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Introduction. Throughout this paper, “a link I of u(l) components” means
disjoint union of u(/) oriented 1-spheres in R®.

In §1, we study some 3-dimensional numerical invariants of links, that is,
&(]) (genus of 1), u(l) (see Definition 1) and ¢(!) (see Definition 3) will be defined

and we will have some relations among them as follows.

Theorem 1. For any link I, g(I)<c(l) and u(l)=c(]).

In §2, the 4-dimensional numerical invariants g*(J), g¥(I) (see Definition 4),
w*(), u}(l) (see Definition 5), ¢*(/) and c¥(l) (see Definition 6) will be defined

and the main theorem will be proved.

Theorem 2. For any link I, we obtain

g () = gH) = g()
Al Al Al
e*(I) < cX(1) < o(l)
Al I Vi
w¥(l) < ur(l) = uw())

As is usual, two links / and ¥ are said to be of the same type or isotopic,
denoted by I~/ if there exists an orientation preserving homeomorphism f of
R’ onto itself such that f(/)="/'.

80X, Int X and cl X represents the boundary, the interior and the closure of
X respectively.

The author wishes to thank to the members of Kobe Topology Seminar
for their kind and helpful suggestions.

1. 3-dimensional numerical invariants

Let I be a link of p(/) components in R®. It is known in [9], [11] that /
always bounds an orientable connected surface F in R. The minimum genus
of these surfaces is called the genus of the link / and is denoted by g(/). Note
that g(F') denotes the usual genus of a surface F.
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Let L be a diagram of /, i.e. L=p(l), where p is a regular projection of R®
to R* ([2]). L has in general at least one double point if [ is not a trivial link
(unknotted and unlinked). A link can be deformed into a trivial link by employ-
ing a finite number of unlinking operation (T") defined as follows.

(T") Change an underpass into an overpass at a double point.

DeFINITION 1. 'The minimum number of unlinking operations required to
deform a given link / into a trivial link is called the unlinking number of I (in the
3-dimensional sense) and is denoted by u(J).

DErFINITION 2. Let F, be a surface which may not be connected and f be an
immersion of F| into R®. Put F=f(F,). Suppose that F' has a finite number
of simple double lines and these double lines do not intersect each other. Each
double line J is one of the following three types (see [4])
(1) a closed curve whose antecedents are closed curve J’ and J” that lie
in Int F,,

(2) an arc whose antecedents are an arc J’ that spans 0F, and an arc J”
that lies entirely in Int F,,

(3) an arc whose antecedents are arcs J’ and J” each of which has an end
point on 0F, and the other one lies in Int F,

We call J a singularity of F. The singularities satisfying the condition (1),
(2), (3) will be called (simple) loop, ribbon and clasp singularities respectively. [4]

We call F a non-singular surface if f is an embedding.

Then, to define the clasp number c(l) of a link [ we need to prove the follow-
ing lemma.

Lemma 1. Any link I spans p(l) singular disks whose singularities are only
clasps and the number of these clasps is finite.

Proof. Let z be the unlinking number of / and p be a regular projection
of I such that there exist # double points p,, -+, p,, in p(I) and ! becomes a
trivial link by (T")-operation along these points. We may make oriented small
unknotted circles ¢;, i=1, -+, 2n, near to p,, linking with /as shown Fig. 1 such
that L(/, ¢;)=—L(l, ¢,+;)=1 or —1 according as the orientation of /, where p;,
is a point of p7*(p;) NI and L(l, c¢) denotes the linking number of / and ¢. Then
there exist mutually disjoint bands B;, i=1, -+, 2n, with B;\[=0B;N [ an arc
and

l+6(£J‘B,-)+(£J ¢;)~0"
1+0(0B)+(Uc)~1
where O* is a trivial link of p=py(l) components and+means addition in the

homology sense. Let E= L‘JE,. be a union of mutually disjoint spanning disks

=1
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Fig. 1

of O* and B= fj B;. By a slight modification of E, B and D= lzJ" D;, where

j=n+1 f=n+1

D is oriented mutually disjoint disks with 0D;=c¢;, we have BN D=0BNdD,
BN E=(0B N 9E) U (ribbon singularities), D N E=/(clasp singularities) and
d(BUDUE)~I. For each ribbon singularity J we draw a simple arca; on E to

connect a point of 9E and that of Int J and put E=cl(E— L'JN;), where 7 is the
i=1

number of ribbon types on E and N; is a regular neighborhood of «; in E.
Then clearly (B UD UE)~I and the singularities of z singular disks BUDUE
are only clasps and of course the clasp number of ‘BUDUE is finite. So the
proof is complete.

DeriNiTION 3. For any link /, there is a singular disk with only clasps
which spans / by Lemma 1. The minimum number of the clasps is called the
clasp number of I, denoted by ¢(J).

Then we have,

Theorem 1. For any link 1, c() Zu(l), c¢(l)=g()).

Proof. ¢(I)=u(l) is obvious from the definitions of these numbers. So we
have to prove ¢(l)=g(l). Let D be singular disks such that ¢(D)=¢(l) and
0D=I, where ¢(D) is the number of clasps of D. Making use of orientation
preserving cuts ([4], [8]) along all clasps, we get an orientable surface F of genus
¢(!) such that 0F=0D=1. So ¢(!)= g(I), which completes the proof.

RemArk. These inequalities can not be replaced by equalities. For
example for the knot 6,, 6, is alternating, so g(6,)=2 ([1]) and ¢(6,)=2 by using
Theorem 1 but #(6,)=1, and for the link @ , ¢( @ )=u( @ )=1but g( @ )=0.
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2. 4-dimensional numerical invariants

Let / be a link in R°[0], where R[a]={(x,y, 2, t)=R'|t=a}. Since [/
bounds an orientable connected surface F' in R*[0], / always bounds an orientable
locally flat connected surface in R°[0, t,)={(x, y, 2, )€ R*|0=t<t,}. The mini-
mum genus of these surfaces is an invariant of the link type ([3], [7]). It is
denoted by g*(/) (in the 4-dimensional sense).

DeriniTION 4. Especially for any link / we may span an orientable locally
flat surface F in R°[0, #,) which has no minimum points with 9F=I in R[0].
The minimum genus of these surfaces is called the ribbon type genus of I and
is denoted by g¥ (/).

It is clearly that g¥(/) is an invariant of the link type of /.

Then from the definition of g*(J), g¥(!) and g(I), we have

Lemma 2. For any link I, g*(I)< g¥(D) < g(]).

A link / will be called split into two components /, and [, if there is a 3-ball
B® such that /,CB®, ,C R*—Int B°. 'Then [ is denoted by /=/0/,. Then

Lemma 3. For any link 1, there is a number u such that g*(I)=g¥(loO*) for
some trivial link O* of u components.

Proof. Let F be a locally flat orientable surface in R*[0, 1) with 9F=/in
R’[0] and g(F)=g*(I). Let p,, -+, pu be the minimum points of F. We may
take p distinct points g, **+, gu in R*[—1] and disjoint simple arcs «a, **+, ap and
a; connects p; with ¢; and a; N R[#] is at most one point for each 7, 1 </<p and
t,0=t<1. Then we can deform F to a surface F’ by an isotopy along «;.
The minimum points of F” are g; and F’ N R*[0, 1) has no minimum points. Of
course, F' N R*[0]~1o0O*, so gF(loO*)=<g*()). ([5), [10]).

Conversely, let F, be a locally flat surface in R0, 1) with F,N R[0]=[-O*
which has no minimum points and g¥(lcO*)=g(F,). In R[—1, 0] we make
Ix[—1,0]. As O* is splitted from I, O* bounds mutually disjoint disks D;,
t=1, -+, u, in R°[—1, 0] which do not intersect with IX[—1,0]. So F=F,U
IxX[—1,0]U (-‘;D") is a locally flat orientlabe surface with boundary / and
o(F )=g(Fo)=é?‘(loO“). Therefore g*(I) < g(l-O"), which completes the proof.

Lemma 4 is essential to prove the main theorem.

Lemma 4. Let F be a locally flat orientable surface which has no minimum
and maximum points and F N\ R*[0]=I, F N R*[1]=I'.  Then thereis a locally flat
orientable surface F’' properly embedded in R°[0, 1] and isotopic to F in R’[0, 1]
(F'NR[0]~! in R[0], F'NR}[1]1=~0' in R[1] respectively). Furthermore there
exist some disjoint 3-balls B}, i=1, -+, n, in R*[0] such that
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cl(F'— CJB?x [0, 1]) = cl(F' N R°[0]— _QB’:) x[0, 1].

Proof. It may be assumed that F has n critical points and R¥[t,] contains
only one critical point for #,, 0<t,<--<t,<l. A critical point p; may be
changed by a critical band B} for each i (see [6]). We may deform F by an

isotopy of R*[0, 1] carrying B} into Rs[-;—] so that maximum and minimum

points do not appear in the resulting surface. We will write the resulting
surface and the band F and Bj again. Since F ﬂR3<1 1] is a locally flat

orientable surface which has no maximum, minimum points and critical bands,
(F n R‘*[%, 1]—-8( 0B) U(Da,Ua)~(F NRI) [% 1]
in Ra[% 1] (for a; and @; see Fig. 2) Then using the same argument as in

[10] we may assume that the critical bands do not intersect with each other.

Put F,.=F N R[1] X [%, 1] Because F N R3[0 5) has no minimum, maximum

points and critical bands, we see
(F nR3[0 4] a( UB2)> U(U(B Ug.))

((FﬂR3[2] 6(UB2)>U(UB UB)) % [ ]in R“[O,%]
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Then we project mutually disjoint bands LjB‘f in Ra[%] to R’[0] by a natural

projection p i.e. for any points (x, y, 2, £)ER*, p(x, ¥, 2, t)=(x, y, 2, 0)=R*[0].
Then we can take mutually disjoint 3-balls B} each of which contains only one
band properly, i.e. Int B3D Int p(B?) and 0B D 9(p(B3%). So we may easily
determine the surface F’ to be a required one. This completes the proof.

Let I be a link in R® (or R*[0]). [is called a weak ribbon link if | bounds a
singular surface F in R® of genus 0 with 0F=/ and mutually disjoint ribbon
singularities. And [ is called a weak slice link if I bounds a non-singular locally
flat orientable surface F of genus 0 in R’[0, o) with 0F=1. ([3], [4]).

Then if /is a weak ribbon link / is also a weak slice link (see Lemma 5).

Lemma 5. [ is a weak ribbon link if and only if | bounds a non-singular
locally flat orientable surface F in R*[0, 1) of genus O with 0F=1 which has no
minimum points.

Proof. If /is a weak ribbon link, there is a singular surface F, in R°[0] of
genus 0 with 0F =/ and just ribbon singularities. Now we take small disks

D;, i=1, .-, n, on F, along the singularities such that cl(F(,—'LjJ D,) is a non-

singular surface and / N ( O@D,-):d) . As9( LnJD,-) is a trivial link, we may con-
i=1 i=1

struct mutually disjoint cones p¥0D; in Ra[O, %] where p,, -+, p, are different

points in Ra[%]. Then (FO—_E“J D,)uU (g) p¥oD,) is a required surface F.

Conversely, let F' be a locally flat orientable surface of genus 0 with 0F=I
which has no minimum points and is embedded in R’[0, 1). We can bring the
maximum points of F to R*[2] by the same technique we used to prove Lemma 3
without making new maximum and minimum points and with 0F fixed. Put
the deformed surface F’. Clearly F' N R’[1]~O" and F’ N R*[0, 1] has no
minimum and maximum points. So by Lemma 4, we may construct a proper
surface F”” in R*[0, 1] which is isotopic to F/ N K*[0, 1] and there exist mutually
disjoint 3-balls B}, =1, -+, p, in R*[0] such that

cl(F"— () B3 [0, 1])~ cl(F" 0 RY[0]— U B3) %[0, 1]

and the mutually disjoint bands B? are properly embedded in B3Xx 1 . Let
y disj properly >

D, i=1, :+-, n, be mutually disjoint disks in R°’[1] with boundary O". Then we
project F=F" J( L”_J D,) on R’[0] by a natural projection p. Then we may easily
prove that ap(IT")%l and the singularities of p(F') are only ribbon singularities by
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an easy modification of disks and bands. Now the proof is complete.

Remark. From this Lemma, / is a weak ribbon link if and only if g¥(l)=0
(Clearly 7 is a weak slice link if and only if g*(/)=0).

DeFiNiTION 5. The minimum number of unlinking (T") operations required
to deform a given link / into a weak slice link, a weak ribbon link are called the
unlinking number of I (in the 4-dimensional sense), denoted by u*(J), uf(l) respec-
tively. We may easily prove the following.

Lemma 6. For any link I, u*(l) Zuf(l) < u(l).

By Lemma 1 any link / in R’[0] may span p(/) singular disks D whose
only singularities are finite clasps. Let ay, -, , be all the clasps on

D and take mutually disjoint regular neighborhoods UN (a;: R*[0]). Then
i=1

d(N(a;: R[0))ND)~ © . Let p,, -+, p, be different points in R*[1] and make a
cone D;=p;*(d(N(c;: R’[0]) N D)) for each i and we may construct these cones

not to intersect with each other. Then D~=(D~.C_JN(a,.: R3[O]))U(.L"J D)) is a

locally flat x(J) disks with singularities p,, --, p,, such that 8(N (p,-: R{é—, —32—]>
n ﬁ)% @ , 8D=1/ and D has no minimum points. So we may define the clasp
number of a link (in the 4-dimensional sense) as follows.

Let F be an orientable surface of genus 0 with p boundaries.Suppose that
£ is a locally flat immersion of F in R’[0, co) such that f(3F)=/1is a given link /
in R[0], f(Int F)C R%0, o) and the singularities of f(Int F') are finite points
Py -+ P With 0BY(p) N f(Int F)~ @@ .

DEerFINITION 6. For all the locally flat immersions satisfying the above
condition, the minimum number of these singularities is called the clasp number
of /and is denoted by ¢*(/). Especially when we restrict Definition 6 only for the
locally flat immersions which has no minimum points, the minimum number
of these singularities is denoted by c¢¥(/).

Then the next Lemma is trivial from the definition and the explanation
above Definition 6.

Lemma 7. For any link I, c*(D)=c¥()=c(])
Modifying the technique we used to prove Lemma 3, we obtain

Lemma 8. For any link I, there is a number p such that c*(I)=ck(lcO") for
some trivial link O".

Now we will examine the relation between g*(I), ¢*(I), u*(l) and g¥(/), c¥(I),
uf(l).
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Lemma 9. For any link, g*(I)<c*(l), g¥(l)=c¥()).

Proof. Let F be a locally flat non-singular surface except ¢*(/) points
Do ***y P, Where n=c*(l), with 0F==/and [,=0N(p,: R’[0, =))NF~ Q@ . Then
/; may span an orientable surface F; of genus 0 in dN(p,: R’[0, «)). So

F = (F— UN(p:: R0, =) U(UF))

is a non-singular locally flat orientable surface of genus zn with 9F=I Thus
g¥(D)=c*(l). We can prove g¥(I)<c*(l) by using the technique to prove the first
half of Lemma 9. Now the proof is complete.

Lemma 10. For any link I, c*())<w*(l) and c¥())<uf(l).

Proof. Let / be a link in R°[0]. Now we perform u*(J)-times (or u}(l)-
times) (T") operation to /in R0, 1) so that // in R’[1] is a weak slice (or weak
ribbon) link. Then there exist proper annuli F, in R*0, 1] with 0F,=IU(—1)
and F, has no minimum and maximum points and singularities are finite points
P, -+, ppinint F,, where n=u*(l) (or u¥(l)), such that SN(p,: R’[0,00)) N F,= @ .
As I’ is a weak slice (or a weak ribbon) link, we may span a locally flat orientable
surface F, in R[1, co) with 0F,=/" (if I’ is a weak ribbon link, F, has no
minimum points by Lemma 5). Then there is a singular surface F,UF, of
genus 0 whose boundary is /. Thus ¢*(/)<u*(l) (or c¢f(/)=u¥(l)). This com-
pletes the proof of Lemma 10.

And by Lemma 11, c}(l)=u}(l) follows.

Lemma 11. For any link I, u}¥(l)<ck(l).

Proof. Let/be a link in R*[0] and F be a surface in R°[0, 1) which has
no minimum points with 0F=I[ and ¢(/) be the number of clasps. F has m
singular points p,, **-, p,, and 7 maximum points P,,.1, ***s Pmim Where m=c¥(l).
We may connect these points to distinct points g, ***, g,,+, in K*[2] by disjoint
arcs a, ***, Qpin such that a;N F=0a;N F=p, and a;N K*[t] is at most one
point for each 7, 0<¢=<2. By an isotopy we may bring p, to ¢; along «; with
OF fixed to make a new surface F’ which is isotopic to F and F'NR[1]~
Q o:++0@00", where the number of @ ism. By Lemma 4, F’is deformed to F”
which is a proper surface in R’[0, 1] and is isotopic to F’ N R*[0, 1](F"' N R’[0]~

F/ O RY0] in R[0] and F” 0 R[1]~F 0 R{1] in R*[1]), and cl(F"—  BIx [0, 1])
— (PN R[0]— UBY)X [0, 1] for some mutually disjoint 3-balls B in R*[0].
=1

Let D3, i=1, -+, m, be mutually disjoint 3-balls in R’[1] such that D} contains
only one @ inits interior and D}N D}=¢, where D3 is a spanning disk of O;
which is a component of O", for each 7, j, 1=<i<m, m+1=<j<m-+n. Then we

P .
may take a simple arc B; in p(D?)— UlBﬁ' to connect two points of / as shown in
=
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Fig. 3

Fig. 3 (a) such that © becomes a trivial link by the (T') operation along
27(B;) N R°[1] in D} for each 7, where p is a natural projection of R’[0, 1] to R*[0].
Then we determine B;, B;, as shown in Fig. 3 () which may be taken in the

neighborhood of 3; and F/":(F"—(i'gl,e,.o X [0, 1)) U (’_L:Jlﬁ,-l %[0, 1)) U §:Q:Pf) U
(ZL'ij), where D; and D,,,; are disjoint disks in Int D}, Then as F’”/ has no
p=1

minimum points, 0F”” N R*0]=/" is a weak ribbon link by Lemma 5 and / is
obtained from /” by c}¥(/)-times (T") operation. So u}(l)<c}(l) which completes
the proof.

Let o(/) be the signature of a link (for the definition of (/), see [7]), then it
is known %( lo(l)| —p())+1)=<g*(]) by Theorem 9.1 [7].

Now we complete our researches.

Theorem 2. For any link I, we obtain %_( lo(D)| — (D) 1)< g*(l) and

g (D=grh=20
Al Al Al
U OEL)
Al I VI
() <ut()=u(l)
Remark. If / is a non-trivial weak ribbon link of 1 component, then
gFD=cF(l)=u¥()=0, but g(!)-c(l)-u(l)=0.

Question. In the above diagram of 4-dimensional numerical invariants of
links, which inequality can be replaced by an equality?
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