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D”E REMARKS ON GENERALI ED HADAMARD MATRICES AND THEOREHS
RAJKUNDLIA Gt SDIBDS

JENNIFER SEBERRY

Gangtrucrtors are given jbr generaliged Hadamard mutrices and weighing mairices

‘with entrias fraw abelign groups.

Thece are then uaed to cgnstruct fhmtltes of SHIHD& giving altﬂrna a provfe o

thase of Rajlumdiia.
1. DEFINITION -

" A'genaralised Hadamerd matriz GH{n,G) is an n»n matrix with elements from the
abelian group G of order |Gl such that if g = {a1.-...a ) and b = (b;,...,h ) are any
two rows of GH{n,G) then the elements aibi“%’ i=1,...,n give n/{G| copies of .
These matrices were considered by Butson [4,3], by Shrikhande [181 in comneection with
combinatorial designs, by Delsarte and Goethals [6,7] in conncction with godes and
Drake [8] in connection with A- goometries.

A generalised weighing matrix G¥(n.k,G) is an nxn matrix with clements from
the abelian group G nf order |G| and zero, there are k non-zero elements per row and
column and if a = (al,...,a ) and b = (bl,...,b ) are any two rows of GW(n,k,C) then

the elements aibi 1, i=1,...,n give &, copies of G. If A_. is a constant for all

ab ab

a and b we have a balanced weighiﬁg g br L.
" Weighing matrices, the special case with G the cyclic group af order 2 have

been studied extensively [10,11,13,1%,22]. ‘Their name comes from Yates [25] who gave

an application in the accuracy of measurements. .Balanced weighing matrices Have becn

studied in connection with combinatorial desighé'by Mullin and Stanton [14,15,16,21]

" and Berman {23, Complex weighing matrices have heen studied by Berman (3] and

_ Geramita and Geramita [93.

To illustrate that Berman's generalised weighing matrices and ours are not the

same we consider

¢ 1 1 i
ae |40 1
iZ i 0 1
i 42 0]
which satisfies AA* = 3T and is a- W(4 3,%4)} when 12 » -1 but is not a genmeralised

wezgh1ng matrix by our definition as the product of rows 1 and 2 is {1,1 } and we noed
{1,i,i2,i%}. )

- Fatation. Throughout this paper we use Zq for the cyclic group on q symbols and Cpr

for the elementary abeliar group Zp pr o xzp.

For cur purposes an SBISN(v,%,3) is a matrix with éntries and 1 of prder v
with % ones per row and colwm and inner product between rows of i,

David Glynn [12] has found the only GW{v,k,G) known to the author where G is
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not an abelian grovp. Consider the miltiplication table for S;

|

1l e
2+~ [123}(456) .
3+ (1323(465)
C 4 [147(26)035)
5 + (15)(24)(36)
& > (16](25)[-34}

[T
T : = [
[T . - ba |
N T N ]
Wi e & o AR
[ R .m -:- U‘-. LEch

|- ST
T L R ot e OO

Then the clroulant matrix with first row .
. (051401 1656040)
is a generaliscd weighing marrix G¥(13,9,54). i

2. A FAMILY OF GENERALISED WEIGHING MATRICES

We first give a more direct construction for a result implicit in the work of
RajkundIia. We mote that our matrix implies the one of Berman but has.an.additional
' ] pfoper_ty and is ohktained quite di.fferently'. ) . ) '

Let vy be a primitive element of CF{p"). Let q_i pr_- 1 and iet o be a gererator

of Zq, the cyclic group. Write g = 0,g2,...,gp'r Eor the elements of GE(p’) and
dJefine M = (mijj of order pT+ 1 as follaws:

g <0

ok : k
m,, = @ where g. - g, =
My e g; £, 3 ¥
m{)J = njn =1, .

Exarple.  Let y be a primitive' elepent of GF{2?) and w be a primitive element of

GF(3) where q = 3. lrite gy = 0, gy =1, g3 = v, g = ¥+ 1 for the clements of
GF(2?} using +¢ = .'\71'_ 1. HNow )

o to1 1
. —
1 ¢ 1 w W
M= 1 o 0? W
1 w wi ¢
I wlow 0

We note that M is a GW(5,4,%3).

| Evample. let y = 3 be a primitive olement of GF{7} and w be a primitive element .of
GF{3] where q=3. HKrite g =

i-1,1i=1,.4,7 for the elements of GF(7), HNaw
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S S e Lanrn s
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: G‘-"J(prﬂ_,p_r,z }. First M has the clements. 0,1 {{p _-1)/q+ 1 times), snd a,a%,...,a

comes frem m,
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L4
fooo37 1 1 1 1 ]
001 w?ow ow o owdd
i 1 0 W ow W
1 w21 0 1 w e w
M= {1 w o 1I' & 1 w w
I w ow _tuz I 0 1
1wl ow ow o wfl 0}
1 1w w? 1 0 i
- We note M is a GW(8,7,24). .
' Theorem 1.  Suppose pl isa prime power snd q | pr - 1. Then there existe 2

balanced G\‘J(p +1,[1 Z ]

- Proof, Construct H of ordcr ‘p +1 as above. We show M is the required
Q-1

. {each’ (pr-'l)q times) in ‘each row [Column} but the first. S0 we have the group

property with respect ‘to the first row.

We now consider the other rows. We comsider g = pf-i. Suppose g -g. = v,
L

. . B i - _
g. -g Ts then m, . = o, mkj_s of. We wish to show that m].jm_. Lo cannet

11 k}
arlse in any eother way. We proceed by reductio ad absurdum. Suppose there exists
other c:lltnes S0 g -g; o and ™ Ek = 7 , where m i = Ya_ and LA '=_ of,  That is,
mmxmmk- ~_ua * hhere a~-T = b-s. Thon gk I - Y = 71-‘-(1'&"1‘-1) and
'gk “By T Yb-ys-z ys(yb‘s-‘i). S0 s = 17 and a = b, But this mecans there were ne

other entries. Hence cach of the p¥ -2 elements mijm -1, idj, kdi,j= l,....,q
’ H

. kj
is cllfferunt. It is not possible for mij = Py 30 the p'r-;? elements are a,...,a’ ",
The 1 comes from m, .m 1 '
We saw that when q = Pr_ 1 the pr-Z elements mijmkj_l’ i, k4G,

i=1,.7.,q4 where a,...,uq-l. llence if qq Epr.-l_so 22l = 1 these pr—Z elenents
will be a,...,aM ! ((pT-13/q, times) and 1 ((p'-1)/qy - 1 times). The additional 1

i0™x0
S& we -have a general;sed Gi'l(p +1,p ,Z 3}, The matrix is balanced as the undexr-

lying SBIBD is {p +1,p »P —1}
Remark.  This comstruction was first given for g = 4 in [19, P 29'?]

3. SOM: GENERALISED MADAMARD MATRICES Gli(pr,Cpr] and GH(p" (p -1),(:9,]’

Thp m;(pr,sz_...xzp} was first noted by Drake [8) but we give it here for
illustrative purposes. .
Let x be a primitive element of GF(.pT]. We form
X+ [xI7itlimed p-1n

Now the generali;eﬁ ladamard matvix on the elementary abelian group in additive form
is formed by reducing the elements of X modulo a primitive pelynomial and adding a
‘zeToth Tow and column which is the additive identity. This matrix can now be written

multiplicatively to obtain m(p",szsz. . .xzpj.



=4

For example, let x be a primitvivé element of GI5{3:'-). We form’
i=x x5 - X
X ox X L%
x x? X e X
then the generalised Hadamard matrix using x* = x+ 1 is
3} o o 0 0 3} i} 0 ) at
i} X %+l Zued 2 2x 2x+ w2 1
0 1 x x+] 2x+] 2 ©2x 2x+2 x+l
o x+2 X oxl 2ael 2 2x 2x+2
0 el Zxe)l 2 o 2x 2x+2 x+2 1 x
or in muitiplicative form
1 i 1 1 1 1 1 1 1
1 ab alpb . b2 a?  a™?  apt b
1 a ab a?n b2 ‘al atp? ah?
1 - ab? b a ab a?b  b? a? a’h?
1 ab a%y  »? aZ  a??  ap? . b a .
The corresponding matrices, if x {=3) is a primitive element of GF(5}, are
’ o 0 0 0 0 1- 1 1 1 1
x x? X 9 3 4 2 1 1 .a a* &l a
Y ox x¥ 6 1 3 4 2 1 a a® a* a?
x? X" xZ a 2 1 3 4 1 =a a a® a"
x? x3 X o4 2 i 3 1 & al a al

For*reference purposes we note the follewing theorem.. A direct proof of (ii},

inspi:ed by Rajkundlia; will appear elsewhere.

where Cpr ig ﬁhe:e;mmeﬂ;ary abalian growp

“ai(p"(p"-1) oy

Theovem 2. (i) Ouppoae p* 48 a prime power. Then there iz a GH(pr,Cpr}

(i) Suppoas pr and pT-Al anre

both prime powers, Than

where CPr ts the elementary abelian group.

there is a

Exumple of construction-of.Gﬁtlﬁ,izxZZJ

Le ~.a b ab has core C = ¢ ab b
e | e a b ab ’ ab ¢
atla e ab b. a
bbb ab L]
abiab b = e '
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The gannralikcq Hadamard matrix of order 4:

13 a e @

e a b ab has core K = a b ab
e b ab a b ab

e ab & b ab a

Let 1, T, Tz_ of arder 3 be a matrix representation of e, w, w? where w is a cube

root of unity, then

W= g £ €
e W wi
£ W oW

is a generalised Hadamard matrix of order 3.
" Now define ' S g

' C*'H = eE abe be
abe ew - aws

be aw?

aw
and - .
' D= ok abk bk

abk  eKT akKT?
. bK akT?  ekT-
and the following is the required matrix;

e ¢ e 2 g |3
e e L. ah a
e e e ab 8 b
gt ' ab' ek &bk bK
e gb' a' abk  eKT  aKT?
e a' b’ bK  aKT?  eKT

n
-]

where a = {a a a] and a' Expligitly



e e @ [ L] € ] ] @ e a [
e e e b b~ b ab  ab abr a a a
] e ¢ ab &b ab a a a b b b
2 ;a_b b a b ab a e ab e a
e ab . b ab "a b e b a a ab e
¢ ab b b ab a a e b e a ab

G= e b a ab e a b . e ab _b_.ab__ a.
e . b a a ab e ab b e a b - &b
e h a e a ab e ab h . ah - a b
e 'a "ab " b a e a b ab a b e ab
E a ab ¢ b a ] ‘b ab ab g
e a ab a [

. b ab a b e ab b
is a QIf12,Z;%2;). '

4, USING fW{v,k,G) TC CONSTRUCT SBIBB .
Wirite P for the matrix with 1 where David Glynn's G7(13,9.8,) has zeros and 9
where the GW is nom-zere and & = (1,1,i,1,1,1). Then, ‘as Glynn vhserved,

T I1a%e

Iyyxe’  GH(13,9,53) with the

S be = group eluments replaced

by their permutation

matrix representation

is the incidence matrix of t'.he Hughies plane of order 9
In gcr'lerzl.l, ‘We ¢an say
) Lemma 3. Supposs there exists a_Gﬁ'f[pz+p+I,p2,G], {G] = plp-1)." Then forming
‘06 admilarly to the above we have thé incidence matriz of a tangentialiy tramsitive
projective plane of order p?. . ) o
Remark. 1£ C is an "interesting group" then 'thg related projt_act_i\.’e plane will also -
he "“ipteresting".
'I.\'e.now givé some other constructions using géneralised weighing matrices.
Yheorem 4. - Suppose there ia a generalised balanced weighing mairix
W= G‘J(\i,k.zd) with entries, 8%, which are gt roots of waity, Suppose the wnder-
lying SBIBD has parameters (v,k,3). Ther if d(v-k) = k- 1 there exigte a BIBD
(vid2,vd(d+1),k(d+1),kd, k)
and gn SBIBD

(wd{dv1)+l,vds1, k).

Proof.  Each entry 8%, of the GH(v,k,Zg), is First replaced by GiGli{d,Zd]
whgre CH[d,_Zd) is the generalised Hadamard matrix. Now "B of order vd® with kd ones

por row and column is formed by replacing each element, ai, by its permotaticn matrix
representation A; of order d. W has inmer products O,k,3.

"A and wc sre formed by replacing 0 by Gd, the dxd zero matrix, and e by
sxA and e xA respectively in W, with e the de matnx of ones, Now W, has inner
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S
products h,0,4/d, is of size vd¥x vd, and lay k ones per row and hd omes e golumn.

[WA' WB} is the vequired B;BD.

The matrix Wy is now obtained by replacing each zero element of K by 4 the

_dxd matrix of ones ﬂnd each non-zero cloment by Ud Then, with £ the 1xvd matrix

‘of ones,
1 - f ¢
T -
£ WD L
1] WA “B

is the required SBIBD.
Example. Berman has shown that there iz & circulant matrix W = w’{2t*l-l}f3 Zt- )

t 3 3 odd, with entries the cube roots of unity 1,w,w%.  Since 3 is prlmc. ¥ is a

balanced GN[(2t+l 1)73,2%"1 ,Z3}. We replace dach element o by
Jr1 1]
wt 1 w w?
1 w? w

610

1060

“and 0'by 0;. We form iy by replacing w' by '[0 B 1] and 0 by 0y

W, and Wo are obtained by replacing 0 by 03 and o by

i 0 1 oft 010i
1 x {0 0 1 and [1111%]0 0 1
1 10 0 : 10 0

respectively.

Since ¥ is orthogonal, the inner product of any two Tows is a multipie & of

L. Further, since replacing 1,u,w? by 1 gives the incidence matTix of a
f At -13/3, 2t 3.2t~3] difference sct, we See i = Zt'sA Now W, is of order
3[2t*1—1) has 3.2t‘1 onEes per rou and column and has 1nner products of rows 0 2 -1
or S.Et‘s; W, is of size 32" —1) = 2", has 281 gnes per row and 2°71.0 or
23 Wé is of size {2501y x3(2%* 1-1} has 3. 2 1 ones per row and AR enes per
column; further, it has inner products 0 or 3. 2t
[¥4 ¥a] s = B1BD [3{2“1-1). 2 ‘.3-4,2“‘,3;;'“1,2"1}.

Ne form ND by replaC1ng the zerus of W by J3 and ell other glements hy 04,
Since ﬁ is based on a [(2 3]/3 (1 l)/3 [2 1)/3j difference set, it has
t-1
2

-1 anas por row and colunn and imner products 25 -1 end 25 P11, S0 with e
the 1x (2"*1.1) matrix of ones we have '
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1 e

oWy

1 WA
. t+3 l gt : -
is the incidence matrix of a (2 -3, 2t ) SBIBL. . N

%o we have a new proof of a case of a theorem of Rad]undlla. .

Coroxlarz'__f_ia, Lek t > 3 be odd. Then there exwts an SBIBD tith pamreters )
(213,20 ot
Exgmple. Berman exhibits a W(16,2]) with entries which are cube reats of unity.
Since d = 3, v = 21, k& = 16 satisfies 3(21-16} = 16-1, the tﬁeorem tells u«-, there
Is an SBIBD (253,64,16). ' . '

Corollarx 6. Suppose there iz a GW{p+1,p,2 1). Then there em'.sfé an SBIBD
with parameters. [p(p?-13+1,p2,p). In particular, cm SBIBD [’p(pz‘-l}?l,pz,pj entste
whenever p 18 a prime power.

This family of SBLBDs has re(:entl)r been found b)’ Becker and P]per {1] and in
mare general form .by Rajkundlia.

Theorem 7. Suppese there is a balaneed gen’emiised waighing mabrin
Chi[v, X, sz' Supposa the urderlymg SBIBD. has parmetcz's (\r,k,;\)' CThan Lf
v -1 = (v-k){d-1} -there exiete an SBIBD

v, ked(v-K),d{v-Kk}).

Progf. Replace each non-zero element by its 4 x4 permutation matrix Tepresen-

tation and each zero c¢lement by the d x(_i matrix of ones,
Hyyss,250)

cube root-; of unit)’ Si_:"_nce 3 is a prime, this mateix is a halanced

Berman found ciTculant N[(Z , t 2 3 odd, with entries which are
iz 1yys, 23}.: This satisfies the conditions of the theorem and so weé have
the family of SBIRDs (2“1—1,2t—1,2t_1—1] which is, of course, well-kmown.
N ; roal z z - 2 Ty ot
Ccf:ullarzj_ii. Sr..q,pose thers ea:'wt.a_' a GW{p-+l,p ,ZPH). Phen thera e:;zst.s an
£l 2
sprep (B, 2L R :
p-1 p-1 p-17
This gives the well-known family of SBTBEDs (L L— . %l‘ when p is o

p-1
prime 1)0wcr for in this case we know the Gﬂf(p +1,p? ,,¢. ) exists fron Thearem 1.

3. USING GENERALISED HAUAMARE MATRICES

We mow give an alternate construction for the SZIBD of Corellary 6.
Theotem 9.  Suppose there exists.a gemeralised Hadmmard matriz
Gii[qp (p l) C J where CIJ ie an abelian group, Further, cuppose an SEIRD

[p(qp -1, qp P 1] . existe with incidenae matriz containing My = J Then

. . s apt-p+l’
there exists an SBIED (plap  1-1)+1,q0'*F,qpl).

Proof.. Let e, be the 1=t matrix of ones and J. the £xt matrix ‘of ones;
Lev 0., 0, and 0, be zero matrices of sizes KNy, ¥EX and y*y respectively,
where x = p(qp ‘p+1] and y = pe-lp+ 1. Let _Al,....np.bq the pxp permutation

P
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L . N . .
matrix representation of Cp' . Write Qi(A) for the (0,1) matrix obtained by replacing

“each clement of Cp by its appropriate matrix representation, .Then GH{A) is a

symmetrical group divisible design with parameters

ivl

M lp-13,qp% (p-1),qp" (p-1),0,q "1 (p-1) gt (p-1) 1) -

ap* T p-1) .9

We write the incidence matrix of the SBIBD [p{qpl-l)i-l,qpl»‘l?'i-l} as

M Mz M X My Mo ]
My My . - My = Y J -
where Mj is (ap’-pel) x (@ -p+1}, My is (ap’-pel} x qp(p-1}, M3 s qp’{p~1) x (qp’-pe1)

and My, is qpi(p«lj x qp'(p-1). Kow form

Ml)‘Jp 08

ST
Y 1(A
epx .G()

which is the incidence matrix of the required SBIBD,
fe note in passing that .

[e;sé Y GH(A)]

- 1% a pairwise balanced design [qpi”{p-l);qpi*l,@i(p-lj;qpi] .

In particular, we note that if g = 1 and p and p~ 1 are both prime péwel‘s, .
the f}_{[pi[p—l),c ) exists for all positive i, as does the SBIBD {pl-p+1,p,1}. So an
SHIBD {p(pz—l)tl,pz,p] of the right form exists by the theorem. 'chce., by inducticn
we have Rajkundiia’s theorem as a corollary. '

] Corallary 9. Suppose p ard p- 1 are prime powers. Then there exists an
58180 (p(p** 1o1)+1,p* 1,5 ) for il positive i.

E&umple.
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1 i 1 =] e
1 1 1 e e
1 1 1 e e
. -] c
' L] e e
e e =
a e 1=
£ £ f T T T S
£ Ol 1T T TT
£ £ I T T, M T2
£ £l1 21t 1 1 T
£ f gl 2T 107
k £ £ f 1 T T T oT I
1

where e = {1 1 1] and £= |17 'i5 a {25,9,3).

(1]

(21

B

[4]

[5]1

[71
[&]
fa]

i10]
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