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SOME PROPERTIES OF NORDEN-WALKER METRICS!
ARIF SALIMOV AND MURAT IscaN

Abstract

The main purpose of the present paper is to study almost Norden structures on 4-
dimensional Walker manifolds. We discuss the integrability and Kéhler (holomorphic)
conditions for these structures. The curvature properties for Norden-Walker metrics
is also investigated. Then examples Norden-Walker metrics are constructed from an
arbitrary harmonic function of two variables.

1. Introduction

Let M,, be a Riemannian manifold with a neutral metric, i.e., with a
pseudo-Riemannian metric g of signature (n,n). We denote by S!(Ma,) the set
of all tensor fields of type (p,q) on M,,. Manifolds, tensor fields and con-
nections are always assumed to be differentiable and of class C™.

Let (M3,,p) be an almost complex manifold with almost complex structure
@. This structure is said to be integrable if the matrix ¢ = ((p}) is reduced to the
constant form in a certain holonomic natural frame in a neighborhood U, of
every point x € M»,. In order that the almost complex structure ¢ be integrable,
it is necessary and sufficient that there exists a torsion-free affine connection V
with respect to which the structure tensor ¢ is covariantly constant, i.e., Vg = 0.
Also, we know that the integrability of ¢ is equivalent to the vanishing of the
Nijenhuis tensor N, € S1(Ma,) [8, p. 124]. If ¢ is integrable, then ¢ is a complex
structure and moreover M>, is a C-holomorphic manifold X,(C) whose transition
functions are holomorphic mappings.

1.1. Norden metrics
A metric ¢ is a Norden metric [14] if

glpX,pY) = —g(X,Y)
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or equivalently
9(pX,Y) =g(X,pY)

for any X,Y € S{(Ma,). Metrics of this kind have been also studied under the
other names: pure, anti-Hermitian and B-metrics (see [4], [5], [9], [15], [19], [21]).
If (M3,,p) is an almost complex manifold with Norden metric g, we say that
(M3, p,9) is an almost Norden manifold. If ¢ is integrable, we say that (Ma,, ¢, g)
is a Norden manifold.

1.2. Holomorphic (almost holomorphic) tensor fields

Let ¢ be a complex tensor field on a C-holomorphic manifold X,(C). The
real model of such a tensor field is a tensor field on M,, of the same order
irrespective of whether its vector or covector arguments is subject to the action of
the affinor structure ¢. Such tensor fields are said to be pure with respect to
¢. They were studied by many authors (see, e.g., [9], [16], [17], [19], [20], [21],
[23]). In particular, for a (0,q) -tensor field w, the purity means that for any
Xi,...,X, € %&(Mz,l), the following conditions should hold:

a)((le,Xz, P ,Xq) = CO(Xl,(sz, e ,Xq) == CO(X],XQ, e ,gDXq).
We define an operator
D, : %2(M2n) - %2+1(M2n)

applied to the pure tensor field w by (see [23])
(D) (X, Y1, Ys,..., Y,) = (pX)((Y1, Ya,..., Yy)) — X(w(pY1, Ya,..., Y,))

+o((Lyp)X, Y2, ..., Y) + -+ (Y1, Ya,...,(Ly,p)X),
where Ly denotes the Lie differentiation with respect to Y.
When ¢ is a complex structure on M», and the tensor field @, vanishes, the
complex tensor field @ on X,(C) is said to be holomorphic (see [9], [19], [23]).

Thus a holomorphic tensor field & on X, (C) is realized on M,, in the form of a
pure tensor field w, such that

((Dwa))(Xv Y17 YZ;"'a YL]) =0

for any X, Y;,...,Y, € C\\f(l)(MQn). Therefore such a tensor field w on M, is also
called holomorphic tensor field. When ¢ is an almost complex structure on M,
a tensor field w satisfying @, = 0 is said to be almost holomorphic.

1.3. Holomorphic Norden (Kihler-Norden) metrics
In a Norden manifold a Norden metric g is called a holomorphic if

1) (@,9)(X.7.2) =0
for any X, Y,Z e S} (May).
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By setting X =0x, Y =0;, Z=0; in the equation (1), we see that the
components (dbq,g)kij of ®,g with respect to a local coordinate system x!,..., x"
may be expressed as follows:

(Pp9) i = Ok OmGi — 9] Okdmj + Gmj (00" — Okp]") + GimOj 0"

If (M>,,¢,9) is a Norden manifold with holomorphic Norden metric g, we
say that (My,,0,9) is a holomorphic Norden manifold.

In some aspects, holomorphic Norden manifolds are similar to Kéihler
manifolds. The following theorem is analogue to the next known result: An
almost Hermitian manifold is Kéhler if and only if the almost complex structure
is parallel with respect to the Levi-Civita connection.

THEOREM 1 [6] (For paracomplex version see [18]). For an almost complex
manifold with Norden metric g, the condition ®,g9 =0 is equivalent to Vo =0,
where V is the Levi-Civita connection of g¢.

A Kdhler-Norden manifold can be defined as a triple (My,,¢,g) which
consists of a manifold M;, endowed with an almost complex structure ¢ and a
pseudo-Riemannian metric g such that Vo =0, where V is the Levi-Civita
connection of g and the metric g is assumed to be Nordenian. Therefore, there
exists a one-to-one correspondence between Kdhler-Norden manifolds and Nor-
den manifolds with a holomorphic metric. Recall that in such a manifold, the
Riemannian curvature tensor is pure and holomorphic, also the curvature scalar
is locally holomorphic function (see [6], [15]).

Remark 1. We know that the integrability of the almost complex structure
@ 1is equivalent to the existing a torsion-free affine connection with respect to
which the equation Vg = 0 holds. Since the Levi-Civita connection V of ¢ is a
torsion-free affine connection, we have: If ®,g =0, then ¢ is integrable. Thus,
almost Norden manifold with conditions ®,g =0 and N, #0, ie., almost
holomorphic Norden manifolds (analogues of the almost Kdhler manifolds with
closed Kdihler form) does not exist.

In the present paper, we shall focus our attention to the Norden manifolds
in dimension four. Using the Walker metric we construct a new Norden-Walker
metrics together with a proper almost complex structure [11].

2. Norden-Walker metrics

2.1. Walker metric g

A neutral metric g on a 4-manifold My is said to be Walker metric if there
exists a 2-dimensional null distribution D on My, which is parallel with respect to
g. From Walker’s theorem [22], there is a system of coordinates with respect to
which ¢ takes the local canonical form
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0010
0 0 1
2 = (gij) = s
(2) g = (95) 10 a ¢
01 ¢ b

where a, b, ¢ are smooth functions of the coordinates (x, y,z,¢). The paralel null
2-plane D is spanned locally by {d,d,}, where 0, = %, 0y = %

In [11, Fact 1], a proper almost complex structure with respect to g is defined
as a g-orthogonal almost complex structure J so that J is a standard generator of
a positive g rotation on D, ie., JO, =0, and J0, = —0,. Then for the Walker

metric g, such a proper almost complex structure J is determined uniquely as

0 -1 —c  %(a—b)
Lig—
3) 1 0 5(a—-b) ¢
0 O 0 -1
0 O 1 0

In [1], for such a proper almost complex structure J on Walker 4-manifold M, an
almost Norden structure (¢"*,J) is constructed, where gV* is a metric on M,
with properties gVt (JX,JY) = —gV* (X, Y). In fact, as one of these examples,
such a metric takes the form (see Proposition 6 in [1]):

0 =2 0 —b

N _ -2 0 —a —2c
g 0 —a 0 L(1 - ab)

—b —2¢ 1(1—ab) —2¢

We may call this an almost Norden-Walker metric. The construction of such a
structure in [1] is to find a Norden metric for a given almost complex structure,
which is different form the Walker metric.

The purpose of the present paper is to find also an almost Norden-Walker
structure (g, F), where the metric is nothing but the Walker metric g, with an
appropriate almost complex structure F, to be determined. That is, for a fixed
metric g, we will find an almost complex structure F which satisfy g(FX,FY) =
-9 (X ) Y)

In [1], for a given almost complex structure, a metric is constructed. Our
method is, however, for a given metric, an almost complex structure is constructed.

2.2. Almost Norden-Walker manifolds
Let F be an almost complex structure on a Walker manifold Ay, which
satisfies
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i) F? =1,
ii) g(FX,Y) =g(X,FY) (Nordenian property),
ii) Fo, =0,, Fo, = —0, (F induces a positive g—rotation on D).
We easily see that these three properties define F' non-uniquely, i.e.,
Fax = Uy,
Fo, = —0y,
Fo. = ad, + % (a+b)o, — 0,
Fo, = —1(a+b)oy + ad, + 0.

and F has the local components

0 -1 o —1(a+0b)
. 1 0 L(a+b o
F=WE)=14 o 2(0 ) 1
0 0 ~1 0

with respect to the natural frame {0.,0,,0-,0,}, where o= a(x,y,z,¢) is an
arbitrary function.

We must note that the proper almost complex structure J as in (3) is deter-
mined uniquely. In our case of the almost Norden-Walker structure, the almost
complex structure F just obtained contains an arbitrary function a(x, y,z,?).

Our purpose is to find a nontrivial almost Norden-Walker structure with the
Walker metric ¢ explicitly.

Therefore, we now put « =c¢. Then g defines a unique almost complex
structure

0 -1 ¢ —1(a+b)
: 1 0 l(a+b) c
4) 9 = (9;) 0 0 0 1
0 0 -1 0

The triple (M4, ¢, g) is called almost Norden-Walker manifold. In conformity
with the terminology of [2], [3], [10], [11], [13] we call ¢ the proper almost complex
structure.

Remark 2. From (4) we immediately see that in the case a = —b and ¢ =0,
@ is integrable.

2.3. Integrability of ¢

We consider the general case for integrability.

The almost complex structure ¢ on almost Norden-Walker manifolds is
integrable if and only if

1

(5) (Np)jx = 07" 0m@i — 9 0w} — 01008 + Pl = 0.
From (4) and (5) find the following integrability condition.



288 ARIF SALIMOV AND MURAT ISCAN

THEOREM 2. The proper almost complex structure ¢ on almost Norden-
Walker manifolds is integrable if and only if the following PDEs hold:

{ax+bx+2cy =0,

(6) a,+b, —2c, = 0.

From this theorem, we easily see that if ¢« =—b and ¢ =0, then ¢ is
integrable (see Remark 2).
Let (Ma,9,9) be a Norden-Walker manifolds (N, =0) and a = b. Then the

equation (6) reduces to
™) {azo
from which follows
®) axx + a,, =0,
Cxx+ ¢y =0,
e.g., the functions ¢ and ¢ are harmonic with respect to the arguments x and y.

Thus we have

THEOREM 3. If the triple (My, ¢, g) is Norden-Walker and a = b, then a and ¢
are all harmonic with respect to the arguments x, y.

2.4. Example of Norden-Walker metric
We now apply the Theorem 3 to establish the existence of special types
of Norden-Walker metrics. In our arguments, the harmonic function plays an

important part.
Let a =5 and Ah(x,y) be a harmonic function of variables x and y, for

example /(x,y) =e*cos y. We put
a = a(x, p,z,0) = h(x, ) + a(z.1) = ¢* cos y + (=, 1)

where o is an arbitrary smooth function of z and ¢. Then, a is also hormonic
with respect to x and y. We have

a, = e~ cos y,
a, = —e”sin y.
From (7), we have PDEs for ¢ to satisfy as
cx=a,=—e"sinx,
¢y = —ay = —e” cos y.
For these PDEs, we have solutions

c=—e"sin y+ f(z,1),
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where [ is arbitrary smooth function of z and 7. Thus the Norden-Walker
metric has components of the form

0 0 1 0

0 0 0 1
9=(95) = 1 0 e*cosy+oa(z,t) —e*siny+ f(z1)

0 1 —esiny+p(z,t) e cosy+a(z,i)

3. Holomorphic Norden-Walker (Kihler-Norden-Walker) metrics

Let (M4,p,9) be an almost Norden-Walker manifold. If

) (Dy9) 1 = 01'OmGi — 01" OkGmj + Gmj (0i0)" — Ox@]") + gm0’ = 0,

then by virtue of Theorem 1 ¢ is integrable and the triple (My, ¢, g) is called a
holomorphic Norden-Walker or a Kédhler-Norden-Walker manifold. Taking ac-
count of Remark 1, we see that almost Kéhler-Norden-Walker manifold with
condition ®,g =0 and N, # 0 does not exist.

Substituting (2) and (4) in (9), we obtain

((D(/)g)xzz = a}’a ((I)(ﬂg)xzt = ((I)(/)g)xtz = %(bx - ax) + Cyv
((D‘ﬂg)xtt = by - 2CX’ ((D(ﬂg)yzz = —dy,
((I)(ﬂg)y = ((Dgog)yz: = %(by —ay) — ¢y,

(Py9)... = (Ppg).... = (Ppg) 1y = (Pp9) 1y =

(@o9)-s = (Pyg)zx = —(Ppg): = ~(Pyg) o = 5 (ax +by),
((D(ﬁg)_yz = (q)wg)zzy = (q)qog)zyz = (q)wg)zzy = 0y,

(q)wg)zyz ((Dwg)zzy = _(q)‘ﬂg)tyz = _(q)wg)zzy = %(ay +by),
(®y9)... = cax — a; + 2¢. + L (a + b)ay,

Dyg)..., = (Ppg).,. = ccx + b- +5(a+b)ey,
®,9).,, = cby +a, — 2¢. +1(a+b)b,,
Dyg),.. = cay — b —3(a+ blax,
Dy9),., = (Dyg),. = c¢y —a; + 2¢: — 3 (a+ b)ey,
(®yg),y, = by + b- — % (a+ b)by.

From these equations we have



290 ARIF SALIMOV AND MURAT ISCAN

THEOREM 4. The triple (M4, ¢, g) is Kdhler-Norden-Walker if and only if the
following PDEs hold.

(10) ay=ay,=cy=¢,=by,=b,=b.=0, a,—2c.=0.

COROLLARY. The triple (Mg, p,g) with metric

00 1 0
00 0 1
9= =11 az) 0
01 0 b

is always Kdhler-Norden-Walker.

4. Curvature properties of Norden-Walker manifolds

If R and r are respectively the curvature and the scalar curvature of the
Walker metric, then the components of R and r have, respectively, expressions
(see [11], Appendix A and C)

Ryzy: = — %axm Ryzxi = — %cxx; Rx:yz = %axy» szyt = % Cxys
Ry = %axr - %sz - %aybx =+ %Cxcyv Ry = — %bxxv thy: = - %C)(ya
thyt = - %bxy; thzt = %Cxt - %b\: - le (Cx)z + %axbx - lebxcy + %bycm
Ryzy: = — %ayy, Ryzyi = _%ny’

(11) Ry = %ayt - %Cyz - }—‘axc}, + %“ycx - clTayby + 4]‘1 (Cy)zv Ry = — %byya
Ry = %Cyt - %byz - %cxcy + %aybx,

_ 1 1 1 2.1 1 1 1
Rzt = ezt — 504 — 5 bz — galex)” + gaayby 4 yeach, —5cevey, —5a.cx

+ %axc, — %axbz + %caybx + %ba},by — %b(cy)2 — %bzcy
+Yayb, + jaby +1bye. — Lab,

and

(12) F = ayx + 20y + by

Suppose that the triple (My, ¢, g) is Kdhler-Norden-Walker. Then from the last
equation in (10) and (11), we see that

_ 1 _
Ry =cp —5ay = —

3 (@ —2c.), =0.

=

From (10) we easily we see that the another components of R in (11) directly all
vanish. Thus we have
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THEOREM 5. If a Norden-Walker manifold (My,,g) is Kdhler-Norden-
Walker, then My is flat.

Remark 3. We note that a Kéhler-Norden manifold is non-flat, in such
manifold curvature tensor pure and holomorphic [6].

Let (M4,9,9) be a Norden-Walker manifold with the integrable proper
structure ¢, i.e.,, N, =0. If a=b, then from proof of the Theorem 3 we see
that the equation (7) hold. If ¢ =c¢(y,z,¢) and ¢ = ¢(x,z,1), then ¢y, = (cx), =
(¢y), = 0. In these cases, by virtue of (7) we find ¢ = a(x,z,¢) and a = (y,z,1)
respectively. Using of ¢, =0 and a., + by, =0 (see (8)), we from (12) obtain
r=0. Thus we have

THEOREM 6. If (M4, ¢,g9) is a Norden-Walker non-Kdihler manifold with
metrics

0 0 1 0 0 0 1 0
oo o 1 oo o 1
=11 o a(x,z,t) c(y,z,0) |’ 9711 o a(y,z, 1) c(x,z,1)

0 1 c(yzt) alxzi) 0 1 clx,z,8) a(y,zi)

then My is scalar flat.

5. On a relation between the Goldberg conjecture of almost
Norden-Walker and Kihler-Norden-Walker manifolds

Let (M»,,9,9) be an almost Norden manifold, and choose a @p-compatible
2-form Q,(X,Y) =h(pX,Y) on My, where h(X,Y)=g(X,Y)+ g(pX,pY) is
Hermitian metric for any Riemannian metric g, which exists provided M, is
paracompact [7, p. 60]. Then we can propose an almost Norden version of
Goldberg conjecture as follows [12]: (G) if Ma, is compact and (Gy) g is
Einstein, and (Gs) if a g-compatible 2-form is closed, then ¢ must be integrable.

We now define two subfamilles in the set of all compact Norden-Walker
4-manifolds:

KNW = {(M4a(p7 g) : (D¢g = 0}’
GNW = {(Ma4,p,g) : My with conditions (G»), (Gs3)}.

THEOREM 7. Let Mye KNW. Then My must be a manifold with condition
(G2) of GNW, and ¢ is integrable.

Proof. Suppose that My e KNW. Then from Theorem 5 we see that M,
is flat, and therefore g is Einstein. By virtue of Remark 1, we see that ¢ is
integrable, if ®,g =0. Thus the proof is completed.
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