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Abstract. The purpose of this paper is to correct some drawbacks in the proof of the well-
known Boundary Layer Theory in Oleinik’s book. The Prandtl system for a nonstationary
layer arising in an axially symmetric incopressible flow past a solid body is analyzed.

Keywords: Boundary Layer Theory, error, Prandtl system
MSC 2000: 35Q30, 35K50, 76D05

1. PRANDTL SYSTEM

At the International Mathematical Congress held in Heidelberg in 1904, Prandtl, in
his lecture “Fluid motion with very small friction”, suggested a new theory, currently
called the theory of boundary layer. He showed that the flow about a solid body can
be divided into two regions: a very thin layer in the neighborhood of the body (the
boundary layer) where viscous friction plays an essential role, and the region outside
this layer where friction may be neglected (the outer flow). Thus, for fluids whose
viscosity is small, its influence is perceptible only in a very thin region adjacent to
the walls of the body in the flow: this region, according to Prandtl, is called the
boundary layer. This phenomenon is explained by the fact that the fluid sticks to
the surface of the solid body and, owing to friction, this adhesion inhibits the motion
of the fluid adjacent to the surface of the solid body. In this thin region the velocity
of the flow past a body at rest undergoes a sharp increase: from zero at the surface
to the values of the velocity in the outer flow, where the fluid may be regarded as
frictionless. Thus, for the Navier-Stokes system describing viscous flows, we observe
the phenomenon peculiar to many classes of partial differential equations with a
small parameter as a coefficient of the highest order derivatives.

* This paper was supported by NSF of China (10571144), NSF for youth of Fujian province
in China (2005J037) and NSF of Jimei University in China.

81



Prandt] derived a system of equations for the first approximation of the flow
velocity in the boundary layer. This system served as a basis for the development
of the boundary layer theory, which has now become one of the fundamental parts
of fluid dynamics. There is a vast literature on theoretical and experimental aspects
of that theory. Mathematical methods have an important place in the theory of
boundary layer. Mathematical studies of the Prandtl system reveal the nature of
the equations governing the flow within the boundary layer and, thereby, provide
a description of the laws (in their qualitative and quantitative aspects) underlying
the motion of fluids with small viscosity. This approach requires an investigation
of such topics as the well-posedness of various boundary value problems and of
stability of their solutions with respect to perturbations of the given quantities.
Another group of problems deals with the qualitative behavior of the solutions and
their asymptotics. Finally, of great importance for applications are the methods for
approximate solution of the Prandtl system and subsequent evaluation of the rate of
convergence of the approximations to the exact solution.

Among lots of results in boundary theory, the classical and well-known results
were obtained by Oleinik, see her book [1]. Oleinik’s methods and results are very
beautiful. However, when reading [1] thoroughly, we find that there are some errors
in the proofs. Though perhaps these errors are not so essential, they nonetheless are
not simple errors such as misprints and they actually make reading [1] more difficult.
From the point of view of completeness of mathematics, we think it is necessary
to correct these errors. It took us much time to do the modification. We only
discuss the Prandtl system for a nonstationary layer arising in an axially symmetric
incompressible flow past a solid body. We would like to point out that there also
exist the same errors in the discussion of the other nonstationary Prandtl systems
in [1], and all these errors can be corrected as is shown in our paper. Our proofs
follow the outline in [1]; we will point the errors in the form of problems and then
give methods of how to solve these problems.

The Prandtl system for a nonstationary layer arising in an axially symmetric
incompressible flow past a solid body has the form

ou ou Ou 0U oUu 0%u

1. AP Bl Y § Al

(1.1) ot oz Ty T o Ve TVae
A(ru)  I(rv) B

(1.2) ot o =0

inadomain D ={0<t<T, 0<z< X, 0<y < oo}, where v is a positive
constant, U(¢,z) and r(z) are given functions such that U(¢,0) = 0, U(¢,z) > 0 for
x> 0,r(0)=0,r(x) >0 for x> 0.
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System (1.1)—(1.2) is considered together with the conditions

(1.3) u(0,z,y) = uo(z,y), wu(t0,y)=0, wu(t,z,0)=0, v(tx,0)=uvy(x),
(1.4) u(t,z,y) — U(t,x) as y— oo.

Definition 1. A solution of problem (1.1)—(1.4) is a pair of functions u(¢, z,y),
v(t,r,y) with the following properties: u(t,z,y) is continuous and bounded in D;
v(t, x,y) is continuous with respect to y in D and bounded for bounded y; the weak
derivatives u¢, Uy, Uy, Uyy, vy are bounded measurable functions; equations (1.1)-
(1.2) hold for u,v € D, and conditions (1.3)—(1.4) are satisfied.

Introducing the Crocco variables
(1.5) T=t, =z, n=

we obtain the following equation for w(7,&,n) = uy (¢, z,y)/U(t, x):
(1.6) vw*wy, —w, — nUwg + Aw, + Bw = 0

in the domain Q ={0<7< T, 0<{< X, 0<n <1}, where

U U U
2t p— nr — U, t

A= - 1)U, —1)=L, _
(" = 1Uz + (n )U . i

The initial and the boundary conditions for w have the form

u
(1.7) wlr=o = % =wo(&,n), wly=1=0, (rww,—vow—C)ly=0 =0,
where
Ut
C=U,+ —.
+ U

Solutions of problem (1.6)—(1.7) are understood in the weak sense.

Definition 2. A solution of problem (1.6)—(1.7) is a pair of functions w(7,&,n)
with the following properties: w is continuous in €2, the weak derivatives w,, We,
wy, are bounded measurable functions, w;, is continuous with respect to n at n =0
and its weak derivative wy), is such that wwy,, is bounded in Q; equation (1.6) holds
almost everywhere in ) for w, and conditions (1.3)—(1.4) are satisfied.
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Using the line method, we are going to prove, under suitable assumptions on
the data, the existence and uniqueness of the solution for problem (1.6)—(1.7) and
derive from these results the corresponding existence and uniqueness theorems for
problem (1.1)—(1.4).

For any function f(7,&,7), we can use the following notation:

f™F(n) = f(mh,kh,n), h= const > 0.

Instead of equation (1.6) and conditions (1.7), let us consider the system of ordi-
nary differential equations

wm,k _ wm—l,k

m,k m,k—1
m— m mEW T W
(1.8) v(wm bk 4 h)2wnn’k B S nU k#
+Am,kw;n,k +Bm,kwm,k _ O7
with the conditions
(1.9) w™*(1) =0

Vwm_l’k(O)wm’k(O) — vgl’kwm_l’k(O) + ™k =,

w®* = wi (kh, n)

where m = 1,...,[T/h]; k = 0,1,...,[X/h] and we take wl = wq(&,n) if wo has
bounded derivatives woe, wo, and wo,,. If wo(€,n) is not so smooth, we take w{
for a certain smooth function (to be constructed below) which uniformly converges
to wp in the domain 0 < (¢ < X, 0<n<lash—0.

Finding a solution of (1.8)—(1.9) amounts to consecutively solving linear second
order differential equations with given boundary conditions (1.9); first, for m = 1,
k=0,1,...,[X/h], then m =2, k=0,1,...,[X/h], etc.

In what follows K;, M;, C; stand for positive constants independent of h.

Lemma 3. Assume that A, B, C, vy are bounded functions in €. Let wg be con-
tinuous in 1 € [0, 1] and such that K1(1—n) < wh < K2(1—mn). Then problem (1.8)—
(1.9) for ordinary differential equations admits a unique solution for mh < Ty and
small enough h, where Ty > 0 is a constant which depends on the data of prob-
lem (1.1)—(1.4). The solution w} of problem (1.8)—(1.9) satisfies the estimate

(1.10) V(mh,n) < w™*(n) < Vi(mh,n),

where V and V) are continuous functions in ), positive for n < 1 and such that
V =K3(1 —n), Vi = K4(1 —n) in a neighborhood of n = 1.
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For m, k fixed, the linear second order equation (1.8) with the unknown func-
tion w™* and boundary conditions (1.9) admits a solution w™¥, if w™~1*(0) # 0
and w™~1¥(n) > 0, |[B™F| < h=!. The existence of this solution follows from its
uniqueness which, in turn, can be established on the basis of the maximum principle
and the fact that this problem can be reduced, with help of the Green function, to
a Fredholm integral equation of the second kind.

Indeed, let Q™* be the difference of two solutions w™* of problem (1.8)—(1.9).
Then Q™ * can attain neither a positive maximum nor a negative minimum at n = 0,
since otherwise Q7*(0) # 0 (see [2, Lemma 3.4]), whereas the boundary condi-
tion (1.9) implies that Q7*(0) = 0. We also have Q™ *(1) = 0, and at the interior
points of [0,1] this difference can neither attain a positive maximum nor a negative
minimum, since max |B™*| < h~!. Consequently, under our assumptions, prob-
lem (1.7)—(1.9) cannot have more than one solution. Therefore, we shall a fortiori
establish solvability of problem (1.8)—(1.9) for m and j such that the solutions w of
problem (1.8)—(1.9) admit the following a priori estimate:

w™ () = V((m = Dh,7).

In order to prove the a priori estimate (1.10) for 7 = mh, it suffices to show that
there exist functions V' and V; with the properties specified in Lemma 3 and such
that

Vm,k _ mel,k

(L11)  Lo(V) = (v - YV

Vm,’f _ Vm,k—l

_ Um,k:—
7 h

(L12)  Au(V) = va™ HF(O)V5(0) — o Fw™ 1R (0) — O™ F > 0,

+Am,k)vﬁm,k +Bm,kvm,k > 07

(1.13) L,.(V1) <0, M\u(V4) <0, k=0,1,...,[X/h],

under the assumption that

(1.14) V((m = Dh,n) < w™ () < Vi((m = 1)h,n).

Then inequality (1.10) can be proved by induction with respect to m. Indeed, con-
sider the function ¢"* = V(mh,n) — w™*, where w™* is the solution of prob-

lem (1.8)—(1.9). We have

L(q) 20, Ap(V) = Ap(w) = vwm_l’k(O)qzl’k(O) > 0.

85



Moreover, by assumption we have qml”‘”' < 0 for m’ < m—1and ¢"*F = 0 for
n = 1. Let us show that ¢"* < 0. To this end, we introduce new functions by
g™k = e@mh§mk where a > 0 is a constant to be chosen below. Then

(1.15) Lin(q) = ™" [V(wm_l’k RSk nU”"’“w
+ Arkgmk gk gk _ w
- e‘“hw] >0,

(1.16) A (V) = A (w) = e ow™ 18 (0)875(0) > 0.

It follows that S™* < 0. Indeed, S™* cannot assume the maximum positive value
at 1 = 0 since S;*(0) > 0. Moreover, S™* = 0 for n = 1. If S™" attains its
maximum positive value at an interior point of the interval 0 < n < 1, then at this
point, [1] claimed that

Sm,k o Sm—l,k
m,k m,k __
(1.17) Syt <0, St =0, >0,
m,k _ Qm,k—1 1— —ah
nUm,k% > O, Bm,k o %]Sm,k <0

provided that the constant « is large enough and h is sufficiently small, so that

1—e " > 1 and these relations are incompatible with (1.16).

Problem 4. Why (S™F — §mk=1)/h > ( at the maximum point of S™*?
Actually only if S™*~1 < 0 or S™F* — §™k=1 > (0 then (S™* — S™F=1)/h > 0.
But generally, we cannot deduce that Smk=1 < or Sk — gmk-1 > (.

So in order to show that S™* cannot attain its maximum value in the interior
of n € [0,1], beside discussing the case (1.17), at the maximum point of S™*
(S§mk — §mk=1y/h > 0, we also need to discuss the case of S™*~1 > (, SmF —

Smk=1 < 0. Let us set
Simk — e—ﬁk)hsm,k

where 3 is a constant chosen below. Then

Bkhgmk _ oB(k—1)h gm k=1
(1.18) e@mh [V(wmfl,k + h)QeﬁkhSﬁ’Wk B nUm’ke 1 eh :

(1 _ e_ah)eﬂkhST’k
h

+Am’ke’6kh5ﬁ’k +Bm,keﬂkh5«;n,k .

k m—1,k
_ St — 87T
_ o—ahBkh 21 1 }

> 0.
h >0
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Clearly at the maximum point

kh k k—1)h Jk—1
s ST = oDy
h

Blh—Dhqmik  amb—=1y , TU™" s D sk amik
e (S7"" =8 )+T(e —ePPMsT

(1.19)

7,'7Um,k
h

1

Um,k
> n - (e,fj(k—l)h _eﬁkh)sin,k’

if we choose ( a negative constant and —/ is large enough. Now,

—ah —ah m,k
ok (Bm,k _l-em™ e ) 4 MU (@Blk—1h _ gpkhy
h h
—ah m,k
= e gk — T ”Uh (e~ - 1) <0,

if we choose oo = a(3) a negative constant and —a is large enough. By (1.18), (1.19),
we know that this is also impossible. The above discussion means that S™* cannot
attain its maximum positive value at an interior point of the interval 0 < n < 1,
either (S™* — §mk=1)/h > (0 or S™F-1 >0, Sk — gmk—1 L.
Therefore
m,k __ amh om,k m,k
q =e S <0, V(mh,n) <w™".

In a similar way we can show that (1.13)—(1.14) implies w™* < Vj(mh,n). For
the construction of V', V; one can refer to [1], we omit details here.

2. OLEINIK’S LINE METHOD

In what follows, we take as wf (&, 1) the function wo (€, 1) if won, (€, 1) is bounded
in Q; otherwise, we let wf(&,7) be a function coinciding with wq for n < %, equal to
wo(&,n—h)—we(&,1—h) for 3+h < n < 1 and defined on the interval £ <n < $+h
in such a way that for + < n < 2 it has uniformly (in h) bounded derivatives which
are known to be bounded for wy.

Lemma 5. Assume that the conditions of Lemma 3 are fulfilled and the functions
A, B, C, vg, wo have bounded first order derivatives, |woe| < K5(1—n), wo(€,1) =0,
WoWoyy is bounded in €}, and the following compatibility condition is satisfied:

(2.1) vwowoy — vowo + C =0 for 7=0, n=0.
Then
m,k m,k—1 m,k m—1,k
. w™k — ™ w™k — , .
(22) wn 7k7 h ) h ) (1 -n+ h)wnn7k7
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are bounded in ) for mh < Ty and h < hg uniformly with respect to h. The positive
constants Ty and hg are determined by the data of problem (1.1)—(1.4); Ty < Tp.

Proof. Let us introduce a new unknown function W™* = w™*e®" in prob-
lem (1.8)—(1.9), where « is a positive constant which does not depend on h and will
be chosen later. We have

Wm,k . Wm,kfl
h

Wm,k _ Wmfl,k
h
+Am7kWT1Z"L,kJ + Bm,kwm,k _ O7

(23) v P4 R)PWE — —pUum™k

with the conditions

(2.4) vWTERO)WR0) — a0 W THE0)WE(0) — o Fwm TR (0) + CF = 0
where

Am,k _ Am,k o QQV(wmil’k + h)Q7 Bm,k _ Bm,k o OzAm’k + OLQU(wmfl,k + h)Q

Consider the function ®™*(n) defined for m > 1, k > 1 by

Wm,k _ Wm—l,k )2 Wm,k _ Wm,k—l
+(

2
Ken+1
- - )+ on +

R () = (W) +
and for m > 1, k=0 by

Wm,k _ Wm—l,k
h

2
(25) ™) = (W) + )+ Ken+1.
The constant K¢ > 0 will be chosen below. Let us define the function ®™*(n) with
m = 0. For this purpose, we introduce functions W~1* by

WO,k . W—l,k

WOk _ pp0.k—1
U
h U

0.k 2
= ’ h
v(w™"® + h) -

70.k1i70k | 70k
(2.6) + AW+ BYE,

where N
AVF — A0k _ 2av(w0’ke_0"7 + h)27
BO,k _ BO,k _ OZAO’k + a2v(w0,ke—an + h)2

Then we define the function ®°* for k > 1 and k = 0 by (2.4)-(2.5). By [1], we have
Claim 1.

(2.7) | POk

<K157
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Claim 2. When mh < Ty,

(2:8) ®;H(0) = 5™ H(0) — @™ HH0),
m=2,3,...,[To/hl, k=0,1,2,...,[X/h],
(2.9) oLk (0) > %@1”“(0), k=0,1,2,...,[X/h)].

We introduce functions
,rm,k — hfl(Wm,k o Wm’kil), Qm,k _ hfl(Wm,k o Wmfl,k)'

Let us write down the differential equations which hold for ®”* on the interval

0 < < 1. To this end, we differentiate equation (2.3) in n and multiply the result

by 2W,™*; then we subtract from equation (2.3) for W™* equation (2.3) for W1

and multiply the result by 20™* /h; from (2.3) for W™ we subtract (2.3) for W™-F~1

and multiply the result by 2% /h. Taking the sum of the three equations just

obtained we get the equation for ®™* m =1,2,3,...,[To/h], k =0,1,2,...,[X/A].

In detail,

(2.10)  w(w™hE 4 R)22W R W — oWk gk — g Ry

F2Wy R ARk 2 Bk (k)2 o 4v( e O ka ek

U™ R Rk o (Wk 2 AR 4 2wk B ka k=0,

2.11 m—1,k h 2 m k _m.,k ) m,k mek - mel,k’
(.11) =tk 4 pyagm gt — g T €T
m,k mk’r‘m,k_rm—ljk m,k fm,k _m,k m,k\2 pm,k
_29 7,’7U s +2Q A 7‘977, +2(Q a)B )

h
2Qm’k m— m— m— m— m m—
S O e (e O L e At Shi))

29’”’

42£ - (W’m 1, k(Am k Am—l,k) + Wm—l,k:(B;n,k) _ B;n—l,k)) _ O7
(2.12) V(wm_l’k + h)227’m’krm’k — gpmk il
' nn h
m,k mlc’r‘myk77’771’]671 m,k Am,k, m,k m,k\2 pm,k
721"’77U’7h +21"’A’7’17’+2(1"’)B’
2 m,k
+ T'h (U[(wm—l,k + h)2 _ (wm—2,k + h)2}WT;‘;lI—l,k _ nrm,k—l(Um,k _ Um,k—l))
2,’,.m,k m—1,ks gm,k _ ym,k—1 m,k—1/pm,k _ pm,k—1 _n.
(Wm=bk(Amk _ fmk=ly 4 yymh=l(gmk _ pmh-1y) _
h n n n ’

(bm,k: _ 2wm,kwm,k + 2Qm,k 7Im,k + 2,’,m,k m,k) +K67

mk) m,k m,kyrrm,k mk)mk) mk:mk
ok Wk )2 4 2W R W E 4207 F)? + 20 +2( FY2 g pmokpmk
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o m (pm,k _ (I)mfl,k
(2.13) R e
A q,m,k _ (bm,k—l
h
= 2w B[R ()2 + (] 2w
m,kyyrm,k,.m,k Am,kyrrm,kyrrm,k
+2nU Wt — 2 AT EWIT R
_2Bm,k(W7';n,k:)2 _ Ua:]n—l,kwf;n,kw;z,k + 2,’7Um,kW7'7m,k:,’,m,k
Am,k m,k\2 nm,kyrrm,k, m.k
—2 Ak (Y2 g BTk

2Qm,k(gm,k _ Qm—l,k) QT]Um’k

* h T

72Qm,kg;r7n,k:/im,k: o Q(Qm,k)2ém,k:

_nUma _;'_Am,kq)z@,k_’_ém,kq)m,k

Qm,k(rm,k: _ ,,,m—l,k)

77@ ,k(a 1,k a Q’k)W'rm 1,k + EQ ,k,mn 1,k(U N U 1,k)
2 m,k( Am Am— m—
7EQ ,k(A N A 1,k)Wn 1,k
2 - - 2k
_EQm’k(Bm’k _ Bm—l,k))wm—l,k + rh (Qm,k _ Qm,k—l)
U™k - .
Ui - ,rm,k(rm,k o ,rm,kfl) o 2,rm,kAm,k7,Zn,k71 . 2Bm,k(rm,k)2
2,’,.m,k m—1,k m—1,k—1 m,k—1 m,k—1 m,k m,k—1
_ ; ((a k_a ) )WWf —nr™ (U k_pgm ))
27k e e 2pmk ~ ~
_ Wm,k:—l Am,k) _Am,k:—l _ Wm,k—l Bm,k _ Bm,k—l
] e )
1
_E[(W’;nk)z _ (W;n—l,k)z + (Qm,k)z _ (Qm—l,k)2 + (rm’k)2 _ (rm_l”‘”')Q]
nu™k m,k\2 m,k—132 m,k\2 m,k—112 m,k\2 m,k—1\2
= W 5)" = (W) 4 (%) = (@™ 0) " 4 (™)™ = (™)

+ AR W R W IR 4 20k gk gk ik 4 )
+BTH(WR) 4 (™) + ()%,

where a™* stands for (w™F* + h)2.

We find equations for ®™*(n) with & = 0, m > 1 by taking the sum of only the
first and the second of these equations. In order to derive the equation for ®™* ()
with m = 1, we utilize the relation (2.6) which determines the values of W%, By
the above discussion, [1] declared: For ®™*(n) with k > 1, m > 1,

— m (bm,k _ (bm—l,k _ q,m,k—l
(214) (0" R - ————— .

+ Am,k@x,k + Bm,k(pm,k + Nim,k _ N2'm,k: _ O7

—nUm$®m$
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k .
where N, is the sum of nonnegative terms:

| =

m,k m—1, m, m, m,
(2.15) N3* = 20a™ TR WE)? 4 = (g F)? 4 T ()
m— m 1 m
+2va l’k(gn’k)2+ﬁ(g ,k_Q
m,k)2

Um,k
n (,rm,k o T,mfl,k)Q + 2Uam71’k(’l"n

2 I 77Um7k (rm’k _ Tm’k_1)2

m,k _  m,k—1
0 ) -

)

and N{"" is a linear function whose coefficients are uniformly bounded in h and can

be expressed in terms of the following quantities:

m—1,kyyym,k m,k m,k_m.k m,kyyyrm—1,k
a, Wo mWyBr, W Eeer o W R ,

m,k\2 m,k m,k\21rrm—1,k m,k_m—1,k
(Wky2, Wk (WmkyRyymotk gk

)

(am—l,k: _ am_2’k)gm’kW;%—1’k, I/V;;n—l,kQm,kg'm—l,k7

> =

m—1,k _m,k m,k m—1,k m,k
Wy o™, 0™ ;0

)

m—1,k, m,k, m—1,k
W, rhr ,

1 _ _ ke _
_WT%,I@ 1,’,m,k(am 1,k_am 1,k 1)7 ,,,m,k,’,m,k 17

h
771,]@,,,771—1,/4:7 ,,,m,k W’r;n,k—lrm,k:.

b

r

Problem 6. It is impossible to derive (¢)"*)?/h+nU™* (r7-¥)2 /h from (2.15).

Taking into account the calculations of (2.10)—(2.14), we believe that (2.15) should

be modified to the expression

m m— m 1 m
(2.16) Ny = opam =tk (Wmk)? 4 (g )2 4 — (w]

Using the inequality
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to estimate the terms that make up N;" *we obtain from (2.14) (for details one can
refer to [1])

(bm,k _ (bm—l,k

h
_’_Am,kq)?,k + 2Bm,k:(bm,k: + ém,kq)m,k > 07

(bm,k _ (I)m,k—l

217)  v(w™ b 4 h)?erk — -

_ ,r]Um,k:

where C"™* depends on

m—1,k m—1,k m—1,k m—1,k m—2,k m—1,k
wy , 0 , T , (w +w + 2h)wy ",

(wmfl,k +wm71,k71 + Zh)w;’:]’k*l, T,m,kfl wm,kfl.

’ n

It is easy to see that for k = 1 the coefficient C"™* does not depend on r™ 1Lk,

since U™ = 0. The inequality (2.17) for ®™* with k = 0 is obtained in exactly the
same manner as for k£ > 1. Obviously, in this case the coefficient Cmok depends only

on

w;nfl,k’ mel,k’ (wmfl,k+wm72,k+2h)w1%71,k'

Now consider the functions

)

(218) YR = (™) 4 (@) 4 ) for k> 1,

0
(2.19) Y™Em) = (™) + f(n) for k=0, 0

ARV

m
m )

where f(n) = x(8n)k3(n) (for details, one can refer to [1, p. 157 and p. 163]), 3 is
a positive constant. Just as we have proved inequalities (2.8), (2.9), (2.17), we are
able to prove the inequalities

2.20 ymk) = Symk) — Symlkg), m>1, k>m,
n 2 4
m @ m
Y77 ’k(o) 2 §Y 7k(0)7 m =1,

Ym,k _ Ym—l,k Ym,k _ Ym,k—l
h h
+2BmRy ™k 4 QrrEy ™k 4 QinE 4 Qs > 0,

V(wm—l,k + h)zynrg,k _ _ ’I7Um’k + Am,kynm,k

where QT’k > 0. For the definitions of )1, Q2, @3, one can refer to [1] for details.
Let us show by induction that

(2.21) Y™ < Mo(1—n+h)2, o™k < M.

For mh < T3 and some T; < Ty, the constants 77 and M; are independent of h. To
show this, assume that for m < m’ the inequalities (2.21) hold with constants M,
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M specified below. Let us show that if mh < T3 the same inequalities are valid for
m = m/. Note that under the induction assumptions, we can claim that for m < m’
orm =m/, k < k', the following inequalities hold:

(W= PR (™= HF w2 E 4 2h))|
< Kos(1—n+ h)|Wnnf7_1’k
< KQﬁU(wm_z’k + h)‘WJZ_l’k
_ K26‘Qm71,k + nUm,k,r,mfl,k o Amfl,kwénfl,k
— B LRy meLE (M =2k gy < Ky

In exactly the same manner we find that
|W$1k*1(wm*17k +wm71,k71 +2h)| < K28~
The constants Ko7 and Kog depend on M7 and Ms. Therefore, if the inequali-

ties (2.21) hold for m < m’ and for m = m’, k < k', then it can be seen that
in (2.17) and (2.20) we have

(2.22) |C™F| < Kag(My, My),
QTF| < Kao(My, My),
‘Q;n’k < K31(1 —-n + h)2

Let us pass to new functions in (2.17) and (2.10) by

(2.23) ok = mikgymh  ymk _ ymkgymh,

The constant (M7, Ms) will be chosen later. For 1 < m < m’ and m = m/, we have
R L L Bmk _ fmik-1

h h
+ Am,k(i;rln,k: + (2Bm,k: + Cvm,k: _ ’Ye_’yh/)(i)m7k >0

m—1,kzm,k m,
(2.24) va Dyt —e —nU

for 0 < A’ < h, and also

vm,k _ vm—1,k vmk  vm,k—1
S g 4 S G
h h
+ Am,kyﬁm,k + (2Bm,k + Q;‘mk _ ,Ye—'yh )Ym,k
+ Kso(My, M3)(1 —n+ h)* > 0.

(2.25) va™ bRy mk
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Let us choose y(Mi, Ms) such that for small enough h the following inequalities are
valid:

(2.26) 2B™F 4 C™F —qem M <0, 2B™F 4 CTF — yem M < —Kas(My, M),

where

2K32

K33 = + K34, Ksa(1 —n+h)? > [2va™ % —24™%(1 — 5+ h)).

Consider the point at which ®™*, for 0 < n <1, m < m’ or m = m’, k < ¥/, attains
its largest value. In view of (2.24), (2.25), [1] declares: this point cannot belong to
the interval 0 < 7 < 1 for m > 1. But this is not trivial, the essential point lies in

Problem 7. Why at the maximum point of ®"F, (d"k — emk-1)/p
Actually only if &%~ < 0 or &% — &™*=1 > 0, then (®™F — d™F-1)/p
But generally, we cannot deduce that ®™*~1 < 0 or "k — k=1 > (),

07

=
= 0.

However, this problem can also be solved by the method used to solve Problem 1.4,
we omit details here. So applying the maximum principle, one has the conclusion
that ™ < M;.

Now, consider the functions X" = Y% — 210, (1 — 5 + h)2. Tt follows
from (2.25) and (2.26) that

Xm,k _ mel,k Xm,k o Xm,kfl
- - gUm =
h h

+ Am,kX:7n,k + (2Bm,k + Q;n,k _ ,ye—'yh’)Xm,k
— K32(M1, Mg)(l -n+ h)2
My
2

2.27 vam bk xR o=
nn

—=[2a™ 1 — 2A™F(1 —n+ h)

+ (2B™F + Q1" —ye ™)1 —n+h)?
—K32(M1,M2)(1—7]+h)
M,

*7[K34*K35](1*77+h) = 0,

if m < m orm=m', k <k. Let us show that X"™* < 0 for such m and k. If
X™¥(n) assumes positive values, then there is a point n at which, for m < m’ or
m =m', k <k, the function X™*(n) attains its largest positive value. [1] declares:
this point cannot belong to the interval 0 < n < 1 for m > 1 because of (2.26). But
this is not trivial, the essential point also lies in

Problem 8. Why at the maximum point of X™k (X™* — Xmk=1)/p > 07
Actually only if X™* 1 <0 or X™k — X™k=1 > ( then (X™F — X™F1)/h >0
But generally, we cannot deduce that Xmk=1 <0 or Xk — xmk-1>,
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However, this problem can also be solved by the method used to solve Problem 1.4,
we omit details here, too.

After solving this problem, one is able to prove that (1—n+ h)w,%k are uniformly
bounded in 2. Lemma 5 is proved. O

3. OLEINIK’S RESULTS

After the above modifications of proofs we can get the results of [1]. For the

completeness of the paper, we quote here the last results which were obtained by
Oleinik in [1].

Theorem 9. Under the assumptions of Lemma 1.3 and Lemma 2.1, prob-
lem (1.6)—(1.7) in Q with T = Ty admits a solution w with the following properties:
w is continuous in €);

(3.1) Ci(1—-n)<w<C(l—n), C;=const>0, i=1,2;
w has bounded weak derivatives wy, wr, we;
(3.2) lwel| < C3(1—m), |ws] <Cys(l—n) C; =const>0, i=3,4;

the derivative w,, is continuous in < 1; conditions (1.6) hold for w; the weak deriva-
tive wy, exists and wwy,, is bounded in ; equation (1.5) holds almost everywhere
in Q. The solution w of problem with these properties is unique.

Theorem 10. Assume that U,, U;/U, Ur,/r, vo are bounded functions having
bounded derivatives with respect to t,x € D; ug(x,y) — U(0,z) as y — oo, ug = 0
for y = 0; uo/U, ugy/U are continuous in D; ug, > 0 for y >0, z > 0,

K1 (U(0,2) — uo(x,y)) < uoy(w,y) < K2(U(0,2) - uo(z,y))

with positive constants K, and K5. Assume also that there exist bounded deriva-

tives uoy, Uoyy, Uoyyy, U0z, Uowy and the ratios

2
UOyy Uoyyy — Uoyy

’ 2
Uoy uOy

are bounded for 0 < z < X, 0 < y < oo. Let the following compatibility condition
be satisfied:

(3.3) v0(0, 2)ugy (z,0) = —px(0, ) + vugyy (2, 0),
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and let )
Uoyz — U0z UOyy +U UoUoyy — Uy
x

< Ks(U — uo(x, ).
oy Uuo, 5(U — uo(z,9))

Then problem (1.1)—=(1.4) in D has a unique solution w,v with the following proper-
ties: u/U, u,/U are continuous and bounded in D; u, /U > 0 for y > 0; u, /U — 0
asy — oo; u = 0 for y = 0; v is continuous in y and bounded for bounded y; the
weak derivatives us, Uy, Uyt, Uyz, Uyy, Uyyy, Vy are bounded measurable functions
in D; the equations of system (1.1) hold almost everywhere in D; the functions uy,

Ug, Uy, Uyy are continuous with respect to y; moreover,

2
5.4 o Uy

’ 2
Uy uy

are bounded and the following inequalities hold:

(35) Cl(U(t7x) - u(t,x,y)) < uy(t7x7y) < CQ(U(t7x) - U(t,il?,:tj)),
u(t, z,y)
3.6 ~Cay) < 1 220 Cexp(~Chy),
(3.6) exp(—Cay) U(t.0) exp(—C1y)
2
UytUy — Ut UyyU — U
3.7 ‘y y W y‘gc U—u),
(37) ey, S < Oy )
2
Uygplhy — UgW UyyUh — U
3.8 ‘ yally ~ Yallyy \ gy Dwv y’gc U — ).
(38) e g, S < U -
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