
Nr. 251/2000

SüME REGULARITY RESULTS FüR THE STüCHASTIC

PRESSURE EQUATIüN üF WICK-TYPE

Fred Espen Benth and Thomas Gorm Theting



(1.1)

SOME REGULARITY RESULTS FOR THE STOCHASTIC PRESSURE

EQUATION OF WICK-TYPE

F R E D E S P E N B E N T H A N D T H O M A S G O R M T H E T IN G

A B S T R A C T . W e p ro v e th a t th e s o lu t io n o f th e s to c h a s t ic p r e s s u r e e q u a t io n o f W ie k - ty p e b e lo n g s .

to a s p a c e o f g e n e ra l iz e d ra n d om f ie ld s h a v in g s q u a re in te g ra b le h om o g e n e o u s c h a o s k e rn e is .

W e f in d th e c h a o s e x p a n s io n , a n d c a lc u la te i t s s to c h a s t ic r e g u la r i ty in d is t r ib u t io n a l s e n s e .

F u r th e rm o re , w e s h o w th a t th e s o lu t io n is s ta b le u n d e r p e r tu rb a t io n s o f th e p e rm e a b i l i ty f ie ld

a n d th e s o u rc e te rm .

1 . )N T R O D U C T IO N

W e c o n s id e r th e s to e h a s t ie p r e s s u r e e q u a t io n o f W ie k - ty p e

-'V(K(x)o'Vp(x)) =f(x) o n V,

p(x) = 0 o n av,

w h e re K i s a ( s to e h a s t ie ) p e rm e a b i l i ty f ie ld , fis th e s o u re e te rm a n d p(x) i s th e u n k n o w n p re s s u re .

T h e p ro b lem is p o s e d o n a b o u n d e d d om a in V in IRd
. B y in tro d u c in g th e W ie k p ro d u e t 0 in th e

p re s s u r e m o d e l w e u s e a n I tö in te rp r e ta t io n o f th e s to e h a s t ie p a r t ia l d i f f e r e n t ia l e q u a t io n . T h is

p ro d u e t w i l l "m ix " th e p a th s in a e e r ta in s e n s e , c o n tr a ry to th e o rd in a ry p ro d u e t w h ie h w o u ld

le a d to a p a th w is e (w -w is e ) e q u a t io n . T h is m o d e l h a s b e e n p ro p o s e d a n d s tu d ie d in te n s iv e ly b y

H o ld e n , 0 k s e n d a l , U b lZ lea n d Z h a n g [1 3 ] a s a m o d e l fo r th e p re s s u r e d is t r ib u t io n in a f ie ld w h e re

th e p e rm e a b i l i ty h a s la rg e f lu e tu a t io n s o n all s e a le s ( th e m a in e x am p le b e in g a n o i l r e s e rv o ir ) .

T h e y d e r iv e a n e x p l ie i t s o lu t io n w h e n th e p e rm e a b i l i ty is m o d e lI e d a s a lo g n o rm a l r a n d om f ie ld .

T h e m a in o b je e t iv e o f th is p a p e r is to s tu d y ( s to e h a s t ic ) r e g u la r i ty p ro p e r t ie s o f th e i r s o lu t io n

to g e th e r w i th s ta b i l i ty w i th r e s p e e t to th e d a ta in th e p ro b lem .

S e v e ra l a u th o r s ( s e e e .g . H o ld e n e t a l . [ 1 3 ] ' B e n th , D e e k a n d P o t th o f f [4 ] a n d V a g e [20]) h a v e

u s e d th e s o -e a l le d K o n d ra t ie v a n d H id a s p a e e s o f g e n e ra l iz e d ra n d om v a r ia b le s a s a e o n v e n ie n t

s e t t in g fo r s tu d y in g s to c h a s t ic (p a r t ia l ) d i f f e r e n t ia l e q u a t io n s o f W ie k - ty p e . G e n e ra l iz e d ra n d om

v a r ia b le s b e lo n g in g to th e s e d is t r ib u t io n s p a e e s m a y h a v e h ig h ly s in g u la r e h a o s k e rn e I s a s th e y

a l lo w fo r k e rn e I s in th e s p a c e o f tem p e re d S e h w a r tz d is t r ib u t io n s ( s e e K o n d ra t ie v a n d S tr e i t [ 1 5 ]

a n d H id a , K u o , P o t th o f f a n d S tr e i t [ 1 2 ] fo r th e d e f in i t io n o f th e s e s p a e e s ) . R e e e n t ly , G ro th a u s

[1 1 ] in t ro d u e e d s p a c e s o f g e n e ra l iz e d ra n d om v a r ia b le s w i th c h a o s k e rn e I s h a v in g L 2- r e g u la r i ty ,

e x te n d in g w o rk b y P o t th o f f a n d T im p e l [1 8 ] . T h e s e s p a e e s s e em to b e s u f f ie ie n t ly f le x ib le fo r th e

s tu d y o f a la rg e d a s s o f s to c h a s t ic (p a r t ia l ) d i f f e r e n t ia l e q u a t io n s a n d a t th e s am e t im e p ro v id in g

a n im p ro v em e n t o f s to c h a s t ic r e g u la r i ty . I n d e e d , G ro th a u s [1 1 ] d e r iv e s e x p l ic i t s o lu t io n s fo r s o m e

s to c h a s t ie (p a r t ia l ) d i f f e r e n t ia l e q u a t io n s o f W ie k - ty p e u s in g th e s e d is t r ib u t io n s p a c e s a n d W ie k

c a lc u lu s ( s e e a ls o K o n d ra t ie v , L e u k e r t a n d S tr e i t [ 1 4 ] fo r W ie k c a lc u lu s ) .

Date: 2 1 s t F e b ru a ry 2 0 0 0 .

Key words and phrases. S to c h a s t ic p a r t ia l d i f f e r e n t ia l e q u a t io n , w h i te n o is e a n a ly s is .

T h e f i r s t a u th o r a c k n o w le d g e s M a P h y S to fo r f in a n c ia l s u p p o r t . M a P h y S to - C e n tr e fo r M a th em a t ic a l P h y s ic s a n d

S to c h a s t ic s - is fu n d e d b y a g ra n t f ro m th e D a n is h N a t io n a l R e s e a r c h F o u n d a t io n . T h e s e c o n d a u th o r a c k n o w le d g e s

th e f in a n c ia l s u p p o r t f ro m th e N o rw e g ia n R e s e a r c h C o u n c i l , N F R -g ra n t 1 3 1 9 0 8 /4 1 0 . D is c u s s io n s w ith T h om a s

D e c k , H e lg e H o ld e n a n d J ü rg e n P o t t h o f f a r e g re a t ly a p p re c ia te d . T h e s e c o n d a u th o r w o u ld l ik e to g iv e s p e c ia l

th a n k s to J ü rg e n P o t t h o f f a n d e v e ry o n e a t L e h r s tu h l fü r M a th em a t ik V fo r m a k in g h is s ta y in M a n n h e im so

p le a s a n t .
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F rom the W iener-Ito -S ega l chaos expansion fo r random variab les w ith fin ite variance w e know tha t

th e chaos kerne ls be long to the space o f square in teg rab le symm etrie func tion s. T he genera lized

random variab les o f G ro thaus have chaos expansion s w h ich afte r trunca tion be long to the space

o f square in teg rab le random variab les . A lso , by a su itab le sca ling v ia the N um ber opera to r, w e

ge t random variab les w ith fin ite variance . O f cou rse , th is o ffe rs a sign ifican t im provem en t o f the

stochastic regu la rity com pared to the H ida and K ond ra tiev spaces. B esides be ing in te rested in

m ore regu la r so lu tion s o f stochastic d iffe ren tia l equa tion s, question s lik e adap tedness and m artin -

ga le p roperty are cen tra l. H av ing so lu tion s be long ing to spaces w ith L 2-kerne ls , th ese p roperties

a re easily verified (see e .g . B en th and Po ttho ff [7 ] and G ro thaus [11 ]). S ee D eck e t a l. [8 ] fo r the

genera liza tion to H ida spaces.

W e w ill in th is paper study the p rob lem g iven in (1 .1 ) w ith a logno rm al perm eab ility fie ld in ligh t

o f the new spaces o f G ro thaus. B e ing a p rob lem w hieh in tend to m odel rea l-w o rld situ a tion s,

w e be lieve it is o f im po rtance to im prove the stochastic regu la rity o f the so lu tion . In add ition

to show ing tha t th e so lu tion is m uch sm oo ther stochastica lly than p roved by H o lden e t a l. [13 ],

w e ca lcu la te exp lic itly its chaos expansion . T he chaos expansion is a key -po in t fo r s tudy ing

stochastic p roperties and num erica l app rox im ation s o f the p ressu re (see e .g . B en th and G jerde

[5 ] and T heting [19 ] fo r num eriea l s tud ies o f the p ressu re equa tion ). H ow ever, fu rther ana ly sis in

these d irec tion s is ou ts ide the scope o f the p resen t paper. A no ther im po rtan t aspec t is s tab ility

w ith respec t to da ta . W e sha ll p rove tha t th e p ressu re depends con tinuously w ith respec t to the

sou rce func tion fand the covariance struc tu re o f the perm eab lity fie ld~ In rea l app lica tion s it

is im po rtan t to know the stab ility p roperties o f p(x) w ith respec t to its da ta . T he spec ifica tion

o f the sou r ce o r the perm eab ility m ay on ly be an app rox im ation to the physica l s truc tu re , o r

m easu rem en ts m ay be inaccu ra te . It is th e re fo re o f in te rest to know tha t sm all pertu rba tion s in

the da ta lead to m ino r changes in the so lu tion . O u r resu lts ass u re tha t th is is indeed the case fo r

the stochastic p ressu re .

M odelling w ith the W iek p roduc t is questionab le , and need to be ju stified physiea lly and /o r

m athem atica lly . A s argued in H o lden e t a l. [13 ]' s to chastic (partia l) d iffe ren tia l equa tion s m ay

have singu la r so lu tion s w h ich m ake non linearitie s hard to in te rp re t. U nderstand ing p roduc ts as

W ick -p roduc ts avo id these p rob lem s and a t the sam e tim e p rov ide a n iee struc tu re m ak ing the

equa tion s trac tab le fo r W ick ca lcu lu s techn iques. A lso , th e re is a e lo se connec tion be tw een the

W ick p roduc t and e lassiea l Ito in teg ra tion (see e .g . H ida e t a l. [12 ]' H o lden e t a l. [13 ] and B en th

[1 ]). T he W ick p roduc t appears na tu ra lly in o rd inary stochastic d iffe ren tia l equa tion s o f Ito type

v ia th is re la tion . T h is ind iea tes tha t th e W ick p roduc t perfo rm s a sim ila r "m ix ing" o f the pa th s

as does the Ito in teg ra l, and one can say tha t by app ly ing the W iek p roduc t in stochastie partia l

d iffe ren tia l equa tion s one ge t an Ito in te rp re ta tion o f the no ise . W hether o r no t the W iek p roduc t

g ives a good m odel is s till an unansw ered question . T here are som e w ork done in try ing to com pare

the tw o w ays o f in te rp re ting the p roduc ts , see e .g . [13 ] (and a lso the last sec tion in th is paper). T he

resu lts p resen ted here are a step on the w ay to answ er these question s, s in ce w e estab lish regu la rity

o f the so lu tion no t p rev iou sly know n fo r ou r spec ific W ick -p roduc t equa tion . Fu rtherm ore , w e sha ll

s tudy a re l~ tion be tw een m odels u sing the d iffe ren t p roduc ts w h ich m ay shed som e ligh t on W ick

m odelling . A p ressu re equa tion in one d im ension is considered , w ith com b ined D irich le t-N eum ann

cond ition s. F o r th is p rob lem w e prov ide a sim p le re la tion fo r the so lu tion s o f the tw o m odels . W e

do no t go in to de ta ils abou t ex is tence and un iqueness o f so lu tion s, w h ich can be p roven by using

techn iques from H olden e t a l. [13 ]. W e also no te tha t th e change o f boundary cond ition m ake the

p resen ta tion o f the connec tion a g rea t dea l s im p le r. A dm itted ly , th is part is a b it ou ts ide the m ain

focus o f the paper since w e change the fo rm u la tion o f the p ressu re equa tion sligh tly . H ow ever,

w e fee l th a t it p rov ides som e understand ing o f W iek m odelling w h ich m ay be o f u se fo r p rac tica l

understand ing o f the stochastic p ressu re equa tion . W e rem ark in passing tha t to p rove the re la tion

w e need som e in te resting p roperties o f s tochastie tran sla tion and W ick p roduc ts w h ich w e be lieve

can be usefu l in o ther connec tion s.

H ere is an ou tlin e o f the paper: In S ec tion 2 w e g ive the necessa ry backg round to w h ite no ise

ana ly sis . A p rec ise fo rm u la tion o f the stochastic p ressu re equa tion o f W ick -type toge ther w ith the



REGU LAR ITY O F TH E STO CHA ST IC PR ESSU RE EQUA T IO N 3

exp lic it so lu tio n is p re sen ted in S ec tio n 3 . In S ec tio n 4 w e p rov e th e s to ch as tic regu la rity o f th e

p re ssu re , fo llow ing w ith its W ien e r-Itö -S eg a l ch ao s expan s ion in th e n ex t sec tio n . S tab ility w ith

re sp ec t to d a ta is con s id e red in S ec tio n 6 . F in a lly , w e s ta te th e re la tio n b e tw een th e W iek m ode l

and th e m ode l w ith o rd in a ry p roduc t in on e d im en sion w hen th e bounda ry cond itio n s a re s lig h tly

ch anged .

2 . M ATH EM AT ICA L PREL IM INA R IE S

W hite no ise an a ly s is is th e n a tu ra l fram ew o rk fo r th e trea tm en t o f th e s to ch as tic p re ss u re equa tio n

o f W ick -ty p e . F o r a d e ta iled and com p le te accoun t on th e b as ic s o f th is an a ly s is , w e re fe r th e

in te re s ted read e r to th e book by H id a , K uo , P o tth o ff and S tre it [1 2 ] (see a lso P o tth o ff and T im pe l

[18 ] ' V age [20 ] ' K uo [16 ] and G ro th au s [11 ]). T h is sec tio n g iv es a m o re o r le ss se lf-con ta in ed

p re sen ta tio n o f th e p a rt o f w h ite no ise an a ly s is n eed ed fo r ou r pu rpo ses . W e re fe r to G ro th au s

[11 ] fo r a m o re com p le te d esc rip tio n o f th e th eo ry p re sen ted b e low . .

W e w o rk on th e th e w h ite no ise p rob ab ility sp ace (S'(lRd),ß(S'(lRd)),It). H ere S'(lRd) deno te s

th e sp ace o f tem pered d is tr ib u tio n s , L e . th e sp ace o f bounded lin ea r fun c tio n a ls on th e S chw arz

fun c tio n s on lRd. ß(S'(lRd)) deno te s th e fam ily o fB o re l sub se ts o f S'(lRd) gene ra ted by th ew eak -*

topo logy . T he ch a rac te ris tie fun c tio n oH lle p rob ab ility m easu re It sa tis fie s

w he re 1 .12 is th e u su a l no rm in L2 (lRd). T he ex is ten ce o f su ch a It is a ssu red by th e B ochne r- M in lo s

T heo rem .

F o r n E N o (th e se t o f n a tu ra l n um bers in c lud ing ze ro ), le t (S)0n,.n. and (S')0n deno te th e n th

sym m etric ten so r p roduc ts (see e .g . H id a e t a l. [1 2 ]) o f S(lRd),L2(lRd) and S'(lRd), re sp ec tiv e ly .

F o r no ta tio n a l conven ien ce w e pu t (S)00 = ij = (S')00 = lR . T he no rm on L~ is d eno ted by

1 '1 [2 , and s im p ly 1 .12 w hen th e re is no ch an ce o f con fu s ion . F o r each epen) E (S)0n w e defin e th e

co rr~ spond ing sm oo th W iek m onom ia l

w he re S' :7 w 1->: wl8in :E (S')0n is th e n th W iek pow er o f w (see [11 , 12 ]). T h e fun c tio n s th a t

go in s id e th e W iek m onom ia ls a re o ften re fe red to as th e hom ogeneou s ch ao s k e rn e ls . G iv en tw o

chao s k e rn e ls J(n) E (S)0n and h(m) E (S)0n th en

(2 .1 )

w he re 8n,m deno te s th e K roneck e r d e lta and ( ., . ) is th e u su a l in n e r p roduc t in L~. W e use (LP)

as a sho rt-h and no ta tio n fo r LP(S'(lRd), ß, It), th e sp ace o f random variab le s w ith fin ite p -m om en t.

T he no rm in (LP) w ill b e d eno ted 11 . II(LI')' I t c an b e show n th a t g iv en any sequence o f sm oo th

k e rn e ls {ep;n)}~o conve rg ing to J(n) in L~, th en th e sequence In(ep;n)) conve rg es to In(f(n)) in

any (LP) fo r p 2 :: 1 . It fo llow s th a t w e can de fin e W ick m ono m i a ls fo r ch ao s k e rn e ls in L~ and

th a t th e o rth ogona lity p rop e rty (2 .1 ) s till h o ld s . F o r h E L2(lRd
) w e deno te th e s to ch as tic v a riab le

w I-> (w, h) = h(h) by Wh. T h is v a riab le is o ften ca lled sm oo th ed w h ite no ise . L e t P deno te th e

sp ace o f sm oo th W iek po lynom ia ls on S' (lRd
):

N

P:= {ep 1 ep(w)-= 'L1n(ep(n))(w),ep(n) E S0n,w E S',N E N o} .

n=O

T he sp ace P is d en se in (L2) (see [12 ]) and w e have th e fo llow ing im po rtan t re su lt (a p roo f is

g iv en fo r th e one -d im en sion a l ca se in [12 ] ' see a lso L em m a 4 .2 in [17 ]):
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Theorem 2.1. Every f E (L2) has a unique Wiener-Ito-Segal chaos expansion

0 0

(2 .2 ) f(w) = L Inu(n))(w),

n=O

with chaos kernels f(n) in L~. Furthermore,

0 0

(2 .3 ) IIfll~£2) =L n!lf(n)I~.

n=O

W e p ro c e e d to c o n s tru c t o u r b a s ic p a ir o f sm o o th a n d g e n e ra l iz e d ra n d om v a r ia b le s . O u r c o n -

s tru c t io n fo l lo w th e id e a s in P o t th o f f a n d T im p e l [1 8 ] ' G ro th a u s [1 1 ] a n d B e n th [3 ] a n d o th e r s .

L e t N d e n o te th e O rn s te in -U h le n b e c k O p e ra to r (o r N um b e r O p e ra to r ) , d e f in e d to a c t o n th e n th

h om o g e n e o u s c h a o s o f (L2
) a s m u lt ip l ic a t io n b y n (n E N o ) . F o r b E [0 ,1 ] a n d q ~ 0 d e f in e th e

n o rm

(2 .4 )

a n d le t g~ b e th e c om p le t io n o f P u n d e r th is n o rm . F o r a n y < I> E g~ w e g e t

0 0 0 0

(2 .5 ) 1I<I>1I~,q= 11L(n!)b/2enq In( </>(n))lIh2) = L(n!)1+be2nql</>(n) I~.
n=O n=O

u s in g (2 .2 ) , th e d e f in i t io n o f N a n d th e o r th o g o n a l i ty (2 .1 ) . T h e c o r re s p o n d in g d u a l s p a c e g=: i s

c h a ra c te r iz e d a s th e c om p le t io n o f P u n d e r th e n o rm 11 . II-b,-q. W e d e n o te th e p a ir in g b e tw e e n

g~ a n d i ts d u a l b y ( ( . , . ) ) a n d w e h a v e

0 0

(2 .6 ) ( (< I> , 'I /J ) ) = Ln!(<I>(n),'I/J(n)).

n=O

I t is c le a r f ro m th e n o rm e x p re s s io n (2 .5 ) th a t g:, c g~ w h e n e v e r q/ ~ q. N ow se t

gb:= n g:

q~O

a n d e q u ip gb w ith th e p ro je c t iv e l im it to p o lo g y . B y d e f in i t io n g-b i s th e d u a l o f gb a n d w e h a v e

g-b = U g=:,

b~O

e n d ow e d w ith th e in d u c t iv e l im it to p o lo g y . T h e p a ir in g b e tw e e n th e s p a c e o f sm o o th fu n c t io n s

gb a r id th e s p a c e o f g e n e ra l iz e d fu n c t io n s g-b i s a g a in g iv e n b y (2 .6 ) . F o r b = 0 w e d e n o te th e

c o r re s p o n d in g p a ir o f s p a c e s b y 9 a n d g*, r e s p e c t iv e ly . T h is c a s e w a s s tu d ie d in P o t th o f f a n d

T im p e l [1 8 ] a n d s e v e ra l im p o r ta n t r e s u l ts g iv e n h e re e x te n d to gb a n d g-b fo r a n y b E [0 ,1 ] .

F o r e x am p le i t is s t r a ig h tfo rw a rd to s h o w b y th e s am e a rg um e n ts a s in [1 8 ] th a t th e s p a c e gb i s

a re f le x iv e F re c h e t s p a c e fo r e v e ry c h o ic e o f b in [0 , 1 ] . S e e a ls o B e n th [3 ] w h e re a m o re g e n e ra l

s e t t in g o f w e ig h ts b a s e d o n th e N um b e r O p e ra to r is s tu d ie d . L e t (S)b a n d (S)-b d e n o te th e p a ir o f

K o n d ra t ie v te s t - a n d g e n e ra l iz e d fu n c t io n s p a c e s ( s e e K o n d ra t ie v a n d S tre i t [1 5 ] ) . T h e fo l lo w in g

th e o rem e s ta b l is h e s re la t io n s b e tw e e n th e s e s p a c e s

Theorem 2.2. For each b E [0 ,1 ] the following chain of dense embeddings holds

(2.7) (S)b C gb C (L2) C g-b C (S)-b.

Praof. T h e p ro o f fo l lo w s th e l in e o f a rg um e n t o f P o t th o f f a n d T im p e l [1 8 ] fo r th e c o r re s p o n d in g

re la t io n w h e n b = O . N o te th a t-w e o n ly n e e d to s h o w th a t (S)b C gb. T h e m a in id e a is to c o n s id e r

th e n o rm e x p re s s io n 11<flllb,q = II(N!)b/2eqN <fl1l(£2) to g e th e r w ith th e p ro p e r t ie s o f th e fam ily o f

n o rm s d e f in in g (S)b a n d u s e N e ls o n 's h y p e rc o n tr a c t iv i ty th e o rem . F o r m o re d e ta i ls w e re fe r th e

re a d e r to [1 8 ] . D
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T h e f o l lo w in g e x a m p le g iv e s a n i l lu s t r a t io n o f a n e le m e n t in o u r te s t f u n c t io n s p a c e s

E x am p le 2 .1 . T h e W i c k e x p o n e n t i a l i s d e f i n e d b y

° e x p (W 7 )) 1 7 ] 1 ~

( 2 .8 ) e x p (W 7 )) := E (e x p (W 7 )) ] = e x p (W 7 ) - 2)'

f o r a n y 7 ] E S a n d w h e r e W 7 ) (w ) = (w , 7 ] ) . T h e c o r r e s p o n d i n g c h a o s e x p a n s i o n i s

00 0 n

e x p O (W 7 ) ) = L In ( ;- ) ,
n = O n .

a n d w e h a v e

5

0 0 0 n 0 0

11e x p O (W 7 )) I I~ ,q = L (n !) l+ b e 2 q n l7 ]n ! I~ = L (n !) - (1 -b )e 2 q n l7 ] l~ n .

n = O ' n = O

F r o m t h i s w e c o n c l u d e t h a t i f 0 ~ b < 1 t h e n e x p o (W 7 )) i s i n g ~ f o r a l t q ; : : :0 ( a n d t h e r e f o r e a l s o

i n g b ) . F u r t h e r m o r e , i f b = 1 t h e n e x p O (W 7 ) ) i s i n g ~ o n l y a s l o n g a s e
q
l 7 ] 1 2 < 1 .

I t i s im p o r ta n t to n o t i c e th a t th e s p a c e s g H h a v e e le m e n ts w h e r e th e c h a o s k e r n e i s a r e f u n c t io n s in

L - ; . . T h is i s n o t t h e c a s e f o r th e K o n d r a t i e v a n d H id a s p a c e s , w h e r e f o r in s ta n c e a H id a d i s t r ib u t io n

in g e n e r a l .h a s c h a o s b e lo n g in g to th e b ig g e r s p a c e o f te m p e r e d S c h w a r tz d i s t r ib u t io n s . I n th i s

s e n s e , g - b i s a m u c h sm a l le r s p a c e th a n ( S ) - b , g iv in g a g r e a t d e a l o f e x t r a in f o rm a t io n o n th e

s to c h a s t i e r e g u la r i ty . I n l ig h t o f th e W ie n e r - I tö - S e g a l c h a o s e x p a n s io n , e le m e n ts o f g - b a r e c lo s e r

to m o r e f a m i l i a r ( f r o m a p r o b a b i l i s t i e p o in t o f v ie w ) s q u a r e in te g r a b le r a n d o m v a r ia b le s .

W e d e f in e th e S - t r a n s f o rm o n g - b a n a lo g o u s to w h a t h a s b e e n d o n e f o r th e K o n d r a t i e v s p a c e s

(S ) -b ( a n d m a n y o th e r s p a c e s ) . N o te th a t w e h a v e to ta k e s p e c ia l c a r e o f th e c a s e b = 1 b e c a u s e

o f th e p r o p e r t i e s o f th e W ie k e x p o n e n t i a l ( c f . E x a m p le 2 .1 a b o v e ) .

D e f in i t io n 2 .1 . G iv e n < 1 >E g - b f o r 0 ~ b < 1 . T h e n th e S - t r a n s f o rm o f < 1 >is d e f in e d a s th e m a p

S < 1 > ( .) : S ( lR d
) 1--+ lR g iv e n b y

(2 .9 ) S < 1 > (7 ]):= ( ( < 1 > ,e x p O (W 7 ) ) ) )

f o r a l l 7 ] E S ( lR d
) . F o r e v e r y < 1 >E g - l t h e r e i s a sm a l le s t q ; : : : 0 ( c a l l e d th e o r d e r o f < 1 » s u c h th a t

< 1 >E g = ;. F o r th i s q w e d e f in e th e S - t r a n s f o rm o f < 1 >a s in ( 2 .9 ) , b u t o n ly f o r th o s e 7 ] s u c h th a t

e
q
1 7 ] 1 2< 1 .

L e t < 1 >E g -b , b E [0 ,1 ] a n d w i th c h a o s e x p a n s io n g iv e n b y < 1 >= L := o I n (< 1 > (n ) ) . T a k in g th e

S - t r a n s f o rm g iv e s

0 0

S < 1 > (7 ])= ( ( < 1 > ,e x p O (W 7 ) ) ) )= L (< 1 > (n ) ,7 ]0 n )

n = O

w h ie h i s d e f in e d f o r a l l 7 ] E S ( lR d
) i f b E [0 ,1 ) a n d o n a s u i t a b le n e ig h b o u r h o o d o f z e r o i f b = 1 .

B y C a u c h y -S c h w a r z ' in e q u a l i ty w e g e t

00 0 n

I S < 1 > (7 ] ) 1: : ; L 1 < 1 > (n )1 2 1 ;-1 2 n !(1 -b + I+ b ) /2 e -
q
n +

q
n :: ; 1 1 < 1 > I I - b , - q l le x p O (W 7 )) llb ,q '

n .
n=O

I t f o l lo w s th a t S < 1 >i s r e a l a n a ly t i c o n S ( lR d
) f o r a l l b E [ 0 ,1 ) a n d r e a l a n a ly t i c in a n e ig h b o r h o o d o f

z e r o f o r b = 1 ( c f . E x a m p le 2 .1 ) . L e t S c d e n o te th e c o m p le x i f i c a t io n o f S ( lR d
) . T h e S - t r a n s f o rm

is a s u r je c t iv e m a p f r o m g - b i n to a s u b s p a c e o f h o lo m o rp h ic f u n c t io n s o n S c f o r b E [0 ,1 ) , a n d a

s u r je c t iv e m a p f r o m g - l i n to a s u b s p a c e o f f u n c t io n s o n S c a n a ly t i c in a n e ig h b o u r h o o d o f z e r o .

T h e r e a d e r i s r e f e r e d to G ro th a u s [11] f o r a c o m p le te d e s c r ip t io n o f th e C h a r a c te r i z a t io n T h e o r e m

in th e s e c a s e s .

D e f in i t io n 2 .2 . G iv e n < 1 >E g = ;~ ,' l 1 E g = ;~ . T h e n th e i r W ie k p r o d u c t i s d e f in e d a s th e e le m e n t

( 2 .1 0 ) < 1 > o 'l1:= S - l(S < 1 > . S 'l1 ) .
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I t is c le a r from th e d e f in itio n th a t th e W iek p ro d u e t is a s so c ia tiv e , e om m u ta tiv e an d d is tr ib u tiv e .

F u rth e rm o re , if< T ?= 2 :::= 0 1n (< T? (n )) an d W = 2 :::= 0 1n (W (n )). T h en

(2 .1 1 )

= n

<T ?ow= L 1n (z(n )) w he re z(n ) = L < T? (n -m )0W (m )

n=O m =O

by un iq u n e ss o f th e S -tra n s fo rm . T h e n ex t p ro p o s itio n an d its eo ro lla ry e s ta b lish a reg u la r ity

p ro p e r ty o f th e W iek p ro d u e t.

P ro p o s itio n 2 .3 . G iven <T ?E g= :~ , w E g= :~ fo r b i E [0 ,1 ] , q i ~ 0 , i = 1 ,2 . L e t b = m ax (b 1 , b2 )

and se t qo = ln (2 )(1 - b)/2 + m ax (q l, q2 )' T h en <T ?owE g= : fo r an y q > qo and

lI< T ?ow ll-b ,-q ::; (1 - e -(q -q o ))-1 1 1< T ? II_ b 1> _ q lllw ll_ b 2 ,_ q 2 '

B y s lig h tly ad ju s tin g tw o e s tim a te s in th e p ro o f o f P ro p o s itio n 2 .3 g iv en b e low w e ean d e riv e th e

eo ro lla ry

C o ro lla ry 2 .4 . G iven< T? E g~~ , W E 9~ ;fo r b i E [0 , 1 ] ,q i ~ O ,i = 1 ,2 . L e t b = m in (b 1 ,b 2 ) and se t

qo = m in (q l,q 2 )- ln (2 )(1 + b )/2 . T h en if q o > ° w e have <T ?owE g~ fo r any 0 ::; q < qo and

lI< T ?ow llb ,q::; K q ll< T ? llb 1 ,q lllw llbM 2 '

w here K q = (1- e -(qO -q ))-l. 1 f q o ::; ° th e re su lt h o ld s fo r q = ° and K q = (1- e -m in (q l,q 2 ))-1 .

P roo f o f P ropo sitio n 2 .3 . T ak e th e 1 1 .II -b ,-q -nO rm o f th e n th te rm in th e ch ao s ex p an s io n , re e a llin g

th e ex p re ss io n fo r th e W iek p ro d u e t in (2 .1 1 ) . U s in g th e tr ia n g le in eq u a lity an d C au eh y -S ehw a rz '

in eq u a lity w e g e t

n

II1 n (z(n ))II_ b ,_q ::; L II1 n (< T? (n -m )0W (m ))II_b ,_q

m =O
n

::;L (n !)U -b )/2 e -
qn l< T? (n -m )12 Iw (m )12

m =O

n ( ) (1 -b )/2: : ;fo : e -qn (n - m )!(1 -b ) /2 1< T ? (n -m )1 2m !(1 -b ) /2 Iw (m )1 2 .

B y a ssum p tio n w e h av e 0 ::; (1 - b) ::; (1 - bi) fo r i = 1 ,2 . T h e re fo re

n ( ) (1 -b )/2
lI1 n (z(n ))II_ b ,_q ::; fo : e -qn+ q l(n -m )+ q2m ll1n_m (< T? (n -m ))II_b l,_ q lll1m (W (m ))II_b2 ,_q2

n

::; e -(q -qo )n L IIIn _m (< T? (n -m ))II_b l,_ q lll1m (W (m ))II_b2 ,_q2

m =O

::; e -(q -q o )n ll< T ? ll_ b 1 ,_ q lllw ll_ b 2 ,_ q 2

w h e re w e u sed ( ;;J ::; 2
n an d C au eh y -S ehw a rz ag a in .

re su lt.

S um m in g o v e r a ll n E N o p ro v e s th e

o

F rom P ro p o s itio n 2 .3 w e h av e

T h eo rem 2 .5 . L e t b E [0 ,1 ] . Then gb and g -b a re a lg eb ra s under th e W iek p rodue t. M oreo ver ,

th e W iek p roduc t is eon tin uou s lrom gb x gb (equ ipp ed w ith th e p roduc t to po log y ) on to gb .

N ow w e eo n s id e r th e reg u la r ity o f th e o rd in a ry p ro d u e t.

P ro p o s itio n 2 .6 . G iven cP E g~~ , 'I /JE g~ ; w here b i E [0 ,1 ] and q i ~ O . L e t b = m in (b 1 , b2 ) and

se t qo = m in (q l,q 2 ) - [ (1 + b )~ Jn (2 ) + (1 - b ) ln (2 b+ l + 1 )] /2 . 11 qo > 0 th en cP ' 'I /JE g~ and th ere

is a eon s tan t K q depend ing on q su ch tha t

IlcP' 'l/J llb ,q::; K q llcP llb l,q lll 'I /J llb 2 ,q2

lo r a lt 0 ::; q < qo . 11 qo ::; 0 th e sam e resu lt h o ld s w ith q = 0 and K q = 1 .
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P ro o f. T h e p ro o f is s im i la r to th e o n e g iv e n in P o t t h o f f a n d T im p e l [1 8 ] fo r th e c a s e b = O . W e

h a v e ( s e e e .g . H id a e t a l . [ 1 2 ] ) th a t

(2 .1 2 ) In (< p (n )) Im ( 'lJ (m )) = ~ k ! ( ; ) G )Im + n -2 k (< p (n ))0 k Im ( 'lJ (m ))

w h e re m 1\ n d e n o te s m in (m , n ) . H e re

< p (n )0 k Im ( 'lJ (m ) = J < p (n ) ( - ,S l , '" ,S k ) 'lJ ( - ,S l , '" ,s k )d k s (k ~ m l\n )

a n d < p (n ))0 k Im ( 'lJ (m )) d e n o te s th e c o r r e s p o n d in g s y m m e tr iz a t io n . T a k e th e 1 1 .l lb ,q -n O rm in (2 .1 2 )

a n d u s e th e t r ia n g le in e q u a l i ty to g e th e r w i th C a u c h y -S c h w a rz to h a v e

I I In ( < p (n )) Im ( 'lJ (m )) lIb ,q ~ ~ k ! ( ; ) (~ ) (m + n - 2 k )! (1+ b ) /2 e
q
(m + n -2 k ) 1 < p (n ) )0 k 'lJ (m ) 1 2

~ II In ( < P n ) ) l I b
1
,q le - (q l-q )n I lIm ( 'lJ (m )) llb 2 ,q 2 e -(q 2 -q )n (~ [ ( ; ) (~ ) ] (1 -b ) /2

(m : ~ ~ 2 k ) (1+ b ) /2 k ! -b e -2
q k ) .

T h e la s t s u m is b o u n d e d b y

m + n ( ) (1 -b ) /2
2 (m + n )(1+ b ) /2 { ; m2 : n 2 -(1+ b )k

~ 2 (m + n )(1+ b ) /2 (~ n r (1+ b )k ) (1+ b ) /2 (~ (m

2

: n )2 -(1+ b )k ) (1 -b ) /2

~ K am+n

w h e re a := 2 (1+ b ) /2 (1 + 2 -(1+ b )) (1 -b ) /2 a n d K := (1 - 2 - (1 + b ) ) - (1 + b ) /2 . I t f o l lo w s th a t

IIIn (< p (n )) Im ( 'lJ (m ) ) lIb ,q ~ K IlIn ( < p
n
) )I Ib

1
,q l (T n 111m ('lJ (m )) I IbM 2(T m

w h e re (T := a e - (m in (q l ,q 2 ) -q ) . S u m m in g o v e r a l l m , n E N o a n d a p p ly in g C a u c h y -S c h w a rz tw ic e

g iv e

l l< p . 'lJ l lb ,q ~ K (fa I I In (< p
n
)) I lb 1 ,q r(T n) ( f a I I Im ( 'lJ (m )) llb 2m (Tm )

1
~ K 1 _ (T 2 1 1 < P l lb 1 ,q l l l 'l J l lb 2 ,q 2 '

N o te th a t (T < 1 if a n d o n ly i f q < m in (q l , q 2 ) - ln a w h ic h e x p la in th e a s s u m p tio n o n q . T h e la s t

r e s u l t f o r qa ~ 0 is o b v io u s . 0

P ram P ro p o s i t io n 2 .6 i t f o l lo w s th a t

T h e o rem 2 .7 . L e t b E [0 ,1 ] . T h en g b is a n a lg e b ra u n d e r p o in tw is e p ro d u c t. M o re o v e r , th e

p o in tw is e p ro d u c t is c o n tin u o u s from g b x g b (w ith p ro d u e t to p o lo g y ) o n to g b .

W e d e f in e in th e u s u a l m a n n e r (P e t t i s ) in te g ra t io n o f p a ram e tr iz e d e lem e n ts o f g -b :

D e f in i t io n 2 .3 . L e t (X , M , d x ) b e a g iv e n m e a s u re s p a c e a n d le t b E [0 ,1 ] . A fu n c t io n < p

X ~ g -b i s s a id to b e g -b (P e t t i s ) in te g ra b le i f ( (< p (x ) , 'l /J ) ) i s in L 1 (X ,d x ) fo r a l l 'l /J in g b . T h e

g -b -v a lu e d in te g ra l o f < p (x ) o v e r a n y m e a s u ra b le s e t E E M i s d e f in e d a s th e (u n iq u e ) e lem e n t

JE < p (x )d x in g -b th a t s a t is f ie ~ . .

((h < p (x )d x ,'l /J ) ) =h ( (< p (x ) , 'l /J ) )d x

fo r a l l 'l/J in gb.
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(3 .1 )

Remark. It is a eonsequenee of the sam e argum ent as fo r P roposition 8 .1 in H ida et a l. [12 ] that

JE p (x )d x ex ists as an elem en t in g -b . Furtherm ore , no te that from our defin ition it fo llow s that

(2.13) S ( l p (x )d x ) (1 ]) = l S p (x ,1 ])d x .

For any q 2 : 0 and < P E gb we have

(2.14) r 1 ( (p (x ) ,< p ) ) ld x :S r I Ip (x ) l l-b ,-q ll< p llb ,q d x .

JE . JE
Thus, if p(x) is B oehner in teg rab le on g = ; from som e q 2 : 0 then it w ill be Pettis in teg rab le and

the tw o in teg ra ls eo incide . W e refer the reader to H ida et a l. [12 ] and Y osida [21] fo r m ore theory

on Pettis and Boehner in teg ra tion .

3 . THE STOCHAST IC PRESSURE EQUATION

W e form ulate the stoehastie p ressu re equation of W iek-type. The prob lem eonsists o f find ing the

pressu re p (x ) on a bounded dom ain V (being the 'reservo ir') in lR d fo r d E N , g iven a perm eab ility

fie ld andsouree . The pressu re is g iven as the so lu tion to the stoehastie partia l d ifferen tia l equation ,

-V (e x p < > (W q ,(x ) )o V p (x ) ) = f ( x ) x on V ,

p (x ) = 0 on 8 '0 ,

where W q ,(x ,w ) = (w ,< P x ) , < P x (y ) = < p (y -x ) , < P E S ( lR d
) , and exp<> (W q,)deno testhe W iek expo-

nen tia l. V is the grad ien t w ith respeet to x . The perm eab ility fie ld is m odelled as exp<>W q ,(x ) ,

and is the no ise in the system m aking the press u re stoehastie . T he no ise is smooth due to the

sm earing effeet o f W q ,(x ) . A singu lar (o r w hite) no ise is ob ta ined w ith the eho iee < P= 00, where 00

is the D irae-o function at zero . W e shall no t eonsider th is k ind of no ise here , bu t refer to H olden

et a l. [13 ] fo r fu rt her deta ils . Furtherm ore , f is the souree term , w hieh in an o il reservo ir eon tex t

m odels the ex trae tion of o il (and in jeetion of w ater/gas). T o em phasis the dependeney on the

sm earing function < P , we w ill deno te the so lu tion of the pressu re equation (3 .1 ) by P q ,(x ) .

Remark. The m ap V '" x f-+ e x p < > (W q ,) (x ,w ) defines a random fie ld w hieh is lognorm ally d istrib -

u ted at every loeation x in the dom ain V sinee (w , < P x ) by defin ition is a G aussian fie ld . The

eovarianee struetu re of the G aussian random fie ld W q ,(x , w ) is g iven by

Cov( W q ,(x ) , W q ,(y ) ) = E [W q ,(x )W q ,(Y ) ] = (< p * < p ) (y - x )

where * is the eonvo lu tion produet fo r funetions on lR d
. Note that th is g ives flex ib ility o f m odelling

d ifferen t eovarianee fie lds. A m ajor d raw back , how ever, is that E [exp<>W q ,(x ) ] = 1 , w hieh is

independen t o f x . This m eans that e x p < > (W q ,) (x ) is hard ly su itab le fo r m odelling perm eab ility

varia tions over larger fie lds, w here there are no reason to expeet that the m ean of the fiuetuations

are independen t o f loeation .

O ne reason fo r in troducing the W iek produet betw een the perm eab ility fie ld and the grad ien t

o f the pressu re in the fo rm ulation of (3 .1 ) is due to the fact that so lu tions are singu lar (o r, in

o ther w ords, stoehastie d istribu tions). T h is m akes the ord inary produet hard to in terp re t, and

one w ay to reso lve th is is to in troduee the W iek produet. 1£ the perm eab ility is determ in istie , the

W iek produet w ill eo ineide w ith the ord inary , po in tw ise produet. In th is respeet, the W iek-type

stoehastie p ressu re equation is a genera liza tion of the determ insitie p rob lem . The reader is refered

to H olden et a l. [13 ] fo r fu rt her d iseussions of the m odelling aspeets using the W iek produet.

T he m ap Pq, : V f-+ 9-1 is sa id -to be a (w eak) so lu tion to (3 .1 ) if

( ( - V (e x p < > (w q ,(x ) )o V p q ,(x ) ) , , ,p ) ) = ( ( f (x ) , , ,p ) )

fo r every "p in g 1 and every x in V.
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T h e u n iq u e s o lu t io n o f ( 3 .1 ) i s c a l c u la t e d e x p l i c i t l y in H o ld e n e t a l . [ 1 3 , T h . 4 .6 .1 ] b y u s in g

S - t r a n s f o rm a t io n te c h n iq u e s . I t h a s th e f o rm

1 1 r v

( 3 . 2 ) P 1> (x ) = 2" e x p O ( -2 "W " ,(x ))oE
X

[ lo f(b t)o

expO (-~W " ,(b t) - ~ t (~ (\7W " ,(y ))0 2 + 6 .W " ,(y )) = b d s] d t]
2 4 lo 2 Y s

f o r 1 J E S ( f f i .
d

) a n d x E D . H e r e ( b t ( W 2 ) , P x ) i s a s t a n d a r d B r o w n ia n m o t io n o n f f i . d s t a r t i n g in x ,

EX i s e x p e c ta t io n w i th r e s p e c t to th e p r o b a b i l i t y m e a s u r e P x o n a m e a s u r e s p a c e (n, F ) , a n d w e

d e f in e

( 3 .3 ) T V := i n f { t ~ 0 1 b t ~ D }.

T h a t i s , T V i s th e f i r s t e x i t t im e o u t o f th e d o m a in D f o r th e B r o w n ia n m o t io n b t s t a r t i n g in x

w h ic h i s f in i t e l \ - a lm o s t s u r e ly s in c e D i s b o u n d e d . N o te th a t s in c e D i s b o u n d e d th e r e e x i s t s

a p o s i t i v e p s u c h th a t EX (e P T V
] i s u n i f o rm ly b o u n d e d f o r a l l x E D . I n f a c t , a s t r a ig h f o rw a r d

c a lc u la t io n s h o w s th a t i t i s s u f f i c i e n t to c h o o s e 0 < p < - d ln P ( I X I : : ; d ia m (D ) ) w h e r e X i s a

s t a n d a r d G a u s s i a n d i s t r ib u te d r a n d o m v a r i a b le [ 9 , p . 4 0 ] .

B e f o r e w e p r o c e e d w e n e e d th e f o l lo w in g d e f in i t i o n : G iv e n b E [-1.1] a n d q E f f i . , t h e n d e f in e th e

n o rm

( 3 .4 )

f o r f u n c t io n s F : D f-4 g ~ .

1IFIIb,q,oo= s l ip I IF (x )llb ,q .
xE V

( 4 .1 )

4 . S T O C H A S T IC R E G U L A R IT Y O F T H E P R E S S U R E

W e p ro v e u n d e r n a tu r a l sm o o th n e s s c o n d i t io n s f o r th e f o r c e t e rm f t h a t p " , ( x ) b e lo n g s to g = ~ 1

w h e r e w e h a v e a lo w e r b o u n d o n q . T h e p r e c i s e r e s u l t i s a s f o l lo w s :

Theorem 4.1. A ssum e f(x ) E g = ~ f fo r a ll x E D and IIfll-I,-qf'oo < 0 0 . L e t q E f f i . b e su ch th a t

q > m a x ( q j , q p ) w here q p sa tis fie s th e in eq ua lity

e -2 q p 1\71JI~ + e -q p 16.4>12 < p

8 4

and w here p > 0 is su ch th a t i t [e P T V
] is u n ifo rm ly b ound ed fo r x E D . T h en P " ,(x ) E g = : fo r a ll

xE D and IIp,,,II-I,-q,oo < 0 0 .

B e f o r e w e g iv e th e p r o o f o f T h e o r e m 4 .1 , w e s ta t e th e f o l lo w in g u s e f u l r e s u l t

Lemma 4.2. L e t t f-4 1 J t E L ; b e g iv en and con tin u ou s in t. T h en fo r a n y in te rva l [ a , b ] C f f i . w e

ha ve

P roo f. I n t e g r a b i l i t y o f In ( 1 J t) f o l lo w s f r o m th e c o n t in u i ty o f 1 J t. T a k in g th e S - t r a n s f o rm o f th e

l e f t - h a n d s id e a n d u s in g ( 2 .1 3 ) g iv e s

S (l
b

In '(~ t)d t)(ry ) = l
b

(1 J t,'T J0
n
)d t = ( l

b

1 J td t,ry0 n )

w h e r e th e l a s t e q u a l i t y f o l lo w s u s in g F u b in i 's th e o r e m . T h e L e m m a n o w fo l lo w s b y u n iq u e n e s s o f

th e S - t r a n s f o rm . 0
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P roo f o f T h eo rem 4 .1 . Let q l be such that q > q l > m a :x (q f, q p ) . By Proposition 2 .3 w ith b = 1

w e have,

1 (V
(4 .2 ) IIp 4> (x )II-I ,-q :S C llie xpO (-2 "W 4> (x ))II-I ,a . i lE X [Ja ... d t] l l- l, -q l

where C l = (1 - c (q -q d )- l. By Exam ple 2 .1 and since lc />x l2= 1c/>12the first no rm on the righ t

hand side in (4 .2 ) is un ifo rm ly bounded by exp(Ic />12 /2 ).W e proceed to estim ate the last no rm .

Th is estim ation w ill a t the sam e tim e prove B ochner in teg rab ility o f the in teg rand . F irst reca ll

tha t sm oo thed w hite no ise has the chaos expansion

(4.3) W 4> (x ) = (w ,c /> x ) = 1 1(c /> x ) '

By the defin ition of the w iek product w e get (D iW 4»02 (X ) = I2 ((D ic /> x )0
2 ) and hence

( 4 .4 )

Furtherm ore , w e have

(4 .5 )

d

~W 4> = LD ;W 4> (x ) = Ir (~ c /> x ) '

i= l

(4 .7 )

Recall the exponen t in (3 .2 )

( 1 . ( 1 t (1 02 )
4.6) -2 "W 4> b t) - 4 Ja 2 ( \7W 4> (Y )) + 6W 4> (Y ) y= b . d s .

Define

(1 ) . 1 1 r t
c /> t (y ) = 2 c /> (Y - b t} + 4 Ja 6 c /> (y - b s ) d s

(2 ) 1 t ~
c /> t (Y I , Y 2 ) = 8 Ja \7 c /> (. - b s )0 \7 c /> (- - b s )(Y I , Y 2 ) d s .

Substitu ting fo r (4 .3 ),(4 .4 ) and (4 .5 ) in (4 .6 ) g ives

1 1 t (1 . 02 . )
-2 Il(c /> b t)-4 Ja 2h ((\7 c /> y ) )+ Ir (~C /> y ) y= b ,d s

1 1 t 1 t
= Ir( -2 c /> b t - 4 Ja (~ c /> y )Y= b .d s ) + 12(-8 Ja ((\7 c /> y )0

2
)Y= b . d s ) .

where the last equality fo llow s from Lemm a 4 .2 . H ence , w e can w rite (4 .6 ) as

(4.8) -Ir (< p~ l)) - I2 (< p~ 2 ))

w ith < p~ l) and < p~2 )g iven in (4 .7 ). N ow w e estim ate the last no rm in (4 .2 ). C hoose q2 such that

q l > q2 > m a :x ( q f, q p ) . Then again using P roposition 2 .3 w e get

i lE x [ lr
v

f(b t)o expO ( -h (< p~ 2 )) - Ir (< p~ l))) d t] I I - I , -q l

:S EX [ lr
v

I lf(b t)o expO ( -h (< p~ 2 )) - II(< P ~ I))) I I - l, -q l d t]

:S EX [ lr
v

C 21 If(b t)II-I ,-q f .11 expO (-I2 (< p~ 2 )) - I l(< p~ l))) I I - l, -q 2 d t]

:S C 3E
x [lTV

11expO (- I r (< p ~ l) ) ) I I - l, -q p l l expO (-h (< p~ 2 ))) I I - l, -q p d t] .

Here C 2 = (1 - e -(q l-q 2 ))-1 < l;p d C 3 = C 2 (1 - e -(q 2 -q p ))-1 Ilf(x )II_ I ,_ q f'O O < 00 by assum ption .

C onsider the last no rm : B y the triang le inequality w e have

11
O ( (2 )))11 _ 1 1 ~ (_l)n (2 )<8 in ) I

exp -h < P t -l,-q p - ~ - - I -I2 n < P t I - l,-q p
n .

n= a
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C au chy -S chw a rz ' in eq u a lity n ow g iv e s ,

11

(4 .9 ) 1
-+ .(2 )I < IV'4 ;1 ~t .
'f 't 2 - 8

an d h en ce ,

(4 .1 0 ) 11ex p o ( -h (4 ;~ 2 » )) 1 I -1 ,-q p ~ ~ ~ ! (e -
2 q p IV':I~ rt

n = ex p ( e -
2 q p IV':I~ t ) .

T he o th e r n o rm is eq u iv a len tly e s tim a ted b y th e tr ian g le in eq u a lity

(4 .1 1 ) 1 1ex po ( - l t(4 ;~ l» ) ) 1 I -1 ,-q p ~ ex p (e -q p (~ 1 4 ;1 2 + ~ 164 ;1 2 t ) )

s in c e b y th e C au ch y -S chw a rz in eq u a lity ,

(1) 1 1
(4 .1 2 ) l4 ;t 1 2 ~ 214 ;1 2+ 4164 ;1 2 t .

T hu s , b y (4 .2 ) w e g e t th e fo llow in g bound

,x l T D

1V '4 ;12
1

I Ip 4 > (x ) I I -1 ,-q p ~ C 4E [0 e x p (e -
2 q p T t + e -

q p
4164 ;1 2 t ) d t]

w he re th e co n s tan t C 4 = C l C 3 ex p (( l + e - qp /2 )1 4 ;1 2 )is in d ep en d en t o f x . B y th e a ssum p tio n o n

qp th e th eo rem is p ro v ed . 0

R eca ll th a t e lem en ts o f g=~ h av e ch ao s k e rn e Is w h ich a re sq u a re in teg rab le fu n c tio n s . In fa c t,

w e m ay re sc a le th e n th ch ao s fu n c tio n b y (n ! ) -1 /2 ex p ( -q n ) (fo r ev e ry n E N o ) to o b ta in an

e lem en t o f (£ 2 ) . S u ch a reg u la r iz a tio n co rre sp o nd s to ap p ly in g (N !) -1 /2 ex p ( -q N ) , w he re N

is th e N um be r O p e ra to r , to th e e lem en t o f g=~. T hu s w e see th a t P 4 > (x ) h a s sq u a re in teg rab le

ch ao s k e rn e is an d th a t a ren o rm a liz a tio n v ia th e N um be r O p e ra to r g iv e s a ran d om fie ld in (£ 2 ) ,

i.e . (N !) -1 /2 ex p ( -q N )p 4 > (x ) E (£ 2 ) fo r a ll x E V . In th e n ex t se c tio n w e w ill d e riv e th e ch ao s

ex p an s io n o f P 4 >(x ) .

5 . CH AO S EX PA N S IO N O F TH E PR E SSU R E

In th is se c tio n w e fin d th e ch ao s ex p an s io n o f th e p re ssu re P 4 > (x ) so lv in g eq u a tio n (3 .2 ) . T h is

ex p an s io n w ill o f co u rse d ep en d on th e ch ao s ex p an s io n o f th e so u rc e fu n c tio n f, an d w e sh a ll

a ssum e h e re th a t th is is k n ow n . T h e d e riv a tio n o f th e ex p an s io n w ill m ak e u se o f th e S -tran s fo rm .

Theorem 5.1. S u p p o se th e a s su m p tio n s o f T h e o re m 4 .1 h o ld s , a n d le t P 4 > b e th e so lu tio n o f th e

p re s su r e e q u a tio n g iv e n in (3 .2 ) . T h e n th e c h a o s e x p a n s io n o f P 4 >is g iv e n a s

(5 .1 )

w h e re

00

P 4 > (x ) = L In (p ~ n )(x ) )

n=O

(5 .2 )

(n ) ( . ) _ ~ ~ L~J (_ l)n -1 ( -+ .0 n - l~

P 4 > X ,Y 1 ," ',Y n - tS ö '~ ~ o 2 n -I+ l(n - I ) !m !(k -2 m )! 'f'x 0

---J! [ l TD f~ : -k )0 7 ]~ k -2 m ( t)0 7 ]~ m (t)d t] ) (Y 1 ,'" , Y n )

a n d w h e re 7 ]1 ( t; y t} .- -4 ;P ) (y t} , 7 ]2 ( t; Y 1 , Y 2 ) := _4 ;~ 2 )(Y 1 , Y 2 ) ' fo r th e fu n c tio n s 4 ; (1 )

d e fin e d in (4 .7 ) .
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P r o o f o f T h e o r e m 5 .2 . T h e id e a o f th e p ro o f is to S - tra n s fo rm th e so lu tio n in (3 .2 ) , re fo rm u la te

th is e x p re s s io n a n d ap p ly th e u n iq u e n e s s o f th e S - tra n s fo rm . T h e d e ta ils fo llow : L e t ~ b e in

S(IRd
) , th e n th e S - tra n s fo rm o f p " , in (3 .2 ) e v a lu a te d in ~ e a n b e w rit te n a s

u s in g th e in te g ra b il i ty o f th e in te g ra n d , th e re su lt a b o u t B o eh n e r in te g ra b il i ty f rom T h eo rem 4 .1 ,

a n d (2 .1 3 ) . N ow , re e a ll th a t th e e x p o n en t in th e la s t in te g ra l e a n b e w rit te n a s in (4 .8 ) . T h is g iv e s

u s in g L em m a 4 .2 , a n d se tt in g 7 1 1 = -4>P) , 7 1 2 = -4>~2).B y ex p an d in g th e e x p o n en tia l w e g e t

e x p [(T J1 ,~ ) + ( T J 2 , ~ 0 2 ) ] = f - + r ( T J 1 , ~ ) n ( T J 2 , ~ 0 2 ) m
n . m .

n,m=O
. 0 0

= L L - + r ( T J 1 , ~ ) n ( T J 2 , ~ 0 2 ) m
n . m .

k = O n + 2 m = k

0 0 lk /2 J 1 _

= { ; fo (k _ 2 m ) ! m ! ( T J l l ~ ) k - 2 m ( T J 2 , ~ 0 2 r .

B y u s in g th e d e f in it io n o f th e sym m e tr ie p ro d u e t, i t is n o t h a rd to se e th a t e a e h o f th e te rm s in

th e la s t su rn e a n b e w rit te n a s

1 ( 0k - 2 m
0 0m C0n )

(k _ 2 m ) ! m ! 7 1 1 7 1 2 ' < ,

th u s -

0 0

e x p [(T J1 ,~ )+ ( T J 2 , ~ 0 2 ) ] = L ( e ( k ) , ~ 0 k )

k = O

w h e re

N ex t, w e m u ltip ly w ith S f ( b t ) ( ~ ) = ~ ~ o ( f ~ : ) , ~01) a n d a g a in b y u s in g th e d e f in it io n o f sym m e tr ie

p ro d u e t w e g e t

0 0

S f ( b t ) ( O . e x p [ ( 7 1 1 , 0 + ( 7 1 2 ,~02)] = L ( f ~ : ) , ~ 0 1 ) ( e ( k ) , ~ 0 k )

k , I = O

0 0 n

= L L ( f ~ ; - k ) , ~ 0 n - k ) ( e ( k ) , ~ 0 k )

n = O k = O
0 0

= L C l / J ( n ) , ~ 0 n )

n = O

w h e re

n lk /2 J

1 j J ( n ) = "" "" 1 j ( n - k ) 0 T J 0 k - 2 m 0 T J 0 m

L .- L .- (k _ 2 m ) ! m ! b , 1 2

k = O m = O
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D

a n d f~ : ) d e n o te s th e l th c h a o s o f f (b t ) . In te g ra t in g o v e r [0 , TD] a n d ta k in g th e e x p e c ta t io n w ith

re s p e c t to F x g iv e s .

E X [S ( l

T T J

.. . d t)W ] = ta (E X [ l
TTJ

7 /1 (n )d tJ ,~ 0 n )

u s in g th e a b s o lu te c o n v e rg e n c e o f th e S - t r a n s fo rm a n d F u b in is th e o rem tw ic e . F in a l ly , m u lt ip ly in g

w ith ~ e x p ( -~ (< /> x ,O ) g iv e s

S P q ,(x ) (O =~ f (~~t(< /> ~ k ,~ 0 k ) (E X [ lT T J 7 /1 ( l)d t] ,~ 0 1 )

k ,I= O 0

= f ( I : (_ l)n - l < /> 0 n -1 0 E
X

[ r TJ

7 /1 ( l)d t] ~ 0 n ) .

n = O 1 = 0 (n - 1)!2n
-
1

x Jo '

A n d th e re s u l t fo l lo w s b y u n iq u e n e s s o f th e S - t r a n s fo rm .

W e s e e f ro m T h . 5 .2 th a t th e c h a o s k e rn e is p~n) (Xj .) a re re g u la r fu n c t io n s . In fa c t , f ro m th e

p re v io u s s e c t io n w e k n ow th a t p ~ n ) (X j ') E i~ .

6 . S T A B IL IT Y W IT H R E S P E C T T O D A T A

In th is s e c t io n w e sh o w th a t p q ,(x ) i s c o n t in u o u s w ith re s p e c t to b o th fa n d < /> w h e n c h o s in g

a p p ro p r ia te n o rm s . S u c h s ta b i l i ty r e s u l ts a r e o f im p o r ta n c e in re a l a p p l ic a t io n s .

W e h a v e th e fo l lo w in g re s u l t fo l lo w in g d ir e c t ly f ro m th e p ro o f o f T h e o rem 4 .1 :

Proposition 6.1. D e n o te b y P q ,( f jx ) th e so lu t io n o f th e p r e s su r e e q u a tio n (3 .1 ) w ith so u r c e f .

S u p p o s e f , 9 E 9=~.w ith n o rm s u n ifo rm ly b o u n d e d in x E V . T h e n

(6 .1 ) Ilpq\(fj') - P q \(g j ,)1I-1,-q,oo :::; K llf - g l l-1 ,-q ,, ,o o

fo r q > m a x (q s ,q p ) w ith q p d e fin e d a s in T h e o r e m 4 .1 , a n d w h e r e K i s a p o s i t iv e c o n s ta n t in d e -

p e n d e n t o f fa n d g .

P ro o f . T h e p ro p o s i t io n fo l lo w s b y th e s am e a rg um e n ts a s in th e p ro o f o f T h e o rem 4 .1 u s in g th e

l in e a r i ty o f th e s o lu t io n . D

C o n s id e r n o w th e m a p p in g </J -+ P q \ (x):

Proposition 6 .2 . L e t < /J ,7 /1E S ( f f i .d), q o = m ax ( q f , q p + In 2 ) , a n d su p p o s e th e a s su m p tio n s o f

T h e o r e m 4 .1 h o ld s . T h e n fo r q > q o

(6 .2 ) IIpq\ - p,p 1I-1,-Q,oo :::; K {I</J - 7/112+ IV' </J- V'7/1I~ + 16</J - 6'l/J12 }

fo r s o m e p o s i t iv e c o n s ta n t K d e p e n d e n t o n < /J a n d 'l /J (b u t n o t o n th e d if fe r e n c e ) .

B e fo re w e p ro c e e d to g iv e th e p ro o f , w e n e e d th e fo l lo w in g in te rm e d ia te r e s u l t :

- -
L em m a 6 .3 . F o r a n y q ,r E N o le t 1 ,g E L ~ a n d h E L ~ . T h e n

(6 .3 ) 1 1 0 g l[2 " : : : ; 1 1 1 p lg lp
q+r q r

a n d fo r a n y m E N w e h a v e

(6 .4 )

w h e r e K = m ax (1 1 Ip , Ig lp ) .
q q
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Proof. T h e p ro o f o f (6 .3 ) fo llow s b y d ire c t c a lc u la tio n . T h e k ey p o in t is to u se C au ch y -S chw a rz '

in eq u a lity fo r e a ch te rm in th e n o rm ex p re ss io n . T h e e s tim a te in (6 .4 ) fo llow s b y (6 .3 ) an d

in d u c tio n o n m . 0

Proof of Proposition 6 .2 . T h e p ro o f g o e s b y a d ire c t e s tim a tio n o f th e n o rm s . F irs t n o te th a t w e

can w rite

w h e re

X",(t) = ex pO (-I t(< /> ~ l)) - I2(< />~2))),

an d w ith th e o b v io u s d e f in itio n fo r X1j;. B y th e tr ia n g le in eq u a lity an d th e n o rm es tim a te in

P ro p o s itio n 2 .3 w e g e t (fo r q > q1 > qo)

IIp ,,,(x) - p1 j;(x)II-1 ,-q :::; C l 1 1ex pO (-~W ",(x)) - ex pO (-~W 1j;(X )) 1 1 - 1 , 0 .

i l E X [l7"V f(b t)<>X",(t) d t] 1 I - 1 , - q l

1 (V
+ C d ex pO (-2 'W 1j;(X )) 1 1 - 1 , 0 . I l E x [Jo f(b t)<>(X",(t) - X1j;(t)) d t] 1 1 - 1 , - q l

w he re C l = (1 - e-(q-q,))-l. T h e re a re fo u r n o rm s th a t w e n eed to e s tim a te . W e s ta r t w ith th e

le f t-m o s t n o rm . U s in g th e d e f in itio n o f th e W iek ex p o n en tia l a n d L em m a 6 .3 w e g e t

1 1 ex p o (- ~ W",(x)) - ex p o (-~ W1j;(X )) 1 1 = - 1 , 0= 1 1f : ~ ! In (( _~</>x)0n - (_~ 'Ij;x)0n) 11=-1,0

n= l

= ~ _1_4-n l< />0n _ 'l j ;0 n 1 2 < ~ _1_4-nn2 K2(n-1)1</> _ 'l j ;1 2

LJ (n!)2 X X 2 - LJ (n!)2 1 2

n=l n= l

= ~ I< />_ 'l j ;1 ~ ~ (I~~{);)n = ~Bo(Kdh)l< /> _ 'l j ;1 ~

w he re K 1 := m ax (I< /> I ,1 ' I j ; 1 ) an d B o is th e m od if ie d B e sse l fu n c tio n . F rom th e p ro o f o f T h eo rem 4 .1

w e h av e

i l E X [1 'r
v

f(b t)<>X",(t) d t] 1 I - 1 , - q l : : : ; K2

fo r a p o s itiv e co n s ta n t K 2. F o r th e th ird n o rm no te th a t b y E x am p le 2 .1 w e h av e

F in a lly w e e s tim a te th e fo r th n o rm . B o ch n e r in te g rab ility y ie ld s ,

I l E X [lTV f(b t)<>{ X",(t) - X1j;(t)} d t) 1 1 - 1 , - q l

:::; C21Ifll_1,_qt,ooE
x [l7"V I I X " , ( t ) - X1j;(t)II-1 ,-Q2 dt)

w he re q2 is a co n s ta n t su ch th a t q1 > q2 > qo an d C 2 = (1 - e-(Q l-Q2))-1 . C on s id e r th e n o rm

in s id e th e ex p ec ta tio n . F o r an y P, r E (qo, q2) w e g e t

I I X " , ( t ) - X1j;(t)II-1 ,-Q2 :::; C 3 1 1ex pO (_It(< />~ l))) 1 I - 1 , - p l l ex pO (_h(</>~2))) - ex pO ( -I2('Ij;~2))) 1 1 - 1 , - T

+ C 31 1ex pO (-I2('Ij;~2))) 1 I - 1 , - r l l ex pO (_It(< />~ l))) - ex pO ( -I1('Ij;~1))) 1 I - 1 , - p
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w h e re C 3 = (1 - e - ( q 2 -m a x ( p , r » ) - I . B u t,

1 1ex p o (-h (4 )~ 1 )) ) - e x p o ( - 1 1 ( ? / J ~ I » ) ) I I - l ,-p :: : ; 1 1 f I n (~!((_ 4 > ~ I » )@ n - ( - ? / J P » )@ n ) ) I I - l ,-p

n = 1
0 0 - n p ~ ~

< '" _ e _ 1 4 > ( 1 ) 0 n _ ? / J ( 1 ) 0 n l
- LJ n ! t t 2 .

n = 1

F rom L em m a 6 .3 w e h av e

1 4 > ~ I )@ n _ ? / J ~ I )@ n I 2 : : : ;n (m ax (I4 > ~ 1 )1 2 , 1 ? /J~ 1 )1 2 )r - I I4 > ~ I) - ? / J ~ 1 ) 1 2 .

U sin g th e n o rm e s tim a te (4 .1 2 ) w e g e t

1 1ex p o ( - 1 1 (4 )~ 1 )) ) - e x p o ( - I d ? / J ~ I » ) ) I I - l ,-p :: : ;e - P ex p ( e -
P

K 4 a ( t ) ) (~ I4 > - ? /J1 2+ ~ 1 .6 .4 >- .6 .? /J1 2 )

fo r
1 t

K4 a (t) = '2 m ax (I4 > 1 2 , 1 ? /J1 2 )+ 4 m ax (I .6 .4 > 1 2 ,1 .6 .? /J1 2 ) .

E q u iv a le n tly , u s in g th e n o rm e s tim a te (4 .9 ) w e g e t

1 1ex pO ( - h ( 4 ) ~ 2 ) ) ) - ex pO ( - I 2 ( ? / J ~ 2 » ) ) I I - l ,- r : : : ; e -
2 r

ex p (e -
2 r

K 4 b ( t ) ) ~ I \ 7 4 > - \ 7 ? / J I ~

w h e re
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K4 b ( t ) = ~m ax (I \7 4 > I~ , 1 \7 ? /J I~ ) .

C o lle e tin g th e se tw o e s tim a te s a n d u s in g (4 .1 0 ) a n d (4 .1 1 ) g iv e th e b o u n d

IIXq,(t) - X,p(t)ll-l,-Q2 :::; ae
p t

+ bte
p t

w h e re C 4 = C 3 ex p (m ax (I4 > 1 2 , 1 ? /J1 2 )) ,a = C 41 4> - ? /J1 2 ,b = C 4 (1 .6 .4 > - .6 .? /J1 2+ 1 \7 4 >- \7 ? /J I~ ) a n d

p = e - P ~ m ax (l.6 .4 > 1 2 , 1 .6 .? /J1 2 )+ e -
2 r

~ m ax (I \7 4 > I~ , 1 \7 ? /J I~ ) .

I f P = 0 w e a re f in ish e d . A ssu rn e p > 0 an d in te g ra te to g e t

EX [1-r'D IIXq,(t) - X,p(t)ll-l,-Q2 dt] :::; ~ 2 (b - pa + (pa - b)Ex[eP-r'D] + pbEx[rveP-r'D]).
o p

N o te th a t b y a sum p tio n o n p an d T w e h av e p < p, w h e re p is th e e o n s ta n t f rom th e e s tim a te

in (4 .1 ) . T h is e x p la in e s th e a d d ed ln 2 in th e a s sum p tio n o n q o . U sin g e .g . H ö ld e rs in e q u a lity it

is e a sy to sh ow th a t u n ifo rm b o u n d ed n e s s o f EX [eP-r'D] im p lie s u n ifo rm b o u d ed n e s s o f EX [rveP-r'D].

T h e p ro p o s itio n is p ro v ed . D

7. TH E W IC K PR O D U C T A N D TR A N SLA T IO N

In th is la s t s e e tio n w e sh a ll p ro v e an ex p lic it e o n n e e tio n b e tw e en a s to e h a s tie p re s su re e q u a tio n

w ith o rd in a ry p ro d u e t a n d a W iek - ty p e eq u a tio n w h en d = 1 . T h e b o u n d a ry v a lu e s o f th e p ro b lem

w ill b e s lig h tly e h an g ed , to h av e a m o re tra n sp a re n t a n d e a sy d e r iv a tio n o f th e e o n n e e tio n . In s te a d

o f u s in g D ir ie h le t e o n d itio n s , w e u se eom b in ed D ir ie h le t a n d N eum an n eo n d itio n s . I t is sh ow n th a t

th e so lu tio n s m ay b e w ritte n a s s to e h a s tie tra n s la tio n s o f e a e h o th e r , w h e re th e tra n s la tio n is ta k en

in th e d ire e tio n o f th e sm ea r in g fu n e tio n o f 4 > . W e b e lie v e th a t su e h a eo n n e e tio n m ay b e o f som e

u se in e v a lu a tin g w h ie h m o d e l, W iek o r o rd in a ry p ro d u e t, to u se in re a l a p p lie a tio n s . In d e r iv in g

th is e o n n e e tio n , w e w ill a s su rn e ex is te n e e o f su ff ie ie n tly re g u la r so lu tio n s o f th e tw o p ro b lem s .

A s im ila r e o n n e e tio n m ay b e sh ow n fo r (3 .1 ) w ith D ir ie h le t e o n d itio n s w h en d = 1 . A ll th e se

q u e s tio n s w ill b e e o n s id e re d a t a m o re r ig o u ro u s a n d eom p le te le v e l in a fu tu re p ap e r .

T h e d e r iv a tio n is b a se d o n so m e in te re s tin g re la tio n s b e tw e en tra n s la tio n an d th e W iek p ro d u e t

f irs t p re se n te d in B en th an d G je s s in g [6 ] a n d B en th [2 ] fo r th e e a se b = O . In th is s e e tio n w e w ill

g e n e ra liz e th e se re su lts to th e sp a e e s g - b . W e w an t to em p h a s is th a t su e h re su lts h a v e a w id e r

ra n g e o f a p p lie a tio n s th a n p re se n te d in th is p a p e r . F o r e x am p le , in e o n n e e tio n w ith q u a s i- l in e a r
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o rd in a ry s to c h a s t ie d if fe re n tia l e q u a tio n s G je s s in g [1 0 ] p ro v e d in te re s t in g fo rm u la s fo r th e so lu t io n

u s in g W ie k p ro d u c t a n d tra n s la t io n .

W e s ta r t b y e x te n d in g som e re su lts o n tra n s la t io n f rom P o tth o f f a n d T im p e l [1 8 ] : T h e fo llo w in g

lem m a is a d ire c t g e n e ra l iz a t io n o f th e c o r re sp o n d in g re su lt fo r th e sp a c e 9 g iv e n in P o tth o f f a n d .

T im p e l [1 8 ] .

Lemma 7.1. Let bE [0 ,1 ] , h E L2 (JRd) and for 4 J E gb define the transla tion m ap Th by 4J(w ) t -+

4 J ( W + h). Then Th is a con tinuous linear m ap from gb to gb .

P roo f. T h e p ro o f fo l lo w s th e l in e s o f [1 8 ] . L in e a r i ty is o b v io u s . W e n e e d to e s ta b lis h th e c o n tin u ity .

L e t 4 J = 2 ::= 0 In(4J(n )) b e in P a n d re c a l l f rom H id a e t a l . [1 2 ] th e fo rm u la

4J(w + h) = ~ ~ G ) h(4J(n ,n -k))

w h e re

N o te th a t in H id a e t a l . [1 2 ] th is fo rm u la is g iv e n fo r d = 1 b u t th e e x te n s io n to d E N is

s tra ig tfo rw a rd . T h e n u s in g th e tr ia n g le in e q u a li ty , th e d e f in i t io n o f th e n o rm , C a u c h y -S c hw a rz '

in e q u a li ty a n d th e B in om ia l fo rm u la w e g e t

1 1 4 J ( . + h)lIb ,q S ~ ~ 11G)Ik(4J(n ,n -k))llb ,q

S ~ ~ G ) (k !)(b+ 1)/2eqk lh l~ -k l4J(n )12

S ~ 14J(n )12 (n !)(b+ 1)/2e
q
n ~ G ) e-q (n -k)lh l~ -k

N

= L: 14J(n )12 (n !)(b+ 1)/2eqon

n=O

w h e re qo = q + ln (1 + e-
q lh!2). T h u s fo r a n y q ' > qo w e h a v e b y C a u c h y -S c hw a rz th a t

N N

114J(.+ h) Ilb,q S (L: e2 (qO -q ')) 1 /2 (L : (n !)(b+ l) e2qn l4J(n ) I~) 1 /2

n=O n=O

S (1 - e 2 (qO-q'))-1/2114Jllb,q"

T h e lem m a fo llo w s b y e x te n d in g Th c o n tin u o u s ly to gb . 0

Definition 7.1. L e t h E L 2(lRd
) a n d b E [O ,I J . T h e n th e a d jo in t o p e ra to r Th g-b t -+ g-b is

d e f in e d a s

fo r a l l 4 J E gb .

Rem ark . I t fo l lo w s f rom L em m a 7 .1 th a t Th is a c o n tin u o u s l in e a r m a p f rom g-b to g-b .

A s fo r b = 0 in B e n th a n d G je s s in g [6 J a n d B e n th [2 J w e h a v e

Lemma 7.2. Let h E L2 (JRd),b E [O ,IJ and<P E g-b . Then

(7.1) Th<P= expO (W h)O<P .
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P ro o f. T a k e th e S - t r a n s fo rm . F o r a n y 71 E S ( lR d
) ( i f b = 1 w e re s t r ic t to th o s e 71 w ith e q 1 7 1 1 2 < 1

fo r s u f f ic ie n t ly b ig q > 0 ) w e h a v e

S(T;;'iJ?)(TJ) = ((T;;'iJ?, expO(W1)))) = ((iJ?, Th expO(W1)))) = S(exp(Wh))(TJ) . S iJ?(TJ)

s in c e Th expO(W1)) = exp(h, 7 1 ) expO(W1))' U n iq u e n e s s o f th e S - t r a n s fo rm c om p le te s th e p ro o f . 0

In s p ir e d b y B e n th a n d G je s s in g [6 ] a n d B e n th [2 ] w e in tro d u c e a g e n e ra l iz a t io n o f th e t r a n s la t io n

o p e ra to r . T h e o n ly e s s e n t ia l d i f f e r e n c e f ro m w h a t w a s d o n e in B e n th a n d G je s s in g [6 ] a n d B e n th

[2 ] is fo r th e c a s e b = 1 . E x tr a c a r e m u s t b e ta k e n in th is c a s e b e c a u s e o f th e sm o o th n e s s p ro p e r t ie s

o f th e W ie k e x p o n e n t ia ls .

Definition 7.2. L e t h E L 2 ( lR d ) ,b E [0 ,1 ) . F o r a n y iJ ?E g -b d e f in e th e g e n e ra l iz e d tr a n s la t io n

ThiJ?as

(7 .2 )

fo r a l l c /> E g b .

N o te th e r e la t io n (T .1 ) a n d th a t expoWh E g b fo r a l l b E [0 ,1 ) a n d h E L 2 ( lR d
) . T h u s , th e

a b o v e g e n e ra l iz e d tr a n s la t io n is a w e l l -d e f in e d , c o n t in o u o u s a n d l in e a r m a p f ro m g -b in to g -b b y

T h e o rem 2 .5 . N o w , c o n s id e r th e s l ig h t ly m o re d if f ic u l t c a s e b = 1 :

Lemma 7 ~ 3 . A ssum e i J ?E g=; fo r som e q ::: :O . L e t p > q + In 2 a n d su p p o se h E L 2 ( lR d
) w ith

e P lh l2 < 1. T h en ThiJ? E g=~ a n d

IIThiJ?II-1,-p ~ 2 1 1 e x p O (W h )1 1 1 ,p l l i J ? ! I -1 ,-q '

P ro o f. G iv e n c /> E g~ a n d iJ ? E g=;, th e n u s in g L em m a 7 .2 , C a u c h y -S c h w a rz ' in e q u a l i ty a n d

C o ro l la ry 2 .4 w e g e t

1((ThiJ?,c/»)1 = 1((iJ?,T;;'c/»)1

= 1((iJ?,expO(Wh)oc/»)1

~ ! I iJ ? i1 -1 ,-q ! lexpO(Wh)oc/>111,q

~ I I iJ ? i1 -1 ,-q (1- e
q
-
p
)-l!1 expO(Wh)111Ac/>111,p

a n d th e lem m a fo l lo w s . o

W e se e th a t w h e n b = 1 , Th d o e s n o t d e f in e a c o n t in u o u s a n d l in e a r m a p f ro m g-l in to g-l s in c e

w e c a n n o t f in d a fu n c t io n h ( e x c e p t fo r th e t r iv ia l h(x) = 0 a .e . x) s u c h th a t e P lh l 2 < 1 fo r g e n e ra l

p . B u t w e c a n d e f in e T h a s a c o n t in u o u s a n d l in e a r m a p f ro m g=; in to g=~ fo r a d a s s o f fu n c t io n s

h, w h e re p > q + In 2 .

W e a re n o w re a d y to g e n e ra l iz e a r e la t io n f i r s t g iv e n in G je s s in g [1 0 ] in a W ie n e r s p a c e s e t t in g

a n d la te r g e n e ra l iz e d fo r b = 0 in th e w h i te n o is e c a s e in B e n th a n d G je s s in g [6 ] a n d B e n th [2 ] .

Lemma 7.4. L e t h E L 2 ( lR d
) , b E [0 ,1 ) a n d i J ?E g -b . T h en

(7.3) expO(Wh)oiJ? = expO(Wh). T-hiJ?

1 f b = 1 , (7.3) h o ld s fo r a lt h E L 2 ( lR d
) su ch th a t e P lh l 2 < 1 , w h e re p > q + In 2 a n d i J ?E g :; .

P ro o f. T h e p ro o f fo r b E [0 ,1 ) fo l lo w s th e id e a s in B e n th a n d G je s s in g [6 ] a n d B e n th [2 ] . F i r s t

n o t ie e th a t f ro m L em m a 7 .2 w e h a v e

S e t t in g iJ ?= 1 g iv e s a C am e ro n -M a r t in -G ir s a n o v fo rm u la

J c/>(w + h)df.L(w) = J expO(Eh) (w)c/>(w)df.L(w).
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For < l> E g b w e get

J (e x pO (W h )O < l» (w )4 ; (w )d f .L (w ) = J < l> (w )4 ; (w + h )d f .L (w )

= J < l> (w - h + h )4 ; (w + h )d f .L (w )

= J expO (W h ) (W )< l> (W - h )4 ; (w )d f .L (w )

G enera liz ing to < l> E g -b g ives

(7 .4 )

fo r a ll 4 ; E g b . The righ t hand side is understood in the usual senee

( (T _ h < l> . expO ((" h ) ) , 4 ;)) =( (T _ h < l> , expO ((" h ) ) . 4 ;))

and is w ell-definedas a eonsequenee o f Theorem 2 .7 . T hus the first part o f the lemm a is estab lished .

W e eon tinue the p roo f fo r b = 1 . N o te tha t L emm a 7 .2 ho lds a lso fo r b = 1 . 1£ w e assum e < l> E g=~

and Ihl2eP < 1 fo r a p > q + In 2 , then w e ean perfo rm the sam e ealeu la tions as fo r the b < 1 ease .

T hus it is c lear tha t (7 .4 ) ho lds fo r any 4 ; E g~ w ith p > q + In 2 . D

W e w ill in the rest o f the see tion eonsider the p ress u re equation in d im ension one , tha t is d = 1 .

A sm en tioned above, w e shall trea t sligh tly d ifferen t in itia l eond itions than in (3 .1 ) w h ieh m akes

the ealcu la tions m ueh sim pler. L et V = [a, b] fo r a > b. Let p(x) deno te the so lu tion of the

p ressu re equation of W iek-type (the so lu tion o f (3 .1 )), bu t now w ith boundary eond ition p (a ) = 0

and p '(a ) = k where k is a determ in istie eonstan t, and le t q (x ) be the so lu tion w hen w e m odel

w ith o rd inary p roduet in stead , i.e .;

-d d x (e x p o w < p (x ) 'q '( x ) ) = fo n (a ,b ) ,
(7 .5 )

q (a ) = 0 , q '(a ) = k .

U sing L emm a 7 .2 w e ean show that any W iek so lu tion p(x) ean be w ritten in term s of the p roduet

so lu tion q(x), and v iee-versa :

T heorem 7 .5 . L e t 4 ; E S ( f f i .) . A s s um e th a t p (x ) E g-l is d i f fe r e n t ia b le in x , p '( x ) E g=~

(w ith n o rm u n ifo rm ly b o u n d e d in x ) a n d T _< p y p '(y ) is B o c h n e r in te g ra b le o n [a ,b ] fo r 4 ; s u c h th a t

ePI4;12 < 1 a n d p > q + In 2 . T h e n

q (x ) = 1" T _< p y p '(y )d y .

O n th e o th e r h a n d , a s s um e th a t q (x ) E g-l is d i f fe r e n t ia b le in x , q '( x ) E g=~ (u n i fo rm ly in x )

a n d T < p lIq '( y ) is B o c h n e r in te g ra b le o n [a , b ] fo r 4 ; s u c h th a t e P I4 ;1 2 < 1 a n d p > q + In 2 . T h e n

p (x ) = 1" T < p y q '(y )d y .

P ro o f . W e start by show ing that the boundary values fo r the tw o prob lem s are sa tisfied : O bv iously ,

q (a ) = p (a ) = O . U sing the defin ition o f q (x ) , w e have q '(a ) = T -< P a p '(a ) = T -< P a k = k . S im ilarly

w e get p '(a ) = T < p a q '(a ) = T < p a k = k when p (x ) is defined th rough the so lu tion of the p ressu re

equation w ith o rd inary p roduct.

In o rder to show the first part o fthe Theorem w e use the genera lized fo rm ula (7 .3 ) and refo rm ula te

the W iek equation to a p roduet equation :

d ~ (expO w : ,:o p '(x ) ) = d ~ (expO W < p x . T _ < p x p '(x ) )

= d ~ (expO W < p x . d ~ 1" T _< p y p '(y )d y )
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w here th e la s t equa lity fo llow s from the Fundam en ta l T heo rem o f C a lcu lu s .

T h is sam e ca lcu la tio n can be rev e rsed to show the o th e r w ay o f th e connec tion .
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W e w ou ld lik e to rem ark th a t it is po ss ib le to ca lcu la te an exp lic it so lu tion p(x) hav ing th e

des ired regu la rity p rope rtie s u s ing W ick ca lcu lu s (see K ond ra tiev , L euke rt and S tre it [14 ] and

H o ld en e t a l. [13 ]). In fac t, H o ld en e t a l. [13 ] ca lcu la te an exp lic it so lu tion w hen th e N eum ann

cond itio n has a sp ec ia l s to chas tic fo rm and th e sou rce f is ze ro : In troduce th e boundary cond itio n s

p(a) = 1 , expO(Wh)<>p'(a) = k and q(a) = 1 , expO(Wh)q'(a) = k fo r th e tw o m ode ls . T hen

it fo llow s by a sim p le ca lcu la tio n u sing gene ra lized tran s la tio n on th e ir exp lic it so lu tion th a t

p(x) = q(x) . exp(lhI2), w h ich co in c id es w ith th e fo rm u la (3 .5 .11 ) in H o ld en e t a l. [13 ]. N o te th a t

w e have u sed a gene ra l sou rce f po ss ib ly be ing a random fie ld in T heo rem 7 .5 .
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