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Introduction. In this article we wish to discuss a theory which is still
developing very rapidly. It is only quite recently that many of the aspects
of Fourier analysis of several parameters have been discovered, even though
much of the corresponding one-parameter theory has been well known for
some time. The topics to be covered include differentiation theory, singular
integrals, Littlewood-Paley theory, weighted norm inequalities, Hardy spaces,
and functions of bounded mean oscillation, as well as many other related
topics. We shall begin in Part I by attempting to give a broad overview of
some of the one-parameter results about these topics. The discussion here is,
however, anything but encyclopedic. (For more detailed treatments of these
matters in the one-parameter setting, the reader can consult such excellent
treatments as E. M. Stein, Singular integrals and differentiability properties of
functions [75], R. R. Coifman and G. Weiss, Extensions of Hardy spaces and
their use in analysis [30], and, in the classical domain of the disc, D. Sarason,
Function theory on the unit circle [T2], and J. Garnett, Bounded analytic
functions [46].) In Part II we take up these same areas in the two-parameter
setting. Since this theory is less well known than the material of Part I, we
go into greater detail and devote separate sections to each of several of the
above topics.

PART I. THE ONE-PARAMETER THEORY

To begin with the one-parameter theory, perhaps the most basic part is the
differentiation of integrals and the maximal function of Hardy-Littlewood. If
f is a function on R™ which is Lebesgue integrable, and if

4@ = gy [ S

denotes the average value of f over the ball with center z and radius r, then
lin})AT(f)(:c) = f(z) for a.e. z € R".

This fundamental result of Lebesgue, proved in the earlier years of the century,
was applied immediately in a number of contexts. For example, Lebesgue saw
that it could be used to show that for integrable functions of one variable, the
arithmetic means of the partial sums of the Fourier series converge pointwise
almost everywhere.
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2 S.-Y. A. CHANG AND ROBERT FEFFERMAN

For the development of Fourier analysis, the most far reaching result con-
nected with Lebesgue’s theorem was that of Hardy-Littlewood in the early
thirties-the Hardy-Littlewood Maximal Theorem. It said that if we consider
the operator

Mf(z) = igpoAr(lfl)(w),

then
IMfllp < Cpllfllp forp>1,
and for L!-functions,

m{Mf>a}<(C/a)|flly forala>0

(where | f||, denotes the LP-norm for p > 1). This maximal theorem is easily
seen to imply Lebesgue’s theorem, and the maximal function and its variants
have played a leading role in many areas of analysis, including singular integral
operators and Hardy spaces.

The deepest part of the maximal theorem is the estimate

m{Mf > a} < (C/a)|fll1,

and this, in turn, depends on a geometric covering lemma. The covering
lemma says, roughly, that from an arbitrary collection of balls in R™ we may
select a disjoint subcollection whose total volume is at least a fixed fraction
of the volume in the whole collection. It is interesting to note that if, in R™,
we denote by A, r,,....r. (f)(x) the average of f over the rectangle centered at
z with sides parallel to the axes of lengths rq,72,...,7r, and if f € L1(R"™),
then for every x € R™
lim Ary rayera (f)(2)

71,7200y —0

may not exist when n > 1! On the other hand, if a;i(r), aa(r), ..., an(r) are
increasing functions of r > 0, and if A,(f)(z) denotes the average over the rect-
angle centered at = with sides parallel to the axes of lengths a(r), aa(r),...,
an(r), then, if f € LY(R"), lim,—0 A+(f)(z) again exists a.e. [85].

What these results tell us is that if we are interested in differentiating the
integral of an integrable function in R™, then, very roughly speaking, it is
not the number of dimensions n that is important, but rather the number
of parameters indexing the sets we are averaging over: only one-parameter
families of sets can be expected to differentiate the integrals of Lebesgue
integrable functions in R™.

The next topic we discuss in the classical theory is interpolation. This
notion is already used in proving the Maximal Theorem. We said above that
the basic estimate for the Hardy-Littlewood operator is

(1) m{Mf > a} < (C/a)| 1.

Since, naturally, any average of a bounded function does not exceed the bound
of that function, we also have

(2) M flloo < [|flloo-
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FOURIER ANALYSIS AND HP-THEORY ON PRODUCT DOMAINS 3

It turns out, according to a celebrated theorem of Marcinkiewicz, that any
linear, or even sublinear, operator T satisfying the L!-estimate (1) and L-
estimate (2) is bounded on LP(R™) for all 1 < p < oo. There are a great
many theorems these days of this same form-namely, if a linear operator T is
bounded between spaces Xo and Yy and also bounded between another pair
of spaces X; and Y;, then T is automatically bounded as an operator from
X to Y for some appropriate intermediate pair of spaces. To give just one
other example, if a linear operator T is bounded on the Hardy space H!(R!)
and also bounded on L2?(R?!), then it must be bounded on LP(R!) for all p
between 1 and 2 [44]. There are many, many more examples of this general
technique of interpolation.

In this setting of the maximal function and interpolation, another area of
real variables and Fourier analysis developed—singular integrals of Calderén—
Zygmund. These singular integral operators are generalizations, to the setting
of R™, of the Hilbert transform H on R!. H is defined by the nonabsolutely
convergent integral

Hf(x)=/_°;f<x—t)%.

It turns out that this operator is enormously important for several reasons.
Here we shall content ourselves with two of them.

First, there is the connection with complex analytic functions. Suppose
f(z) is real valued and U(x,y) is the harmonic extension (Poisson integral) of
f(z) to the upper half-plane R2. Let V(z,y) be the unique harmonic function
vanishing as y — oo so that U + ¢V is analytic in R%. Then the boundary
values of V are none other than H f(z). Thus, if we identify functions on R*
with their harmonic extensions to Ri, then H is the map which sends the
real part of a complex analytic function to its imaginary part.

The other important reason for considering H is the connection with
Fourier analysis of functions on R!. If f is a “nice” function on R! and

a

fO =] fl@)e*de
R1

is the Fourier transform of f, we wish to know in what sense the Fourier

integral
| feeiee e
Rl
represents f(z). It turns out that for f € LP(R'), 1 < p < oo, the integrals
+R
| ieesa
-R

converge to f(z) in the LP-norm, and it is easy to see that this is equivalent
to H being a bounded operator on LP(R!) for 1 < p < oo. Originally, the
proof of Marcel Riesz that H preserves L? used Cauchy’s theorem in complex
analysis. Somewhat later, real-variable proofs were developed, culminating in
the Calderén-Zygmund work of the 1950s [14].
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4 S.-Y. A. CHANG AND ROBERT FEFFERMAN

In their investigation Calderén and Zygmund considered convolution oper-
ators

OB I OLEEEN

where the kernel K(z) defined on R™ “looks like” 1/x does on R'. They
assumed that

|K(2)| <C/lz*,  |VK(z)] < Cfla|"*,

K (z) is C! away from the origin, and
/ K(z)de =0 forall 0 < a<f.
a<lz|<f

Under these assumptions they proved that, for 1 < p < 00, a > 0,
ITfllp < Cpllflly and m{|Tf| > a} < (C/a)llfl1-

The techniques they developed in their argument set the tone for real-variable
theory for many years.

Calder6n and Zygmund begin by observing that the assumptions on K(x)
imply that K (&) is bounded. Hence, by the Plancherel theorem,

ITfllz =TTz = K - fllz < Koo Ifll2 < Clfll2,

so T is bounded on L?. Next they prove the estimate

(%) m{|Tf| > a} < (C/a)| ]

as follows: Let f € L!(R™) and a > 0. Calderén and Zygmund show how
to replace f by an L?-function g by averaging f over certain disjoint cubes
@ where the average of f is < 2"a. Of course, Tg is easy to handle, since
g € L? and in the previous step the boundedness of T on L? was proven.
What remains in the proof of () is an argument to handle the error b= f —¢g
in order to show that

m{|T(b)| > o} <(C/)|fl1-

b has mean value zero over each of the Q and lives on | J, Q«. It turns out to
be not difficult to show that T is negligible outside | Q%. All that remains
is to show that m(|J Q%) is small enough, i.e., < (C/a)| fl|1.

Now we come to an important feature of the argument: the set |JQy is
precisely {M f > a}! In other words, the Hardy-Littlewood maximal function
has been introduced to produce the desired L?-function ¢, which, as far as T is
concerned, is about the same as f itself. Notice that now the desired estimate
of m(|JQk) is now just the main part of the Hardy-Littlewood Maximal
Theorem. Once the Ll-estimate is obtained, interpolation shows that T is
bounded on L? for 1 < p < 2. If we notice that the adjoint operator to T is
again a singular integral of the same form, we see that T is also bounded on
LP when 2 < p < o0.

There have been a great many applications of the Calderén-Zygmund the-
orem, and we shall present one of them here. Let f(6) be a function on
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FOURIER ANALYSIS AND HP-THEORY ON PRODUCT DOMAINS 5

[0,27) with Fourier series 300 f(n)e™®. Let {An}f ., be a given se-
quence of complex numbers. It is an important question in Fourier analysis
to ask whether, if f € LP(0,27), the same will be true of 7 A, f(n)ei?.
There are many interesting examples of {\,,} where the answer is “yes” when
1 < p < co. For instance, when A\, = —isgn(n), then 3 \,f(n)ei™ is the
Hilbert transform of f. Another fundamental example is the class of sequences
6, such that Ay = €, for all k with 2" < |k| < 2"*1 and where &, is either

41 or —1. Then we consider

AuNO) = D fR)e*

2n<|k|<2ntt

and, finally, the so-called square function,

. 1/2
(Z |Ak(f)|2> = 5(f).
k=1

Of course, the function 3_ At f(k)et*® for the sequence Ay under consideration
has exactly the same square function as f. Therefore, the question at hand is
answered by the following theorem of Littlewood and Paley:

If1 <p<oothen||S(Hllp = Ifllp (@ ~ b means a/b is bounded above and
below by a quantity depending only on p). In order to better understand this,
let us consider a similar operator acting on functions on R'. To do this, notice
that the operators Ay (f) are convolutions of f with functions of integral zero
whose Fourier transforms are dilates of each other. We consider

i@ =([Tiren@r )",

where ¢ € C°(RY), 9 is odd, and ¢(z) = t~19(z/t) (s0 (&) = ().
Then g, is roughly the same kind of operator as S, and the point now is that
gy 1s a singular operator of Calder6n-Zygmund (see [2]).

The kernel is Hilbert-space-valued, but the Calderén-Zygmund proof goes
over without change to such kernels. To be specific, if

K: R — L?((0,00);dt/t)

is given by K(z)(t) = v¥4(z), then |K(z)| < C/|z|, |[VK(z)| < C/|z|?, and
fa<m<ﬂ K(z)dz =0VY0 < a < (8, while gy (f)(z) = |f * K(z)|.

Now again, we wish to make an important point. If C' denotes the class of
Calder6n-Zygmund singular integral kernels on R™, and if

Ks(z) = 67" K(z/6),
then we have the following invariance:
If KeC and § > 0 then K5 € C.

That is, the class C is invariant with respect to the one-parameter class of
dilations z — éx on R™. Again, just as was the case for differentiation of
integrals, the theory seems to be more or less the same independent of the
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6 S.-Y. A. CHANG AND ROBERT FEFFERMAN

dimension n. What is important is that the operators involved are invari-
ant under a one-parameter class of dilations. So, for instance, whatever the
dimension n, we always have for a Calderén~Zygmund operator T,

(%) m{z € B*| [Tf(2)| > a} <{C/a)|{ |1

Later, we consider classes of kernels invariant with respect to several-parameter
classes of dilations, and for these (X) will be false!

The next feature of one-parameter theory which we take up is that of
inequalities with respect to measures other than Lebesgue. In fact, there is a
single, very simple, necessary and sufficient condition on a locally integrable
function w(z) > 0 on R™ so that

Mf(z)Pw(z)dx < Cp/ fP(x)w(z)dz for f € L¥(w)
R" R»

(here 1 < p < oo0). This is the Muckenhoupt A? condition [66]: (AP)

<|~}9~| /Qw(x) dz) (T}Q—I/Q (1_”%)1/(?—1) drz:)p—1 < C YV cubes @ in R".

According to a theorem of Hunt-Muckenhoupt-Wheeden [51], we also have
w € AP iff

/]Hflpwdzgcp/|f|”wdx.

In fact, Coifman and C. Fefferman [28] extended this to the class of all
Calderén-Zygmund operators in R™. These so called weighted norm inequal-
ities have proven to be of very great value in recent years.

As the reader has no doubt noticed, it seems that the operators T we have
considered are bounded on LP(R™) for 1 < p < 0o, are unbounded on L(R"),
and satisfy only the weaker estimate

m{m & R" | |Tf(z)| > o} < (C/)|f]1-

Something must be done in order to have a satisfactory “LP-theory” of maxi-
mal functions and singular integrals when 0 < p < 1. It is for this reason that
one considers the Hardy spaces HP(R%11). First, let us consider n = 1.

According to Hardy, for p > 0, an HP-function is a complex analytic
function F(z) in the upper half-plane R2 such that the LP-norms

( /_ :,o F(z+ z'y)l”dx) v

are bounded independent of y > 0. It turned out that when p > 1, the HP
theory was very similar to the LP-theory. So, for example, one of the main
theorems of the subject is that HP-functions, p > 0, have boundary values,
i.e., when F(z) € HP(R?) then lim,_,o F(z + 1y) exists for a.e. z € R'. This
can be reduced to the theorem on differentiation of integrals of functions in
LP(R') when p > 1 (see [77, 85, 71]). The ideas that were originally used
to study the Hardy spaces when p < 1 are much less along the lines of real
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FOURIER ANALYSIS AND H?-THEORY ON PRODUCT DOMAINS 7

variables and are rather a part of the theory of analytic functions. One studied
the zeros of these HP-functions and showed that any function F(z) € HP could
be factored as F = BG, where B(z) is bounded and analytic in R?,_, and where
G € HP(R?) and never vanishes. Then since G(z) is never 0, one can form
G(z)P/?-an analytic function easily seen to be in H?(R? ). Since HP-functions
are known to have boundary values when p > 1, G(2)?/? and B(z) will have
boundary values, and, hence, so will F(z).

Next, we wish to mention an extension of the theory of Hardy spaces due
to E. M. Stein and Guido Weiss. Suppose we denote by R_'{_“ the upper
half-space in R"*!, that is, {(z,y)|z € R", y > 0}. Whereas Hardy spaces
in R? are just analytic functions, or pairs of conjugate harmonic functions,
Stein and Weiss [77] considered HP(R7*!) functions as systems of n + 1
harmonic functions, F(z,y) = {ui(z,y)}, i = 0,1,...,n, defined on Ri“a
which are conjugate in the sense that they satisfy the generalized Cauchy-
Riemann equations

Ou, _ au]‘ - Ou; _ _
dz; ~ Oz; and — O; =0 (y=20)

and such that

1/p
21;13 (/Rn |F(z,y)|P d:c) < 0.
(Here

n 1/2
= (Lt )
=0

We should point out that these spaces have an interpretation in terms of
singular integrals which was alluded to above. Suppose we have a system of
harmonic functions ug,u1,..., U, defined in R:‘_H which are suitably smooth
up to the boundary and vanish rapidly at infinity. Then it is not hard to show
that the u; satisfy the generalized Cauchy-Riemann equations if and only if
their restrictions on the boundary are related by singular integrals known as
Riesz transforms.

More specifically, if f;(z) = u;(,0) then u, are a conjugate system iff
fi = fo* cazy/|z|™ L.
The convolution operator
Ri(f) = f » zi/|z|"1, i=1,2,...,n,

the Riesz transforms, plays in R™ very much the same role as the Hilbert
transform plays in R'. Identifying a function f(z) on R™ with the harmonic
function u(z,y) on Rﬁ‘” having boundary values equal to f(z), we see that
HY(R7*") can be identified with the space of all real valued L!(R")-functions
all of whose Riesz transforms are also in L!(R"™). It can also be shown that
for any such function whose Riesz transforms are in L!(R™), any reasonable

singular integral T'(f) will belong to L!(R"). So it really is the case that

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use



8 S.-Y. A. CHANG AND ROBERT FEFFERMAN

HP(RT!) serves to alleviate the problem of the bad behavior of singular
integrals on LP when p < 1.

In order to prove theorems about these HP-functions analogous to those
which had been proven for the classical one, Stein and Weiss introduced a
number of new ideas. To illustrate some of these, let us consider their theorem
on boundary values of H?(R!)-functions: If F(z,y) € H?(R}™') and p >
(n — 1)/n, then lim,_o F(z,y) exists for a.e. £ € R Again, for p > 1
the theorem had been well known for a long time since it again boils down
to Lebesgue’s theorem on differentiation of integrals of functions in LP(R™).
Now, in trying to pass from the case p > 1 to p < 1 we quickly see that the
classical approach is not possible. A study of the zeros of F' analogous to the
classical case is obstructed by the fact that the zero set is no longer discrete,
but may be higher dimensional. Also, factorization has no meaning since H?
functions cannot be multiplied meaningfully.

How do we get around these difficulties? Let us sketch the method of Stein
and Weiss to do this, pointing out the key features of their argument;:

(1) The equivalence of nontangential boundedness and nontangential con-
vergence almost everywhere for harmonic functions: Suppose I'*(z) denotes
the cone {(t,y) € R}1'|0 <y < h, |z —t| < y}. Then we say that a function
F(t,y) on Ri“ is nontangentially bounded at z € R™ provided that for some
h > 0, F is bounded on I'*(z). We call F nontangentially convergent at z pro-
vided lim(; y)—, (,0);(¢t,y)er(z) F (¢, y) exists. Then there is the following basic
fact: For a harmonic function « on R’}r+1 which is nontangentially bounded
at each point z of a set £ C R™, u has nontangential limits at a.e. z € E.
This is due to Privalov [68] in R2 and to Calderén [10] in R7'! for n > 1.

(2) The subharmonicity of powers of |F|: By an ingenious calculation Stein
and Weiss showed that if o« > (n~1)/n and |F(z,y)| > 0, then A(|F|*)(z,y) >
0. This means that |F|* is subharmonic and allows us to pass from HP-theory
when p < 1 to HP-theory when p > 1, as follows. Take F' € HP(RTt') and
assume that p > (n — 1)/n (the case p = (n — 1)/n works with only slight
modifications). Then let (n — 1)/n < o < p and consider G = |F|*. This
function is subharmonic and has

sup G"(z,y)dx < oo where r = LY
y>0JR" o

For such a function G it is not hard to show that there is a function g € L"(R")
such that G at any point of Ri‘“ is dominated by the appropriate weighted
average of the values of g (the weighting depends, of course, on the point of
R,

(3) The introduction of the nontangential mazimal function: If f is any
function on RT™! we set f*(z) = SUDP(; y)er(z) | f(t: y)| for every z € R™. f*
is called the nontangential maximal function of f. In the case of the present
theorem it will suffice, in view of (1), to show that F*(z) < oo for a.e. z € R™.
This is seen as follows: Since G is dominated by averages of the function ¢ as
in (2), it turns out that G*(z) < M(g)(z), where M is the Hardy-Littlewood

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use



FOURIER ANALYSIS AND H?-THEORY ON PRODUCT DOMAINS 9

maximal function of g. But then
/ FPapd=| 6@/ d< / M(g)(z)"
n Rn

< C/Rn lg(2)|" de < oo.

This shows that F*(z) < oo a.e. on R™ and finishes the proof.

The last step in the above proof, that is, the introduction of the non-
tangential maximal function, is one of crucial importance, and we should
mention another result related to it. Recall our mentioning the Littlewood—
Paley ¢ function. This is defined on R™ by starting with a function ¢(z)
which is sufficiently smooth, decays sufficiently rapidly at infinity, and has
Jgn ¥(z) dz = 0. Then letting

Yy(z) =y "P(z/y) fory >0,

we set, for f a function on R",

90 (/@) = ( [ 1w %‘)/

Se(f)x (/ / 1 (1) ij,‘1’{>

Classically, the most basic example occurs when v is the gradient of the
Poisson kernel for R7"" and then

2) = / / Vul2(t, y)y'=" dt dy,
T'(z)

where u is the Poisson integral of f, that is, the function, harmonic in Ri“,
which has f as its boundary values. For a harmonic function u on R’}_‘H we

may also define
= // |Vul?(t,y)y' " dtdy.
I'(z)

Now comes the main point. According to a theorem of A. P. Calderén
[11] and E. M. Stein [74], if u(z,y) is a harmonic function on R"*!, then,
except for a set of points z € R™ of measure zero, S{u){z) < oo if and only
if u*(z) < co. What is the meaning of this result? In the case of n = 1
in R? (85] part of its meaning is given in the following corollary: If u and
v are conjugate harmonic functions, then the set of x for which u and v
approach nontangential limits at x differs only by a set of measure 0. This
remarkable result is a consequence of the Calderén-Stein theorem and the fact
that, by the Cauchy-Riemann equations, |Vu| = |V, so S(u) = S(v). (In
higher dimensions a similar result holds for Stein—Weiss systems of conjugate
harmonic functions, and the proof is along similar lines; see [7].)

There is another meaning of this similar behavior of S(u) and u*, and
this was revealed in a result about harmonic functions in R (n = 1) due

and
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10 S.-Y. A. CHANG AND ROBERT FEFFERMAN

to Burkholder, Gundy, and Silverstein [7]. Their theorem says that for a
harmonic » in R%, and for all p > 0,

cp < [IS(W)llLe/llu"llLe < Co,

where the positive constants ¢, and C}, are independent of u. This is the
global variant of the Calderén—Stein result on finiteness of S(u)(z) and u*(z),
and it has the following interpretation:

If F(z) € HP(R%) we saw above that F* € LP(R!). Clearly, if F* €
LP(R') and F(z) is holomorphic in RZ, then F € HP(R2). Now according to
Burkholder, Gundy, and Silverstein, if F(z) is holomorphic and F = u + fv,
then F € HP iff u* € LP(R'). (This is because S(u) = S(v).) In other words,
one can tell just by looking at u* whether or not F' € HP. We need not worry
about v. This is a major step in the direction of freeing the theory of H? from
a dependence on the theory of holomorphic functions. (Incidently the proof
of this theorem is by arguments involving Brownian motion, so it is important
for its method as well as for the end result.)

The last set of results we wish to mention here, due to Charles Fefferman
and E. M. Stein [38], showed that we may think of HP-spaces entirely in
terms of real variables with no dependence whatever on harmonic or holo-
morphic functions. For C. Fefferman-Stein an HP-“function” is defined by
first considering a Schwartz function ¢(x) on R™ such that f ¢ # 0 and say-
ing that a distribution f on R™ is in HP provided that the maximal function
17(2) = 5up,»0 | *6y(2)] belongs to LP(R™) (here, ¢y (z) = y~"¢(z/y)). The
class of distributions so defined is proven to be independent of ¢. Also, if ¥ is
a suitably nontrivial function in the Schwartz class such that [, ¥(z)dz =0,
then

fisin H? iff Sy(f) € LP(R™),
where

0@ = [ [ 1ren0r 5,

and again the choice of ¢ is irrelevant. If u is harmonic in RT’I and suitably
nice (smooth at the boundary and small at infinity), then

1/2
S(u)=(/ / IVuP(t,y)y“"dtdy) el iff S(f)el?,
T(z)

where

5@ = [ [ 15 nrd

ymt
and f(z) = u(x,0). Similarly, if
ug(z) = sup |fxgy(t),

(t,y)el(x)

where ¢ is Schwartz and [, ¢ = 1, and if u*(z) is the usual nontangential
maximal function of u, then

ug € LP iff u*eLP.
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FOURIER ANALYSIS AND HP?-THEORY ON PRODUCT DOMAINS 11

At least when p > (n — 1)/n, this newer notion of HP coincides with the
Stein—-Weiss notion. Fefferman and Stein also show that Calderén-Zygmund
singular integrals preserve these HP-spaces, so we are justified once again in
regarding HP-spaces as being the right replacement for L” such that maximal
and singular integral operators map the spaces to LP when p < 1.

Thus, the class of H!-functions is a space near L' which is invariant under
singular integrals. There is also a class of functions near L* invariant under
the Calderén~Zygmund operators, namely, BMO(R™). This is the space of
functions, introduced by John and Nirenberg [56], satisfying

1
) [Q 16(z) — doldz < C,

where ¢¢g denotes the mean value of ¢ over the cube @, and C is independent
of Q. These functions of bounded mean oscillation are a priori only assumed
to be locally integrable, but in fact are locally in the exponential class, as
expressed by the John—Nirenberg inequality

[ elé(e) - dal _
|Q|/Q""‘p ol = ©

where 1
. = SUp — - dold
lloll sgp |Q|/QI¢(I) bqldz

is the BMO norm of ¢.

There are a number of very useful characterizations of BMO, and in order
to discuss the one we have in mind it will be helpful to first consider a basic
result of Lennart Carleson [15]. A positive measure y on R71! is called a
Carleson measure provided that u(S(Q)) < Cm(Q) for all cubes @ in R",
where

$(Q) = {(z.9)lz € Q, 0 <y < side length(Q)}.

Carleson proved that these measures are exactly the ones for which

// my|pdu<Cf z)|? d, p>1,

if 4 is the Poisson mtegral of f.
Charles Fefferman [35] was able to prove that if u is the Poisson integral
of a function ¢(z) on R™, then

¢(z) € BMO(R™) iff |Vu|?(z,t)t dt dx is a Carleson measure in R7 1.

He showed, using this characterization, that the dual space of H! was BMO.
Somewhat later, R. R. Coifman [27] found a particularly striking proof of
this duality by using his constructive proof of a decomposition theorem for
the space H!.

This decomposition provides an enormously powerful tool for attacking
problems relating to H'. It says that any H!-function can be written as
f = 3 Akwak, where )\ are scalars such that >_ |Ax| < C||f||x1, and where
the ay, are H-atoms, i.e., a; is supported in a cube Qy, has mean value 0 over
Qu, and satisfies |lag||L~ < 1/|Qk|. From this it is clear that a BMO function
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¢ acts on H!, since, if f € H!, f =Y Aiax is an atomic decomposition of f,

o l/f¢ =’E%/@kak¢ Z)\k/ ak($ — dQu)

< ZlAkl|Q—1k|/Q 16— ba.ldo
<Nl > Xl < Clidlle 1 £ llzre-

The space BMO has been under intensive study in the past ten years or
so. It turns out, even in the classical domain (i.e., the unit disk), that proper-
ties of BMO, its relation to Carleson measures and A, weights, etc., become
very powerful tools in dealing with problems arising in function algebras (e.g.,
Chang [20], Marshall [63], and Sarason 73| for the Douglas Problem), uni-
valent functions (e.g. Baernstein [1], Pommerenke [67], quasi-conformal maps
[69]), and many other topics. For these and other developments about BMO,
the reader is referred to {72, 46), and also the survey article of L. Carleson
[19].

We have mentioned many topics here from classical real variables and
Fourier analysis. These have one common thread running through them. That
is, they all deal with operators indexed by one parameter or are invariant with
respect to a one-parameter family of dilations on R™. All the results therefore
have a “one-dimensional” quality, since the dimension n seems to play no role
at all. In the rest of this article we deal with the theory in several parameters,
treating the maximal function, singular integrals, Littlewood-Paley theory,
AP-gpaces, etc., in this new context.

PART II. THE THEORY FOR THE CASE OF SEVERAL PARAMETERS

1. Differentiation theory and the maximal function. In what fol-
lows we are usually concerned with operators acting on functions on R™ x
R™ x ... x R™ invariant under the full k-parameter family of dilations

T6y,60,...
(CEl,Iz,...,zk) 61?—* 6k(51$1,522}2,...,6kxk).

We sometimes call the theory of these operators “a product theory”. Naturally
there are many other interesting families of dilations that we could consider.
For example, in R3, we briefly consider the two-parameter family

05,6, (T1, 22, T3) = (6121, 6222, 616223).
Most of the time we treat the product theory with respect to the full k-
parameter family 75, 5,,... 6,

The maximal function invariant under the action of the dilations 75, s,.... s,
is the “strong maximal function” M, of Jessen—-Marcinkiewicz—Zygmund. To
define it let By, Bs,..., By denote the unit balls of R™t | R™2 ..., R™ respec-
tively. Then

Ms(f)(zla T2y--15 (Ilk)

5 ),
= sup —_—— lf((L‘l +t,21 +1Lo,... .’Ek+tk)|
81,682,860 M(IIE_ 1 6:B;) Juae_ (6,B;) ’ e

dtydty - diy
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This maximal function with respect to products of balls, or “rectangles”,
behaves very differently from the Hardy-Littlewood maximal function. It
is quite possible for a function f € L!(R™ X R™ x --- X R™) to have
M(f)(z) = oo everywhere. The natural question to ask is then “What is
the least stringent restriction on the size of a function which guarantees that
M,(f)(z) < oo for a.e. z € [[¥_, R*?” The answer, which depends on k, is
that f € Llog L)*1, i.e.,

[ 1@l og* @) de < oo
IIR™i

In this case we also have

k
m {II} € HRM, |.’£| <1 I Ms(f)(il)) > a} < g'”f”L(logL)k“l'

=1
This is the basic result for the operator M, proven in the 1930s by Jessen,
Marcinkiewicz, and Zygmund [54]. The proof is quite simple and proceeds

as follows: we let M; be the Hardy-Littlewood maximal operator in the ¢th
factor space R™, i.e.,

1
M f(z) = El;% —"L—(TE—)— /,«Bi |[f(z1,22,. .. Tim1,Ti + i, Tig1, - - -, Tie)| dis.
Then a simple application of Fubini’s theorem applied to the average of |f|
over a rectangle shows immediately that

M f(z) < MyoMso--- o Myf(z),

where o denotes composition of operators. Now we know from the one-
parameter theory that each M; is bounded on L?, p > 1, and immediately
this gives the boundedness of M, on L? for p > 1. The sharp result is obtained
by using the fact that the one-parameter maximal operator maps L(log L)’
boundedly to L(log L)?~!, a result obtained through interpolating between
the estimates

(1) m{M;f > a} < (C/o)|fl1
and
(2) 1M:flloo < 11f]lco-

Once we know this, each application of one of the M; “loses a log”, so that
starting with f € L(log L)*~1,

M20M30~--0Mkf€L1(|IE' < 1),
and now M satisfies estimate (1) on L! so that
m{lz] < 1{M1(Mz0Mzo-- 0o Migf)(z) > a} < (C/a)|| fllL(og Ly*-

This is a very short argument, and the result that it obtains is sharp, so that
one might suspect that this is the end of the story of M;. This is not the case
for several reasons. For example, if we change the operator M, slightly, we
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14 S.-Y. A. CHANG AND ROBERT FEFFERMAN

may find that the preceding argument no longer applies to the new operator.
Let us give two such perturbations of M, for which this is the case.

First, imagine that we have replaced Lebesgue measure on HLIR’“‘ =RN
with some measure y and we now wish to view all operators in terms of this
measure, as though i were the only existing measure on RY. Then the strong
maximal function would be

1
MEf(s) = sup —oos /R \fld,

where the sup is taken over all rectangles R (i.e., products of balls in the spaces
R™) containing the point z € RY. If u is a product of measures arising from
the factor spaces R™, then the argument of Jessen-Marcinkiewicz—Zygmund
works to prove estimates for M¥. If y is a measure which “looks very much”
like Lebesgue measure, but is not a product measure, then the old methods
no longer work.

Next, suppose we return to averages taken with respect to Lebesgue mea-
sure, but we change the operator M, by allowing the rectangles to tilt a little.
To be precise, consider the case in R? where B = {all rectangles with longest
side making an angle of 27*, for some integer k > 0, with the positive z-axis}
(in other words, we allow rectangles to tilt at the angles 3, 1, 1,... only, and
the side lengths are arbitrary). If we set

Mf(z)= sup m—(lR—) /R \fldy,

rc€ReB

then M, we might feel, should act quite a bit like M, since the directions of
the allowed rectangles are converging so rapidly to one fixed direction. Again,
here, the iteration argument will not suffice, and something more is needed.

There is another situation which cannot be handled by the Jessen—-Marcin-
kiewicz-Zygmund method, and this is illustrated most simply as follows: In
R3 consider the family of rectangles S whose sides are parallel to the axes
and whose side lengths are 6,62, and 6;62. This is a two-parameter family
of rectangles in R3. Hence, if our philosophy is right, and it is the number
of parameters that is important, rather than the dimension of the underlying
space, the corresponding maximal function

1
sz(w)=x§ggs ——m(R)/R!fldy

should satisfy

(~)  mi{zeR®| |zl <1, My(f)(z) > o} < (C/a)||fllLrog Liro):
the method of iteration yields only the estimate (~) with || f||L(og £)2 on the
right side.

Even as far as LP-estimates are concerned, sometimes a simple iteration
argument will not work. A good example of this is the weighted norm in-
equalities for multiparameter maximal functions. If M, is the strong maximal
operator, and we are interested in those weights w{z) > 0 for which

[ts@Pu@ds < [ 1f@Pw)d,
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where p > 1, then the simple iteration argument given above shows that
these are exactly those weights which are uniformly in the Muckenhoupt class
AP(R™) in the ith variable for each 1 < ¢ < k. Equivalently, w satisfies an
AP-condition with respect to rectangles:

(s =) G fo ) <

for each R a product of balls in R™:.

In other cases of multiparameter maximal functions, iteration does not yield
the desired answers. For instance, if again B is the two-parameter family of
rectangles in R3 of sides 6;, 82, and 6;62, where 83,82 > 0 are arbitrary, and
M, is the corresponding maximal operator, then one would expect a weighted

inequality
] (M f)Pw SC/ | 1Pw
RS RS

if and only if w satisfies the AP-condition, but only over the relevant rectangles

The proofs of the above results depend on a certain method having to do
with covering lemmas for sets more general than balls. The basic result in
this direction is the following:

THE COVERING LEMMA FOR RECTANGLES. Let {R;} be an arbitrary
collection of rectangles in R = HLIR'“. Then there exists a subcollection

{Ii’j} of {R;} satisfying

(1) m (U RJ) >ecm (U R,-)

and

(2) ”EXR,- exp(L)1/(k=1) <Cm <U Rj) '

See Cordoba-R. Fefferman [83]. The meaning of this result is that, just
as in the one-parameter case of balls, we have extracted a subcollection of at
least a fixed fraction of the volume of the original rectangles in such a way
that the chosen rectangles are sparse. Of course, they are not disjoint as in the
one-parameter case, but rather merely sparse of varying degrees depending on
the number of parameters k.

To see why the Orlicz norm exp(L)'/(*~1) should appear, let us observe
that balls B, are disjoint iff | 3 X5,z < 1, and L is the dual of L. Since
in the k-parameter case the basic estimate on the maximal operator M, is on
L(log L)*~! functions (L* when k = 1), we would expect the norm applied
to 3_ Xz, to be that of the dual class of L(log L)*~*, which is exp(L)Y/(k=1),
The method of proof of this covering lemma is induction on the number of
parameters k, and the important feature of this is that it provides a general
method for controlling higher-parameter maximal functions by simpler lower-
parameter ones. This is the way the first results on maximal functions with
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16 S.-Y. A. CHANG AND ROBERT FEFFERMAN

respect to tilting rectangles, such as M above, were proven. (See Stromberg
[78] and Cordoba-R. Fefferman [33]. See also the exciting article of E. Stein
and S. Wainger, Problems in harmonic analysis related to curvature, Bull.
Amer. Math. Soc. 82 (1978), where another approach to these problems is
discussed in detail.) In this case the maximal operator (three-parameter) M
is controlled by the classical (two-parameter) operator Mj.

Nowadays many operators are known to be controlled by operators involv-
ing fewer parameters. This is also the method used to handle the operator
MY, In fact, if u = w(z)dz, and if w satisfies an A°°-condition in each of
the factor spaces R™ uniformly (a weight w(z) on R™ is said to be A*® pro-
vided that for subsets E C @, @ a cube, such that m(E)/m(Q) > 1/2, then
Jgw/ Jgw > €, for some ¢ independent of E and Q), then M is bounded
on LP(du) for p > 1. (See R. Fefferman [41] and Jawerth—Torchinsky [53].)
Because of the control of a k-parameter operator by a (k — 1)-parameter op-
erator, we need only assume that w is uniformly in A (R"™) for k — 1 of the
’s. This is the key observation that enables us to show [43] that for w on
R3 satisfying an AP-condition for all rectangles of side lengths 61, 6> and 6,6,
then we have the corresponding weighted norm inequality

(+) Jorpro<on [irPw. po1
This follows easily from the boundedness of
1
ME(f)(z)= su ——————/ dy on LP(dy).
(F)(z) up R lel i (du)

In turn, this follows because our w € AP(B) is uniformly in the class AP(R!)
in the = and y variables so that M# f > MK f satisfies

[oerpansco [ 1fean
This is also Cordoba’s method of proof [31] of the estimate

m{z € R?, |z| < 1| M.f(z) > o} < (C/a)l|fl|z10g L(ro)-

Thus, although there is still quite a number of unsettled questions in differen-
tiation theory of several parameters, the method of controlling k-parameter
operators by (k — 1)-parameter operators started by the covering lemma for
rectangles is quite a useful machine.

2. Singular integrals. The reader will recall that in the introduction
we discussed the one-parameter theory of singular integrals due to Calderén—
Zygmund [14]. This involved convolution operators T'f = f* K on R™, where

K satisfied

(1) |K(z)| < C/|=[™
(2) VK (2)| < O/f|z|™*?,
and

(3) / K(z)de=0 forall0 <a<f.
a<|zi<f
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We wish to formulate here the generalization of the Calderén-Zygmund
theory to the two-parameter setting for functions on R® x R™ introduced in
R. Fefferman-E. M. Stein [44]. The basic example is the so-called double
Hilbert transform when n = m = 1. In this case the kernel is K(z,y) = 1/zy,
and we are, of course, in the product case, where the kernel is invariant with
respect to the dilations (z,y) — (61, 82y) for all 63,62 > 0; i.e.,

K(x/61,y/62)6; "85 = K(z,y).

Notice in this example that the kernel K splits into a product of the z and y
variables separately:

K(II),y) = Kl(x) ) K2(y)1

where K; and K5 are Calderén-Zygmund kernels in the z or y variable. This
is a great simplification for most of the problems we consider. In this case
a simple iteration argument analogous to that used in handling the strong
maximal operator often suffices. When K(z,y) does not split into such a
product, things are trickier, and we shall concentrate on this general case.

If we look at the integral defining the double Hilbert transform,

i) = [ [ fa=sy-05"

then it will not be absolutely convergent, even for the simplest of functions
f(z,y). So there is initially a problem of defining H and other singular in-
tegrals rigorously. This is done by principal value integrals, i.e., we consider
the truncated integral

Hm,saf(xay) :/ﬁ91>51 f(a:—s,y—t)M

st
[t|>e9

and then prove that, as €1,€2 tend to zero independently, lim,, o,.0 He e, f
exists in LP-norm or pointwise almost everywhere, and the limit H f yields a
bounded operator on L?(R™ x R™).

Let us begin by asking for the right way to formulate conditions on a kernel
K(z,y) generalizing (1)-(3) in the one-parameter case for which we have the
boundedness of the operators involved.

The best way to understand these conditions is as follows: On R"™ x
R™, K(z,y) will be given so that if we view K(z,y) as a kernel on R™ of the
x variable taking on as values functions of the y variable, then K is a one-
parameter Calderén—Zygmund kernel in x, taking on values in the space of
all Calderén—-Zygmund kernels in y. We give the Calderén-Zygmund kernels
a norm, | |lcz: If K(y) is a kernel on R™ satisfying

/ Ky)dy=0 V0<a<B, |K@)|<
a<ly|<g |y

and
|K(y +h) — K(y)l < C(RI/ly)" (1/1yI™)
for some n > 0, whenever 2|h| < |y|, then the smallest C which makes all

of the above inequalities valid will be called the Calderén-Zygmund norm of
K, [|K|cz.

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use
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Now given K(z,y), set K,(y) = K(z,y) and consider the class C of those

K for which
(1) / K, dz =0,
a<|z|<f
(2) |Kzlloz < C/|=|™,
and
(3" | Kztn — Kzllcz < C(|RI/|2])7(1/]2|™),

and try to show that convolution with these kernels is bounded on LP. De-
coding (1')-(3") so that we have conditions defined directly on K(z,y), we
find that K must satisfy

(i) / K(z,y)dz =0 for each fixed y € R™;
a<|z|<p

(ii) / K(z,y)dy =0 for each fixed z € R™;
a<ly|<B

(iii) |K(z,y)| < C/|z|*|y|™ for z € R", ye R™;

. c (MW" 1

iv K(z+h,y) — K(z,y S———(——) —

(iv K +hy)-KEw) < oo (1) R

whenever 2|h| < |z|, and where n > 0 is fixed;

_ < M)" 1
) K+ 1) - Kl < oo (1)
whenever 2/h| < |yl;

(vi) if we define A K(z,y) = K(z + h,y) — K(z,y) and AP K(z,y) =
K(x,y+ k) — K(z,y) then

WA K (g C  (Ihl [k[\"
A 1A K=l < g (m |y|> ‘

For kernels satisfying (i)-(vi), i.e., for K € C, it is proven in [44] that the
operators

Teyenf = [+ Keyep for Ke, e, (z,y) = Xlz|>el(x) *Xlyl>ez (y)K(=,y)

are uniformly bounded on LP(R™ x R™) for 1 < p < oo and converge in the LP-
norm to an operator T which is therefore bounded on L?. The proof does not
follow the usual Calder6n-Zygmund program as outlined in the introduction.
The reason for this is that, although there is a procedure for modifying an
Llog L{R™ x R™) function so that it becomes L2, the error term, rather than
consisting of functions of mean value zero living on disjoint cubes, consists
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of functions which have the appropriate cancellation, but are supported on
rectangles which have an enormous amount of overlap.

The method of proof used compares the Littlewood—Paley functions of
Tf and f, a method which, in the one-parameter case, goes back to Stein
[74]. If 4 is some suitably nontrivial function with ¢ € C®(R™ x R™),

Jrn ¥(x,y) dz = 0 for each y € R™, and [, ¥(x,y) dy = 0 for each z € R™,
then we let

S2()(,y) = / /F ey s )P v
1(T 2

and, for A > 1,

oD@ = [ [ T (ﬁ)

1 m
N — cpT i lmm gy do dt dts,
<1+|v—y|/t2> Lo 1

where
wtl,t? (."L‘, y) = t;nt;mw(x/tla y/t2)‘

In [44] it is shown that under assumptions (i)-(vi) on K, we have

(#) Sy-y(TS)(z,y) < Cg3 4 (f)(,y)

for all (z,y) € R™ x R™.

Now we come to the main point. The operators S and g} are every bit as
bad as T is; they are Hilbert-space-valued two-parameter singular integrals.
But the above inequalities are valid for virtually any choice of ¥(z,y). If we
choose ¥(z,y) to be of the form 14 (z) - ¥2(y), then these singular integrals
S and g¢; have kernels with some product structure and can be handled by
iteration methods involving vector valued functions (see [50 and 44]) to give

18w (e ~ I fllLr and lgaw(H)lle ~ 1 fllLe

for 1 < p < 0o and for A large enough.

It is interesting to note that (#) needs to be replaced by a different in-
equality in case we desire weighted norm inequalities,

[ [ wsrwisay<co[ [ iipwdsa,
R"xXR™ RnxR™

where w satisfies a uniform AP-condition in each variable separately. To do
this, it turns out that (#) must be replaced by an inequality with the same
left side, but whose right side becomes

¢ </ooo /Ooo M2(If % b, 1, (2, 9)]) 222 dt2>1/2 |

tito

a vector maximal operator, which can be studied by iterating the techniques
of Charles Fefferman and E. M. Stein in [38].

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use



20 S.-Y. A. CHANG AND ROBERT FEFFERMAN

The deepest of the estimates for singular integrals in the two-parameter
setting has to do with the existence, pointwise almost everywhere, of the
principal value integral in question,

lim Tsl,(sz (f)(za y),

€1,Ez->0
where
ToaN@w) = [ [, fa=oy-y)KE ) dd dy.
1y |>ez

To prove that for f € LP(R™ x R™) this limit exists a.e., it turns out to be
sufficient to get an estimate of the form

(%)

sup |Tey e, ()]

€1,€2>

< Gyl fllLe, 1<p<oo.
Lr
The proof of () turns out to be related to an interesting piece of work on

differentiation of integrals due to Stein [74], and this is the following: Suppose
on R™ we set, for f € C°(R™),

AN@ = [ I+ roldol),

where S~ is the unit sphere in R™ and do is the element of surface measure
on S™~ 1, Let

m(f)(z) = sup A, (f)(z).
r>0
Then according to Stein we have the a priori estimate

Im(H)lleerny < ConllfllLe(rn

whenever p > n/(n—1) and n > 2. The tools necessary for this proof are a type
of interpolation using so-called analytic families of operators and quadratic
functionals resembling the Littlewood-Paley ¢ function. The same techniques
are required to obtain (x). The details are too complicated to discuss here, but
we shall be content to discuss briefly the correct Littlewood-Paley ¢ function
in this setting.

The way to understand it best is to return to the one-parameter setting
of Calderén-Zygmund kernels K (z) on R"™. If we set K¢ () = X|z|>c(2) K(z)
for ¢ > 0 and T, f = f x K., then the usual proof that the operator T* f(z) =
sup,sq |Te f(z)| is bounded on LP(R™) depends on the inequality

T f(z) < C{M(Tf)(z) + M f(z)},

where Tf = f x K, which is known to exist as the LP-norm limit, as ¢ — 0,
of T.f. This, in turn, is proven by picking a positive bump function ¢(z) €
C(R™) with [, ¢ = 1 and noting that K, looks very much like K * ¢ =
T(de), where ¢c(z) = e "P(z/e). In fact,

(x+) |K * ¢c(z) — Ke(z)] < C®c(a),

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use



FOURIER ANALYSIS AND HP-THEORY ON PRODUCT DOMAINS 21

where @, is a radial function of « which decreases as |z| increases and has the
property that [ ®. = 1 Ve > 0. It is trivial to see that convolution with such
functions as ®, is dominated by the maximal Hardy-Littlewood operator:

|f * @c(z)| < Mf(x).
It follows from (*x) that

I(f * K) % ¢e(2) — f » Ke(z)| < CM f(g),

SO

|Te ()| < |e * (Tf)(2)l + CM f(z) < C{M(T f)(z) + M(f)(=)}.

It turns out that the main estimate above—that sup, .o f * |(K * @) — K|
is bounded on LP—can be improved by replacing the sup, by a quadratic
expression, our desired Littlewood-Paley type function:

([T1re cvsa - romr )™

Even this is bounded on LP(R™), as can be seen by a little computation,
which shows that it is a convolution operator whose kernel L(z) has values
in L?((0,00), de/¢) and satisfies the Calderén-Zygmund assumptions. It is
this type of quadratic functional whose LP-boundedness in the two-parameter
setting is responsible for the LP-boundedness of sup,, ., |T¢, ¢, f(@,y)|-

We should also point out just in the case of the strong maximal operator
on R™ x R™, there are also weak type inequalities for f € L{log L):

m{(z,y) € B x B™| Jal,ly| < 1, |T"f(z,y)] > o}

<A(C/a fll Lgog L) (RP x B™)-
These are along the same lines as the LP inequalities for 1 < p < oo; for more

details we refer the reader to [43] (also see the deep work of C. Fefferman [36]
for the case of the double Hilbert transform).

3. HP-theory on the polydisc. In this section we very briefly mention
some results of M. P. and P. Malliavin [62] and Gundy-Stein [50] about HP-
theory on product domains.

Recall the notation we have used in the introduction: Suppose u is a func-
tion defined on R™. Let u* denote the nontangential maximal function of w,
and let S(u) denote the Lusin area integral function of u. Then we have the
qualitative statement about the relation between u* and S{u) (theorem of
Calderén-—-Stein):

(1) {z € R™ u*(z) < oo}*F{x € R™: S(u)(z) < oo},

and also the quantitative statement (theorem of Burkholder—-Gundy-Silver-
stein 7] and C. Fefferman-Stein [44]):

(2) w* e LPiff S(u) € LP with |ju||, ~ ||S(u)||p for all 0 < p < co.

Because of (2) we have adopted u* € LP as the definition for the space
HP(RTT!).
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In the late 1970s, both (1) and (2) have been generalized to product do-
mains. To make the statements on product domains more explicit, we intro-
duce more notation. Let D denote the unit disc {z € C: |z| < 1}, D? = D; x
D5, the bidisc with variables z;, zo € D, respectively. For each point 8 in the
distinguished boundary T2 of D?, § = (e*1,¢%2), we set T'(9) = I'(61) xT'(82),
the product cone with vertex at 8. For a function u defined on T2, if we let
u(z1, 22) denote its biharmonic extension (i.e., harmonic in both 21,2 in-
dependently) to D?, then we can define, similar to the situation RT’I, the
nontangential maximal function of u as

u*(0) = sup |ulz1, 22)]-
(z1,22)€I'(8)

The “area integral” of u will be the sum
§%(u) = Sa(u) + SF(u) + 53 (u) + [u(0,0)|?,
where
SHWO) = [ ViVauf dm
re)
and

S2(u)(0) = /F o [T, 0 d

{here dm; is Lebesgue measure on the disc D; and dm = dm, dmy).

Suppose we restrict ourselves to the one-dimensional case again. One way
to establish the part {¢* € T: u*(8) < oo} C {S(u)(#) < oo} (up to a set of
measure zero) of statement (1) is to establish the following inequality (cf. [39],
[50] and also the expository article [47] from where the following explanation
is taken);

(3) my(S(u) > A) < % /m |u* (8)|2 dmy + emy (w*(8) > A).

The original C. Fefferman-Stein strategy for proving (3) is based on the fol-
lowing observation: Consider the set

G = {€%: u*(6) < )},
and the region
Gt =Jro.
6eG

To establish (3) we need only estimate the measure of the set {S(u)(9) >
A, €? € G}. Now observe that, on G*, we have |u| < X. The boundary
of Gt consists of a “sawtooth” type region which can be approximated by
Lispchitz regions and on which Green’s Theorem can be applied (based on the
identity Au? = 2|Vu|?). Thus, we can relate [, S?(u)dmy to [y |u|?> dmy
and obtain (3). (For more details see (39, 50].)

On the bidisc the corresponding region G has quite a complicated bound-
ary, and it is not clear how to apply Green’s Theorem in this domain. In [62]

M. P. and P. Malliavin overcame this geometric difficulty of the proof by some
delicate and complicated algebraic arguments.
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Essentially what they did is this: instead of applying Green’s Theorem in
G, they considered some function u?xg+, where X+ is a smooth version
of the characteristic function x+, and applied Stokes’ theorem to u?Zg+ on
the entire domain D?. They established that

{u"(6) < 00} C {S(u)(6) < o0}

on the bidisc. Their techniques were later generalized and simplified by Gundy
and Stein ([50], see also [49]) to establish (3) and the full scope of (1) and (2).
Statement (2) was actually verified in [52] in a much more general setting.
Namely, suppose we take any ¢ € S(R?) (S denotes the Schwartz class) with
f ¢dz # 0 and let

u*(0) = sup [u x ¢(0)].

e>0
Then

lu*llp ~ |1S(w)]lp forall 0 <p < oo.

Based on this we may henceforth identify the class of functions u with u* € L?
as the “real-variable” version of the definition for functions in H? for product
domains.

4. BMO on product domains. A locally integrable function ¢ is of
bounded mean oscillation (BMO) on R™ if

Ioll = sup s / |6(z) — ma(4)] d,

where the @) are cubes in R", is ﬁmte, where mg(¢) denotes the mean value
of ¢ over ). The space BMO was introduced by John and Nirenberg [56] and
has been used in many different contexts (e.g., John [55], Moser [65]). For
our purposes we only mention C. Fefferman’s fundamental duality theorem on
BMO(R™) (i.e., BMO(R™) is the dual space of H!(R')) and report some
of our efforts to generalize this theorem to the setting of product domains.
As the reader may clearly see, our generalizations are so far incomplete. (The
main deficiency is that the characterization we had for BMO functions on
product domains lacks the clear and clean geometrical description of the orig-
inal definition of BMO(R™) as given above). Nevertheless, there are some
positive results which indicate that our approach is in the right direction. We
list some of these results in §7.

Before we restate C. Fefferman’s theorem, we remark that, as a consequence
of the John—Nirenberg inequality (see the introduction) on BMO, we have

12 = sup o / I6(z) — mo (0P dz

for all p > 0. As we shall see, the case p = 2 is especially interesting, since it
relates the local behavior of functions in BMO more closely to other “square”
functions in HP-theory.

If ¢ is any locally integrable function satisfying

JALCI
R bl

n 14 |zjntt
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let ¢(z,t) denote its Poisson extension to RY*' = {(z,t): = € R", t > 0}
(¢p(z,t) = (P * ¢)(x)). Recall that a measure u is a Carleson measure if
w(S(Q@)) < C|Q) for all cubes @, where

n

5(Q) = {(x,t) e RPM, [[@i—tizi+t) C Q}-

=1
THEOREM. The following three conditions on ¢ are equivalent:
(a) ¢ s in BMO.

(b) ¢ = do + Y5, Rj(#;), where o, ¢1,...,Pn € L, where R; are the
Riesz transforms defined by

(R;1)(€) = (i€ /1€D F ().

(b') The linear functional f — [n. f(2)¢(x)dz is bounded on H'.
(c) t|Vo(z,t)|? dzdt is a Carleson measure on Rﬁ“, where

|V(z,t)|* =

In the above theorem, (b) and (b’) are equivalent by a function-theoretical
argument.

A direct generalization of this theorem to two-parameter product domains
may be stated as follows. (For simplicity we will state the result in Rf_ x R2.
One may state the same result in R}*' x RT*! by changing intervals in R
to cubes in R™ and R™.)

In the following we suppose ¢ to be a locally integrable function on R?
satisfying

¢(e)| dz
< 00,
Jo TR <
where z = (z1,72) € RZ%, and let ¢(z,t) denote the biharmonic extension of
¢ to R x Ry (¢(x,t) = (P, * Py, * ¢)(z)). Then we have:

PROPOSITION. The following conditions on ¢ are equivalent:

(a) ¢ satisﬁes
7 . 100) = bu(a2) = 6a(@1) + aP e < O
for every Tectangle R =1xJ on R?, where
¢1(z2) = ;L%T)/Iﬂxl,mz)dwl,
¢s(21) = ﬁ/Jfb(xl,Iz)dIm

and ¢g 1s the mean value of ¢ over R.
{(¢) The measure

dp¢ = t1t2|V1V2¢(IL‘, t)l2 dxl d[l)z dtl dt2
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satisfies

// dp, < Cm(I xJ)
I)><S

Jor all I,J intervals in R (S(I) s the Carleson region associated with I).

An immediate question arising from this proposition is this: Does the space
of functions described by (a) characterize the dual space of H'(R3 x R2)?
As we have mentioned before, a dual form of C. Fefferman’s duality theorem,
BMO(R) = (H'(R?%))*, is the so-called “atomic decomposition” of H!. (More
details of this paper in the next section.) If we formally “analyze” the function
space in statement (a), it is not hard to see that it is the dual space of
HE . (R% x R%) where Hf . (R% x R2) is defined via atoms supported on
rectangles as follows:

DEFINITION. A rectangle atom is a function a(z) supported on a rectangle
R = I x J having the property |ja||2 < 1/(m(R))'/?,

/a(zl,zg)dxl =0= / a(zy,x2)dze  for every (z1,z2) € R.
I J

DEFINITION. H},. . (R% x R?) is the space of functions Y Agai with each
ar a rectangle atom and D, |Ax| < oo.

In other words, we may add the following equivalent statement to the above
proposition:

(b) The linear functional f — [p. f(z)d(x)dz is bounded on

Hlliect(Ri X Ri)

The immediate question is then: Is H}. (RS x RY) the same as the space
H'(R?% x R2 ) defined in §3? The question lingered for awhile until L. Carleson
[17] constructed an example of a measure u satisfying the product form of the
Carleson measure condition (as in (c)) but is not bounded on H!. Based on
his example, R. Fefferman [6] then constructed a ¢ which satisfies condition
(a) but is not even on L*(R?) (hence, not in the dual of H'(RZ x R2)).
However, one can still strive to say something positive.

DEFINITION. For each open set {1 C R?, define S({2) to be the (general-
ized) Carleson region

{(z,t) € R—{ X R;—, with (zy — t1, 21 + 1) X (22 — to, 22 + t2) C O}
Then call a positive measure y defined on Rf x R a Carleson measure if it
satisfies the condition p(S(Q2)) < C|9| for all open sets 2 C R2.

Notice that this definition coincides with the original one-dimensional def-
inition if  C R. The reason is that: in the real line R each (1 can be written
as a disjoint union of open intervals I; and S(€2) = U, S(I;). The situation
changes quite a lot from one to two dimensions, mainly because one must

consider overlapping rectangles of different lengths and widths contained in
Q.

THEOREM [22, 40, 23, 7]. The following conditions on ¢ are equivalent:

(b) ¢:¢O+H$1(¢1)+H$2(¢2)+HI1 OHI2(¢3)7
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where ¢o, ¢1, 02, p3 € L=(R?) and H, denotes the Hilbert transform in the
z; direction.

(b') ¢ is in the dual of H'(R2 x R2).

(c) The measure duy = t1t2|V1V2¢(x t)|% dz dt satisfies the Carleson mea-
sure condition for open sets as defined above.

Here again the equivalence between (b) and (b') is function theoretic.

The major deficiency of this theorem is that (c) is, in practice, difficult
to check. Also, it does not give much insight about the geometric properties
of ¢. To overcome these difficulties, we tried in [23] to adopt other square
functions to ¢ which are more easily accessible than the gradients of the
biharmonic extensions of ¢. To motivate the reader, we first formulate our
result in the one-dimensional “dyadic” form. (The “dyadic” version described
below is a special case of the martingale theory. As we have mentioned before,
HP-theory was first developed by Burkholder—-Gundy-Silverstein [7, 8] in its
martingale form. Thus, it is natural to understand BMO through its dyadic
analogue.)

Define BMOg4(R) to be the space of functions satisfying the bounded mean
oscillation properties with respect to dyadic intervals I = [(k — 1)/2™, k/2%],
1 < k < 2" n an integer only. Then it is easy to see that BMO(R) C
BMOy(R) (for example, the function ¢(z) = 0 for z < 0, ¢(z) = log(1/|z])
for £ > 0 is in BMO4(R)\BMO(R)). We also have the duality result that
BMOy(R) = (H}(R%))* (where H}(R2) can be defined as the space of func-

tions with
/ h(t dtl

in L!; actually H} has several equlvalent deﬁnltlons), as H! does (cf. [7, 8],
and the section on unconditional bases in this article). There is an alternative
way to describe functions in BMOQy, that is, through its Haar series expansion.
Fix a dyadic interval I. The Haar function h; associated with I is

1/(m(I))/?2  on left-half of I,
hi(z) = —1/(m(I))/? on right-half of I,
0 otherwise.

The constant function, together with {h;} dyadic, forms an orthogonal basis
of L?(R). Notice that for a fixed dyadic interval I we have

(@) = m1(®)x1(z) = > _ Cyhy(e)

JcI

h*(z) = sup

1 dyadnc

where C; is the Haar coefficient of ¢ w.r.t. hy. Hence, we may reformulate
the definition of BMOg4(R) (through its L2-form) as follows.

PROPOSITION. ¢ € BMOy if and only if

ey <om(I)
JcI
J dyadic

for all dyadic intervals I.
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Thus, if we try to understand BMO via BMOy, it amounts to finding a
“continuous” analogue of the Haar expansion of a function. We will describe
two methods to do this. One is via the Sy-function (cf. Part I); the other (and
maybe the more original) is via the work of B. Maurey [64] and [18, 83, 23]
on the unconditional basis of H! (see §5). Before we do this we would like to
remark that the dyadic version for the bidisc of this proposition was carried
out in Bernard [4]. Also there is another point of view to understanding BMO
via BMOy (or H! via H})-that is, very roughly speaking, characterizing BMO
functions f through averaging of the translates (f; = f(z —t)) of f which are
in BMOy. For details and more precise information on this latter point of
view see [34, 47].

We now begin to describe BMO(R2 x R? ) through the square function Sy
If we choose a function 1 € C* with compact support in [~1, 1] and mean
value zero for z = (z1,72) € R%, y = (y1,y2) with y; > 0, denote

_11 22
wy(x) y1yzw<y1>¢<yz)’

and normalize 1 so that f;° [h(€)|2de/¢ = 1, then, for f € C(R?) with
[ f(z1,32)dz1 = [ f(z1,22) dz2 = 0, we have

_ . _pdtdy
fle) = //(t,y)eRixRi(f d)y)(t)d)y(x g Y1Y2

(recall also that

st = [ [ isnr ().

This expression, which can easily be proved by taking Fourier transforms on
both sides, can be thought of as a continuous analogue of the Haar expansion
of f as follows: For each dyadic rectangle R = I x J, let Ry denote the region
in the bi-upper-half-plane as follows:

Ry ={(t,y) € R} x R}: teR, [I|/2<y: <|I|,|JI/2 < y2 < I}

Notice as R runs through all dyadic rectangles in R?, {R..} forms a pairwise
disjoint union of RZ x R2. Thus, if we let

_ . _ ., didy
=[] . GewenE-oTE

> frl@)

R dyadic
rectangles

(cf. also A. P. Calderén [12] for this decomposition).

Notice that the properties of fr can be compared to the Haar function
Crhr (CR = Haar coefficient of f w.r.t. hg) as follows: Each fg is sup-
ported on B = I x .J, where I is the interval with the same center and three

then
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times the length of I, and fg like hg has the property [ fr(z1,22)dz; =
[ fr(z1,22) dz2 = 0 for all (z1,22) € R%. Each fr is a C! function (unlike
hg) with L%-norm of fg bounded by

(// 1y (8 Pdtdy)

The fr’s are not orthonormal to each other (unlike hg), but their “almost”
orthogonal property is expressed by the simple

LEMMA. Suppose R=1XxJ, Ry = Iy x J1 are two dyadic rectangles with
RNRy #0. Let

- _ 52
r(Ry, R) = (m1n|I|,|Il|( m1n]J|,|J1|>

max 1|, |I;|" max|J], |y
Then

S%(fr,) < Cr(R, R1)SE,(f),
where C s a constant depending only on ||9||oo, [|¥ loo -

The continuous analogue of the proposition on BMOy is the following:

THEOREM. Suppose ¢ € L2(R?) satisfies
/¢($1,$1)d$1 = /¢($1,$2)de2 =0

for all (z1,72) € R%. Then the following conditions on ¢ are equivalent.

2
(a) sup Yoo dr|| =lelZ < oo
Q1 open ReD
R dyadic rectangle 2
(b) ¢ is in the dual of H'(R3 X R3);
(©) wp s > SR

1 open m ch

An immediate corollary is the following representation theorem for func-
tions in BMO.

COROLLARY. A function ¢ is in BMO(RS x R}) (in the sense of the
dual space of HY(R2 x R2)) if and only if there exist functions {br}r and
nonnegative real numbers {\r}r, where R 1s taken over all dyadic rectangles
in R?, such that ¢ = Y p Arbr with support bg C R, [br(z1,z2)dzy =
Jbr(z1,22)dzy =0, for all (z1,z2) € R?, and each bg s in C* with

Obr C _(9_b§ C %bp
Azl ~ I (0220l = [J]” | 01022

C

< —
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for R =1 x J, and with Ap satisfying 3 pcq ARIR| < C|Q] for all open set
Qc R

The one-parameter form this corollary has been adopted by A. Uchiyama
[80] as the first (small) step in a complicated constructive proof of the
C. Fefferman—Stein decomposition of BMO(R"™) (cf. also P. Jones [57] for the
decomposition of BMO(R) using methods of complex analysis). We would like
also to point out that it is not immediately clear how to apply Uchiyama’s
method to obtain constructive decompositions of BMO functions in product
domains.

5. The atomic decomposition of H!(R% x R%). In this section we
wish to give the simplest possible treatment of an atomic decomposition of
HP-functions in the multiparameter setting. To do this we shall restrict our
attention to the case p = 1 and to the two-parameter space H'(R? x R%)
defined previously. We have already seen that there are several equivalent
ways to define HP-spaces (see §3). As in the case of BMO, on the product
domain (Rf_ X Ri), we found out it is somewhat easier to adopt the “square
function” (in L') definition of H!. When we are trying to decompose functions
in H'(R2 x R? ), our natural approach is to try to decompose it into L?-atoms.
(See [30] for the equivalence of LP-atoms 1 < p < oo on R%*!.) What should
an L2-atom look like on RZ x R27? Our best hope is this: An atom a(z,y)
on R? is a function supported on a rectangle R such that

/a(xl,zz)dxl = /a(zl,:vz) dz, =0 \7/((1)1,.’1}2) S R2
and
lallLz < 1/|R]M2.

Unfortunately, as we have seen in the previous section, convergent sums of
1 . .
such atoms form the space H,,.iange Which is a proper subspace of

HY(R2 x R?).

In addition, as suggested by our definition of Carleson measure on product
domains, the role played by rectangles in the definition of atoms should be
replaced by an arbitrary open set of finite measure in R%. Let us begin to
describe the appropriate definition which we will use for our atoms.

To do this we require some notation. Let (! C R? be an open set of finite
measure. Then we set

0 = {(z1,22) € R? | My(xa)(z1,22) > 1/2}

and, for t;,t2 > 0, R¢, ¢, (x1,22) = the rectangle of side lengths t; and ¢,
centered at (z1,z2). It will be convenient to define

A= {all ¢ € C°(R?)|¢ is supported in (|z1] < 1) x(|z2| < 1) and satisfies
[8%tP /082S Bzl || oo < 10'° for all @, 3 such that |a] + |8 < 20}.
Finally, we remind the reader that we are using the notation

¢t1’t2(.’121,1122) = t;lté—l(ﬁ(:l?l/tl,mg/tg) for ti,l2 > 0.
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Below, in the statement of the atomic decomposition for H!(R2 x R2), we
give three ways of thinking about atoms. First, there is the definition which is
dual to our notion of BMO(R% x R2) from the previous section. The second
definition says, roughly, that an atom is an L2-function a(x) supported in an
open set (} C R? which has enough cancellation so that the averages of a(z)
over rectangles far away from ) are all suitably small (much smaller than
if a(z) had no cancellation). The third says, more or less, that the square
function of a(z) is very small far from 1.

In order to understand the meanings of these definitions, let us illustrate
the second in some detail. Consider, in R!, an H'-atom a(z) supported on
an interval I centered at the origin. Take a point z far from I, say |z| > 2|I|.
Then for a bump function ¢ supported in [~1, +1] we have

2
~) exauiall <0l = 2 (H)

It turns out that, in applications, the fact that a(x) has mean value 0 over I
is not that crucial. What we need is that ||allz < 1/|I|'/? and that “averages”
of a with respect to suitably dilated bump functions are very small, as given

in (~).

In fact these two properties of a(z) easily imply that a € H!. Letting
a*(z) = supa * ¢¢(x)|,
>0

we have

/Ra(z)daz—/ ()dz+/ a*(z)dzx
(/M2 |a)) d )1 |I|1/2+C|Il/ 15550/

Finally, before stating the atomic decomposition, there is one last defini-
tion: A pre-atom bg(zy,z2) is a function supported on the double of a dyadic
rectangle R = I x J so that

/bR(zl,zl)dzl =0 forallz; € R,
1

/ br(z1,22)dzy =0 for all 2, € R}, and
J

o+f
Q—;——lz% fora+p8<2.
0zx§ 0z,

1
<
(@n2)) < [rap7p

THE ATOMIC DECOMPOSITION FOR H'(R2 x R%) (23, 24, 42|. Any
function f € H'(R?2 xR%) can be written as f = ) \wak, where A\ are scalars
with Y | Ak < C]|f||H1(Rz+sz+), and where the ay, are H'-atoms. Conversely,
any sum Y Agak, where Y |Ax| < oo and ai are H'-atoms, defines an element
f € HY(R2 x R%) with “f“Hl(RixRQ < C Y |Akl- In the above we may take
as the definition of H'-atom any of the following:
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(1) An atom s a function a(zy,z3), supported in an open set {1 C R? of
finite measure, which can be written asa = Y RCQ CRrbr for scalars Cg and
pre-atoms bg such that 3" |Cgr|? |R| < 1/|Q]1/2.

(2) An atom is a function a(zy,z2) supported in an open set (1 of finite
measure such that ||aljs < 1/|QY/2 and

~ 10
|a * ¢z, 1, (z1,22)] < _.1. | Rty 2t (%1, 22) N QY
o B | I |Rt1,t2|

Vo € A t1s, >0 and (z1,22) ¢ Q.
(3) An atom is a function a(zxy,z2) supported in an open set (1 of finite
measure such that for every (z1,22) € R?,

S(a)(z1,22) £ M;%(xq)(z1,22) - A1, %2)
for some function A with ||Al|z < 1/|Q)Y/2.

Which definition is most useful depends on the problem at hand. We should
point out that it is immediately clear from (2) or (3) that an atom belongs to
H'(R% x R2). For instance, consider (2) and let

a*(z1,22) = sup la*¢t1,t2($1,$2)|-
t1,t2>0

Then

/ a*dzldz2=/~a*dx1dx2+/ a* dzydzs
R? 0 "

a

1/2
< (/ MZ(|a) dz; d:c2> |n|1/2+|—(12—|/ MO(xq) dz; dz;
Q [

1/2
<C (/ la|? dzy da:2> |Q|1/2 + L/ X dzxy dzy| < C'.
R? |Q| R2

We should like to close this section by briefly mentioning some applications.

First, the decomposition implies, almost immediately, that BMO(R2 x R%)
is the dual space of H!(R2 x R?). (See [23] and the section of this article on
BMO(R?} x R%).)

Second, this kind of atomic decomposition allows us to prove that we can
interpolate between H'(R% x R2) and L?(R?) in order to get LP(R?), 1 <
p < 2, as an intermediate space. In other words, if T is a sublinear operator
bounded from H'(R2 x R%) to L*(R?) and on L?(R?), then T is bounded
on LP(R?) for 1 < p < 2. For more details, see §8 on interpolation and also
[24).

Third, the method of proof (especially the use of the sets where S(f) is a
certain size in order to produce the atoms of f) of the atomic decomposition is
quite useful in the more classical one-parameter setting as well. In their work
on HP-theory on the Heisenberg group, Folland and Stein [45] make use of
these methods. In the work of Coifman-Meyer-Stein [29] on the application
of the “tent spaces” to commutator integrals, the methods are also used.
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Finally, there is one last application which we wish to mention. As has
already been pointed out, it is one of the most basic principles of the real-
variable theory of H' that H' can be defined in an equivalent manner by
area integrals or by maximal functions. For H*(R%Z x R2) this is due to
Gundy and Stein [50]. However, their proof that S(f) € L!(R?) implies
f* € LY(R?) makes use of complex analytic functions. If we think about the
atomic decomposition, it is clear that it provides an immediate real-variable
proof of this theorem. Indeed, it shows how to take a function whose area
integral is in L! and cut it up into an absolutely covergent linear combination
of pieces (the atoms), each of which obviously has its maximal function of
bounded L!(R?)-norm.

6. Unconditional bases of H'. We would like to discuss another ap-
proach to obtain a “continuous” version of the Haar expansion of functions.
It begins with the work of Maurey [64] on the existence of an unconditional
basis of H! of the unit disc. Recall that a basis {b,}, is called an uncondi-
tional basis for a Banach space B if, whenever an element v = ZV a,b, is
in B, so are the elements v = > €,a,b,, where ¢ = (g,) is a vector with
components €, = 1 for all v. For example, it is not hard to see that the
Haar system {h1}1 dyadic in R, together with constant functions, forms an un-
conditional basis for L?(R) for all p > 1. Yet when the exponent p — 1,the
system becomes an unconditional basis for H} instead of L. (This latter
fact may be seen through the square-function characterization of H}, i.e., a
function h with Haar expansion Y, Crhy is in H} if and only if its dyadic

square function
1/2
h)(z) = (ZICII /|I|>

zel
is in L'; for more details see [6, 7].)

The main result in [16] states that there exists a linear isomorphism be-
tween H! of the unit disc and H} of the unit disk. Since H} has Haar functions
as unconditional basis, by a theorem in Banach space, Maurey concluded the
existence of an unconditional basis for H! of the unit disc. The first explicit
unconditional basis for H! was constructed by L. Carleson in [18]. Later,
P. Wojtaszczyk [88] discovered that the orthogonal Franklin system also forms
an unconditional basis of H![0,1]. (We may define H'[0,1] as the subspace
of functions in H(R) which are supported in [0, 1].) The Franklin system has
been investigated in the earlier literature (cf. [26, 4]). For example, S. V.
Bockarev [5] has used the system to construct a basis for the disk algebra.
It is the system of orthonormal piecewise linear functions defined on [0, 1]
which is obtained through the Schmidt orthonormalization procedure from
the functions

w0 =1 h@)=s #@=[ uOd e,
where each

I=I,;= [k_l ﬁ], 1<k<2", n=0,1,2,...,

A 10
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is a dyadic interval of [0,1]. (The order in the procedure is first ¢g,$1, then
b1, for fixedn, 1<k <2" forn=0,1,2,....)
Only the following specific properties of the system are used in establishing
the main result in [83] (cf. [26] for proofs of these properties).
(1) The system {fo, f1, f1}1 dyaaic is an orthonormal set of functions which
is a basis for L2[0, 1].
(2) Each fixed fr satisfies
(a) Jy f1(t)dt =0.
(b) There exist a constant C and some ¢ > 1 independent of I such
that | f1(t)] < (C/|11Y/2)q**D/ 11 where d is the Lebesgue distance.

() fa(t1) = fulta)] < %;2_1 At 0l D/,

In establishing an unconditional basis for H1, the proof in both [18] and
[83] depended on an explicit description of the dual space of H! of the disc,
namely BMO. As we have mentioned in the last section, such explicit geomet-
ric description for the dual space of H! of the product domain is still unknown.
Instead we only have Carleson measure type characerizations of the space. Yet
unlike the situation in Carleson’s counterexample on the bidisc ([17], namely
a measure which satisfies the product form of the Carleson measure condition
may not be in the dual of H! of the bidisc), the product form of the Franklin
system does form an unconditional basis of H*([0,1] X [0,1]). We may state
this result again in its dual form (cf. {22, 24]):

THEOREM. If f € L2([0,1] x [0,1]) satisfies

1 1
(3) /0 f(zl,z2)d$1=/0 f(x1,21)dx2 =0,

1 1
(4) / z1 f(z1,72) dzy 2/ 2 f(21,%2) dzo = 0,
0 0
for all z1,z4 €0, 1] with expansion
flrrz) = Y. Crifi(z)fi(z2),
I,J dyadic
then f is in the dual of H'([0,1] x [0,1]) +f and only +f
> lcsP <ol
IxJcQ
for all open sets (1 contained in [0,1] x [0, 1].
The proof of this theorem depends on a careful comparison of Sg(frfs)
(same notation as in §4) to Cry in terms of the relative position between the

dyadic rectangle R and I X J and is mainly technical. But we may draw from
it the desired conclusion that the double Franklin system

{{foaflvfl} X {f07f17fJ}}I,J dyadic intervals

forms an unconditional basis for functions in H([0,1] x [0, 1]). Actually, we
can say a little more (cf. [23)):
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COROLLARY. H[0,1] = {f in L[0,1] with the series Cofo + C1f1 +
Y1 C1f1 converges unconditionally, where

C = /0 @@ (=01, = /0 @) dw}-

Furthermore, if, for every e = (€o,€1,e1)r (s = £1, 1 =0,1, ey = £1 VI),

1
fe=> &aCifi+ > eCifr,
=0

I dyadic
then
[ fller = sup || fell L2
£

The same result also is true for H([0,1] x [0,1]) with the product Franklin
system substituted for the Franklin system.

We finish this section with some remarks:

(1) One can also think of the above results as statements about the dual
space of H'(T') and H*(T?) (where T denotes the unit circle, T? the torus)
after the usual identification of T as [0, 1] and T2 as [0, 1] x [0, 1] with functions
extending periodically at the endpoints 0 and 1. In doing so we need to
modify the Franklin system as defined above. One possible way to do this is
to apply the Schmidt orthonormalization procedure to {¢o = 1, @1}1 dyadic
and observe that for each dyadic I, ¢1(0) = ¢s(1) = 0; thus, the new system
{fo, f1}1 dyaaic forms an orthonormal basis for functions f in L?[0,1], f(0) =
f(1). One can check (as in [26]) to see that {f;} still satisfies properties
(a)-(c) earlier. See [4] also for other methods to modify the Franklin system
from [0,1] to T'.

(2) Although it is relatively difficult to compute the coefficient with respect
to Carleson’s [8] basis of H(T), the dual form of his basis gives very clear
geometric insight about the structure of BMO(T'). It remains open whether
the product form of Carleson’s basis also forms an unconditional basis for
H(T?). A positive answer to the problem may help to form a clearer geo-
metric description of BMO(T?).

(3) A very complicated “ordering” problem arises when one tries to gener-
alize the Franklin system as above to get an unconditional basis for H(R").
For the construction of such systems on R™, n > 1, and actually constructions
of spline systems of higher orders (which is necessary in order to obtain an
unconditional basis for H?, 0 < p < 1), the reader is referred to the article of
J. O. Stromberg [79].

7. Some further results. In thissection we briefly report on some recent
results on product domains which are applications of the techniques we have
described. As the reader will see, the results are mainly incomplete, since the
whole field is still in its developing stage.

(1) The corona problem. Suppose f1, f2,. .., fn are bounded analytic func-
tions defined on the open disc D with |f1(2)| + |f2(2)| + -+ + |fn(2)| = 6 for
all z € D. The corona problem is this: Do there also exist bounded analytic
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functions g1,92,...,gn in D with 377, f;(2)g;(2) = 1 on D? The problem
was answered affirmatively by L. Carleson [15] in the early 1960s. Actually,
the terminology “Carleson measure” was invented as a device to solve this
problem. One of the major difficulties in the solution is the construction of
certain Carleson measures to solve some d-equation (cf. [16]). As we have
now seen, one way to understand BMO functions is through the connection
with associated Carleson measures; namely, if ¢ € BMO(T') then

IVé(2)|? log(1/|2]) dz dz
is a Carleson measure with norm comparable to ||¢||2, where ¢(z) is the har-
monic extension of ¢ to D evaluated at z in D. In particular, if ¢ is a bounded

analytic function in D (hence its boundary value on the unit circle is in L>(T),
hence in BMO(T)), then

|6/ (2)]? log(1/|2]) dz dz
is a Carleson measure (with norm ~ ||¢]|,). It was the brilliant idea of T.
Wolff to apply this latter fact to solve the following 3-equation and obtain an
alternative proof of the corona problem on D.

If u is any Carleson measure, we say u € C and denote its measure norm
by {|ple.

MAIN LEMMA (T. WOLFF; SEE [46, CHAPTER VIII]). Suppose g is a
smooth function defined on D and satisfies

(a) |0g(2)/9z|log(1/|z]) dz dz € C with measure norm < M?2.

(b) |g(2)|? log(1/|2|) dz dz € C with measure norm < M2.

Then there exists a solution u of the equation Ou/8z = g on D, such that
the radial limit of u exists on T with ||ul|L-(T) < M.

A straightforward generalization of Wolff’s lemma to the bidisc D? = Dy x
Ds, with D; = Dy = D, takes the following form. (We use the notation
0,9 = 0g/0z;, Big = 0g/dz; for i = 1,2, with (21,22) € D?, and dA =
dz1 d—il d22 d§2.)

LEMMA 1 [22]. Suppose g 13 a smooth function on D’ satisfying

(a) |01829(z1, 22)| log 1 log 1 dAeC on D?,
[za] 7 |22
1 1
(b) [ [ 10191, 20 tog 1o tog 1 dd < Ol
D? |21 |22]

for all h € HY(D?),
(c) Same condition as in (b) with 21, z2 interchanged,

1 1
(d) |g2(21, 22)| log -— log — dA € C on D?.
|21] 7 22|
Then there exists a solution v on D? with 0,0,v = g, the radial limit of v
ezists on T?, and ||v|| Lo (72) 13 bounded by a constant depending only on the
Carleson measure constants in (a)—(d).

Combining Wolff’s lemma and Lemma 2 we get
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. =2 .,
LEMMA 2. Suppose hi, h2 are smooth functions on D satwfymg

(a)' |h1(z1,z2)| log | I dAl, |81h1(21,2’2)| log dAl,

1
(b)’ |ha(z1, 22)|? log — PN dA2, |02k (21, 22)|log T2l dA,

are all Carleson measures in D with measure constants uniformly bounded for
all (21, 22) € D?. Suppose g = O1ha = O2h; satisfies (a)-(d) of Lemma (1).
Then there exists a solution u of the 0-equation O1u = hy, Oqu = hy such that
the radial limit of u ezists on T? and u € BMO(T?) with ||ulgmo(r?) bounded

by Carleson measure constants in (a)’, (b)' and (a)-(d) for the function g.

We would like to point out that a BMO (instead of L*°-) solution is the
best one may hope for under the given conditions in Lemma 2. This is similar
to the situation that occurs in the unit ball in C™ (cf. [81]). The above lemma
can be applied to obtain HP-solutions for the corona problem on the bidisc:

PROPOSITION [22]. Suppose f1, f2 are bounded analytic functions defined
on the bidisc D? satisfying Z; Ufi(2)| > 6 for all z € D?. Then there exist

91,92 analytic in D? and (.., HP(D?) with Z -1 fi(2)g;(2) =1 in D2,

One would think that the number n of functions fi, fo,..., fn is not impor-
tant for the existence of solutions for the corona problem. That this is not the
case on D% for d > 2 was pointed out to the first author by N. Varopoulous.
This is due to the fact that, when d > 2, the (0, 1)-forms on D¢ may not be
automatically O-closed (when n = 2 some special trick may be applied, and
this difficulty does not show up). To overcome this difficulty when d > 2,
Varopoulous [82] developed and applied some machinery in stochastic inte-
gration. Recently K. C. Lin [60] was able to handle the extra terms which
occurred in the Koszul complex in solving d-equations when d > 2 by esti-
mates similar (but somewhat easier) to those in Lemma 2. Based on this and
some combinatorial arguments, Lin also obtained a real-analysis proof of the
following result.

THEOREM ([60]; ALSO [82]). Suppose f1,fa2,...,fn are bounded ane-
lytic functions defined on the bidisc D? satisfying 3 5, |f5(2)| > & for all
z € D% Then there exists g1,...,gn analytic in D% and (., HP(D?) with
i1 fi(2)gs(2) = 1.

The challenging problem of whether or not one can obtain bounded analytic
g;’s remains open. (The same problem also remains open for unit balls in C¢.)

(2) Interpolation between HP-spaces on the bi-upper-half-plane. Methods
similar to those used in obtaining the atomic decomposition of H'(R2 x R%)
also yield the following “decomposition” result for LP-functions (1 < p < 2),
which can be viewed as a generalization of the (now) classical Calder6n—
Zygmund decomposition lemma (cf. [75]) to the product domain (R2 x R?):
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LEMMA 3 [25]. Let o > 0 be given and f € LP(R?), 1 <p < 2. Then we
may write f = g +b, where g € L*(R?) and b € H'(R3 x R%) with

(%) lgll3 < 7P| fI5 and [|b]lg: < Col~P[|f]2,
where C s a untversal constant.

Just as the Calderén-Zygmund lemma served as a basic tool for various
interpolation results between HP(R71') (9, 38, 13, 70], the above lemma can
be applied for interpolation between HP(R% x R%). An immediate corollary
of Lemma 3 is

COROLLARY. Suppose T is a linear operator bounded from H*(R2 x R?)
to L'(R?) and on L?(R?%). Then T is bounded on LP(R?) for all 1 < p < 2.

PROOF OF THE COROLLARY. Let f € LP(R?) and a > 0. Applying
Lemma 3 we may write f = g + b, where () holds. Then

o o 1 1
m{|Tf| > a} <m{|Tg > 5} +m{|Tel > T} < (@uTgn% + anTbnl)

1, 5 1 1
< (ol + 3okm ) < eI

T is therefore weak type (p,p) for all 1 < p < 2. Hence, by the Marcinkie-
wicz interpolation theorem, T is bounded on LP for p in the same range.

A typical T which satisfies the assumptions in the corollary is the double
Hilbert transform Tf = H, H,,f. Thus, the above result is a generalization
of the classical M. Riesz theorem to the setting of product domains.

One can ask questions about interpolating between different HP-spaces
(particularly when p < 1). There are many interpolation methods which
apply to H?. Among them, two suffice for most applications: namely, the
real interpolation method ( )g,q (0 < 8 < 1, 0 < ¢ < o0) and the Calderén
complex interpolation method ( )g (0 < 8 < 1) (cf. [9, 3] for definitions). For
HP on product domains R2 x RZ, Lin [61] has the following results:

THEOREM.
(H', LP')g,, = LP9, 1<py<oo, 1/p=1-0-+6/py,
(H',L®),4 = (H',BMO)g,q = L7, /p=1-6.
(LP9 denotes Lorentz space)

(H',LP*) = LP, 1<p<oo, 1/p=1-60+8/p,
(H',L>®)g = (H',BMO), = LP, 1/p=1-4.

It should be noted that for H! on the unit disc or H' on the domain Ri“,
all statements in this theorem are known. (For the real method part (a), see
[562, 39, and 70]; for the complex method part (b), see [38, 13 and 58|.
For a general survey and references, see [39].) But the methods used in the
proof for the classical domains (e.g., unit disk or Ri“)—especially the part
concerning BMO functions in [38}— apparently do not apply in the product
domain Ri X Ri. To obtain endpoint results as BMO in the results above,

(a)

(b)
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Lin used the constructive method for interpolation used in [13], and he also
applied the elegant four interpolation theorem of Wolff [84].

(3) Singular integrals of commutator type. About twenty years ago Calderén
[86] proved that a certain singular integral operator was bounded on LP-
spaces. This operator, connected with the study of partial differential equa-
tions and complex variables, is known as the “first commutator integral” and
is given by

- (z) — A(y)
Tf(z) [y e f(y) dy,
where A(z) is a differentiable function on R' and A’(z) € L*®. By the classical
Calderén-Zygmund techniques, once it is proven that T is a bounded operator
on L2 it follows immediately that T is also bounded on L? for all 1 < p < oo.
Somewhat later, the so called “higher commutators”, Ty (k > 1), given by

Tuf(z) = /R | [A(xi - ;4(11)} ¢ . ! 1) dy

were proven to be bounded on L? (hence, on L? for 1 < p < 00) by Coifman
and Meyer [87]. These operators Ty are different from the classical ones of
Calderén-Zygmund discussed in Part I for two reasons. Of course, all these
operators are integral operators of the form

77@) = [ Kn)i)dy

for some kernel K(z,y). The classical Calder6n-Zygmund singular integrals
have kernels of the form K(z — y), i.e., they are convolution operators, while
the commutators are not. The cancellation possessed by the kernels of
Calderén-Zygmund is quite obvious:

/ K(z,y)dy=0 Y0<a<§p.
a<|z—y|<B
The cancellation of the kernels for T,

Ki(z,y) = (A(z) - A(y)/(z - )**,

is much more subtle. Quite recently, G. David and J. L. Journé have obtained
beautiful, simple, and general theorems [88] concering the boundedness on L2
of operators like Tj. One such theorem [88] is the following:

Suppose T f(x) = le K(z,y)f(y)dy and K satisfies

(1) K(:l), y) = _K(ya IE),

C oK 0K C
SRR PR S (N P
@ (2 9)] |z -yl ‘ax Iy |~ (z—y)?
and

(3) T(1) € BMO(R!).
Then T is bounded on L?(R?!).
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Even though this is an L?-theorem, just as in the work of Calderén, Coif-
man, and Meyer, the spaces H! (and BMO) play a vital role here. For exam-
ple, in order to see that, for the kth commutator T}, we have Ty (1) € BMO,
David and Journé proceed inductively as follows: For k =1,

A(z) - A(y) A'(y)
Tl(l)(a“)_-/R1 (z—y)2 dy‘_/z_ydy,
as is immediate upon integrating by parts. This last expression is just H(A'),
the Hilbert transform of a bounded function, which is well known to be in
BMO. For k > 1 observe that integration by parts shows that

k
nn)e) = [ g
_/ [A(z) — AW A'(Y)
e G-yF Y
= Ty—1(A)(z).
Now the point is that according to a theorem of C. Fefferman—Stein (38], if
an integral operator T'f(z) = [ K(z,y)f(y) dy is bounded on L? and satisfies

0K (z,y)/0z| < C/(x - y)?,

it is automatically bounded from L°° to BMO. By induction we may assume
that Tx—1(1) € BMO, and, hence, by the above theorem T}_; is bounded on
L?. Applying the C. Fefferman-Stein result, we see that Tj_1(A’) € BMO,
whereupon Ty (1) € BMO. In order to prove that T} is bounded on L?, it was
important to understand the action of the operators T} as operators from L
to BMO.

More recently, Journé has extended some of these results to the setting of
product spaces. The model operator here is the “product commutator” Ty,
given as follows: Let A(x1,z2) be a C?-function on R? such that (82A4/9x;0z2)
€ L*, and let

A(z1,72) + Alys,v2) — A(y1,72) — A(z1, 1)

Then
Tk f(21,22) =//Rz[f:1(z1,x2,y1,y2)]k( Iy, v2) )dy1 dys.

T1—y1)(T2 — ¥2
Journé proves in [89] a general theorem on product singular integrals which,
in particular, implies that the Ty are bounded on LP(R?) for 1 < p < oo.
Rather than go into detail concerning the general class of operators involved,
let us make a few observations about the method of proof. A basic prop-
erty of T} which must be proved, just as in the one-parameter case, is that
Ti(1) € BMO(R2 x R2). This is done inductively by proving that Tk_y is
bounded from L*® to BMO(RZ x R%). Once this is done, the Ty will then be
bounded on L2. The product domain theorems on H'~-BMO duality and inter-

polation (between H! and L2) are then applied to obtain boundedness on LP,
1 <p<oo.
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The arguments of Journé proving that the operators map L to
BMO(R? x R?)

are ingenious and along the lines of the proof of Chang [21] that bounded
functions have Poisson integrals which give rise to Carleson measures. We
should also point out that the interpolation results of Lin, mentioned earlier
in this section, are used in the arguments to prove L2-boundedness of the T.
The reader interested in applications of the methods described throughout
this article is urged to see [89).
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