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SOME PROPERTIES OF NORDEN-WALKER METRICS1

Arif Salimov and Murat Iscan

Abstract

The main purpose of the present paper is to study almost Norden structures on 4-

dimensional Walker manifolds. We discuss the integrability and Kähler (holomorphic)

conditions for these structures. The curvature properties for Norden-Walker metrics

is also investigated. Then examples Norden-Walker metrics are constructed from an

arbitrary harmonic function of two variables.

1. Introduction

Let M2n be a Riemannian manifold with a neutral metric, i.e., with a
pseudo-Riemannian metric g of signature ðn; nÞ. We denote by =p

q ðM2nÞ the set
of all tensor fields of type ðp; qÞ on M2n. Manifolds, tensor fields and con-
nections are always assumed to be di¤erentiable and of class Cy.

Let ðM2n; jÞ be an almost complex manifold with almost complex structure
j. This structure is said to be integrable if the matrix j ¼ ðj i

j Þ is reduced to the
constant form in a certain holonomic natural frame in a neighborhood Ux of
every point x A M2n. In order that the almost complex structure j be integrable,
it is necessary and su‰cient that there exists a torsion-free a‰ne connection ‘
with respect to which the structure tensor j is covariantly constant, i.e., ‘j ¼ 0.
Also, we know that the integrability of j is equivalent to the vanishing of the
Nijenhuis tensor Nj A =1

2ðM2nÞ [8, p. 124]. If j is integrable, then j is a complex
structure and moreover M2n is a C-holomorphic manifold XnðCÞ whose transition
functions are holomorphic mappings.

1.1. Norden metrics
A metric g is a Norden metric [14] if

gðjX ; jYÞ ¼ �gðX ;Y Þ
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or equivalently

gðjX ;YÞ ¼ gðX ; jY Þ

for any X ;Y A =1
0ðM2nÞ. Metrics of this kind have been also studied under the

other names: pure, anti-Hermitian and B-metrics (see [4], [5], [9], [15], [19], [21]).
If ðM2n; jÞ is an almost complex manifold with Norden metric g, we say that
ðM2n; j; gÞ is an almost Norden manifold. If j is integrable, we say that ðM2n; j; gÞ
is a Norden manifold.

1.2. Holomorphic (almost holomorphic) tensor fields
Let t

�
be a complex tensor field on a C-holomorphic manifold XnðCÞ. The

real model of such a tensor field is a tensor field on M2n of the same order
irrespective of whether its vector or covector arguments is subject to the action of
the a‰nor structure j. Such tensor fields are said to be pure with respect to
j. They were studied by many authors (see, e.g., [9], [16], [17], [19], [20], [21],
[23]). In particular, for a ð0; qÞ -tensor field o, the purity means that for any
X1; . . . ;Xq A =1

0ðM2nÞ, the following conditions should hold:

oðjX1;X2; . . . ;XqÞ ¼ oðX1; jX2; . . . ;XqÞ ¼ � � � ¼ oðX1;X2; . . . ; jXqÞ:

We define an operator

Fj : =0
qðM2nÞ ! =0

qþ1ðM2nÞ

applied to the pure tensor field o by (see [23])

ðFjoÞðX ;Y1;Y2; . . . ;YqÞ ¼ ðjX ÞðoðY1;Y2; . . . ;YqÞÞ � XðoðjY1;Y2; . . . ;YqÞÞ
þ oððLY1

jÞX ;Y2; . . . ;YqÞ þ � � � þ oðY1;Y2; . . . ; ðLYq
jÞX Þ;

where LY denotes the Lie di¤erentiation with respect to Y .
When j is a complex structure on M2n and the tensor field Fjo vanishes, the

complex tensor field o
�

on XnðCÞ is said to be holomorphic (see [9], [19], [23]).

Thus a holomorphic tensor field o
�
on XnðCÞ is realized on M2n in the form of a

pure tensor field o, such that

ðFjoÞðX ;Y1;Y2; . . . ;YqÞ ¼ 0

for any X ;Y1; . . . ;Yq A =1
0ðM2nÞ. Therefore such a tensor field o on M2n is also

called holomorphic tensor field. When j is an almost complex structure on M2n,
a tensor field o satisfying Fjo ¼ 0 is said to be almost holomorphic.

1.3. Holomorphic Norden (Kähler-Norden) metrics
In a Norden manifold a Norden metric g is called a holomorphic if

ðFjgÞðX ;Y ;ZÞ ¼ 0ð1Þ
for any X ;Y ;Z A =1

0ðM2nÞ.
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By setting X ¼ qk, Y ¼ qi, Z ¼ qj in the equation (1), we see that the
components ðFjgÞkij of Fjg with respect to a local coordinate system x1; . . . ; xn

may be expressed as follows:

ðFjgÞkij ¼ jm
k qmgij � jm

i qkgmj þ gmjðqijm
k � qkj

m
i Þ þ gimqjj

m
k :

If ðM2n; j; gÞ is a Norden manifold with holomorphic Norden metric g, we
say that ðM2n; j; gÞ is a holomorphic Norden manifold.

In some aspects, holomorphic Norden manifolds are similar to Kähler
manifolds. The following theorem is analogue to the next known result: An
almost Hermitian manifold is Kähler if and only if the almost complex structure
is parallel with respect to the Levi-Civita connection.

Theorem 1 [6] (For paracomplex version see [18]). For an almost complex
manifold with Norden metric g, the condition Fjg ¼ 0 is equivalent to ‘j ¼ 0,
where ‘ is the Levi-Civita connection of g.

A Kähler-Norden manifold can be defined as a triple ðM2n; j; gÞ which
consists of a manifold M2n endowed with an almost complex structure j and a
pseudo-Riemannian metric g such that ‘j ¼ 0, where ‘ is the Levi-Civita
connection of g and the metric g is assumed to be Nordenian. Therefore, there
exists a one-to-one correspondence between Kähler-Norden manifolds and Nor-
den manifolds with a holomorphic metric. Recall that in such a manifold, the
Riemannian curvature tensor is pure and holomorphic, also the curvature scalar
is locally holomorphic function (see [6], [15]).

Remark 1. We know that the integrability of the almost complex structure
j is equivalent to the existing a torsion-free a‰ne connection with respect to
which the equation ‘j ¼ 0 holds. Since the Levi-Civita connection ‘ of g is a
torsion-free a‰ne connection, we have: If Fjg ¼ 0, then j is integrable. Thus,
almost Norden manifold with conditions Fjg ¼ 0 and Nj 0 0, i.e., almost
holomorphic Norden manifolds (analogues of the almost Kähler manifolds with
closed Kähler form) does not exist.

In the present paper, we shall focus our attention to the Norden manifolds
in dimension four. Using the Walker metric we construct a new Norden-Walker
metrics together with a proper almost complex structure [11].

2. Norden-Walker metrics

2.1. Walker metric g
A neutral metric g on a 4-manifold M4 is said to be Walker metric if there

exists a 2-dimensional null distribution D on M4, which is parallel with respect to
g. From Walker’s theorem [22], there is a system of coordinates with respect to
which g takes the local canonical form

285some properties of norden-walker metrics



g ¼ ðgijÞ ¼

0 0 1 0

0 0 0 1

1 0 a c

0 1 c b

0
BBB@

1
CCCA;ð2Þ

where a, b, c are smooth functions of the coordinates ðx; y; z; tÞ. The paralel null

2-plane D is spanned locally by fqx; qyg, where qx ¼
q

qx
, qy ¼

q

qy
.

In [11, Fact 1], a proper almost complex structure with respect to g is defined
as a g-orthogonal almost complex structure J so that J is a standard generator of

a positive
p

2
rotation on D, i.e., Jqx ¼ qy and Jqy ¼ �qx. Then for the Walker

metric g, such a proper almost complex structure J is determined uniquely as

0 �1 �c 1
2 ða� bÞ

1 0 1
2 ða� bÞ c

0 0 0 �1

0 0 1 0

0
BBB@

1
CCCA:ð3Þ

In [1], for such a proper almost complex structure J on Walker 4-manifold M, an
almost Norden structure ðgNþ; JÞ is constructed, where gNþ is a metric on M,
with properties gNþðJX ; JYÞ ¼ �gNþðX ;Y Þ. In fact, as one of these examples,
such a metric takes the form (see Proposition 6 in [1]):

gNþ ¼

0 �2 0 �b

�2 0 �a �2c

0 �a 0 1
2 ð1� abÞ

�b �2c 1
2 ð1� abÞ �2c

0
BBB@

1
CCCA:

We may call this an almost Norden-Walker metric. The construction of such a
structure in [1] is to find a Norden metric for a given almost complex structure,
which is di¤erent form the Walker metric.

The purpose of the present paper is to find also an almost Norden-Walker
structure ðg;F Þ, where the metric is nothing but the Walker metric g, with an
appropriate almost complex structure F , to be determined. That is, for a fixed
metric g, we will find an almost complex structure F which satisfy gðFX ;FY Þ ¼
�gðX ;YÞ.

In [1], for a given almost complex structure, a metric is constructed. Our
method is, however, for a given metric, an almost complex structure is constructed.

2.2. Almost Norden-Walker manifolds
Let F be an almost complex structure on a Walker manifold M4, which

satisfies
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i) F 2 ¼ �I ;
ii) gðFX ;YÞ ¼ gðX ;FY Þ (Nordenian property),

iii) Fqx ¼ qy, Fqy ¼ �qx (F induces a positive
p

2
-rotation on D).

We easily see that these three properties define F non-uniquely, i.e.,

Fqx ¼ qy;

Fqy ¼ �qx;

Fqz ¼ aqx þ 1
2 ðaþ bÞqy � qt;

Fqt ¼ � 1
2 ðaþ bÞqx þ aqy þ qz

8>>><
>>>:

and F has the local components

F ¼ ðF i
j Þ ¼

0 �1 a � 1
2 ðaþ bÞ

1 0 1
2 ðaþ bÞ a

0 0 0 1

0 0 �1 0

0
BBB@

1
CCCA

with respect to the natural frame fqx; qy; qz; qtg, where a ¼ aðx; y; z; tÞ is an
arbitrary function.

We must note that the proper almost complex structure J as in (3) is deter-
mined uniquely. In our case of the almost Norden-Walker structure, the almost
complex structure F just obtained contains an arbitrary function aðx; y; z; tÞ.

Our purpose is to find a nontrivial almost Norden-Walker structure with the
Walker metric g explicitly.

Therefore, we now put a ¼ c. Then g defines a unique almost complex
structure

j ¼ ðj i
j Þ ¼

0 �1 c � 1
2 ðaþ bÞ

1 0 1
2 ðaþ bÞ c

0 0 0 1

0 0 �1 0

0
BBB@

1
CCCA:ð4Þ

The triple ðM4; j; gÞ is called almost Norden-Walker manifold. In conformity
with the terminology of [2], [3], [10], [11], [13] we call j the proper almost complex
structure.

Remark 2. From (4) we immediately see that in the case a ¼ �b and c ¼ 0,
j is integrable.

2.3. Integrability of j
We consider the general case for integrability.
The almost complex structure j on almost Norden-Walker manifolds is

integrable if and only if

ðNjÞ ijk ¼ jm
j qmj

i
k � jm

k qmj
i
j � j i

mqjj
m
k þ j i

mqkj
m
j ¼ 0:ð5Þ

From (4) and (5) find the following integrability condition.
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Theorem 2. The proper almost complex structure j on almost Norden-
Walker manifolds is integrable if and only if the following PDEs hold:

ax þ bx þ 2cy ¼ 0;

ay þ by � 2cx ¼ 0:

�
ð6Þ

From this theorem, we easily see that if a ¼ �b and c ¼ 0, then j is
integrable (see Remark 2).

Let ðM4; j; gÞ be a Norden-Walker manifolds ðNj ¼ 0Þ and a ¼ b. Then the
equation (6) reduces to

ax ¼ �cy;

ay ¼ cx;

�
ð7Þ

from which follows

axx þ ayy ¼ 0;

cxx þ cyy ¼ 0;
ð8Þ

e.g., the functions a and c are harmonic with respect to the arguments x and y.
Thus we have

Theorem 3. If the triple ðM4; j; gÞ is Norden-Walker and a ¼ b, then a and c
are all harmonic with respect to the arguments x, y.

2.4. Example of Norden-Walker metric
We now apply the Theorem 3 to establish the existence of special types

of Norden-Walker metrics. In our arguments, the harmonic function plays an
important part.

Let a ¼ b and hðx; yÞ be a harmonic function of variables x and y, for
example hðx; yÞ ¼ ex cos y. We put

a ¼ aðx; y; z; tÞ ¼ hðx; yÞ þ aðz; tÞ ¼ ex cos yþ aðz; tÞ

where a is an arbitrary smooth function of z and t. Then, a is also hormonic
with respect to x and y. We have

ax ¼ ex cos y;

ay ¼ �ex sin y:

From (7), we have PDEs for c to satisfy as

cx ¼ ay ¼ �ex sin x;

cy ¼ �ax ¼ �ex cos y:

For these PDEs, we have solutions

c ¼ �ex sin yþ bðz; tÞ;
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where b is arbitrary smooth function of z and t. Thus the Norden-Walker
metric has components of the form

g ¼ ðgijÞ ¼

0 0 1 0

0 0 0 1

1 0 ex cos yþ aðz; tÞ �ex sin yþ bðz; tÞ
0 1 �ex sin yþ bðz; tÞ ex cos yþ aðz; tÞ

0
BBB@

1
CCCA

3. Holomorphic Norden-Walker (Kähler-Norden-Walker) metrics

Let ðM4; j; gÞ be an almost Norden-Walker manifold. If

ðFjgÞkij ¼ jm
k qmgij � jm

i qkgmj þ gmjðqijm
k � qkj

m
i Þ þ gimqjj

m
k ¼ 0;ð9Þ

then by virtue of Theorem 1 j is integrable and the triple ðM4; j; gÞ is called a
holomorphic Norden-Walker or a Kähler-Norden-Walker manifold. Taking ac-
count of Remark 1, we see that almost Kähler-Norden-Walker manifold with
condition Fjg ¼ 0 and Nj 0 0 does not exist.

Substituting (2) and (4) in (9), we obtain

ðFjgÞxzz ¼ ay; ðFjgÞxzt ¼ ðFjgÞxtz ¼ 1
2 ðbx � axÞ þ cy;

ðFjgÞxtt ¼ by � 2cx; ðFjgÞyzz ¼ �ax;

ðFjgÞyzt ¼ ðFjgÞytz ¼ 1
2 ðby � ayÞ � cx;

ðFjgÞytt ¼ �bx � 2cy;

ðFjgÞzxz ¼ ðFjgÞzzx ¼ ðFjgÞtxt ¼ ðFjgÞttx ¼ cx;

ðFjgÞzxt ¼ ðFjgÞztx ¼ �ðFjgÞtxz ¼ �ðFjgÞtzx ¼ 1
2 ðax þ bxÞ;

ðFjgÞzyz ¼ ðFjgÞzzy ¼ ðFjgÞtyt ¼ ðFjgÞtty ¼ cy;

ðFjgÞzyt ¼ ðFjgÞzty ¼ �ðFjgÞtyz ¼ �ðFjgÞtzy ¼ 1
2 ðay þ byÞ;

ðFjgÞzzz ¼ cax � at þ 2cz þ 1
2 ðaþ bÞay;

ðFjgÞzzt ¼ ðFjgÞztz ¼ ccx þ bz þ 1
2 ðaþ bÞcy;

ðFjgÞztt ¼ cbx þ at � 2cz þ 1
2 ðaþ bÞby;

ðFjgÞtzz ¼ cay � bz � 1
2 ðaþ bÞax;

ðFjgÞtzt ¼ ðFjgÞttz ¼ ccy � at þ 2cz � 1
2 ðaþ bÞcx;

ðFjgÞttt ¼ cby þ bz � 1
2 ðaþ bÞbx:

From these equations we have
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Theorem 4. The triple ðM4; j; gÞ is Kähler-Norden-Walker if and only if the
following PDEs hold:

ax ¼ ay ¼ cx ¼ cy ¼ bx ¼ by ¼ bz ¼ 0; at � 2cz ¼ 0:ð10Þ

Corollary. The triple ðM4; j; gÞ with metric

g ¼ ðgijÞ ¼

0 0 1 0

0 0 0 1

1 0 aðzÞ 0

0 1 0 bðtÞ

0
BBB@

1
CCCA

is always Kähler-Norden-Walker.

4. Curvature properties of Norden-Walker manifolds

If R and r are respectively the curvature and the scalar curvature of the
Walker metric, then the components of R and r have, respectively, expressions
(see [11], Appendix A and C)

Rxzxz ¼ � 1
2 axx; Rxzxt ¼ � 1

2 cxx; Rxzyz ¼ � 1
2 axy; Rxzyt ¼ � 1

2 cxy;

Rxzzt ¼ 1
2 axt � 1

2 cxz � 1
4 aybx þ 1

4 cxcy; Rxtxt ¼ � 1
2 bxx; Rxtyz ¼ � 1

2 cxy;

Rxtyt ¼ � 1
2 bxy; Rxtzt ¼ 1

2 cxt � 1
2 bxz � 1

4 ðcxÞ
2 þ 1

4 axbx � 1
4 bxcy þ 1

4 bycx;

Ryzyz ¼ � 1
2 ayy; Ryzyt ¼ � 1

2 cyy;

Ryzzt ¼ 1
2 ayt � 1

2 cyz � 1
4 axcy þ 1

4 aycx � 1
4 ayby þ 1

4 ðcyÞ
2; Rytyt ¼ � 1

2 byy;

Rytzt ¼ 1
2 cyt � 1

2 byz � 1
4 cxcy þ 1

4 aybx;

Rztzt ¼ czt � 1
2 att � 1

2 bzz � 1
4 aðcxÞ

2 þ 1
4 aaxbx þ 1

4 caxby � 1
2 ccxcy � 1

2 atcx

þ 1
2 axct � 1

4 axbz þ 1
4 caybx þ 1

4 bayby � 1
4 bðcyÞ

2 � 1
2 bzcy

þ 1
4 aybt þ 1

4 azbx þ 1
2 bycz � 1

4 atby

ð11Þ

and

r ¼ axx þ 2cxy þ byy:ð12Þ

Suppose that the triple ðM4; j; gÞ is Kähler-Norden-Walker. Then from the last
equation in (10) and (11), we see that

Rztzt ¼ czt � 1
2 att ¼ � 1

2 ðat � 2czÞt ¼ 0:

From (10) we easily we see that the another components of R in (11) directly all
vanish. Thus we have
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Theorem 5. If a Norden-Walker manifold ðM4; j; gÞ is Kähler-Norden-
Walker, then M4 is flat.

Remark 3. We note that a Kähler-Norden manifold is non-flat, in such
manifold curvature tensor pure and holomorphic [6].

Let ðM4; j; gÞ be a Norden-Walker manifold with the integrable proper
structure j, i.e., Nj ¼ 0. If a ¼ b, then from proof of the Theorem 3 we see
that the equation (7) hold. If c ¼ cðy; z; tÞ and c ¼ cðx; z; tÞ, then cxy ¼ ðcxÞy ¼
ðcyÞx ¼ 0. In these cases, by virtue of (7) we find a ¼ aðx; z; tÞ and a ¼ ðy; z; tÞ
respectively. Using of cxy ¼ 0 and axx þ byy ¼ 0 (see (8)), we from (12) obtain
r ¼ 0. Thus we have

Theorem 6. If ðM4; j; gÞ is a Norden-Walker non-Kähler manifold with
metrics

g ¼

0 0 1 0

0 0 0 1

1 0 aðx; z; tÞ cðy; z; tÞ
0 1 cðy; z; tÞ aðx; z; tÞ

0
BBB@

1
CCCA; ~gg ¼

0 0 1 0

0 0 0 1

1 0 aðy; z; tÞ cðx; z; tÞ
0 1 cðx; z; tÞ aðy; z; tÞ

0
BBB@

1
CCCA

then M4 is scalar flat.

5. On a relation between the Goldberg conjecture of almost
Norden-Walker and Kähler-Norden-Walker manifolds

Let ðM2n; j; gÞ be an almost Norden manifold, and choose a j-compatible
2-form WjðX ;YÞ ¼ hðjX ;YÞ on M2n, where hðX ;YÞ ¼ ~ggðX ;YÞ þ ~ggðjX ; jYÞ is
Hermitian metric for any Riemannian metric ~gg, which exists provided M2n is
paracompact [7, p. 60]. Then we can propose an almost Norden version of
Goldberg conjecture as follows [12]: ðG1Þ if M2n is compact and ðG2Þ g is
Einstein, and ðG3Þ if a j-compatible 2-form is closed, then j must be integrable.

We now define two subfamilles in the set of all compact Norden-Walker
4-manifolds:

KNW ¼ fðM4; j; gÞ : Fjg ¼ 0g;
GNW ¼ fðM4; j; gÞ : M4 with conditions ðG2Þ; ðG3Þg:

Theorem 7. Let M4 A KNW. Then M4 must be a manifold with condition
ðG2Þ of GNW , and j is integrable.

Proof. Suppose that M4 A KNW . Then from Theorem 5 we see that M4

is flat, and therefore g is Einstein. By virtue of Remark 1, we see that j is
integrable, if Fjg ¼ 0. Thus the proof is completed.
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