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Abstract: Linear regression models are foundation of current statistical theory and have been a prominent
object of study in statistical data analysis and inference. A special class of linear regression models is
called the seemingly unrelated regression models (SURMs) which allow correlated observations between
different regression equations. In this article, we present a general approach to SURMs under some general
assumptions, including establishing closed-form expressions of the best linear unbiased predictors (BLUPS)
and the best linear unbiased estimators (BLUES) of all unknown parameters in the models, establishing
necessary and sufficient conditions for a family of equalities of the predictors and estimators under the single
models and the combined model to hold. Some fundamental and valuable properties of the BLUPs and BLUEs
under the SURM are also presented.
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1 Introduction

Linear regression models are foundation of current statistical theory and have been a prominent object of
study in statistical data analysis and inference. A special class of linear regression models is called the
seemingly unrelated regression model (SURM) which allows correlated observations between regression
equations. In this article, we consider a SURM of the form:

21 y1=XB, + &1, (1.1
L V2 =X, + &, (1.2)

where y; € R™*! are vectors of observable response variables, X; € R"*Pi are known matrices of arbitrary
ranks, B; € RP1 gre fixed but unknown vectors, i = 1, 2, £, € R™*! and £, € R"™*! are random error vectors

satisfying
E[¥1| —0, cov|®l| = |21 22| _ 5 1.3)
£ & 2y X
Under these assumptions, (1.1)-(1.3) can jointly be written as
Z: y=XB+¢g, E(€) =0, Cov(e) =2, (1.4)
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The two individual equations are in fact linked each other since the disturbance terms in the two
models are correlated. Thus, such a pair of linear regression models are usually called a seemingly unrelated
regression model (SURM). It is well known that there are two main motivations for using SURMs in statistical
analysis: the first one is to gain efficiency in estimation of parameters by combining information on the given
different equations; the second is to impose and/or test restrictions that involve parameters in the different
equations. Some earlier and seminal work in this area was presented in [1-3], whereas there are relatively
many papers and also chapters in monographs on econometrics that approached SURMs, e.g., a thorough
treatment is given in [4], and a survey can be found in [5-7] among others.

In the statistical inference of .#; and .#>, a main objects of study is to estimate B; and predict &;, where
the traditional procedure is to establish estimators and predictors of B; and &;, respectively. It is, however,
better to simultaneously identify estimators and predictors of all unknown parameters in .#; and .%,. Some
recent contributions on simultaneous estimators/predictors of combined unknown parameter vectors under
linear regression models can be found, e.g., in [8—10]. In this article, we construct two general vectors of the
unknown vectors f; and g; in %, and % as follows

where

X; 0

» X=
0 X,

_ 1
v [Yz

ll)l = Glﬁl + H1£1, ll)z = GZBZ +H2£2, (15)

where G; and H; are given k; x p; and k; x n; matrices, respectively, i = 1, 2. Furthermore, merging the two
vectors gives

P, G, 0 H; 0
= H = = = . 1.
lp GB +HE, lp |:lp2 ’ G 0 G2 ’ 0 H2 ( 6)
In this setting,
E(Y;) = Gif; = G:S;f, E(p) =GB, .7)
COV(lpi) = H,-Zi,-H,/- = HiTiZ(HiTi)/, COV{lpi, YI} = H,-Z'i,- = HITIZT:, (18)
Cov(y) = HXH', Cov{y, y} =HZ (19)

fori = 1,2, where S; = [I,, 0], S, = [0, I,], T; = [In,, 0], and T, = [0, I,]. When G; = X; and H; = I,
(1.5) becomes P, = X;B; + € = V;, the observed response vector in .#; and .%,. Hence, (1.5) includes all vector
operations in .%; and .%, as its special cases.

Throughout out this article, R™" denotes the collection of all m x n real matrices, and use A’, r(A), and
Z(A) to stand for the transpose, the rank, and the range of a matrix A € R™", respectively; I, denotes
the identity matrix of order m. The Moore—Penrose inverse of A, denoted by A*, is defined to be the unique
solution G satisfying the four matrix equations AGA = A, GAG = G, (AG)’ = AG, and (GA)' = GA. Py, E,, and
F, stand for the three orthogonal projectors (symmetric idempotent matrices) Py = AA*, E5 = A+ = I,—AA*,
and F, = I, — A*A induced from A*. For two symmetric matrices A and B of the same size, A = B means that
A - B is nonnegative definite.

Concerning the predictability of i in (1.6), we need the following definition.

Definition 1.1. The vector ¥ in (1.6) is said to be predictable under . if there exists a matrix L € R®" such
that E(Ly — ¢) = 0. In particular, the GB is said to be estimable under . if there exists a matrix L € R¥" such
that E(Ly - Gf) = 0.

Definition 1.2. Let 1) be defined in (1.6). If there exists a matrix L such that

Cov(Ly - p) =min s.t. E(Ly-¢) =0 (1.10)
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holds in the Léwner partial ordering, the linear statistic Ly is defined to be the best linear unbiased predic-
tor(BLUP) of ¢ under .#, and is denoted by

IfH=0,o0rG = 0in (1.6), then the Ly satisfying (1.10) is called the best linear unbiased estimator(BLUE) and
the BLUP of G and He under .%, respectively, and are denoted by

Ly = BLUE »(GB), Ly = BLUP 4 (He), (1.12)

respectively.

BLUPs/BLUEs are well known objects of study in regression analysis because of their simple and optimality
properties in statistical inferences, and are one of the prominent research objects in the field of statistics and
applications. Because the BLUPs of 3, under .#; and %>, and the BLUPs of 3, under . are not necessarily
the same, it is natural to compare the BLUPs under these models, and establish possible connections for the
BLUPs, such as,

BLUP 4 (§,) = BLUP & (), i=1,2, (1.13)
BLUP & () = iﬂﬁ j((il))} . (1.14)
2 2

This article aims at establishing necessary and sufficient conditions for the equalities to hold, and presents
some consequences and applications of these equalities.

2 Preliminary results

We need the following tools in the analysis of (1.1)-(1.14).

Lemma 2.1 ([11]). Let A € R™" B ¢ R™X C c R™" and D € R™X. Then

r[A, B] = r(A) + r(EpB) = r(B) + r(EgA), 2.1)
. 2 ~ (&) + r(CFy) = r(C) + r(AFy). 2.2)

If %#(B) C %(A) and Z(C') C #(A’), then

AB

cpl~ r(A) + r(D - CA*B). 2.3)

r

In addition, the following results hold.
(@) r[A, Bl=r(A) = Z(B) C #(A) = AA'B=B < E;,B =0.

) r {2] =r(A) & 2(C") C #Z(A’) < CA*A=C < CF, =0.

Lemma 2.2 ([12]). The linear matrix equation AX = B is solvable for X if and only if r[A, B] = r(A), or
equivalently, AA*B = B. In this case, the general solution of the equation can be writtenas X = A*B+(I-A*A)U,
where U is an arbitrary matrix.

In order to directly solve the matrix minimization problem in (1.10), we need the following known result.

Lemma 2.3 ([9]). Let
f(L) = (LC + D)M(LC + D) s.t. LA =B,



982 —— Jian Hou and Yong Zhao DE GRUYTER

where A € RP*1, B € R™9,C € RP™ and D € R™™ are given, M € R™™ is nnd, and the matrix equation
LA = B s solvable. Then there always exists a solution Ly of LoA = B such that

f(L) = f(Lo)

holds for all solutions of LA = B. In this case, the matrix Ly satisfying the above inequality is determined by the
following solvable matrix equation

Lo [A, CMC’AL} - [B, —DMC’Ai} .
In this case, the general expression of Lo and the corresponding f(Lg) and f(L) are given by
Ly = argminf (L) - [B, -pMC'A | [a, cMC'A' | + U [, cMC)
f(Lo) = minf(L) = FMF’' - FMC'TCMF’,
f(L) = f(Lo) + (LC + D) MC'TCM (LC + D)’
= f(Lo) + (LCMC’AL + DMC’AL> T (LCMC’AL + DMC’AL>/ ,

.
where F = BA*C + D, T = (Al CMC’AL) ,and U € R™ s arbitrary.

3 Exact formulas for BLUPs of all parameters under SURMs

Classic estimation/prediction problems of unknown parameters in SURMs were considered, e.g., in [13—
15]. Some effective algebraic methods for deriving analytical formulas of BLUPs/BLUEs under general linear
regression models have recently been proposed and used in [8-10, 16-26]. In this section, we first give a new
derivation of exact formulas for calculating the BLUPs of t; in (1.5), and show a variety of algebraic and
statistical properties of the BLUPs. It can be seen from (1.1), (1.2), and (1.5) that

Liyyi - ¢, = LiXiB; + Li&; - G;B; - H;g;
= (LiX; - G)B; + (L; - Hye;
= (Lin' - Gi)ﬁi + (Ll - Hi)TiE, i= 1, 2. (31)

Then, the expectations and covariance matrices of L;y; — 3, can be written as

E(Ly; - ¢;) = (LiX; - G)B;, 3.2)
COV( Liy,- - ll)l) = COV[ (LiXi - Gi)ﬁi + (LiTi - Hl-Ti)e]

AN
= (L;T; - H;T)Z(L;T; - H;T;) = fi(L;) (3.3)

fori =1, 2. Hence, the constrained covariance matrix minimization problems in (1.10) convert to mathemat-
ical problems of minimizing the quadratic matrix-valued functions f;(L;) subject to (L;X; -G;)B; =0,i =1, 2.
Our first main result is presented below.

Theorem 3.1. Let ¢ and %, be as given in (1.1) and (1.2), respectively, and denote
Ci=Cov{y,, yi} =H;T;ZT;, i=1,2. (3.4)
Then, the parameter vectors Y, in (1.5) are predictable by y; in 1 and £, respectively, if and only if
Z(X}) D #(G), i=1,2. (3.5)
In these cases,

Cov(Lyy; - ;) = min s.t. ELiy; - ;) = 0 = Li[X;, Z;XF 1=[G;, CX7 ], i=1, 2. (3.6)
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The matrix equations in (3.6) are solvable under (3.5), and the general solutions fi and the corresponding
BLUP, (,) can be written as

BLUPg,(,) = Lyy; = LT;y = ([Gi, CXy I[Xi, ZuXi 1" + Uil Xy, ZiXy H) Ty, B.7)
where U; € RX*" gre arbitrary, i = 1, 2. The corresponding fi(Ly) and f;(L;) under (3.1)—(3.3) are given by
fi(L) = Cov[ BLUPg, () - ;]
/
= (16, CXFIIX,, ZX I T, - HT) 2 (6, CXF 1K, ZaXi T'Ti-HT;) . G8)
~ +
fily) = fL) + (LT,ET, - HyT,2T)) (x,-LT,-}:Tgxl%) (LiT,ET; - HT,ET})’
~ +
= L) + LiZii - C) (XP ZiX ) (LiZii - € (39)
fori=1, 2. Further, the following results hold.
@ r[Xi, ZaXi | =1[Xi, Za), 21 X;, ZaXi | = Z1X;, Zii] and 2(X) 0 #(ZiX7) = {0}, 1= 1, 2.
(b) L; are unique if and only if r[X;, Z;;1=n;, i =1, 2.
(c) BLUP (;) are unique with probability 1 if and only if y; € Z[X;, Z;; | hold with probability 1, i =1, 2.

(d) The covariance matrices of BLUP.(¥,), as well as the covariance matrices between BLUP (¥;) and 1,
are unique, and satisfy the formulas

/
Cov[BLUP« (¥,)] = ([Gi, CXi I[Xi, ZiXi ]+) i ([Gi, CXi I[Xi, ZiXi ]+) , (3.10)
Cov{BLUPg,($,), ¥;} =[Gy, C:Xi 1[X;, Z;iX; 1°C, (3.11)
Cov(tp;) - Cov[BLUP,(3,)] = H,T;Z(H;T;)’
li
- (165 CXi X, ZiXi 1) % (16 CXPIX 5% 1) G12)
fori=1, 2.
(e) The BLUPs of i; can be decomposed as the sums

BLUPy (;) = BLUE,(G;,) + BLUPy (H;¢;), i=1, 2. (G13)
(f) Ify, and Y, are predictable under %, and .45, respectively, then P11y, and P, are predictable under
£ and £, respectively, and BLUP (P;y;) = P;BLUP (,) hold for any matrices P; € Rk =1, 2.

Proof. It can be seen from (1.1), (1.2), and (1.5) that
E(Ly;-¢;) =0 = LX;B;-G;f; =0forall p; = LX; =G;, i=1, 2.

From Lemma 2.2, the matrix equations are solvable respectively if and only if (3.5) hold. In these cases, we
see from Lemma 2.2 that the first parts of (3.6) are equivalent to finding solutions il- of the solvable matrix
equations f,-Xi = G; such that

fily) = fiLy) st. LiX; =G, i=1,2 (3.14)
hold in the Lowner partial ordering. Further from Lemma 2.3, there always exist solutions f,- of fl-X,- = G;such
that (3.14) hold, and the fi are determined by the matrix equations

LiX;, TETX; ] =[G, HT,ZTX{ |, i=1, 2,

thus establishing the matrix equations in (3.6). Solving the matrix equations by Lemma 2.2 gives the fl- in
(3.7). Also from (3.3),

fiLy) = Cov(Lyy; - ;)
= ([Gi, CiXi 1[X;, ZiXi 1'T; - HiTi) z ([Gi, CiXi 1[X;, ZiXi 1'T; - HiTi)

!/
’
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as required for (3.8) for i = 1, 2. Eq. (3.9) follows from Lemma 2.3.
Result (a) is well known. Results (b) and (c) follow directly from (3.7). Taking covariance matrices of (3.7)
yields (3.10). From (3.4) and (3.7),

Cov{BLUP & (¥,), ¥;} = Cov{Liy;, ¥;} = LiCov{y;, ¥;} =[Gy, C:Xi I[X;, Z;X{ 1°C},

thus establishing (3.11) for i = 1, 2. The two equalities in (3.12) follow from (1.8) and (3.10). Results (e) and (f)
are direct consequences of (3.7). O

We next derive the BLUPs of 4 and 1, under .#, respectively. Note from ., (1.5) and (1.6) that

Ky - P = KXB + Ke - GB — He = (KX - G)B + (K - H)e,
Kly - ll)i = KIXﬁ + Kif - Giﬂi - Hisi = (KlX - G,S,)ﬁ + (Kl - Hl'Ti)S, i=1, 2.

Then the expectations and covariance matrices of Ky - 3 and K;y - i, can be written as
E(Ky-9)=(KX-G)B, E(Ky-y;)=(KX-GS;8B, (3.15)
Cov(Ky - ) = Cov[ (KX - G)B + (K- H)e] = (K- H)Z(K - H) 2 g(K), (3.16)
Cov(Kiy - ;) = Covl (K;X - G;S)B + (K; - HiTe | = (K; - HiT)E(K; - HiTy) 2 gi(K;) (3.17)
fori =1, 2. Our second main result is presented below.
Theorem 3.2. Let .# be as given in (1.4), and denote
J=Cov{y, v} =HZ, J;=Cov{y,;, v} =H;T;Z, i=1, 2. (3.18)
Then, the parameter vector ¥ in (1.6) is predictable by y in . if and only if
#X') > %#(G'), i.e., ZX;) 2 #(G}), i=1, 2. (3.19)
In this case,
E(IA(y— P)=0and Cov(ﬁy— Y) = min & K[X, 2X"] =[G, JX*]. (3.20)

The matrix equation in (3.20) is solvable as well under (3.19), while the general forms of K and the corresponding
BLUP«(¥) can be written as

BLUP, () = Ky = ([G, JX-[X, XL+ UK, EXE H) v, (.21)

where U € R jg arbitrary. The corresponding g(lA() and g(K) in (3.16) are given by

g(K) = Cov[ BLUP, () - ] = ([G, XX, ZXE ] - H) > ([G, JX (X, ZX5 ] - H)/ , (3.22)
g(K) = g(K) + (KZ - HE) <XL2XL> "KZ-HZ) = g®) + KE-)) (xizxL) "kE-y). (3.23)
In particular, the parameter vectors ¥, in (1.5) is predictable by y in ¢ if and only if
#X') 2 Z[(G;S)], i=1, 2. (3.24)
In this case,
E(K;y - ;) = 0 and Cov(Kiy - ¢;) = min < K,[X, X" 1= [G;S;, J;X' 1, i=1, 2. (3.25)

The matrix equation in (3.25) is solvable as well under (3.24), while the general forms of K- and the corresponding
BLUP«(;) can be written as

BLUP, () = Kiy = ([G:S;, JX"I[X, X" 1"+ Ui[X, ZX"T")y, (3:26)
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where U; € RY*™ gre arbitrary, i = 1, 2. The corresponding g;(K;) and g;(K;) in (3.17) are given by
gi(K;) = Cov[ BLUP2 (p,) - ;]
/
= ([6:8, JX"1X, X" 1" - H,T) £ ([G:S;, JX"][X, ZX" ] -HT;) (327)
= Lol )T
gi(Ky) = gi(Ky) + (K:Z - H;T,2) (x X ) (K2 - H;T;2)
~ +
- giK) + (K2 -1) (X 2X") (KZ-T)) (3.28)

fori=1, 2. Further, the following results hold.

(@) r[X, ZX']=1[X, 2], Z[X, ZX ] = z[X, Z], and Z(X) N Z(ZX*) = {0}.

() Kis unique if and only if r[ X, 2] = n.

(c) BLUP«(¥) is unique with probability 1 if and only if y € Z[ X, X] holds with probability 1.
(d) The following covariance matrix formulas

Cov[BLUPy ()] = ([G, JX“ X, ZX* ]*) > ([G, JXH[X, =X ]*)/,
Cov{BLUP%(®), ¥} =[G, JX ][ X, ZX 'Y,
Cov(yp) - Cov[BLUPy ()] = HEH' - ([G, XL X, ZX* ]+) > ([G, XL X, ZX* ]+)/ ,
and
CovIBLUP, ()] = (68, JX* 11X, 2% 1) 2 (1658, JX 11X, 2% 1)
Cov{BLUP%(§,), ¥;} = [G;S;, J;iX" I[X, ZX"1'J;,
Cov(y,) - Cov[BLUP (3,)] = H;T;Z(H;T;)’
- (163X X, 2% 1) 2 (1685, X 1%, 2% 1)
hold fori=1, 2.
(e) The BLUPs of ¥ and ; satisfy the following identities

BLUP4 (1) = BLUE«(Gp) + BLUP(He),
BLUPy(y,) = BLUE%(G;B;) + BLUP»(H;¢;), i=1, 2.

(f) Ty is predictable under .#, then BLUP (Ty) = TBLUP () holds for all matrices T ROk,

Proof. Itis obvious from (3.15) that

EKy-9)=0<KXB-GB=0forall p < KX =G,

E (sz— lI)l) =0< KIXﬁ - GiS,-ﬁ =0 for HHB ~ KIX = G,-Si, i= 1, 2.
From Lemma 2.2, the matrix equations are solvable respectively if and only if (3.19) and (3.24) hold, respec-
tively. In these cases, we see from Lemma 2.2 that the first parts of (3.20) and (3.25) are equivalent to finding

solutions K of the solvable matrix equations KX = G and K- of the solvable matrix equations ﬁ,-X = G;S; such
that

g(K) = g(K) s.t. KX =G, (3.29)
gi(K) = giK) st. KX=GS;, i=1,2, (3.30)
hold, respectively, in the Lowner partial ordering. Further from Lemma 2.3, there always exist solutions K of

KX = G and K; of K;X = G;S; such that (3.29) and (3.30) hold, respectively. Applying Lemma 2.3 to (3.29) and
(3.30) leads to the conclusions in the theorem. O
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4 How to establish decomposition identities between BLUPs under
SURMs

The exact formulas of BLUPs and their analytical properties presented in Section 3 enable us to conduct
many new and valuable statistical inference for SURMs via various matrix analysis tools. Especially through
comparing the formulas of the BLUPs of the same unknown parameters under two different models, people
can propose various types of equality between the BLUPs. Some previous and recent work on the equivalence
of BLUPs under linear regression models can be found in [27-30]. In this section, we derive necessary and
sufficient conditions for (1.13)-(1.14) to hold, and present some of their direct consequences.

Theorem 4.1. Assume that ; in (1.5) are predictable under ¢, and %, , i.e., (3.5) holds, i = 1, 2. Then, they are
predictable under .# as well. Also let BLUP 4 () and BLUP & (;) be as given in (3.7) and (3.26), respectively,
i =1, 2. Then, the following statements are equivalent:

(a) BLUP»(;) = BLUP & (), i = 1, 2.

[X; Cov{y;,y}
®rlo X -7 )(()’ COV;V,”V} Ji=1, 2.
G; Cov{w,, v

Xi Cov{yi s XJ_V}

© "6, covi, X'y}

= T[Xi, COV{yi, XLY}]’ i= 1; 2.

@ # ([Gi, COV{![JI-,XJ‘V}]') c# ([x,., COV{V,-,XJ‘V}]/) i=1,2.

Proof. 1f (a) holds, the coefficient matrices of BLUP & (3;) and BLUP (;) are the same, i.e., the coefficient
matrices of BLUP ¢ (,) satisfy (3.25)

(16, CXF X, 20X T + Uil ZaX 1Y) TiX, 2X 11 = 68, JiX ), =1, 2. (4.1)
Simplifying both sides by (2.1) and elementary block matrix operations, we obtain

(X X T TX, 2X1) = r(IX Z " TiX, 2])

r[Ti[X’ Z]’ Xi’ zii] - r[xi7 zii]

r[ [Xi’ 0]) Tizy Xi) Zii] - r[Xi! Zii]
=X, Zii | - r[ X, 23]

=0,

that is, 2(T;[X, ZX*]) C Z[X;, Z;;X;"]. In this case, we obtain by (2.3) that

e 1%Ll Te. cxLliv. sowLl]T L _-[Gisi’]ixl] Gy, CXi 1| o 5
{1681 3% - G CXFIXG, ZaX{ T TX, EX T} or| S S L | - e 2
G; JiX' G; CX}
= -1[X;, X
Tlx, TEXE X, Zpxs| LR il
G )i C
X; T2 %
=r 0’ );, 0” -r(X) - r(Xy) - r[X;, 2] (by (2.2))
0 0 X




DE GRUYTER Seemingly unrelated regression models =—— 987

[G; H;T;Z H,T; 2T,
X; T;Z T2T,
0 X 0
[0 0 X!
[G; H;T;Z 0

X, T, 0

=r 0' ;(, o - r(X) - r(Xy) - rlX;, Zii]
[0 0 X

[Gi Cov{y;, v}

=r|X; Cov{y;,y} | - rX) - r[X;, Z;i]

0 X’

[G; Cov{y,, X1y}
Xi COV{YI' ) XLY}

-rX) - r(Xy) - r[X;, 2]

-r[X;, Z;] (by (2.2)).

Combining this equality with (4.1) leads to the equivalence of (a)-(c). The equivalence of (c) and (d) follows
from Lemma 2.1 (b). O

The following results are direct consequences of Theorem 4.1.
Corollary 4.2. Let BLUP & (3;) and BLUP »(;) be as given in (3.7) and (3.26), respectively, i = 1, 2. Then,

the following statements are equivalent:
(@) BLUE»(X;B;) = BLUE4(X;B;),i=1, 2.

(b) BLUP(g;) = BLUP 4 (g;),i=1, 2.
[X; Coviyi, v}

© r|o ). ¢ =r
| 0 Cov{e;, v}

X; Cov{y;,y}

o L2

Xi COV{Yi s XLY}

d
@ r 0 Cov{g;, X'y}

= r[X;, Cov{y;, X1y}l i=1, 2.

€ % ([o, cOv{si,xLy}]’) cz ([xi, cOv{yi,xLy}]’) i=1, 2.
() # (ICov{en X y))) € # (ICov{Xiyi, X1y})) ,i= 1, 2.
Corollary 4.3. The following statistical facts are equivalent:

o mi - (1420

(b) BLUP%(th,) = BLUP, () and BLUP »(h,) = BLUP, (p,).

Corollary 4.4. The following statistical facts are equivalent:

_ [BLUE 4, (X18,)

(a) BLUE#(XB) = BLUEfZ(XZﬁzl) .
_ |BLUP, (£1)

(b) BLUP2(&) = | b i, () | -

() BLUE(X1p,) = BLUE, (X1 8,) and BLUE & (X,8,) = BLUEy, (X,8,).
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(d) BLUPg(sl) = B]_‘Ul:)_gg1 (81) and BLUPg(Ez) = BLUP_{f2 (82).

Finally, we present a group of consequences for the covariance matrix ¥ in (1.3) given by X =
diag(0?In,, 031,,), where 02 and 03 are unknown positive numbers. In this situation, (1.8) and (1.9) reduce
to

Cov(y,) = o?HH], Cov{y;, v;} =0?H;, i=1,2,

oHiH, 0 o’H; 0

Cov(yp) =
ll) 0 O'%Hzle 0 O'%Hz

, Cov{y, y} =

Corollary 4.5. Let ., and %, be as givenin (1.1) and (1.2), respectively, and assume that the parameter vectors
Y, in (1.5) are predictable by y; in (1.1) and (1.2), respectively. Then

BLUPg,($,) = [G;, ofHXi I[X;, 07Xy I'yi = (G:X] +HXy;, i=1,2.

Further, the following results hold.
(a) The covariance matrices of BLUP.(,), as well as the covariance matrices between BLUP . (y,) and v,
are unique, and satisfy the equalities

Cov[BLUPy, ()] = 0/(G;X] + H;X7 )(G;X] + H;X{ ),
Cov{BLUP (¥,), P;} = 07(G;X; + H;X{)H],
Cov(wp;) - Cov[BLUPy (,)] = 07 H;H; - 07 (G;X; + HX7)(G;X] + H;X7)

fori=1, 2.
(b) The BLUPs of ; can be decomposed as the sums

BLUPy, (,) = BLUEy (G;;) + BLUPy,(H;g;), i=1, 2.

(c) Ify, and @, are predictable under (1.1) and (1.2), respectively, then P, and P, 1, are predictable under
(1.1) and (1.2), respectively, and BLUP . (P;);) = P;BLUP (¥,) hold for any matrices P; € Rk §=1, 2.

Corollary 4.6. Let . be as given in (1.4), and assume that Y in (1.6) is predictable by y in .¥. Then

(G1X] + Hi XDy

BLUP4(3) =
- (62X} + H, X))y,

s

BLUP%(y,)| _ |BLUPg ()
BLUP%(,)| |BLUPg,(,)

BLUP4 (i) = BLUE%(Gp) + BLUPy (He),
BLUP4(y,) = BLUEw(G;B;) + BLUPy(H;€;) = BLUEy (G;B;) + BLUPy, (H;gy), i=1, 2.
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