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SOME PROPERTIES OF VARIABLE BESOV-TYPE SPACES

DoUADI DRIHEM

Abstract: In this article we introduce Besov-type spaces with variable smoothness and inte-
grability, which unify and generalize the Besov-type spaces with fixed exponents. Under natural
regularity assumptions on the exponent functions, we show that our spaces are well-defined, i.e.,
independent of the choice of basis functions and we establish some properties of these function
spaces. Moreover the Sobolev embeddings for these function spaces are obtained.
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1. Introduction

It is well-known that function spaces have been a central topic in modern analysis,
and are now of increasing applications in areas such as harmonic analysis and par-
tial differential equations. Some examples of these spaces can be mentioned such
as: Besov and Triebel-Lizorkin spaces, were introduced between 1959 and 1975;
see, for example, [29]. They cover many well-known classical concrete function
spaces such as Holder-Zygmund spaces, Sobolev spaces, fractional Sobolev spaces.
A comprehensive treatment of these function spaces and their history can be found
in Triebel’s monographs [30], [31] and [32].

In recent years, there has been increasing interest in a new family of function
spaces, called By} spaces. These spaces unify and generalize many classical func-
tion spaces including Besov spaces, Besov-Morrey spaces (see, for example, [38,
Corollary 3.3]). The theory of these function spaces has been considered by many
researchers. When s € R,7 € [0,00) and 1 < p,q < oo, the B;7 spaces were
first introduced by El Baraka in [11] and [12]. In these papers, El Baraka inves-
tigated embeddings as well as Littlewood-Paley characterizations of Campanato
spaces. El Baraka showed that the spaces B,y cover certain Campanato spaces.

Later on, the author gave in 7] a characterization for Bj'7 spaces by local means
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and maximal functions. For a complete treatment of By} spaces we refer the reader
to the work of W. Yuan, W. Sickel and D. Yang, [38]. D. Yang and W. Yuan, in
[35] introduced the scales of homogeneous Besov spaces B; > Which generalize the
homogeneous Besov spaces B . See also [§8], [10] and [26] for further results. All

these results are obtained When s, T, p, q are fixed.

In recent years, there has been growing interest in generalizing classical spaces
such as Lebesgue, Sobolev spaces, Besov spaces, Triebel-Lizorkin spaces to the
case with either variable integrability or variable smoothness. The motivation for
the increasing interest in such spaces comes not only from theoretical purposes,
but also from applications to fluid dynamics [21], image restoration [3] and PDE
with non-standard growth conditions. The survey [20] provides information on
existence and regularity results for PDE in the variable exponent setting. This
includes also an extensive list of references on this subject. We only refer to the
monograph [6] for further details and references on recent developments on this
field.

The concept of function spaces with variable smoothness and the concept of
variable integrability were first merged by Diening, Héstoé and Roudenko in [5].
They defined Triebel-Lizorkin spaces F (())q( N and proved a discretization by the
so called ¢-transform. Also atomic and molecular decomposition of these function
spaces are obtained and used to derive trace results. The Sobolev embedding of
these function spaces was proved by J. Vybiral, [33]. When «, p, ¢ are constants
they coincide with the usual function spaces F}; ,. Besov spaces of variable smooth-
ness and integrability, B;‘((,')),q(,), initially appeared in the paper of A. Almeida and
P. Hasto [1]. Several basic properties were established, such as the Fourier ana-
lytical characterization. When p, q, « are constants they coincide with the usual
function spaces B, . Also Sobolev type embeddings and the characterization by
approximations of these function spaces were obtained. Some properties of these
function spaces such as local means characterizations, atomic decomposition and
characterizations by ball means of differences can be found in [9] and [15].

The purpose of the present paper is to define and study a generalized scale
of Besov-type spaces with variable smoothness and integrability. By setting some
of the indices to appropriate values we recover all previously mentioned spaces as
special cases.

The paper is organized as follows. First we give some preliminaries where we
introduce notation and recall basic facts on function spaces with variable integra-
bility. We also formulate here technical lemmas needed in the proofs of the main
statements. For making the presentation clearer, we give their proofs later in Sec-
tion 5. We then define the Besov-type space B (( )) T((')) in Section 3 and give several
basic properties. We show that our spaces are well-defined, i.e., independent of
the choice of basis functions. Moreover, we show that for some special parameters,
the spaces B (())q(()) are just the Besov space Bu ( Hn(l/T(')_l/p(')) . In Section 4 we
prove elementary embeddings between these functlons spaces, as well as Sobolev

embeddings.



Some properties of variable Besov-type spaces 195

2. Preliminaries

As usual, we denote by R™ the n-dimensional real Euclidean space, N the collection
of all natural numbers and Ny = N U {0}. The letter Z stands for the set of
all integer numbers. For a multi-index o = (aq,...,a,) € Nj, we write |o| =
a1 + ... + ap,. The Euclidean scalar product of = (21, ...,x,) and y = (y1, ..., Yn)
is given by x -y = z1y1 + ... + Tnyn. The expression f < g means that f < cg
for some independent constant ¢ (and non-negative functions f and g), and f ~ g
means f < g < f. Asusual for any « € R, [z] stands for the largest integer smaller
than or equal to x.

For z € R™ and r > 0 we denote by B(z,r) the open ball in R™ with center
x and radius r. By suppf we denote the support of the function f , i.e., the
closure of its non-zero set. If E C R™ is a measurable set, then |E| stands for the
(Lebesgue) measure of E and x g denotes its characteristic function.

The symbol S(R™) stands for the set of all Schwartz functions ¢ on R™ and we
denote by S’'(R™) the dual space of all tempered distributions on R™. We define
the Fourier transform of a function f € S(R™) by

FNE) = @n) 2 [ e payda,
Its inverse is denoted by =1 f. Both F and F~! are extended to the dual Schwartz
space §’'(R™) in the usual way.
The Hardy-Littlewood maximal operator M is defined on L{ _ by

1
Mf(z) = sup W /B(JM) |f(y)| dy.

r>0

2.1. Spaces £90)(LP())

The variable exponents that we consider are always measurable functions p on R"
with range in [c, oo[ for some ¢ > 0. We denote the set of such functions by Py.
The subset of variable exponents with range [1, oo is denoted by P. We use the
standard notation

p~ = ess-inf p(x), pT = ess-sup p(x).
zER™ zERRN

We define g,(t) = t?. The variable exponent modular is defined by

o0 = [ a7@Dis

The variable exponent Lebesgue space LP() consists of measurable functions f on
R™ such that gp,.)(Af) < oo for some A > 0. We define the Luxemburg (quasi)-
norm on this space by the formula

||f||p(‘) = inf {A >0: Qp(»)(é) < 1}.
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As is known, the following inequalities hold (see [6], Lemma 3.2.4)

[fllpy ST = 0py(f) < 1. (2.1)

Moreover,

min (2,00 (1) 000 (1)) < Ul < mas (e (1) 200 (£)7)- (22

if 0, <f) > 0 or pt < co. Let p,q € Py. The mixed Lebesgue-sequence space
¢9C)(LPO)) is defined on sequences of LP()-functions by the modular

0000y (£r) ((fo)v) = Zinf{)\v >0: Qp(.)(%> < 1}.

The (quasi)-norm is defined as usual:

. 1
1Dl ooy = 0 {1 > 02 0 g (3, (Fode) <1} (23)

If g < oo, then we can replace (2.3) by the simpler expression

Q(q()(uv()) ZH|fv|q ()

a()

Furthermore, if p and ¢ are constants, then ¢4)(LP()) = ¢9(LP). The case p = oo
can be included by replacing the last modular by

o () = 3 1507

It is known, cf. [1] and [14], that ¢9¢)(LP0)) is a norm if q(-) > 1 is constant
almost everywhere (a.e.) on R™ and p(-) > 1, or if ( 5 + <1 ae. on R”, or
if 1 <gqx) < p(x) < 0o ae. on R™.

We say that g : R™ — R is locally log-Hélder continuous, abbreviated g € Cllgf,
if there exists ciog(g) > 0 such that

q(w)

Clog(g)
" log(e+1/ [z —yl)

(2.4)

for all z,y € R™. We say that g satisfies the log-Hdlder decay condition, if there
exists goo € R and a constant cjog > 0 such that

Clog

L) — goo| < ——2
@) = 9| < s

for all € R®. We say that g is globally-log-Hélder continuous, abbreviated
g € C"_ if it is locally log-Hélder continuous and satisfies the log-Hélder decay
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condition. The constants ciog(g) and ciog are called the locally log-Hélder constant
and the log-Hdlder decay constant, respectively. We note that all functions g €
C’llgf always belong to L.

We define the following class of variable exponents

1
Plog — {p € P : — is globally-log-Holder continuous}.
p

We define 1/po = lim;|—,00 1/p(x) and we use the convention - = 0. Note that
although % is bounded, the variable exponent p itself can be unbounded. It was
shown in [6], Theorem 4.3.8, that M : LP() — LP() is bounded if p € P'°% and
p~ > 1. Also, if p € P'°8, then convolution with a radially decreasing L'-function
is bounded on LP():
e fllpey < cllellallFllp)-

We also refer to the papers [2] and [4], where various results on maximal function
in variable Lebesgue spaces were obtained.

Very often we have to deal with the norm of characteristic functions on balls
(or cubes) when studying the behavior of various operators in Harmonic Analysis.
In classical LP spaces the norm of such functions is easily calculated, but this is
not the case when we consider variable exponents. Nevertheless, it is known that
for p € P'°% we have

IxBllpey IxBllp ) = B (2.5)
Also,
1
IxBllpe) = [Bl7@, zeB (2.6)

for small balls B C R™ (|B| < 2"), and

1
IXBllp) = [B|7= (2.7)

for large balls (| B| > 1), with constants only depending on the log-Holder constant
of p (see, for example, [6, Section 4.5]). Here p’ denotes the conjugate exponent
of p given by 1/p(-) + 1/p'(-) = 1. These properties hold true if p € P(l)og, since
Ixaloe) = lIxslyS,, and P8 if p~ > a.

Recall that 0,y (z) = 2"(1 + 2V |z|)~™, for any z € R", v € Ny and m > 0.
Note that 7,,, € L' when m > n and that 1Mv,mll; = ¢m is independent of v. For
v € Z and m = (my, ...,my) € Z", let Qum be the dyadic cube in R™,

Qom = {(.131, vy Tp) iy < 2% <my + 1,0 =1,2, ,n}
For the collection of all such cubes we use
Q={Qum:vEZ,meZ"}.

For each cube @, we denote by xg the lower left-corner 27"m of Q = Qym, its side
length by I(Q) and for » > 0, we denote by r@Q the cube concentric with ¢ having
the side length 71(Q). Furthermore, we put vg = —log, [(Q) and vg = max(vg,0).
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By ¢ we denote generic positive constants, which may have different values
at different occurrences. Although the exact values of the constants are usually
irrelevant for our purposes, sometimes we emphasize their dependence on certain
parameters (e.g. ¢(p) means that ¢ depends on p, etc.). Further notation will be
properly introduced whenever needed.

2.2. Some technical lemmas

In this subsection we present some results which are useful for us. The following
lemma is proved [15, Lemma 19], see also [5, Lemma 6.1].

Lemma 2.8. Leta € Cllgf and let R > ciog(r), where ciog() is the constant from
(2.4) for a. Then

2va($)77v,m+R(x - y) <c 2va(y)77v,m (x - y)
with ¢ > 0 independent of x,y € R™ and v,m € Ny.
The previous lemma allows us to treat the variable smoothness in many cases

as if it were not variable at all, namely we can move the term inside the convolution
as follows:

2va(x)77v,m+R * f({L') < C Ny,m * (2U<X()f)(x>

The next lemma often allows us to deal with exponents which are smaller
than 1, see [5, Lemma A.7].

Lemma 2.9. Let r >0, v € Ny and m > n. Then there exists ¢ = c(r,m,n) >0
such that for all g € S'(R™) with supp Fg C {£ € R™ : |¢] < 2T}, we have

l9(@)] < c(om * 9" (@), xR

The next lemma tells us that in most circumstances two convolutions are as
good as one, see [5].

Lemma 2.10. For vg,v1 € Ng and m > n, we have

Nwg,m * Tvy,m = Nmin(vo,v1),m

with the constant depending only on m and n.

1/7
In classical Lebesgue spaces Hii”T = (%) for any cubes P and Q. We

would like to generalize this to the case of a variable exponent 7. It is not clear
how to replace 1/7 in the formula by something in terms of 7. However, it turns
out that if 7 € P(l)og, then this is possible in some particular cases.
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Lemma 2.11. Let 7 € P, 8 and k € Z".
(i) For any cubes P and @, we have

Ixrru@llg (1 l(Q)|k|)c‘°g“)
Ixpll I(P)

with ¢ > 0 independent of 1(Q), I(P) and k.
(ii) For any cubes P and Q, such that P C Q, we have

1/7+ 1/~
C(@) < Ixall) <C(@)
7] el <P
with ¢,C > 0 are independent of |Q| and |P|.

We introduce the abbreviations

fo

||(fv)v||gf(->,q(->(m<->) = Sup ( XP> .
pee ”XP”T(-) v} £aC)(Lr0))

Since the maximal operator is in general not bounded on £40)(LP()), see [1, Ex-
ample 4.1] we need a replacement for it. It turned out that a convolution with
radial decreasing functions fits very well into the scheme. The following lemma is
the ¢7():90)(LP())_version of Lemma 4.7 from A. Almeida and P. Hast [1].

Lemma 2.12. Let p € P with 1 < p~ < pt < 00 and ¢, 7 € P(I)Og with
0<q <q" <oo. Form > 2n+ ciog(1/7) + ciog(1/q), there exists ¢ > 0 such
that

[1(70,m * fv)v||e-r('),q(-)([,p(')) Sc ||(fv)v||4T<->,q<->(Lp<->) .

The proof of Lemmas 2.11 and 2.12 is postponed to the Appendix.

3. The spaces BZ((_'))”;((_'))

In this section we present the Fourier analytical definition of Besov-type spaces of
variable smoothness and integrability and we prove the basic properties in analogy
to the Besov-type spaces with fixed exponents. We first need the concept of
a resolution of unity. Let ¥ be a function in S(R™) satisfying ¥(z) = 1 for
|z| <1 and ¥(z) = 0 for |z| > 2. We put Foo(z) = ¥(z), Fo(r) = V(3) — ¥(z)
and Fo,(z) = Fp(27 1) for v = 1,2,3,.... Then {Fp, }ven, is a resolution of
unity, Y07 Feu(xz) = 1 for all 2 € R™. Thus we obtain the Littlewood-Paley

decomposition
oo
F=> vt
v=0

of all f € 8'(R™) (convergence in &'(R™)).
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Using the resolution of unity {F, }ven, we can define the norm
1/q

1 o0
Illsz; = 5w 157 Z+ 27 | (py % x|l
’U:’UP

for constants «, 7 and p,q € (0, 00]. The Besov-type space Bp7 consist of all dis-
tributions f € §'(R") for which || f||go.r < oo. It is well-known that these spaces

do not depend on the choice of the initial system {Fy,}yen, (up to equivalence
of quasi-norms). More information on the classical theory of these spaces can be
found in [7], [8], [27], [35], [36] and [38]; see also [10] for recent developments.
Further results about Triebel-Lizorkin-type spaces can be found in [34].

Now, we define corresponding spaces.

Definition 3.1. Let {]:QOv}veNo be a resolution of unity, o : R® — R and p, q,7 €
Poy. The Besov-type space B’ o )) (()) is the collection of all f € §’(R™) such that

2va(~)@ * f
150000 = 500 ( Tl < e
Bo(yat) PeQ XPlir() v2Vp |[ga() (Lp())

It is easy to see immediately that if o, 7, p and g are constants, then B (( )) (()) =

B,Of,’ql/ ". When, ¢ = oo the Besov-type space Bp((.)),;o( )

f € §'(R™) such that

consist of all distributions

2220, * f

< 00.
IxPll-(y

p(-)

sup
PeQuzv)

XP

Now, we are ready to show that the definition of the spaces B§(§')) qT(( ')) is independent

of the chosen resolution of unity {F,}ven,- This justifies our omission of the
subscript ¢ in the sequel.

Theorem 3.3. Let {Fp,tven,, {Fvlven, be two resolutions of unity and let
€ C°8 and p,q,7 € PYE with 0 < ¢t < co. Then

loc

”fHLpa()T() ||f|| a()f(())

for all f € S'(R™).

Proof. It is sufficient to show that there is ¢ > 0 such that for all f € S'(R"™) we
have ||f\|1gu<.>,7<.> <c ||f||ga(,>,(‘>. Interchanging the roles of 1) and ¢ we obtain the
p()a(-) p(-)sa(-)

desired result. Putting ¢_1 = 0 we see F1p, = Fi, k,ﬂ Fppyr for all v € Ny
and by the properties of the Fourier transform v, x f = lezl_l Uy * i x f. Fix
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0<r< %min(p_, q~,2) and m > n + 2cog () large. Since [y, | < ¢ 1y 201, With
¢ > 0 independent of v, we obtain

|wU * Putk X f| c "71)777’7,/7‘ * |‘Pv+k * f|

<
1
< /r

c nv,m/r * (nv-i-k,m “Pv-i—k * fl )
where in the second inequality we used Lemma 2.9. By Minkowski’s integral
inequality the left-hand side is bounded by
1/r , , 1/r
c((nv,m/r * nvik,m) * “perk‘ * f| )

” 1/r
=cC 2n(v+k)(1/'r‘—1) ( (nv,m/r * 77v+k,m/7") * |(Pv+k: * f‘r)

By Lemma 2.10 we have 1,/ * No4k,m/r = Nosk,m/r- Lhen the last expression
is bounded by

c (nv-i-k,m * “PU-HC * flr)l/r

This, together with Lemma 2.8, gives for any dyadic cube P of R™

2va 1)/} *f
el )
vZUp £4() (LP())
1/r
2w< "|epy x FI7
T ket )
0205 || gaC)/r(Lp()/7)
- 1/r
= 200y e * ok * |
5 Z < UJHX’T‘ZHJ v+ | xpP
k=—1 () v2vE || gaCo/r(LpC)/7)
- 1/r
< = 77U+k,mfclog(a)*2(1)+k)a(')T|ﬁpv+k*f|T
S DT, X
=1 () 020} || gar/r (Lr) /7y

By the change of variable v + k = 4, this expression is bounded by

1/r

k=1 ice(-
Z i,m—c a) * 2“1( r i * "

c (n, log( ) - ‘SO f| X
k=-1 ’

P
||XPHT( ) >i2v;+k aC)/r (e
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1/r
The factor

with £ =1 is bounded by

B
( )12UP+’€ £a()/m(Lp()/T)

1/r
<ni,m—c10g(a) * 21’:‘('>Tlsoi * f|" P)
||XP||7-(.) 1205 |l gato s otrimy
@00 ey iy = W00
where we have used Lemma 2.12. When k = —1, we use the fact that xp < x2p,

vp — 1 = vap and |[xp|l.() & [Ix2p|;(), where this result can be proved by the
properties (2.6) and (2.7) (in view of the fact that |2P| = 2"|P|), which completes
the proof. |

Proposition 3.4. Let By be any ball of R™ with radius 27, J € Z. In the

definition of the spaces Bs(b‘))’;((f)) if we replace the dyadic cubes P by the balls By,

then we obtain equivalent quasi-norms.

Proof. Let B; be any ball of R" with radius 277. We set

B 21}04(.)901) * f
£l gacrrcr = sup ||| ———xB, ;
p().a() By ”XBJ”T(') v=Jt £a() (LP())

where J* = max(J,0) and the supremum is taken over all J € Z and all balls B
of R with radius 277. First let us prove that

B
at)r() K€ ()T () - 3.5
”f”Bm(»),q((-)) h Hf”Bp((»),q((‘)) (3:5)

Let P be a dyadic cube in R™ and » < 77. Since HXPHT(.) = ||XPH%.T)/T and

I € P'g, then (2.5) can be used to obtain IXPll-y/r IXPN 7y ry & |P]; where
(T(')

s

)’ is the conjugate exponent of # Hence

1 < IxXPlleymy
IxPll-cym ™ |P|

- s vy llgym
1

~ Ixs@evmen
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since P C B(zp,+/nl(P)) and |P| ~ |B(zp,/nl(P))|. Moreover
21}0((-)801) % f
< el ) .
V2P [l ga() (Lp())

< 21}&(-)(;011 * f
X B(p, vrn(p) HT(.)/T

XB(wp,ﬁz(P»)
0207 |l ga() (Lp0))

B
SIfIE

a(),7()
r(-)a(-)

which proves estimate (3.5). By the properties of the dyadic cubes, there exists
k € N not depending on J such that

By cUQY,  ByNQy#0VI=1,.,k

HX l
il IETY < ¢, where

Here, Q; is a dyadic cube of side length 277/. We claim that Ton |
Ballzey

the constant ¢ > 0 not depending on J. Then

Qv(x( Do *f k 2”“() v ¥
-~ 1 XBys < c E 4 fXQl
||XBJ||T() v+

£Q(')(L:D(')) () v>v+

Q4 paty (Lp()

Let us prove the claim. We use (2.5) to obtain

1 HXBJH(T /r HX 2f+1 BJ||(7— /’I“

||XB.I||T(.)/T 1B, : [(2vn+1)B,|
1

~ HX(Q\/H‘FUBJHT(‘)/T’

where r < 7. Now the claim follows from the fact that Q!, C (2y/n + 1)B; for
any l=1,... k. |

If we replace dyadic cubes P in Definition 3.1 by arbitrary cubes P, we obtain
equivalent quasi-norms.

Sometimes it is useful /important to restrict suppeg in the definition to a supre-
mum taken with respect to dyadic cubes with side length < 1.
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Lemma 3.6. Let a € Clof and p,q,T € P(l)o with T, € (0,p7] and 0 < ¢+ < oco.
()

A tempered distribution f belongs to B o()oa(- zf and only if,
" 200, + f
||f||Ba(->:(-> = sup el XP < 0.
rOa() {PEQ|PISL} () v2vp || gaC) (Lr0))

Furthermore, the quasi-norms || f|| gac).-¢) and ||f||§a(_),(_) are equivalent.
p(-).a() p(-),a(")

Proof. Let P be a dyadic cube such that |P| = 277", for some —J € N. Let
{Qm : m =1,. 2*‘]"} be the collection of all dyadic cubes with volume 1 and
such that P = U2 1 Qp. In view of the definition of B

that ||fHBo¢( s ||fH BaT By the scaling argument it suffices to consider
a()

( )) it suffices to show

the case ||f|| Falrr() =1 and show that the modular of f on the left-hand side is
()20

bounded. In ppart(;cular we will show that

qa(+)

— [[|2v*Vpy * f
St | <
—_— XPllr() .

P )

for any dyadic cube P, with |P| > 1. We set

) )
21)04(-)@1) *f q 21)04(.)@1) *f 4

max XQm = XQm =4.
m=1,...,2 J ||XQm ||7-( ) »() HXQ”'LO ‘T() 0 »()
a() q()
. . 9va () i f q() . .
Thus it remains only to prove that ﬁ XpP < 6. This claim can be
S r()

2

reformulated as showing that H5 Oe) W}( pH < 1, which is equivalent to
v p(+)

q

o [ove@) p(z)
/5 ()| Po *pfi))} dr <
IxP ||

This integral can be rewritten us

2=Jn (=)

-2 [2 0y« ()]
Z / 7@ dz

Ixpl ()

2—Jn

e va(z) p()
< 2Jn/ <)|2 oy * fx )| dr < 1
Qm HXQm”T()

m=1
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where the second inequality is obtained from the estimate ||x p ||fgz)) ~ |PP@)/ T >

2=JmP" /7o > 2777 which is a consequence of (2.7) since |P| > 1 and 7, € (0,p~].
The last inequality follows from the fact that

a(-)

<1
HXQm ||T(,)

p()

H ~ 2000
7XQTYI,

for any m = 1, ...,27/", which follows immediately from the definition of §. (com-
bined with, if [lg[l,, < 1, then g,y(g9) < HgH;(,), where t < p7, see
[6, Lemma 3.2.4], which completes the proof. |

Remark 3.7. This result with fixed exponents is given in [38, Lemma 2.2| with
1/7 in place of 7.
The next theorem gives conditions where the spaces B;X((f)) qT(()) are just the Besov

gé‘c)gn(l/f(‘)—l/p(ﬂ)

spaces B . This result with fixed exponents is given in [37].

Theorem 3.8. Leta € C'° and p,q,7 € ’P(l)og with Too € (0,p~] and 0 < ¢ < oco.

loc

If(1/7r—1/p)~- >0 o0r (1/7—1/p)~ 20 and ¢ = oo, then

BT _ ga()+n(1/r()=1/p())
p()a() T Pooss ’

with equivalent norms.

Proof. We consider only (1/7—1/p)~ > 0. The case (1/7—1/p)” > 0and ¢ = c©
can be proved analogously with the necessary modifications. Since 7o, € (0,p7],
then we use the equivalent norm given in the previous lemma. First let us prove
the following estimate

||f||B§<<;>>;;((;)> Sl pacysnarmo-1men

for any f € B%7'£"(1/T(')71/p(')). By the scaling argument, we see that it suffices
to consider only the case ||f\|Ba<.)+n(1/7<.)71/p(.>> = 1 and show that the modular of

f on the left-hand side is bounded. Let P be a dyadic cube with volume 2777,
vp € N. By (2.6), we obtain

200 |, * f ()|
Ixpll.
< ¢ 2@ 01 /7(@) =1 /p()An(or =) (/@)1 /o) Frve /@) | 4 F ()|

< ¢ 2nwp—v)(1/7(2)=1/p(z))+nvp/p(x) £l gty tna/rer-1/p0n)

— ¢ gn(vp—v)(1/r(2)=1/p(x))+nvp /p(2)
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for any z € P. Then for any v > vp

q()
XpP < XP

2() a(:
q(:

2020, * f

)’q(')
el

‘C on(vp—v)(1/7(-)=1/p())+nvp /p(-

p(

gnvp/p(:

< ¢ 2P0 1/T-1/p) 4 H )“’(')

XP
()
a(-

The norm on the right-hand side is bounded by 1. To show that, we investigate
the corresponding modular:

a(-) p(w)
000 ( QHUP/;D(')‘ XP) = / onve/p(z) dx = 2™F / dr =1.
a(-) P P
Hence
00 val- q() oo
Z 2220, * f r <e Z on(vr—v)(1/7=1/p)7a" .
— HXPHT(-) () — ¥
'U—'UP $ 'U—'UP
Let f € BZ‘((_') ’qT((_')), with || f]| je().r() = 1. By Lemma 2.9 we have for any = €
’ p()a()
R™ m >n

2’1}(0((1)"1‘”(1/7—(1)_1/17(:”))‘SOU * f(x)|
<ec 2v(a(w)+n(l/‘r(w)*1/lﬂ(w))(nv’m % |y * f|p‘ (m))l/p‘

<@g, < p() 1+ 20w - |

p(-)

% ’ 2vn/t(a;)(1 + 2v|l, o .D—m/2p7

t)’

by Holder’s inequality, with p% = ﬁ + % The second norm on the right-hand

side is bounded if m > 2?5’7 + 2ci10g (t) (this is possible since m can be taken large

enough). To show that, we investigate the corresponding modular:

Qt(‘)(Qvn/t(x)(l + 2U|3;‘ _ _I)—m/Qp’> _ / zvnt(y)/t(x)(l + 2le _ yD—mt(y)/Zp’dy

< 21m/ (1 + 2v|x _ y|)—(m—2clog(1/t))t’/2p’dy
< 00,

where we used Lemma 2.8. Again by the same lemma the first norm is bounded
by

2@(&(')+n/7(x))(p,u * f()(l + 21}"1: o |)7th() ’
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where h = 57% — clog(r). Let now prove that this expression is bounded. We
investigate the corresponding modular:

0p(y (2°COHTED o f (1 + 20| — )

= / 20 (@) F+n/T@NPW) |5 s £ (1) |PW (1 4 2¥|z — y|) PP dy

/|yw<2—v ; 2i—vg|y—m|<2i-vHl
° . —

< Z 9—thp / , 20 (W) Fn/T@NPW)| 5 s F(3)) PP dy.  (3.9)
i=0 ly—z|<2i-v+t

By Lemma 2.11 (ii), we have

}XB(%T"““)HT(.)

e 2M/m z € R”, (3.10)

|'r()
and by the property (2.6), we have HXB(%Q’”)HT(-) 2vn/7(%) ~ 1. Then the right-
hand side of (3.9) is bounded by

HXB(a:,z—v)

i Q(n/‘r’—hpf)i/ 2Ua(y)p(y)|§0v * f(y()|§)(y) d
i=0 B2 ) Ixpe a7

< i 2(n/'r’7hp’)i
=0

/g~ \ P/

o0

219w i, % f(y)]PW)
X Z / R _ P(y) dy
B(z,2t7v+1) HXB(I,QI*““)’ ()

j=(v—i—1)+
and since || f|| yjoc).-) = 1, we obtain
p(-),a(+)
i )
> || 2790« f K
> W x| <1
j=a+ ||| IXBallz() o
a()
and .
_— q(?) (p/a
/ siatnt) |93 * TP 20, « f s
By e, 1) sl d

Q

for any ball By and j > JT. Therefore,

Qp(.)(gv(a(-)Jrn/T(w))% w f(YA+2%z— )™M < 022(71/7‘%11‘)1‘ < 00
=0

for any h > n/p~7~. The proof is completed by the scaling argument. |
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Remark 3.11. Under the hypothesis of the previous theorem we have [|-[| ;a¢).~)
p()a()
is an equivalent quasi-norm on Ba( )Fn(/7O=1/P() e further conclude that

gv(a(@)+n(1/m(@)=1/p@)) |y & f(2)] < c||f||B§(<..)>,;(<..)>

for any = € R", o € C\° and p,q, 7 € P,

loc

In the next theorem we prove that it is possible to define these spaces by
replacing v > v}, by v > 0, in Definition 3.1. For fixed exponents, see [27].

Theorem 3.12. Let a € C'° and p,q,7 € P(l)og with 0 < ¢& < oo.

loc

If(1/r=1/p)t <0 or (1/7—1/p)* <0 and ¢ = oo, then

2220, * f

peal[\ Txel XP) ’
© ™0 v20||gaC) (Lp()

A
a()r(y = SU
”f”Bm(o),qT((») 2 (

is an equivalent quasi-norm in B (( ))q(())_

Proof. In view of the definition of B ( (())7 it suffices to prove that
||f||Ba< SRS ||fHBa< () -
).a()
Let f € Ba());(()), with || f[| gacr.-» = 1. In view of the proof of previous theorem,
p().a()

we have

2v(a(z)+n(1/”'(z)*1/p(m))|<,0U * f(x)] <c

for any z € R™. Then for any 0 < v < vp

pua)g, 4 |

wll <o ‘2<vp—v)<1/T<')—1/p(‘>>+mp/p<~>‘q( )
Ixpll- o 24
< ¢ 20r—VA/T-1 /D) 0 ’ anp/pm““') |
L:)
<e o(vp—v)(1/7=1/p)"q~
Therefore,
i 2220, x f "
— =l xp <e.
v—0 ||XP||T(.)

p()
q()

The proof is completed by the scaling argument. The case ¢ = oo can be easily
proved. |
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4. Embeddings

For the spaces B;‘((")) qT(()) introduced above we want to show some embedding the-

orems. We say a quasi-normed space A; is continuously embedded in another
quasi-normed space As, A7 — A, if Ay C Ay and there is a ¢ > 0 such that
[ flla, < cllflla, for all f € A;. We begin with the following elementary embed-
dings.

Theorem 4.1. Let a € C'°% and p, qo,q1,7 € ’Plog.

loc
(i) If a0 < q1, then
50T L gal)r()

p(-),q0(+) p(),a1()
(ii) If (ap — 1)~ > 0, then

00()r() . poa ()
By 7 Bty -

The proof can be obtained by using the same method as in [1, Theorem 6.1].
We next consider embeddings of Sobolev-type. It is well-known that

Bam Bala

Po,q p1,9 °

if ag —n/po = a1 —n/p1, where 0 < py < p1 < 00,0 <7 < o00and 0 < g < oo (see
e.g. [38, Corollary 2.2]). In the following theorem we generalize these embeddings
to variable exponent case.

Theorem 4.2. Let ag,aq € Cllgf and po,p1,q,T € P(l)og with 0 < ¢ < oo. If
ag > o and ag(x)— 5t = aa(z)— 5 with (i—‘;) <1, then

a0(-)7(") O ()
Bty = Blaty -

Proof. Let By be any ball of R® with radius 277/, J € Z. By Lemma 2.9 we have
for any x € By,m >n,d >0

|0 % f(@)] < (0,2 * lipw % f|()) /4

< CZ 27mi(7)v,m * |90v * fXBJ—i—l |d(‘r))1/d7

1=0

where, o, * fXB,_,_, = (¢ * f)xB,_,_,- Fix 0 <7 < imin(p~,¢~,2), then

zmm ook f
|| sl 2
XB, 7(+) v>J+

< Z o(n/T™ —m)ri <2val(.)m/7
=0

T

gq(d(Lm(-))
r

1/d
(nq),m * |90v * fXBJ—i—l |d)
||XBJ||T(~) v>J+

2. £a()(LP1())
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Let us prove that the norm on the right-hand side is bounded by

T XBi—i- )
HXBJ i 1H‘r() ! ' vJ+

eq(-)(Lpo(-))

By the scaling argument, we see that it suffices to consider the case when the last
expression is less than or equal 1. Therefore we will prove

>

v>Jt

- )

c 2'00(1(-)7711/7 1/d e
X8,y (o <o« 201

Jllr

This clearly follows from the inequality

c 21}0¢1(~)—ni/77
(nv,m * |§0v * fXBJ—i—l |d>1/d

2v20 ), x f !
||XBJ—1:—1HT(‘)

This claim can be reformulated as showing that

1 R
cé” q(,)zval(‘)—nz/-r
(nmm * |<pv * fXBJﬂ;l |d)1/d

x5, ||T(-)
which is equivalent to

dr < 1.

[ o g Z TN i o e
" s, 125

(4.4)
Since aq, p; and ¢ are log-Holder continuous and 6 € [277,1 4 277], we can move
9v(1@)=5%5) and 6 inside the convolution by Lemma 2.8:

2v(a1(a:)7ﬁ)fni/'r*

1/d
(nv,m * |§0'U * fXBJ—'i—l |d(x)) /
||XBJ||T()

—d_ylaq()——n 1/d
<c<77 h * <6 L - pl(.))d|(pv*fXBJ_i—1|d) (:L‘))

x5 HT( )

_ 1
J a@

57ﬁ2”0‘0(')<pv x f

2vn/t()(1 + 2v|1, _ '|)7h/d
Tl

<ec XBy_i-1 )

t()

Po(-)
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by (3.10) and Hélder’s inequality, with & = pol( 5+ t(l) Here h = m —ciog(on — )
- clog( ). The first norm on the right- hand side is bounded by 1 due to the choice

of § and the second norm is bounded if & > nd/t~ (this is possible since m can be
taken large enough). Now with the appropriate choice of ¢ > 0, we find that the
left-hand side of (4.4) can be rewritten as

1 n - () (e)

c (5_W2"(0‘1(x)—m)—m/-r

/ cPo(@) ( ol (No,m * [0 * fXBJ,i,1|d($c))1/d
’ sz

<5q(1m>2 (1 (@)+ 55t — w6y /T

po(z)
(o, * |00 * X8y |1 (@)M dz
IxB., ||T(-)

;00(95)
d
S / (0 20O o AV g,
e\, Ty

where h = m — cjog () — clog( ). The last expression is bounded by 1 if and only

if

(o x 812200 x fxp, [
HXBJ—H HT(-)

<1

po(*)

Since convolution is bounded in LP() when p € P'°¢ and m can be taken large
enough, again with an appropriate choice of ¢ > 0 the left-hand side of this ex-
pression is bounded by

5T a2k f

<1
[P HT( )

XBy_i—1

)

po(-)
due to the choice of §. We obtain the desired estimate in view that (4.3) is bounded

271040( SDU * f
|| [P
XBj_i—1 7(+) v2(J=i=1)F || ga) (Lro())

o (+),7()
forannyB 0()a() " |

Remark 4.5. We would like to mention that similar arguments give

0()= 5570
00,q(+)

< ()
= ||f||B:(?<->,q<->

a0 ()7()
Byl < B.,

if ag € C’llog and pg,q,T € 73 , with 0 < ¢t < 0.
Let o € Coc,p,q,T € P8 and ag = (o) — #)’. We obtain

a(-),m() a(-),7(") <> ROt
By = Byl = B

where the last inclusion is just the well known constant exponent case [38, Propo-
sition 2.3]. Let 0 < py < oo and ay = (o) — 55 + 7 --)". We obtain

= B o SR,
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S(Rn) AN BOélaT(') N Ba(')ip?-)+#1’7—(') SN Ba(')ﬂ'(')
P19~ P1,94~ p(-),q~

a(-),7(-)
= By)ae)
where the first inclusion follows again by [38, Proposition 2.3]. Thus we obtain:

Theorem 4.6. Let o € C'°% and p,q,7 € Péog with 0 < ¢ < co. Then

loc

n a(),7() / n
S(R™) — Bp(_)’q(_) — S'(R™).

Recall that the Besov space of variable smoothness and integrability is the
collection of all f € §'(R™) such that

< 00,

020l ga() (Lr())

e =||(2v*V ¢, *
sy = (22O 1)

which introduced and investigated in [1], see [9] and [15] for further results. Now

we establish further embedding results for the spaces B;‘((,'))’(ZT((")).

Theorem 4.7. Let a € C\° and p,q,7 € Py with 0 < ¢~ < ¢* < co. If

loc
(p2 —p1)*" <0, then

a()tn/r()tn/p2()—n/pr () . pa()r()
B, (yaly = B (a0

Proof. Using the Sobolev embeddings

()t n/pa()—n/pr() . pa() /()
p2()a() = By ety

see [1, Theorem 6.4], it is sufficient to prove that le((.-))i?(( )T O oy B;‘l(é_))’Tq((',). The

property (2.7) implies that

(2”0*('% «f )
sup ——Xpr

PeQ,[PI>1 el v2} || ga) (L1 ()

e
| Pt/ 7o 030

< H (2”0‘(')% * f)

~ sup
PeQ,|P|>1

[q(')(qu('))

ZQ(')(LP]('))

v2=20

Clearly, the last expression is bounded by ||fHBQ<,()) . < ||f||Ba<.(>)+n(/;(.). By the
p1(-).a(- pr1(-),aq(-
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property (2.6) we obtain the estimate

(2”“('><pv*f )

sSup T _XP

Peg,|PIst ”XPHT(') U?”; £a()(LP1())
_ 20, + f
~ peolpi<t ( |P|H/70) XP)@U;

< sup (2v<a<‘>+n/r<»>)+n/7<‘>(vp—w%* f)
PeQ,|PI<1

£ (LP1())

V2UP || ga () (Lr1())

< sup (2u<a<->+n/r<-))%* f)

< fllgacranszo
PeQ,|PI<1 P1()a()

v>=20

zq(-)(Lm(-))
which completes the proof. |
In view of Remark 3.11 we obtain

Theorem 4.8. Let o € C’llgf and p,q,T € Péog with 0 < ¢~ < ¢7 < oo. Then

BCE

D a() =t
p(-),q(- ’

§ o Bk

We refer the reader to the recent paper [39] for further details, historical re-
marks and more references on embeddings of Besov-type spaces with fixed expo-
nents.

Let 0 < u < p < oo. The Morrey space M? is defined to be the set of all
u-locally Lebesgue-integrable functions f on R™ such that

1/u
£l pz = sup|B|» ¥ |f(2)|“dz < oo,
B B

where the supremum is taken over all balls B in R™. The spaces M? are quasi-
Banach spaces (Banach spaces for u > 1). They were introduced by Morrey in
[17] and belong to the wider class of Morrey-Campanato spaces, cf. [19]. They
can be considered as a complement to L” spaces. As a matter of fact, M = LP.
One can easily see that

M — MP if 0<u<w<oo.

Definition 4.9. Let {Fy,}ven, be a resolution of unity, o : R — R,0 < u <

p < oo and 0 < ¢ < co. The Besov-Morrey space Np, é)u is the collection of all
f € 8’'(R™) such that

1
2000 o qu < 00.
M,

o0
1l pgmc, = (Z\
v=0
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Besov-Morrey spaces with fixed exponents were introduced by Kozono and
Yamazaki [18]. They studied semilinear heat equations and Navier-Stokes equa-
tions with initial data belonging to Besov-Morrey spaces. The investigations were
continued by Mazzucato [16], where one can find the wavelet decomposition of
Besov-Morrey spaces. Further properties for these function spaces can be found
in 23], [24], [25] and [28].

The Besov-Morrey spaces with variable exponents have been first introduced
in [13], where are introduced equivalent quasi-norms of these new spaces, which
are formulated in terms of Peetre’s maximal functions. Also the authors obtain
the atomic, molecular and wavelet decompositions of these new spaces.

In the next proposition we present the relations between variable Besov-Morrey
spaces and variable Besov-type spaces. The proof follows from Theorem 3.12.

Proposition 4.10. Let a € C[°%, 0 < ¢ < 00 and 0 < p < u < .

loc”

(i) For 0 < q < 0o we have the continuous embeddings
(if) We have

5. Appendix

Here we present more technical proofs of the Lemmas.

Proof of Lemma 2.11. (i). We can distinguish two cases as follows:
Case vp < 0: in this case we obtain |P| = 277 > 1 and then by the property
(2.7) we get

- -
Ixpll ey ~ 1P = [P+ K@ ~ |[xpsm@ll,
Case vp > 0: here we have by Lemma 2.8

275 < e(1 427 |z — y|)es (P27

1
1Q),, \“=+) nop
< 1 — 2k 27w
< i) ')

for any € P and y € P + kl(Q), with y = x + kI(Q). Using the property (2.6)
we get

ZMUPHEIQ) 1(Q) @os(F) .,
Ixpir@ll, =27 @ T <e (1 + Z(P)k|) TR
1(Q) clog(F)
~ 14+ —=1k
(145 k) " el

in view of the fact that vp = vp i (Q)-
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(ii). We can distinguish two cases as follows:
|P| > 1: in this case we use (2.7) to obtain ||xpl|l,() & [P|'/7™ and ||xgll.() &
|Q|"/ ™. Hence

T+ Too
<@|)1/ _ Ixell, N (@)” _ (@|>1/
1P| Ixpll-cy  \IP| 1P|
Now let us consider [P| < 1. If |Q| < 1 then from (2.6) we obtain ||xpl/-) ~
|P|Y/™®) for y € P and [|xgll-() =~ |Q|"/™™ for y € P C @, which means that

(WQ”*<Mmﬂ» C@Y”@ (@0

7] el = P 7]

If |Q| > 1, then an application of (2.2) we obtain |Q|/™" < ||XQ||T(~) < QM
and |[P|V/7 < IxpPll ) < |P|1/T which finishes the proof. |

Proof of Lemma 2.12. We have

_ vn fU(Z)
Mo * fo(@) =2 /R T2l

= . .dz + / . 'dZ
/3P Z P+kl(P)

k=(k1,....kn)€L™ ,max;=1,. .. n |ki|>2
= Jy(fo)(x) + > Jo e (fo) ().
k=(k1,....kn)€L™ ,max;=1,. .. n |ki|>2

Let 0 <r < %min(p‘,q_, 2) and define p = £ and G = . Then clearly, %—l—% <1

-
Thus we obtain

77'0 m * fU >
XpP
|| HT() v>v; Zq(~)(LP('))

T
77 * fol Jl(f )

|Tmn v XP) < |\ Trll iy

XPllr() w30} || a1 XPllr() v2vh || et

(LIJ(-))
v k(fv)
Ixpll.

r

(Lp(-))

+ (5.1)

)v}v; 2a() (Lp())

Let us prove that the first norm on the right-hand side is bounded by

C (H fv p) . (52)
Xl v20} || o) (Lp0)
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By the scaling argument, we see that it suffices to consider when the last norm is
less than or equal 1 and show that for any dyadic cube P

q(+)

Z“’ ¢ Jy(fo

|xp|(|(3 i I
v:v+ T\ .

; o

Our estimate, clearly follows from the inequality
qa()
xpr

¢ TN (1) )

||XP||T(.)

fo
o Ixpllr .

(,
q(-

2

which holds true for any v > v}ﬁ. This claim can be reformulated as showing that

q(+)

1
—1|€ ‘]v (fv) xpP g 1,
HXP||T(.) ()
qa()
which is equivalent to
_a JNS,
IO ﬂxp <ec (5.3)
||XPHT(.) ()

Taking into account that 1/q is log-Holder continuous and § € [277,1 + 27Y] we
obtain

slats =) = (2“5)(q<1z>*q<lz>) ov(ats —at7)
<e (1429 |x — z|)0et/D),

Hence

__1_ 6_ﬁ v % z
s < [ L
R (14 2V |z —z|) o8

Now the function z — W isin L' (since m — cioq (1/q) > n), then using the

majorant property for the Hardy-Littlewood maximal operator M, see E. M. Stein
and G. Weiss [22, Chapter 2, (3.9)],

1 1
(o1 ) <€ e

it follows that for any = € P, (Tﬁ\t]&(fv)(xﬂ <C M((S_ﬁfv)(?,]?) () where

the constant C' > 0 is independent of z and v. Hence the left-hand side of (5.3) is
bounded by

M(g)(x),

1

670 f,

(6‘«*%
T X3
||XPHT(.)

X3P>
||XPHT(.)

P

)

p(-)

p(+)
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and the fact that M : LP() — LP() is bounded. Now the norm on the right-hand
side is less than or equal to one if and only if

q(+)
X3P <1
p()

a(-)

fo
||XPHT(-)

-1

which follows immediately from the definition of §. Notice that 3P = Uin:lPh,
where {P,}3", are disjoint dyadic cubes with side length I(P},) = I(P). Therefore
X3p = 22:1 Xp, and the expression in (5.2) can be estimated by

CZ <|XPh||7—( XPh> < C”(fv)v||£T(~>xq(~)(Lp(l))7

v20% || o) (LpO))

X
where we have used the fact that % < ¢, see Lemma 2.11 (ii) and the proof

P ” ()
of the first part is finished. The summation in (5.1) can be rewritten us

Z N Z (5.4)

kezZn, |k|<4y/n keznr, |k|>4y/n

The estimate of the first sum follows in the same manner as in the estimate of
JL(fy), so we need only to estimate the second sum. Let us prove that

<|]€m—n—cmg(l/T)—cmg(l/q M P)
beplzco w20} || gat) (L))

Jo

||XP+kl(P) ||T() XP—i—kl(P))

w205 |l ga() (L0

Again, by the scaling argument, we see that it suffices to consider when the last
norm is less than or equal 1 and show that the modular of a constant times the
function on the left-hand side is bounded. In particular, we will show that for any
dyadic cube P

q()

c |k‘mfnfqog(l/r)fmog(l/q)Jgtk(fv)
XP

N
—_

HXPHT(.)

[ee}
—o7t
V=vp
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This estimate follows from the inequality

q(+)

c |k|mfnfmog(l/r)fr:log(l/q)Jg)k(fv)
XP

||XPHT(.) o0
ae)

)
a()
X P+kL(P) +27" =4.

r()

(.
a(-)

fo

[XPri(r) HT(-)

<

This claim can be reformulated as showing that

¢ |klm—n—cog(1/7)—croe(1/q) J2 A a()
-1 | | ch(f ) Yp < 17
Ixpll-. "
aC)
which is equivalent to
k m—n—clog(1/7)—clog(1/q) J2 "
67ﬁ') | ‘ U,k(f )XP g c (55)

Let z € P and z € P+ kl(P) with k € Z™ and |k| > 4y/n, then |z — z| > $|k[I(P).
Hence for any z € P and any v > v}, the term 57ﬁ|(]3k(fv)(x)| is bounded by

C 900 (Cog(1/2) =) | €105 (1/0) =g / 57T |, (2)| dz
P+kL(P)
<C |k|clog(1/q)*m2"”’°/ 57T |£,(2)] XP4ki(P)(2)dz
|=—a|<2y/mlk|2—vP

<C |k|n—m+clog(1/Q)M (6_ﬁf,UXP+kl(P)) (x)
<O [k[rmreest/o pm (fﬁvaPJrkl(P)) ().
Hence the left-hand side of (5.5) is bounded by

1
0 1O fuX pyki(P)
IxPll-

_ 1
4 q<')vaP+kz(P))

< |k| s/
Ixpl

p(-)

C M(‘k|—clog(1/‘r)

)

p(-)

and the fact that M : LP() — LP() is bounded. By Lemma 2.11 (i), we get
% < ¢]k|@es(1/T) with ¢ > 0 independent of v, h and k. Hence
_a

0 1O fuX pyki(P)

||XP+kl(P) HT(.)

1
09O fuXpPyri(P)

|k‘—61og(%)
||XPHT(.)

<c
p(+)

<6
p(*)
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which follows immediately from the definition of §. Since m can be taken large
enough so that m > 2n + cieg(1/7) + ciog (1/q), then the second sum in (5.4) is
bounded by

kezm, |k|>4v/n

n—4-c T C —m f’U
S ffrrees/n 1/ (XPW(P)

[xp+rip) HT(J v llgac) (Lo )

< Z |k|n+01og(1/'r)+clog(1/Q)*m H(fv)v”er(-),q(-)(Lp(-))
kezr, |k|>4y/n

5 H (fU)U”ZT(')v(I(')(LP(')) .

The proof is complete. |
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