O(u) ---- F(~V, ]51(D) -) l ira ThT(V) VU e W y  . 

~)--->~t 

T h e  proof  since n o w  is s imi lar  to  t h a t  of L e m m a  5.1 in [30]. 

W e  can  give t he  p r inc ipa l  resu l t  of this  section.  

THEOI~E~ 7.6. -- Let f satisfy (7.1), (7.2) and fo be defined by (7.7) then: (7.8) holds and 

(7.18) fo(z)-~- Min { f f (x ,  Du-J-z) dx: u ~ W y } .  
Y 

P~ooF .  - Us ing  (7.17) and  t h e  f ac t  t h a t  the  solut ions of t he  p r o b l e m s  

(7.19) Min { f](hx, Du ÷ z) dx: u e Wy}-= Mh(z) 
Y 

are  in a b o u n d e d  set  of B V a n d  the re fo re  in a c o m p a c t  of B V wi th  r e spec t  to  the  

t o p o l o g y  of Z ~, we  deduce  f r o m  Thee .  1.12 t h a t  

Mh(z ) - ,  Min { f f o ( D u +  z): 
Y 

So we ob t a in  (7.18) if we first  p r o v e  t h a t  

(7.20) Me(z) = re(z),  

a n d  t h e n  t h a t  

(7.21) 

u e W r }  -=- Me(z). 

Vz 

l i m  M a ( z )  ~ h ~Vlin{f/(x, Du~z):ueWy}. 
Y 
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The relat ion (7.20) is obvious. I n  order to ver i fy  (7.21), observe t ha t  the  condition 

f Du  dx = z ~ Du  ~g-periodic 

Y 

is equivalent  to 

u(x) - -  @, x } ,  :Y-periodic. 

We  wan t  to check t h a t  Vh e h r 

Mh(z) = Ml(z ) .  

Zet  u be a solution of Mh(z)~ ul : u -F (z, x}  and observe t h a t  the  ~unction 

~ ( x l , . . . , x . ) = h  -~ ~ ul x ~ + - ~ , . . . , x . +  
Q,...,~n=O 

is such t ha t  D ~  is (1 /h)Y-per iodic  and 

f I ) ~  dx = h. f D ~  dx = z . 
Y ( l lh )y  

Let  us prove  t ha t  ~1 is also a solution of Mh(z). I n  fact ,  using the  convexi ty  

assumpt ion  on ](x~ .)7 

Y Y 

and, V(i~, ..., is) i t  is possible to p rove  

Y y 

To prove (7.23) we make a change o2 variables in the first integral of (7.23) 

x~ --> x~-- ik/h , 

pu t  i =  (i~, ...~ i~) and observe t ha t  

Y Y ÷ i / h  

- -  I : t i( x, .u,(x)) . 
J J 

Y + i l h  Y 
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F u r t h e r m o r e ,  as D ~  is (l/h) Y-per iodic :  

(7.24) M~(z) = f1(hx, D~(x)) dx 
Y 

where  we h a v e  set 

B y  (7.24) we ob ta in  

if we check  t h a t  

= h a f ](hx, D(tl(x)) dx = 

(1 /h )Y  

Y Y 

(e(y) = h ~ ( y )  Vy e Y. 

Mh(z)>~Ml(z) 

fD~(e(y) dy = z . 
Y 

To this a im observe  t h a t  Dfi  is Y-periodic,  as Dill  is ( l /h )Y-per iod ic ,  and  

y y Y (1/h) Y 

Let  us now show t h a t  

MI(z ) > M~(z) . 

Let  us be a solut ion of Ml(z) and  set  

1 
us = (es + (z, x} , ~(y) = ~ u~(hy) 

t hen  ex t end  ~ on Y b y  per iodic i ty  (7) so t h a t  

1 

Y (1 /h )Y  

= fD~u2(x) 4x .  
Y 

(T) As Du s is /Z-periodic, then us(x ) -  <z,x) is Y-periodic, and so ~(~) -- (z, x> 
is 1/h Y-periodic. Let us extend this function by periodicity to 17 and continue to denote 

it by ~ - - ( z ,  x}. 
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~[oreover  

](x,D.u2(x)) 
Y 

f 
dx = h ~ | ](hy, D~u2(hy) dy 

( I / ~ 0 Y  

= h" f ](hy, D~u,(hy))dy  = ~(hy, D~u(y)) dy 
( l lh )Y  Y 

a n d  so we h a v e  t he  result .  

COROLLARY 7.7. -- I] ](X, ") is strictly convex, then the solution u~ o] M~(z) is 
(1/h)V-periodic and h.u~(y/h) is the solution of M~(z). Moreover Vh, k e N :  

h 

P~ooF .  - I t  suffices to  m a k e  in the  p roof  of t h e o r e m  7.6 the  a s s u m p t i o n  of t he  

uniqueness  of t he  solut ion of Mh(z) for  a n y  h. 

8. - L imi t  cases .  

I n  this sect ion we w a n t  to  s t u d y  the  case of the  (~ explosions )) of the  coefficients 

of Dir ichle t  t y p e  funet ionuls  a r o u n d  a one d imens ional  or ~ b id imens iona l  surface 

in R ~. 

W e  show (Theo. 8.3) t h a t  w i t h o u t  the  a s sumpt ion  of un i fo rm in tegrab i l i ty  of 

the  func t ions  a~ one can h a v e  

h-->oo h-~oo , 

and  also t h a t  t he  first l imit  is no t  the  t race  on Ap~ of a measure ,  as a func t ion  of 

(Prop.  8.4 a n d  Prop .  8.5). 

To this a im set (similarly as in [29]) 

~2o= ((xl, x~,y)eR3: I y l < l , x ~ + x ~ < l ,  x2>O} 

y) e tih} 

~o = {(0, 0)} x ]--  1, 1 [ ,  [see fig. 1] 

a n d  define, wi th  x = (xl, x~), dx = dxl dx2 

I h2 if (x, y) ~ B~ 

l 1 if (x, y) ~ B~ 

Fh(~, U)= fahlDul~dxdy , u ~ L i p ( ~ ) .  

£2 
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W e  beg in  wi th  the  fol lowing 

LEm~A 8.1. - For  any  u ~ C ~ 

1 

f "f r D u p d x d Y  -t- -~ IDu(O, O, y)12dy = l imFh( tgo ,  u) 
h 

-Qo - -  1 

/ 
X l  

Y 

/ 

I 

; 4o  
# 

i / /  
! 

; / / /  i 

Figure 1 

P~00F .  - I t  SUffices to observe  t h a t  

Bh ~ - - B h  
1 

1 z / 
B~ n { v =  O} --1 

a n d  so, as h - ~  ~ we have  the  asser t ion.  

Le t  us now prove  the  

~x ÷ f IDu]2dxdy 

tg-- Bt, 
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LE~MA 8.2. - For any ue  C ~ there exists u~eL ip ( tgo )  such that: 

(8.i) uh--> u , in C°(Do) 

a n d  

(8.2) f ~ f ~u y) ~dy tDuJ~dxdy + ~ -~y (0, 0, = lim F~(Do, u ) .  
h 

P~OOF. - L e t  us define,  in po la r  coord ina tes  

uh(q ,O,  y) = 

u(@, O, y) 

u(0, 0, y) 

[u (~ , O, y)--  u(O, O, y)] hq + 2u(0,0,  y ) -  

2/h< e<  I 

0 <  e <  1/h 

u ~,O,y 1 / h < e < 2 / h .  

W e  h a v e  c lear ly  (8.1). Moreover ,  

(8.3) 

1 

Q ~ 2 / h  "--I OqQ<l/h 

1 1 

au y) 

- - 1  l / h  < q < 2 / h  O >~2]h --  i 

dy -+- 

+ ey ° eo tT~o~f + ~  N + 
-- 1 l i b  0 

od edO = ah + b + ca. 

L e t  us  ind ica te  b y  k t he  L ipsch i t z  c o n s t a n t  of u on D0. W e  h a v e  V.o e ] l /h ,  2/h[ 

so t h a t  

~y (p, 0, <8hS~oSk ~ + 18k ~ 

au~ y)~ 
~ (~, O, < 4 k  ~ 

aO (e' O, <k~Q ~ (~) 

o(1) as  h --> c ~ .  

(8) We use the fact tha t  ff u(O, ~) has a Lipsehitz constant equal ~o k, then 
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W e  have ~s ~ consequence  t h e  

TI-IE01:~E~ 8.3. - For any u ~ C ~ 

(8.4) F(~o, ~) = f ID~l~n~dy + ~ J IW (o, o, 
Y2 o 

dy = / '  (_AT, Co(~Qo)-) l i m  F~(~Qo, v ) .  
h-~-oo 

P ~ o o F .  - i t  suffices to  p r o v e  t h u t  

(8.5) uh --> u in  C°(~Qo) =~ ~(~Qo, u) <lim inf Fh(~Qo, u,~). 
h 

~ o w ,  for  a n y  k 

l im inf fa~lDuhI~dxdy>~liminf f~hIDu~i°dxdy> f ID~l~d~dU, 
-qo-- B~ ~o-- BP. -(2o-- B~ 

und  so, us k - +  oz 

(8.6) l i m i n f  f ahIDuhl2dxdy>~ f IDuI~dxav 

F u r t h e r m o r e  

(8.7) fa~fDu~,~ dx dy 
Ba 

1 1 

= fan fn~IDu~t~dx>n~ fdxf,D~I°dy. 
- - 1  q < l / h  Q < l / h  - - 1  

L e t  us n o w  d iv ide  ( - -  1, 1) w i th  t h e  p o i n t s  a o =  - -  1 < a l <  ... < a ~ - -  1 such  t h a t  

a s - - a ~ _ l ~  cons t .  ~nd  l e t  ~ - - >  0 b e  such  t h a t  

T h e n  

where  

a n d  u n i f o r m l y  in  x 

lu(x, a~)- u~(x, as) I< ~h, Vx, Vi. 

Uh(X' ai) --  Uh(X' • i--1)  ~ -  mi(x ) ~_ ~((~lt, x) 

mt(x) -~ u(x, ai)ai---- ai_lu(x~ ai_l)] 

l i m l ~ ( t , x ) ]  = 0 .  
t-->O 
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We have 

a~ 

i = 1  i = 1  

~(~,,, x) V ,  

und, after an integration, 

1 

o < l / h  --1 o < l / h  
( a , -  a,_,)~J ' 

and then as h--> c~, since ~(o'~, x) -+0  

1 

q < l / h  --1 Q<llh  

k ~ m~(0) = ~ ( ~ -  ~,_~)~ 
i=1  

Passing to the limit as a~--a ,_1-> 0 

1 

l i m i n f h  2 dx ID~u,~12dY >-~ 
h 

~ < l l h  --1 --1 

using the continui ty of Dv u. And the proof is complete. 

The difference between/~(C °) ~nd F(L 1) is clarified by  the 

PROPOSlTI05I 8.4. - For  any u~  C 1 

f IDul°'dxdy 
~2 o 

-~/'(iV, L~(Q0)) limF~(Qo, v). 
h--->¢o 
~3 --->@ 

PI~0OF. - See [29]. 

I~EMAt~K. - -  Let  us observe tha t  in this example £"(/2, u) of (8.4) is not  the trace 

on Ap,~ of a measure. I n  fact  if we choose the  sequence 

I~'= ...9o- 3 ~ ,  

we have tha t  it is increasing to /20, satisfies 

F(I~, ~) ~ f iD~l~d~vdy 
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wNle 

Let  us now consider the  sequence of functions defined on C ~  ]0, 1[ 3 b y  

h (x, y, z) ~ C~ 

a~(x, y, z) = 1 otherwise 

where (see fig. 2) 

C~= {(x, y, z) e ~: z < 1tt~} 

I I I  

/ 

/ 
/ 

/ 

Figure 2 

C 

r - y  

and  the  functionals 

~(u)  = fa~ ]Dul ~ dx dy dz , 
(7, 

u ~ ~ ip  (C).  
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I t  is easy to check, similarly as in L e m m a  8.1, t h a t  

f lDut2dxdydz -~ f lDu(x, Y, O)l~dxdy 
C 

= l ira F ~ ( u )  Vu ~ C ~ 
h 

where S = ]0, 1[ ~ × {0}. 

Le t  us remind  t h a t  the  t race  opera tor  on H~(C) is complete ly  continuous,  so t h a t :  

(8.8) sup liu( , y, z) il. , . ,  < ; 
$ 

(8.9) if /5 is bounded  in H ~, then  for any  u e L :  

with lqim ° oJ~(Q)-~ 0; 

(8.10) u~ ~-> u weakly  in H '  ~ s u p  Ilu~(x,y,z)it~,(~>-~O. 

Le t  us define for any  u E H~(C): 

~t~ 

~(x, y) = h f u(x, y, z) dz . 
O 

LE~IMA 8.5. - I] u,--->u in H~'2(C) then uh ~ u(x, y, O) weakly in L2(S). 

P~ooF.  - Le t  us p rove  first t ha t :  

(8.11) 

We  have :  

f l~t  ~ dx dy 
8 

l ib l i b  

= f . ( f y. o) a )'a ay<a f f lu.(x, y. o)l. axay 
S 0 0 S 

F r o m  (8.8) we deduce (8.11). Le t  u* be a weak l imit  of ~ with respect  to L~(S). 
We have :  

(8:12) u(x, y, 0) - -  u*(x, y) = u(x, y, O) -- uh(x, y, O) ~- u~(x, y, O) -- 

-- ~(x,  y) ~ ~a(x, y ) -  u*(x, y ) .  

B y  (8.10) the  first t e r m  goes to  zero, the  th i rd  one tends to zero weakly  in L2: 
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le t  us e s t ima te  the  second one  us ing  (8.9): 

1/h 

f lug(x, y, o ) -  ~(~,  y)l ~,~ ey = f I~,~(x, y, o ) -  h f ~,~(x, y, ~)ezI~ e~ dy = 
S l i b  8 0 l i b  

8 0 ,~ 0 

< SUp "V"J" lug(x, y, O) --ua(x, y, z)l ~ dxdy 
zei0,1/hl S 

a n d  so also the  second t e r m  t en ds  to  zero. 

LE~MA 8.6. - I] uh-+u weakly in H~(C) and 

f ahIDuh] ~ dx dy dz< M ,  
C 

then 

~ ---> u(x, y, O) weakly in H~(8) . 

Pl%OOF. - W e  have :  

(8.13) 

8 

l lh  11t~ 

S 0 0 

l lh  l ib 

< ~ 

S 0 0 

~/h 

< f h f lDu~[~dxdydz< f a~[Du~l~dxdydz<M. 
8 0 q - C h  

dx dy <~ 

B y  L e m m a  8.5 we h a v e  the  resul t .  

I m ~ a  8.7. - I /  u~-+u in L~(C) and 

l im  inf f a~lDu~I~ dx dy dz < + oo , 
h 

O 

then 

f[I (x 
S 

y, O) J~u + Yy (:~' y, O) ~] dx dy + f IDul ~ dx dy dz < l i m i n f  f aj~!Duhl'a &v dy 
q 

dz. 
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P~ooF.  - Using (8.13) and  l e m m a  8.6 we h~ve:  

limhinf f a~IDu~l 2 dx dy dz >7 l i m i n f  f dx dy dz + 
c (7, 

~x + ~ -  l dx dy dz > 
C - C a  

c ,s 

c 8 

y, O) ~] dx dy . 

We have  the  following: 

TnJ~onE~ 8.8. - For any u~ C1: 

: dx dy -~ 

s 
= F(N, C°(C) -) lira Fh(v) = / ~ ( N ,  L~(~) - )  lira F~(v) .  

h-->co h-+oo 

P~ooP.  - F o r  any  u ~ C ~ set 

u~ (x, y, z) = 

u(x, y, O) 0 < z < 1/h 

u(x, y, z) 2/h < z < 1 

[u (x ,Y ,h ) - -u (x , y ,O)Jhz  + 2 u ( x , y , O ) - - u ( x , Y , h  ) 1 / h < z < 2 / h .  

I t  is easy to show tha t :  

and:  

uh --> u in Co(O), 

F(u)  = lira/~h(u~) • 

B y  L e m m ~  (8.7) we have  the  result. 

Compare  this k ind  of result  wi th  those  of [41]. [] 
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