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Sorne remarks on the density of regular mappings
in Sobolev classes of 5M ~-valuedfunctions

MIGOEL ESCOBEDO

ABSTRACT. Sorne results are given about ihe density of continuous maps from Q, a
baunded regular domain of pÑ to 5M in the Sobolev classes W

3~(Q, Sa).

O. INTRODUCfION

We are interested in the following question: suppose that O is a regular
domain of IRN and 92 is a submanifold of DRM+¡ Consider, for two real
numbers

1o =~1, and s ? 0, any vector valued funetion u of the Sobolev space
WSP(O,IRM+I) taking its values in 9?. Is it possible to approximate u in the
space W5~>~(Q,llRM+I) by regular functions taking also their values in 92? Or
equivalently is the following subset of Cm(OARM+I):

C~(Q, 9l)={ueC~~(O,RM+I); VxsQ, u(x)e 91}

dense in the subset of WSP(f1,IRM+¡):

WSP(O, 92) = {uE ws.P(O,R
M+~); VxefI, u(x)e 91}?

¾

First of alí observe that none of diese sets are vector spaces. In particular
smoothing functions of WSP(Q,91) by taking mean values on balis or by
convolution produces functions whose values do not líe in 91.

It is known that when p=N,C(O,Sw)fl WIP(O,SM) (where SM is the unU
sphere of RM+í) is dense in W¡P(O,SAI) and this for ah values of the integer 41.
(See [2]. [101. [12].) If pcN this result is no longer true and in fact the
relation between p and M turns out to be determinant. For example, if 41 is
less than p it may be that there is no density as it is shown in [4], [10] and
[12]. On the other hand, H. Brezis knew how to prove density result for the
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space L~(O,S”) for every p=1 using stereographic projection. Using similar
ideas, F. Bétbuel and D. Zheng in [5] have proved ihe density in the space
W1~(Q,S”) when p<M. The way to do Uds is to approximate functions of
W’’~(f2,S~’) in two steps. First by functions of W’~(O,S~’) no! necessarily
continuous but taking tbeir values on a segrnent of the sphere 5”. Secondly,
since any segment of a sphere SM is diffeomorphic to R” it is raiher simple to
approximate any funetion of W’ P(Q,S~i), taking values on a segmen! of
sphere, by functions of C~’«Q,S3).

This is also what we do in the more general case of the seis W”’~(O, 5”>.
ni integer and A

4(Q,S”), s non negative real. Our main results are:

Tbeorem 1. Citen twa integers M, N ami ibree reals s>O, ~ >p ~ 1 and
~ > q=1 such thai sp =N (he set C(Q,SM) fl A~{O,SM) is dense in A,4(O,SM).

Theorem 2. Given ibree reals w >p=1, ~ =q=1, s~0 ami two inhegers
Pl, 41 such that sp~cN, ti.: max(l,s)rnax(p,q)~cM, or O<s.cl/p and
1 +N/p>s+N/q, ihen ihe set C

T~(O,S”) is dense in A;,q(O SM)

Theorem 3. If 9? is a compací Riemann mantiolá of dimension 41, B~}0,1)
is the unU bali of R5 s>0 and p=1 are two reals such thai sp<N and the
[sp]-íh ho~nowpy group of 91, fl,

5~1(9l), is not (he trivial one then
C(BN(0,l),92)flWtP(BN(0,lt 9?) is not ~lense in WS.P(BN(0 1) 92)

It seems to be quite clear tliat theorem 2 must be true whenever sp<41
but we do not know how to prove thaI when 0<s< 1. On the other hand we
shall see that if sp>M it may be that there is no density even ifsq<M. Wc
do nol know if there is density or no! when sp < 41 and sq>M.

In order lo prove these density results we need sorne «siability properties»
for the sets A,¿Q,S”) with s=1, p~ 1, q~ 1 under iefi-composiíion by
Lipscbitz functions. It is well known (see [3] for example) that ¡te spaces
Wm.P(04&+I)nLo(Q,DRM+t) are algebras for ¡te pointwise producí of
functions (br p = 2 it is the Sehauder algebra). This is a simple consequenee of
¡te Gagliardo and Nirenberg’s inequahities. It turns ouí thai these spaces are
also «stable» under left-composiíion by Lipschitz functions and nol only
Ihese but also the spaces Aq(Q,lRM+I)flLaIO,b~~+I). Thai is to say: for
any function u of A4(O,l~M+I)flL~(O,PM*I) and any funetion 4) of
W’~ ~(lrf+I,RL), with s’ any real greater than s and no less iban one, the
composed 0ou belongs lo A,q(Q,RL )flL~(O.D~L). The eonditions s’~ 1 is
necessary as sbows a result of J. Simon [13].

Acknowledgenwnts. The author wishes lo íhank Profesor 1-1. Brezis for
bringing ihese problems to bis atiention.
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1. PRELIMINARY RESULTS

First of alí let us recail sorne notations, definitions and wefl known facis
about the classical functional Banach spaces of Besov A~,4 of potential H”~
and of Sobolev W

5~. (For alí this part see for example H. Triebel [14].)

For any non negative integer m and any real p=1:

Wrn.P(IRN) = {fELP(F¿N); IIfIIm,p= Z IIDlfIIp <

WO.P(Rfl=LP(IRN) and IIfLl
0.~= IIfII~

For +cn>p~l, cc>q=1 and s>0, for any integer 41 greater than s:

A~,4(lRN)= {IELP(DRN); IIflIsQ:q = IjfIIp+ (1 A~f¡~ dh)lI~

A~,(RN) = {fELP(F<N);
J ¡¡A~

4f¡j~
I¡f¡¡s.p;m = IIfIU + sup~ [frs hERÑ, h#0}

where

Ahf(x)=f(x+ ~)Í(x
— o

and

A~<~’f=Ah(A~f) VMeN

In alí the foflowing let O be any bounded and smooth domain of [RN.One
can define the corresponding spaces w~P(O), A40) of functions defined on
fi as the restriction to fi of the functions of the spaces Wm.P(IRN), A;q(IRN).
These spaces have an inner description. Namely the space Wm.P(O) has Ihe
same formal characterisation that Wm.P(RÑ), changing IRN by O. On the other
hand if0~=k<sand L>s—k, VfeA,¿O):

)pfq~4i
5kÑ)

pN %L

where

Ov-=~ flt=~L{x;x±4eO}
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When O is a bounded regular domarn we have Ihe following eontinuous
embeddings between these difl’erent spaces. (See H. Triebel [14], page 195.)

Theorem. i) La 1=p~co, l=p’=ce, 1=q~oo, lcq’=cc and
Ocs’<s<±cc. ThenA,¿O)cA$q(O) ~s—N¡p>.s’—N/pt

ji) Let lcqcq’=cc,and l=p<ccami 0.cs.ccc. Then A~,q(O)cA,q(O).

The following relations between these spaces are well known:

for l=p<ce,and s>0 non integer W5~=A,q

for l=pccn and mdl WmP=Hm.P.

Finally we recalí a resul! about extension of functions of A~,q(Q)

(respectively H5~(O) lo functions of A,Q(RN) (respectively WP(RN)):
Theorem. 1.1 1=pcce, l~q~cc (resp. l=p<ce, 1=q<+ ce) and

+ ce, fien the restrichon operator R is a rarachonfor Me space 4¿RN) (resp.
H8’~(O)). Jf L is a natural number then diere is a caminan coretraction [ram
A;q(O) (resp. HSP(f2)) ta A~

4RN) (resp. HS.P(IRN)) far alt s such fiat ¡s¡ <L far
any 1~q~cn ¿md l~p~ce.

Remark 1.1. The Besov spaces can be defined in a more general way for
seR, 0cp~ +ce and0~q=ce. These definUions are equivalent to the ones
we give here only for s>0, 1 ~p< +ce and 1 =qc+x which are the cases
we are interested in. (See [14].)

Let us give now a simple resul! on the stability of the Sobolev spaces of
integer order by left-composition with Lipschitz functions.

Proposition 1.2. La p be any real nurnber greawr or equal fian one ami ni
any non negative integer. Cansider any vector valued frnction 4) belonginq la
he space Wm~~(RM,RL) fl ~O(¡M) such ha 4)(0)= 0. Then,for anyfunction u of
Hm.P( RN IRÉ) 11 LoD(R~,RM), <Dou belongs Lo H nt.P(RN IR’-) fl LCIJ(RN,RL) and

Proof. The proof is based on the inequalities of Gagliardo and Nirenberg
(see [8]). Let u and 4) be such as in the hypothesis. We have to estimate Ihe
following norm:

N
I4)OU¡¡ni,p=I¡4)ouI¡p+ E IIDr4)ou¡¡~

By the hypothesis on 4) it is olear that 4)ou belongs to L~(RN,RÉ).
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On Ihe otber hand, almost everywhere in Rñ

in 31 .~4
DT(4)ou)(x) 1 1 1 D*, ,.k.4)(u(x)) ~ aL,,. L.D~ukÁx)...DJukÁx)

k•1

where Ihe aLLZ,.,L, are non negative integers depending only of m and N.

By I-iolder’s inequality:

ni

IIDreiJou)II~c 1 LV»II~.~ ~ ~ ¡ ~ ¡jDfr’u&,
L,++L,=in Lkt=I

Finally, using the inequalilies of Gagliardo and Nirenberg (see [7]) we gel:

iIDrQDou)Il~=C(N,m)lI4)Ilm,c.,I¡uIIm,p(1 + lIuII~’)

Remark 1.3. By the same method and using Ibe dominated convergence
theorem one can prove Ihe following: If {u”} is a sequence of functions of
Hm.P(IRN,IRM)flLc%o(IRN,RM) stích that:

i) ¡0—*u in Hm.P(RN,IRM).
ji) 3C>O; IIu~IkCC VnelÑ and IIulL=C.

iii) 4) e C~~~(R~,RL).

then there is a subsequence of {4)ou~} eonverging to 4)ou in H~~.P(lRN,lRL).

Remark 1.4. Proposition 1.2 and remark 1.3 remain true ib we consider u
belonging lo wm.Pp1,RM) and 4) of Wm~m(Q2,l?L) where ~1, Oz are regular
domains of IRN and ~L respectively and Im{u) c ~2. Ib 0~ is bounded the
condition D (O)=0 is not necessary (Ibis condition is only needed in order to
prove thaI 4)ou belongs lo L~ but if O is bounded thaI is Irue as soon as 4)ou
belongs lo L~).

In order lo extend Ibis simple result lo more general spaces we shall need
Ihe following lemma.

Lemma ¡.5. Let s be any non negative real. Titen for any 1 =pcce and

1=qCce:

A~ fli2 a A~rq Vr=$l

and
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Proof. Let M be any integer such that M>s=s/r for any r=1.Tben

u s A;q ~1fr4P+ {
u e As/r~rq jUfl~p +

CHAZ’u¡V’ 1J ¡~¡N+sqdhf<ce

CC IAM,.Irq
JI I¡LAAtL4r¡rp dh
<U hIN + sq

iIA~’uIJ~ = {jIA~u(x)IrPdx}P =((M + l)¡[u¡¡?j t { j
it

A7u(x)LPdx}J

and that gives tbe inelusion and ¡te inequality for q <ce. For q = ce the proof
is similar

We can prove now Ihe following:

Proposition [6. Las be any non negative real, 1 ~p <ce, 1 =q=ce and ni
tite integer part of s. Consider any vector valued function $ of
W’’”’(W&,2’-)flC0, max(1,sycs’czm±1, such that 4)(0)=0. Titen for any
function u of tite space A~,q(RN,RM)flL~(IRN,RM) tite function 4)ou belongs to
A;q(IRN,RL)nL0(RN,IRL) ami ¡4)OU¡¡s,p;q ~ Cj¡4)¡¡s’,.~ ju[s,p:q(¡~u¡[~,+ 1).

Proof. Wc shall consider on the Besov space A,¿DRN,RM) the norm

ayIIUfl~,p;qI¡U¡Ip±{S¡¡A~iu¡j¡y¡N+sq where L=m±1

As 4)(0) = O and 4) is Lipschitz it is clear tbat 4)ou belongs lo L~. Qn the
olber hand u is simple (buí Iedious) lo see by induction on ni thai:

A’4)ou= Z É 1 i ... 5 ,,.k,j d’ + ‘4)(Gy.<mr )&¶. ... ¿ys..,U)
j0 r=0k

1+... +k,=jO O

where:

j—k1--k2— —k 1—1
kr — 1 ]

buí:

<ce

for any re[O,f], je[0, m—1]
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with:

¿,,, u(x)=su(x+y,’2)+(1—s) u (x—y/2) for any se(O,1), xERN, yEIRN and
G7u(x) = u<x +y/2).
By Ihis:

~‘4)ou A,(A74)ou) = A1 + A2 + A3 <1.7)

where:

2
1

o

A2=t± 2
j=0 r=Oki+ k,=j

y,—’

1=0
±1

r0k1+ +A=j

Jdr+í4)(Gy.{mr113y
o

1 1

00

1

o
SAÁdr + ‘4)(G—y<m—r— I)

8ys, . . .
o

... 8~
5,u ds1 ...ds,+i

Using Holder’s inequalilies, tbe transiation invariance of L~ norrns and
lemma 1.5 one geís:

¡Aí¡Is,p;q ~ CII4)IIm ¡jUI¡s.p;q 2 IIuII%
t=0

for 1= 1,2

In order to obíain Ibe same eslimate for A3 we have to use also tbat, by
Ihe hypothesis on 4):

m-t 3
A1=1 1

3=0 r=O
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Remark 1.7. One can prove a result similar to Ibe one of Remark 1.3
for Ibe spaces A,4(RN,IRM)flL~(lRN,qRM).

Remark 1.8. Proposition (1.6) remains true ib we consider u belonging to
the space A,q(Qi,R

M)flL~(Qi,RM) of funetions defmed on a smooth domain
of IRN and 4) a funetion of W~’~(Q

2,R”) where f12 is a smooíh dornain of
R”eontaining In4u). Just using the extension operators from A,q(Oi,R”) to
A;q(IRN,RM), from WS’w(C22,IRÉ) to WSc¡D(IRAtIRÉ) and tbeir inverse.

As in remark (1.4) ib O, is bounded we do not need no more the condition
4)(0)= O in order to have the results of proposition (1.6).

Rcmark 1.9. The condition s’ ~ lis necessary as shows the following result
of .1. Simon [13]:

Tbeorem. (J. Simon). Given pe(O,l), Vse(0,1) and Vr >0,
Bwe W

5”(O) Vrs[1,ce]; ¡w¡~’wg WP+~r(f2) Vr’e[1,ce].

In fací, .1. Simon gives a counterexample where the funetion w is Lipschitz
of order s on O.

Remark 1.10. It is well known that for any non negative integer in the
space Wm” r~ U” is an algebra (for p = 2 it is dic Schauder algebra). The proof
is a simple consequence of the formula of Leibnitz and the Gagliardo and
Nirenberg’s inequalities.

This result remains Irue for any Besov space A~q witb s>0, p ? 1 and
q=1. We only have to show tbis for the homogeneous spaces A,q. But this is
very easy using the charaeterisation of these spaces given by J. Dorronsoro in
16]: ueA,q ilE there is an integer M>s such that, ib Q is any cube in P~ and
P~¡ (f) is the unique polynomial in Psi (the space of polynomials of degree less
or equal than 41) such that:

f(f—P¿hf)) x’dx=0 VaeLiN; ¡~¡<M

l2

and ib

si (x,t) = su~{lQIí {If — P~¡ (f)[dz; x e Q [Q¡= tN}

Q

one has:

(f(t—fliOi,st(.,t)IIp)~t—l d)~< ce
Q
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and the fact that P~J satisfies:

Q

The same resulí is true for the space H’~ O L~ using similar results of JI.
Dorronsoro about Bessel-poteniial spaces (see [7]). The aulbor is grateful lo
J. R. Dorronsoro for fruilful conversations aboui this Remark.

2. DENSITY RESULTS

Leí 0 be a bounded and regular domain of IRN and 531 the unit sphere of
RM~1. As u has been said in ihe iniroduclion we prove in Ibis seclion te
density of the set of regular functions defined on O and taking values on
on the sets A~q(O,Sfl, when sorne relations boId beiween the coeficients
s, p, q, M, and N.

First we give a simple extension of a densiíy result in [2] and [12]:

Theorem 2.1. Let M, N ami m three pasitive integers and p a real no less
titan one such that mp~N. Titen C(Q,SM) O W”’~(O,SM) is dense in W”’<~(O,SM).

Proof. Any function u of Wm’~(Q,SM) is bounded and then helongs to
W’~~(0,S”) by the Gagliardo and Nirenberg’s inequalities. Now using te
method of [2] we obtain, by taking averages of u over balís, a sequence of
coñtinuous functions {uj converging to u in Wí.mP<f2,SM) when 8 iends lo zero
and such thai dist(u~(x),S”) iends lo zero uniformly on O with e (using thai
mp ~ N). Ihe result follows as in [2].

Theorem 2.2. Let M and N be two pasitive integers. For p and q reals
greater titan one ami any non negative real s such that sp~ N, tite set
C(t2,SM) O A;,q(O,SM) is dense in A~,

4(0,Sfl.

Proof. Mere again the idea of ihe proof is the sarne as in [2].
Consider any funclion u of A,q(O,S

M) and its extension lo RN, U of
A;q(IRN,lRM+I). Define for any e>O:

U~(x)=IB¿x)I’ J U(z) ch where B~(x)={zePN;Iz~xI=c}

These functions belong to C(IRN,SN) and ib u~= U~ then, as e—*O, w—.u in
A,~(O,RM~~). Qn Ihe other hand consider any real r~ 1 such that l/p <s/r ~ 1.
For any xeO

“ ,‘ sp

[disI(u(x)SM)]r<lBrl 1 IU(z)— U(z—h)7 dz dhU<y)—u~(x)~ dyCCE-,---’ J J J
B=áO> &(x)B<(x)
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Now if q>p: ~J f IU(z)—U(z—h)IT ib dit=

B~<O) B,(t)
£

( 1 IU(z)~U(z~h)ITdz “ dh
-t 3 k~ 3 ) [it[N+s~j

Bh(O> B,{x>

using that sp=N.

Therefore [dist (u4x), SfljJ~~”—~O when ¿—+ce uniformly for xeO.
If q~p, A,q c A,~ and titen:

J {[U(z).~. U(y)[sPIr/¡z~y¡N+sr] dy dz< ce

Using again thai:

[disí (¡~(x), SflJ~P/~~ 1 I[U(z)—~

J .1 UÚiIsP/r/¡z~y¡N~~sP] dy dz13< 13<

we get the same conclusion.

Taking now ~ = Prok~u, for ¿ small enough we obtain the resuil.

So we shall consider in alí the following thai sp < N. In this case our f¡rst
purpose is to approximaíe• any funclion of A~,7{O,S

M) by functions, not
necessarily coniinuous taking values only on a segmen! of sphere. In order to
do this we shall need the following deformalion lemma.

Lemma 2.1 For any ¿>0 and xOeSM let =‘>g=SMOBM+t(xO, ¿¡2) aná

IVA, «¡2 = SM~Int(VA qz) Titere is a C map 4)< from
5M to WA,q2 sucit titat:

i) 4)~w~va¡
4w~<n•

u) VLSIÑ, 3C>0; V~elNM~’ ¡c¿¡=L;JIDa4)[¡~=Cr~t

Proof. This is a «regular version» of a lemma proved in [5] (where 4) has
only lo be Lipschitz). The proof is esseníiafy Ihe same.

We can prove now our ñrst densiíy resulí for ihe particular case of
Sobolev spaces W’”~(O,S”) with ni an iníeger.

Theorem 2.4. For any real p, greater ar equal titan one, for any poshive
inteqer 41 ami any non negative integer ni such titat mp < M tite space
Ca(O,SM) Es dense in WmP(f

45M).



137Sorne remarks on Me density of regular mappings in Sobo/ev...

Proof. Let ¿>0 be fixed. By Iemma 2.1, for any x0eS’« there is a
funetion 4)< from 5>~ to W~g

2 such ihat:

i)
4)t¡Wttr2 d4WAc=.

u) VLeI”4, 3C>0; VaelÑM~’ IaI~L; ¡WcNk~C¿a.

In order to apply Ihe results of seclion 1 we extend this funclion lo aH of
RM+¡. For this purpose consider any C~’ function it from ~ lo ~ such thai
h(1)=’ 1, supp ha (1/2,3/2) and define ‘IY,~ =QA,~(x/Ixl) it(x). This function is
C«3 and ¡YW(x)=C.t<~~for any x of RM+I and a such tal ¡a¡~L.

Ib & is ihe maximal number of disjoints sets of the form V~o~ contained in
531 there is a constant K such that P, =K rM. Let {Vx

4}¡=í ¡~ such a family
of seis and define

ViE{1 Pj uí~=W,j,~ou~4)t~ou.

fly construction u,,~=u on WiAR and u1,, goes from O lo WAq2.

Qn the other hand:
1’. It
2 ¡ju—u¿~lIC.,p =[i ~ (u ~ui<t)IImPi=

= [~~YLVd — ‘Wdouiim.~] CCjj4)~ouI~,~ (2.5)

with 4)dx)=S(x— ‘P4x)) for any x of flR~~’. cD, is~ a C~ funetion such that
4)dO)=O and Ihen by proposition (1.2):

It
2 ju — ~ =Cj[4),¡[~,~[¡uII~~.
¡=1

fluí, by definition of tD, and using ihat ihe supporis of the functions
(Id — ‘It,t) and (Id — ‘I%,j are disjoints for i~Jwe have:

jI4)tjIn,<a, =max{Il¡d — ‘Pí,tj[,n,o,; i = 1 P4 cC¿V
m

from Ihis we deduce:

~ [u—u
1 tIIft.~~ CC ffl~ujl~

II foflows thai there is at least one ie{I P,} such that:
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This inequality gives us an approximation of any function_u of Wm”
taking values on S’~ by funcíions u¿, of W”~ wiíh values only in a segment of
sphere Wj,~. We have to approximate now u~ by a smooth map from O to
S~. There is no loss of generality ifwe suppose thai x’=(l,0 O). Consider
the stereographic projection W of 531 on RM with pote x’. Tts restriction P to
W~ is a C’~ diffeornorphism from W<~ into P(Wz4.

Let us define now: VZEBM+í(O,Q\BM±I(xie) z#O: É~(z)=h([z[)~P(z¡¡z[)
and PE(

0).....0 (where h is as in 2.4). It is a C
m extension of P lo BM+I(O,1)¡

B31~’(x’,¿). Qn the other hand the image of [BM+í(O,l))\BM+I(xi,¿)] by p2 ~
contamed m P(W~~).

By the results of section 1 P~(uí,~) is now a funclion of
W”’~(C2, PM)OLX(O 1W) and can be approximated by smooth functions u,~.
of Cm(0,IRM)nL~(oRsi) Define now UÑ,;,n= ?‘(fl~M). These functions
belongs lo C~(O, 11W). We want to show that there is a subsequence tending
to tt~ in Wm~. By remark 1.3 this holds because:

u) ]C>O; Vn Ijn,Ak=C.

and then ~ in Wm’~ br a subsequence of u~.

In order to prove a similar result for the space A,q we would like to apply
the same method. Unfortunately formula (2.5) is no! true for these spaces.
Neveríheless one can, with a slight modification prove the following:

Theorem 2.6. Far any bounded smaoth domain Q of P” ami titree reals
1 =p<ce, 1 Cq=ce, s=l such titat s.max(p,q).cM, the space Cm(O,S”) is
¿tense in A;q(Q,S31).

Proof. As in 2.4 consider, for any ¿>0 fixed, a family (V#c}i=,..~p, of
dísjoínts subsets of SM such that P~ ~ Kv” and 4)ñ the corresponding
funetion from S~ to W~q2 equals to the identity on W~.

42. Define now t%4x)
= h(¡x[)

4)x’.s(X/¡X¡), ‘P~,~(0) = O where h is as in 2.4. Leí Li be ihe Image
of u by ¡te extension operator frorn A,

4(O,S
M) to A~q(lRN,lRM+J). Define

U,,. = ‘P,hoU and consider ihe function D,,~ =F~
0U where we have posed

Observe fxrst of alt that

supp D,, a Q~ ~{xeIRN; U(x)/IU(x)¡ev~~} and Q,,OQ3~==cb ~
and therefore for any integer L:

supp AfD<.. a (2.7)
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with: TYkQj« = ~ x + ykeQ¡,4

Let be m ihe integer part of 5; arguing as in (1.7), for any is{1 ¡‘4:

PC
Now we have to eslimate the sum E IID¡s tltp;q. The way lo do this is Ihe

i=1

same as for A¡(i= 1,2,3) in (1.7) with a slighl modificalion. As ihe sets A”’(y)
are not iransíation invariants we have lo use the properties of the supporls of
the funclions D,~ in the following way:

dy
IyI ~

dy (2.8)
~ 2 2 JI¡G9rA5

PC

(1— F~ C(LjIIGxrAt UIIbíns, dy
¡y¡N+sq

32<

bor any integers r and L and two any finite reals a ~ 1, b ~ 1.

And wc obtain for s’ >s:

(i lIDirl¡t:q) CCc””’P~ — ~>[¡U¡¡sQ:q (2.9)

Wc choose s’ such that s’max(p,q) <cM.

From (2.9) we deduce lhat, bor al ieast one i ob {1 P~} we have:

Now cali u,,~= LibAn. Then ui,ceAq(O,Wx,) and D,~ is an extension of
u—u1~ to ah ob IR

14. Iherefore:
¡u — u,

8¡ ¡s,p:q =ID,<~ ¡,,wq c Ce [Nlrnin( Ip,1(q)—?] ¡u ¡ ¡s,p:q

The proof now foiiows as aboye using stereographic projection.

Remark 2.10. Ib sp> M, the conclusion can bali even if sq cM. For
example, it is known (see [2], [5] and [12]) lhat the funclion x/¡x¡ belongs lo



140 Miguel Escobedo

H1(B3,S2) and can not be approximated by functions of C~(B3,S2) in
H’(B3,52). On the olber hand x/¡x¡ belongs lo W2’(B3,S2) bor any r< 3/2.

Now, using the inclusion properties recalled in the first section:

A~’(B3,S2) Vs>0 because 2—e/r~(2—e)—s/r
A?i’ (B3,52) c H í(fi3, Y) for r> 1 and ¿>0 such thai (2—¿)—r/3~ 1/2.
(AII the inclusions are continuous).

Ib r=3/(2+cS) with 1>5>0 and ~+6<1/2 in order to have
(2—s)—r/3~ — 1/2, this condilion implies also thai r~2/(2—¿). Therebore
suppose Ihal {u~} is a sequence ob C~(B3,S2) converging to x/¡xl in
A?¡~ (B3,S2). By coniinuous injection from ibis lasí space on H’(B3,52) ihe
sequence {u4 should be convergent to x/¡x¡ also in this last space what is
imposible.

As in ¡te proob of proposition 1.5, for proving theorem 2.6 we have
needed M greater than max(s,1). p. So we can nol give a general densily result
as (2.6) when 0.cs< 1. (In thai case with exaclly the same proofas in (2.6), we
can prove the density only when 1 =p .ct 41). Neveriheless we can prove the
following:

Theore¡n 2.11. If p and q are no less titan one,far any integers N=1 and
41=1 and any sin (O,l/p) sucit tita 1 +N/p>s±N/q tite set C(O,SM) is dense
in A;q(O,SM).

We shall prove this resulí in two steps. Firsí showing that the set of step
bunctions on O iaking their values on Si” is dense in A~(O,SM). We conclude
using stereographic projection as aboye.

Ihe first step will be donne with three simple lemrnas.

Lemma 2.12. If se(0,1/p), for any N=~1 and M=~1, tite characteristic
functian of a cribe Q of IRÑ belongs to

Proof. Using the characierisation of A;q bor 0cs< 1 given in [9] u is an
elementary calculus to see ihat ib Q = x ... X hr where the fl are intervais
ob IR whith Lebesgue measure

¡¡ZQILSP,q=C(N,s,p,q)E ~ L4’~ ...

where XQ is the characteristic funetion ob Q.

Lemina 2.13. Under the hypofiesis of theoreni 2.11 tite set offinite and
linear combinatians of citaracterjstic funchons of cribes cornained in O, witit
vectorial coefficients belonging ta lR3t~1 is dense in A,q(O,Sfl.
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Proof. Given any funclion u of A~,Q(O,SM) it is well known ihal bor any
~>0 raed there is a bunction y of C~(O,B¶0,1)) such ihal: ¡¡u—v¡~~q~e.

Now u is easy, using diadic cubes in IR14, lo construcí a sequence {v
3} of

siep functions of ihe borm:

vftx)= 2 v(xJ,k)XJ,k
k e ¡4

(where XJ.k is ihe characleristie funclion ob Q(j,k) ihe k — tit cube of Ihe j — fi
generation, XJ,k belongs to Q(j,k) and #K3 is of order ~ Oc Q(0,0)) such
Ihal:

qN

¡v1 vp,-í j¡~p;q =C(O,v,s,p,q)2 —J•<—qs+ 7

We deduce from ihis inequality and Ihe hypolhesis ihal {vj} is a Cauchy
sequence in A4inl Q(O,0)). Then defining u3 = v3~, {ri3} is a Cauchy sequence
in A,¿O). As bor almosí every x of O: u>{x)—*u(x), {u3} converges lo y in A,1(Q)
and this ends Ihe proob.

Lemnia 2.14. Under tite same itypothesis fiat in titearan 2.12 Me set of step
frncUons defined on O and taking titeir values on 531 is ¿tense un A~,4(O,S

M).

Proof. Leí u be any funclion of A~,¿O,SM). By the aboye lemma we know
that ihere is a sequence of step bunctions {v~} from O to B(0,1) converging lo u
in AjO,SM). We can wriie

keK

0

where ~~.~eB(0,l).Leí 4) be a O noñ negative bunclion from B(0,1) mío ilself
such that 4)(x)=¡x¡ for any x of B(O,1) such thai ¡xj~1/4 and j4)(X)¡~1/4 ji
¡x¡ =1/4.Define now:

Wn ~ ~nk’Xnk’± ~ Co~n.~” where ~0eS” is fixed
WeK’ k”cK”

With K’={k’;I1 — ¡~n.kII 1/2} and K”= {k”;¡l — 1/2}

Leí us prove thai {w4 slifl tends to u in A~,q(O,B(O,l)):

¡¡U ‘Wn¡¡~?,p:q ~ C¡¡u — Vn¡¡~,p,q + ¡¡V»Wn¡[~,p,q

=C¡[u — Vn¡¡L:q + C[¡ ~ (~n,k” —

k”eK<

~C¡~u—vn~j~.q+C 2
¡Ce K’
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Using now ihe resulis ob seclion 1 it is clear that 4)ow tends to one in
A;q(O,B(0,1)). So we have:

¡¡1 ““
4)0Wn¡¡~,p;q=C 2 ¡1 “‘4)O~n.k,)¡~IlXnac”II~,pq =

c K”

2 IIXn,kjRp,q

Therefore:

¡¡u — w,4¡~~ =C¡¡ri — vn¡¡~p.q + C2~¡¡ 1 ~4)ownII~pg

and {w,,} tends lo ri as n goes to + ce. Observe that ah Ihe functions w,, take
iheir values on B(O,1)\B(0,1/2) because by construction of 4), V(x)=1/2
implies ¡x¡ =1/2.Letting now u. = Proj s’W we have the result.

3. NON DENSITY RESULTS

As we said in Ihe introduction, F. Bethuel and X. Zheng have proved that
if 92 is a compací Riemann manifold of dimension M imbedded in W, p < N
and iri~

1(9O# {O} (where 1t~/9?) is the [p]-homotopy group of .9?) ¡ten
C(B

14(0,1), 9?) is not dense in IV ~~(BN(O,1),9?) (see [4] and [5]). We extend this
result to the following cases:

Theorem 3.1. i) Let 1~p<ce, 1=qccce, inslN such that mp<N and
It [,npJ(9l)~{0}. Titen C(B14(O,1)), 92)0 W<~P(Bv(O,1), 92) is not ¿tense in

u) ¡f 1=p<ce,1=q-cce,s>0 are sricit that sp<N and Mere are
p’=1,q’e [1,p’jjfor which [sp] = [<p’], A,¿B14(0,1), 9?) a A~q(B14(O, 1), 92) and
1tr~~i(9?)#{0} titen C(B14 (0,1), 9l)OAq(B~(0,l), .9?) is not ¿tense in
A;q(B14(0,1), 92).

In order to prove this theorem we give bebore two propositions relating
convergence in Sobolev or Besov spaces and homotopy properties.

Proposition 3.2. Ln 91? be a canipact Riemann tnanWold ofditnension Pl, 91 a
compac Riemann subinanilbíd of 1W +‘ and g:9.fl —.1W ~‘ a IV””” tnap ,such rhat
g(x) belongs ta 9? for almost every x of 91? ami mp < N. Titere is an e >0 srich
that, IIfi andf

2fram 932 to 92 arefunctionsof IV”’” and ¡¡f—g¡¡,,,~<e(i= 1,2)
then f’ and fi are [mp]-homatapic.
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Proof. Since 92 is bounded in IRM~’, the maps g, fi andf
2 belong to L~.

Then by ihe Gagliardo and Nirenberg’s inequalilies:

II —~lIum~ Chi —g[¡y,,~¡[f1 —gIL, =C¡¡f,<—g¡¡y,~for i 1,2.

By Theorem 2 of [15], there is an e>0 such that ¡¡f—g¡¡1,»,~Cs (i= 1,2)
implies thai 1’ and f2 are [mp]-homoiopic.

Proposition 3.3. Let 92 be a compact Riemann sribmai4fold of R
M~’. Let g

be a A,q ¡nap from B14(0,1) inta Si witith sp < N and q ~ p. Titere isan e >0 such
fiat fffí andf

2, from B
14(0,1) to 92 are in A,q aná ¡¡jj—g¡¡s~q ce (1= 1,2) titen

f, ant) f2 are [sp]-homatopic.

Proof. Let {fl} be a sequence of A,q maps from BM(0,1) mb 92 such that
~f,—g¡~=2t Since q=p,A~,q a A.~ with continuily. Qn the other hand
since 91 is bounded ihe functions f fi and f2 are bounded and then bor
r = min(s, s/ffs] + 1)):

¡~ —g¡~,vr~¡~r =C¡~fl —g¡¡sp;p ~ C¡ifl — gWp,q < C2’

Using elemenlary properlies ob Lebesgue integral on IR14 and ihe same
argumenís as in [15] we obíain thai ihere are roe(0,1/2), t

1 e( —1,1) and
bor i=2,..., ni (where m=N—[sp]—1),

such thai, ib
¡5,1+1 ni

5=1 1=13

dy ‘\
JC>0; VkE[N j( j’ Ifdx’,Ú—fk(y)I~”” ¡(x’,t) — y)¡

M~”’ )daiS’) ~ C (3.4)
y

13N~olj

Hm ji 1k + ,(x’,t) —fk(x’,t)I~”” da(x’) = 0 (3.5)
y

We conclude wiih Ihe same Iools thai in [15] using that the [sp]-skeleton
of B~(0,1) is 5[sp].

Proof of 3.1. i) Leí Piy,,,~+~ be the projeclion IR
14 to. lV””’~~’ and it radial

projeclion from IR1””’1~t to S~””’~. Define the funclion q=iroP~y,~
1+~. We have

ihal ge IV~~~.P(BN(0,1), 5[MIPI) and gi~’-’ =Id.

Qn the olber hand, since fl~mpj(92)#{O} ihere isa C~””’j~
1 map, 4) from

~ to 92 which can nol be exíended continuously to B1””’1~1. Leí us define
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f= 4)og. By the results obsection 1, ft W””~((BM(0,1), 9?). Now suppose there isa
sequence {f,,} obbunctions of C((B14(O,l), 9?) converging tofin IV”’”((B14(0,I), 92).
By proposition (3.2) f. and f are [mp]-hornotopic bor n large enough. Since f.
is srnooth on B14(0,l), by the homotopy extension theorem we may extend fío
B14(0,1) continuously but thai is impossible by construction.

u) Let us define the bunetionfin ihe same way as aboye, with [sp] instead
of [mp]. Suppose again thai there is a sequence of continuous functions {/4
converging lo fin A,q(BM(0,1), 9?). By the hypoihesis {fn} converges lo fin
A~q’(B14(OJ). 92). The proof follows now as aboye.

Remark 3.4. Using the inclusions recalled in ihe furst section it is very
simple to see that the condiiions in u) ob Theorem (3.1) are satisfíed is s p is
nol an integer and fl~

5;1( 92)4{0}. Ib sp is an integer we must to have q =p.
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