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Some remarks on the density of regular mappings
in Sobolev classes of S”-valued functions

MiIGUEL ESCOBEDO

ABSTRACT. Some results are given about the density of continuous maps from €2, a
bounded regular domain of RY to $* in the Sobolev classes W*?(Q, $¥).

0. INTRODUCTION

We are interested in the following question: suppose that € is a regular
domain of R¥ and 9 is a submanifold of R¥*!, Consider, for two real
numbers p>1, and 520, any vector valued function u of the Sobolev space
W=P(Q,RM+1} taking its values in 9. Is it possible to approximate u in the
space W™ P(QRM+!) by regular functions taking also their values in %? Or
equivalently is the following subset of C*(QRY+!):

C2(Q, ) = {ueC=(Q,RY+!); ¥xeQ, u(x)e N}
dense in the subset of W P(QQRM+1):
WHP(Q, ) = {ue WHP(QRY+1), ¥YxeQ, u(x)e N}?

First of all observe that none of these sets are vector spaces. In particular
smoothing functions of W*?(Q2,MN) by taking mean values on balls or by
convolution produces functions whose values do not lie in 9.

It is known that when pz= N, C(Q,8")N W'P(Q.S¥} (where S is the unit
sphere of RM+1) is dense in W"P(€2,S") and this for all values of the integer M.
(See [2]. [10]. [121) If p< N this result is no longer true and in fact the
relation between p and M turns out to be determinant, For example, if M is
less than p it may be that there is no density as it is shown in [4], [10] and
~ [12]. On the other hand, H. Brezis knew how to prove density result for the
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space LP(€Q.8Y) for every p>1 using stereographic projection. Using similar
ideas, F. Béthuel and D. Zheng in [5] have proved the density in the space
W12Q 8"} when p<M. The way to do this is to approximate functions of
W-P(Q.S") in two steps. First by functions of W'#(€,5") not necessarily
continuous but taking their values on a segment of the sphere S¥. Secondly,
since any segment of a sphere $* is diffeomorphic to R it is rather simple to
approximate any function of W!'?(Q.S"), taking values on a segment of
sphere, by functions of C™(2,5").

This is also what we do in the more general case of the sets W™P(Q, SV},
m integer and A7 ,(€4,5"), s non negative real. Our main results are:

Theorem 1. Given two integers M, N and three reals s>0, co>p>1 and
o >q21 such that sp= N the set C(QSY)NA{QSY) is dense in A5 (,5M).

Theorem 2. Given three reals 0 >p=1, w=g=1, s=0 and two integers
N, M such that sp<N, if: max(ls) - max(pg)<M, or 0<s<l/p and
L +N/p>s+ N/q, then the set C*(Q8Y) is dense in A} (QSY).

Theorem 3, If 9t is a compact Riemann manifold of dimension M, B¥(0,1)
is the unit ball of R 5s>0 and p= 1 are two reals such that sp<N and the
[spl-th homotopy group of N, T, (M), is not the trivial one then
C(BY(0,1), ;)N W=?(BY(0,1), M) is not dense in W*P(B¥(0,1), R).

It seems to be quite clear that theorem 2 must be true whenever sp<M
but we do not know how to prove that when 0 <s< 1. On the other hand we
shall see that if sp> M it may be that there is no densily even if sg <M. We
do not know if there is density or not when sp<M and sg> M.

In order to prove these density results we need some «stability properties»
for the sets A (QSY) with s=1, p=1, g=1 under lefi-composition by
Lipschitz functions. It is well known (see [3] for example) that the spaces
WmHQRM+ )N L=(QRY+Y) are algebras for the pointwise product of
functions (for p=2 it is the Schauder algebra). This is a simple consequence of
the Gagliardo and Nirenberg's inequalities. It turns out that these spaces are
also «stable» under left-composition by Lipschitz functions and not only
these but also the spaces A} (QRM+HNL=(QRY+!). That is to say: for
any function u of Aj(QRM-HNL*Q,RY*Y and any function ® of
W 2(RM+1 RY), with s any real greater than s and no less than one, the
composed Qou belongs to A, (R )NL™(Q,RL). The conditions s'>1 is
necessary as shows a result of J. Simon [13]. :

Acknowledgements. The author wishes to thank Profesor H. Brezs for
bringing these problems to his attention.
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1. PRELIMINARY RESULTS

First of all let us recall some notations, definitions and well known facts
about the classical functional Banach spaces of Besov A}, of potential H*?
and of Sobolev W*?_ (For all this part see for example H. Triebel [14])

For any non negative integer m and any real p>1:

WP (RY)={f eLAR"); [|f llmp= 2 IDf1lp <0}

e £m

WoP(RY)=LAR") and [|f{lo.,=ILflp

For +00>px1, c0>g>1 and s>0, for any integer M greater than s

: . dh liq
/\iq(iR”)={feLp(fR”); W lspg = l|f||p+( J. AX A3 |htﬂ+sq) < 00}

A;m(P~)={feLP(R~); =t TFeup AfEf,f“"; heRY, h%O}
where
A (x)=f(x+ g) —f(x - g)
and

AN f = AyAY ) YMEN

In all the following let Q be any bounded and smooth domain of R". One
can define the corresponding spaces W™#(Q), A €) of functions defined on
Q as the restriction to Q of the functions of the spaces W™P(RY), Aj(RY).
These spaces have an inner description. Namely the space W™#Q) has the
same formal characterisation that W™?(RY), changing R" by Q. On the other
hand if O0gk<s and L>s—k, Vfe Aj(Q)

o= ISl + ¥ ( J( j |A£Dﬂf(x)|ﬂdx)”"‘|7ﬂw‘i€1trg)

lx|gm
RV Opp

where

h
Qﬁ'[_ = nf._.L{x;X‘l'jEEQ}
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When €Q is a bounded regular domain we have the following continuous
embeddings between these different spaces. (See H. Triebel [143, page 195.)

Theorem. i) Let 1<p<gw, I<p' <o, I1<qgg<0, 1<y and
O<s'<s<+a0. Then A} Q) c A} Q) if s—N/p>s"—N/p'.

i) Let 1<q<q <0, and 1 <p<oo and 0<s< oo, Then A}, () = A}, (Q).
The foliowing relations between these spaces are well known:

for 1<p<oo, and s>0 non integer W*?=A3,

for I<p<oo and meMN Wm™r=Hm>,

Finally we recall a result about extension of functions of A} Q)
{respectively H*?(Q) to functions of Aj(R") (respectively H*7(R"))

Theorem. If 1 Sp< oo, g o (resp. 1<p<o0, I<g< +0)and O<s<
+ 0, then the restriction operator R is a retraction for the space A5 (RY) (resp.
HS P&Y). If L is a natural number then there is a common coretraction from

AL(8) (resp. H*P(Q)) to AL{RY) (resp. H*P(RY)) for aH s such that |s| <L for
any 1<ggw and 1€pg .

Remark 1.1. The Besov spaces can be defined in a more general way for
seR, 0<p< + 00 and 0< g < 0. These definitions are equivalent to the ones
we give here only for s>0, 1<p<+ o and 1 <g< +© Wthh are the cases
we are interested in. (See {14]

Let us give now a simple result on the stability of the Sobolev spaces of
integer order by left-composition with Lipschitz functions.

Proposition 1.2. Let p be any real number greater or equal than one and m
any non negative integer. Consider any vector valued function ® belonging to
the space W™ (R RN CHRM) such that ®(0)=0. Then, for any function u of
H™P(RY R-)NL=(RY,RM), ®ou belongs to H™P(RYR-NL=(RYRY) and
[ @out] i, p < ClID |, o 18] o 1+ [[1al155 ™).

Proof. The proof is based on the inequalities of Gagliardo and Nirenberg
(see [8]). Let u and @ be such as in the hypothesis. We have to estimate the
following norm:

N
[Dou]|,m,p = | Dorell, + 3 [IDT Doull,

i=1

By the hypothesis on @ it is clear that ®ou belongs to L®(R* R),
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On the other hand, almost everywhere in R":
m M M .
Dr(@ou)(x)= > Y - Y Di ... ®u(x)) Y., a.nDjug(x)... D (x)
n=1lk=1 k.,=1 Li+..4+Ly=m

where the a.,.,.L, are non negative integers depending only of m and N.

By Holder’s inequality:

m M M
IDI(Dou)|, < Z [l 2. aL....L.[ > IIDlL‘uklllfn]'"[ > IIDiL"uk.IIﬁ.]

Lyt +L,=m k=1 ka=1

Finally, using the inequalities of Gagliardo and Nirenberg (see [7]) we get:

D F(@ou)||p < CN NP Lm, o 114l m o1 + Ilel] 77}

Remark 1.3. By the same method and using the dominated convergence
theorem one can prove the following: If {u"} is a sequence of functions of
H™ (RY RMNL=(RY,RM) such that:

i) u"—u in H™ARY,RY),
i) 3C>0; |[u"lo<C ¥YneN and ||u||, <C.
iii) ®e C™(RY,R).

then there is a subsequence of {®ou"} converging to Pou in H™?(RY,R).

Remark 1.4. Proposition 1.2 and remark 1.3 remain true if we consider 4
belonging to W™?((;,R™) and @ of W™ (Q,,R") where Q, Q; are regular
domains of RY and R* respectively and Im(u) = Q,. If Q, is bounded the
condition @ (0)=0 is not necessary (this condition is only needed in order to
prove that ®ou belongs to L but if Q is bounded that is true as soon as Qou
belongs to L™).

In order to extend this simple result to more general spaces we shall need
the following lemma.

Lemma L.5. Let s be any non negative real. Then for any 1<p < and
lg<gg oo

A OL® < Ay Vrz

and

Ve AG o N L= |[Wlsprmrg < CNMMG 1l
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Proof. Let M be any integer such that M >s=>s/r for any r>1. Then

Afullp )L
ueApg <= lull, + { f“lz—l“rry‘;idh}ﬂ <00

1
A% ullr,
sorg < lullp+ {J‘ thN*‘qp dh < a0

HE As,'r

but:

[ unrp—{jmk u(x)de}Fs«M Dl ) Hmt’u(xnpdx}?
BN P

and that gives the inclusion and the inequality for ¢ < 00. For g= oo the proof
is similar.

We can prove now the following:

Proposition 1.6. Let s be any non negative real, 1 <p< o0, 1 <q< o0 and m
the integer part of s. Consider any vector valued function ©® of
W 2(RM RMYN C°, max(ls)<s <m+1, such that ®0)=0, Then for any
funct:on u of the space A} (R", !RM}ﬂLm(iR” RM) the function ®ou belongs to

AR RYNLARY,RE) and {[Boul]s g < IOl 1l (il + 1)

Proof. We shall consider on the Besov space AL{RY,R¥) the norm

Abu
||unm.»q=nuu,,+”'|' Bl where L=
RN

As ®(0)=0 and @ is Lipschitz it is clear that ®ou belongs to L.”. On the
other hand it is simple (but tedious) to see by induction on m that:

m—1 J 1 3
+1
AJT(DO“= Z Z Z j.'".[bk. cked @ D(G g mr— )0y, .. dys,.. U)
=0 r=0k+. . +k=0 ©
Gy.jA;"_JuG—y.(m+k172j_i)Aﬁl(Sys,u G—y.[m+2k,+ e bk =2 —it n)Aﬁ“'Csysl
. 5}’31»1“-" G—y-(m+2kl+ ..,+2k,_,+k,»2j—r)A§'6ys, ...5ys,u dSl ...dsr+|

where:

b _ m—1 . j—l . j—kl—l . j—klwkz—...—kr_l—l
N [y | ki—1 ks —1 k,—1

for any re[0, j1, je[0, m—1]
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with:

[a _al
b{  bi{a—b)

8y u(X)=su(x+y/2)+(1—s) u (x—y/2) for any se(0,1), xeRY, yeR" and
Gyu(x)=u(x+y/2).
By this;

AP+ @ou = A, (ATDou)=A, + Az + A3 (1.7)

where:

m-1 j 11 '
Ay = Z Z Z bkl...erI---Idr+1®(G-y-(m—r—l)5ny 5ys,+1u)Gy'U+1)A;n_ju
0o 0

j=0r=0 k. 4k=]
o G—y-(m+_2kl+ ...+2k,-,—2j—r+1)Ai‘"5ys, ...(Sys,u d31 s dSr+]
m—-1 j 1 1
A2= z Z Z bkl...k,jI...jd’+l®(G—y-(m—r—])6ys| ...5)3,.1u)Gy.jA;'—J+lu
=0 r=0K+ . k=] o 0
G—y~[m+k,—2j)A§.-l(5yslu G—y-(m—k,-r-{—l)Aj}'éysl 5_;'5,11 dSl dS,.+1
1 1

m—1 j
A3 = Z Z z bk;...k,,jg ...!;Ay(dr+lq)(G—y~(m—r—1)6ysl 5ys,.”u))

i=0 r=0k+ .. +k=j
GyU—])A;"_ju e G—y(m—k,-r-i-l)A‘;'ays, ‘e 5}'5,.“ dSI ...dS,.+1

Using Holder’s inequalities, the translation invariance of L? norms and
lemma 1.5 one gets:

WAillspia < Cl®llm wltllsrg 3 Nullee  for =12

r=0

In order to obtain the same estimate for As we have to use also that, by
the hypothesis on @:

VE CeRY Yrsm—1,VpeRY i=1,..,r+1:

[+ E)—d D)0y . 0, + | S CPller ol € — T 1] 0 41]



134 Miguel Escobedo

Remark 1.7. One can prove a result similar to the one of Remark 1.3
for the spaces A} J(RY,RM)N L=(RY,RM).

Remark 1.8. Proposition (1.6) remains true if we consider v belonging to
the space AjQ,RM)N L*(€2,,R") of functions defined on a smooth domain
of RY and @ a function of W*:*(Q,,R") where Q, is a smooth domain of
RMcontaining Im(u). Just using the extension operators from A3 (Q,,RY) to
A(RY R, from W =(Q,,R) to W-=(R",R") and their inverse.

As in remark (1.4) if Q, is bounded we do not need no more the condition
®(0)=0 in order to have the results of proposition (1.6).

Remark 1.9. The condition s> 1 is necessary as shows the following result
of J. Simon [13]:

Theorem. (J. Simon). Given pe(0,1), Vse(0,l) and Ve&=0,
Jwe W(Q) Yre[l,00]; [wP~twe Wo+er (Q) V' e[1,00).

In fact, J. Simon gives a counterexample where the function w is Lipschitz
of order s on Q.

Remark 1.10. It is well known that for any non negative integer m the
space W™ L is an algebra (for p=2 it is the Schauder algebra). The proof
is a simple consequence of the formula of Leibnitz and the Gagliardo and
Nirenberg’s inequalities.

This result remains true for any Besov space A}, with s>0, p=1 and
gz 1. We only have to show this for the homogeneous spaces A, But this is
very easy using the characterisation of these spaces given by J. Dorronsoro in
[6]: ue Aj, iff there is an integer M >s such that, if Q is any cube in R and
Py (f) is the unique polynomial in P (the space of polynomials of degree less
or equal than M) such that:

f{f—Pé‘(ﬂ) x*dx=0 VYaelN; |o|<M
]

and if
Q.f;M(x,t)=Sup{IQ|lﬁf—PS(.f)le; xe@ |Q_I=f“'}
¢

one has;

1
( f (7190 (LO],) %~ dz)"“’
@
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and the fact that P} satisfies: .
IPY @)l <ClQI™! jlvldzscllvllm (see [6])
Q

The same result is true for the space H*?P N L* using similar results of J.
Dorronsoro about Bessel-potential spaces (see {71). The author is grateful to
J. R. Dorronsoro for fruitful conversations about this Remark.

‘2. DENSITY RESULTS

Let Q be a bounded and regular domain of RY and $* the unit sphere of
RM+1 As it has been said in the introduction we prove in this section the
density of the set of regular functions defined on Q and taking values on §",
on the sets A5(Q,5"), when some relations hold between the coeficients
s, p, g, M, and N.

First we give a simple extension of a density result in [2] and [12]:

Theorem 2.1. Let M, N and m three positive integers and p a real no less
than one such that mp 2 N. Then C(Q,S*)N W™P(QLS¥) is dense in W™P(CQSY).

Proof. Any function u# of W™#Q,S¥} is bounded and then belongs to
W-mr(Q S*) by the Gagliardo and Nirenberg’s inequalities. Now using the
method of [2] we obtain, by taking averages of u over balls, a sequence of
continuous functions {i} converging to u in W™ (Q.5*) when & tends to zero
and such that dist{u,(x),5) tends to zero uniformly on Q with & (using that
mp = N). The result follows as in [2].

Theorem 2.2. Let M and N be two positive integers. For p and q reals
greater than one and any non negative real s such that spz=N, the set

CQ,SMYN AL (Q,8M) is dense in A (Q,SY).
Proof. Here again the idea of the proof is the same as in [2].

Consider any function u of A} (€,5") and its extension to RY, U of
A5 (RY,RY+1), Define for any &>0:

Udx)= |Bg(x).| -1 J. U(z) dz  where  BJ(x)={zeR"|z—x|<s}
Bylx) '

These functions belong to C(RY,S%) and if u. = Uy, then, as ¢—0, w.—u in
A3 ,(Q,RY+1), On the other hand consider any real r>1 such that 1/p<s/r<1.
For any xeQ

[dist(ux),S")]7 < B~ J UG) —ulx)f* dy<C f J 'U(z)‘({(f"’)'T dz dh

Bgi(x) B:(0) Belx)
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Now if g>p: s
W)= Ulz—h)|r
C
J‘ J B dz dh<
B240) Bi(x)
a 2
' se. \° dh ) °
C{ j ( |U(z) ~ Uz —h)|" d= W
Bae(0} Belx)

using that sp=N.

Therefore [dist (u(x), S¥)]**"—0 when £- o0 uniformly for xe Q.
If g<p, A}, = AS, and then:

J J[fU(Z)—U(Y)I‘””/IZ*YIN“”] dy dz < oo

RY RN
Using again that:

[dist (u(x), SM)]Pirg j J.[IU(Z)— U1z — yI¥+] dy dz

we get the same conclusion.

Taking now v, = Projstu, for & small enough we obtain the result.

So we shall consider in all the following that sp < N. In this case our first
purpose is to approximate-any function of A54(Q,SY) by functions, not
necessarily continuous taking values only on a segment of sphere. In order to
do this we shall need the following deformation lemma.

Lemma 2.3. For any ¢>0 and x°€S™ let Vio ;o =SM NB"+1(x°, £/2) and
W .o =SM-Int(Veoc2). There is a C° map @, from SM to Wp,n such that:

l) CI)£|W¥°.£/2 3Idiwr".afz-
if) YLeN, 3C>0; Yae N+ |o| <L; |[D*®||, <CeW.

Proof. This is a «regular version» of a lemma proved in [5] (where ® has
only to be Lipschitz). The proof is essentialy the same,

We can prove now our first density result for the particular case of
Sobolev spaces W™?(€2,5") with m an integer.

Theorem 2.4. For any real p, greater or equal than one, for any positive
integer M and any non negative integer m such that mp<M the space
C*(€2,5M) is dense in W™P(QQSM),
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Proof. Let £>0 be fixed. By lemma 2.1, for any x%eSM there is a C*®
function ®, from S¥ to W, such that: :

i) Dywis.cn =Idwa .a-
ify VLel, IC>0: Yae NM+! jaf < L; [|DFDello < Ce.

In order to apply the results of section 1 we extend this function to all of
RM+1, For this purpose consider any C* function hfrom RY to R such that
W1} =1, supp h <=(1/2,3/2) and define W . =®e.q(x/|x])- h(x). This function is
C® and DFP(x)<C e~ for any x of RM*! and such that |a|< L.

If P, is the maximal number of disjoints sets of the form Ve, contained in
SM there is a constant K such that P,>K-e~, Let {Vasg}iz1,..p. such a family
of sets and define
Vie{l, .., P} tip="¥x.ou=duzou

By construction u;.=u on W and u;, goes from Q to Wizp.
On the other hand:

P, P, p
_Zl [lee — 14; ] [Fn,p = hg}(“ - “i.:)“m,p] =

Pe 14
=[n z(ld-‘vf,e)ouum.p] <Clvoult, . 29
‘=1

t

with ®,(x)=Z(x — ¥i{x)) for any x of RM+1 @, is a C* function such that
©.(0)=0 and then by proposition (1.2):

P,
Z ju— Ui ellfnp < C“(Dzll%,m“u“?ﬂ,.ﬂ .
i=1

But, by definition of ®. and using that the supports of the functions
(Id-- W;,} and (Id— Y.} are disjoints for i#j we have:

D ellm. o S Max{|lid — Yiillm,e; i= 1., P<Ce™™
from this we deduce:

P,
Z “u - “i,t—:”g'l.ps. Cﬁv mp”“”ﬂl.p
i=1

It follows that there is at least one ie{l, .., P.} such that:

([ = thiallPrp < Ce™™P(Pe) ™" - [t p < C&¥ 7 il p
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This inequality gives us an approximation of any function u of Wmr
taking values on S™ by functions 4, of W™ with values only in a segment of
sphere Wy.. We have to approximate now i, by a smooth map from Q to
S™. There is no loss of generality if we suppose that x'=(1,0,...,0). Consider
the stereographic projection P of S™ on RM with pole x*. Its restriction P to
Wei. is a C* diffeomorphism from Wi into P(We,).

Let us define now: Vze BM+Y0,1\B* (X! e), z£0:; PE(z}=h(|z|)-P(z/|z|)
and P50)=0 (where % is as in 24). It is a C™ extension of P to BM+1(0,1)/
BM+1(x' ¢). On the other hand the image of [BM+1(0,))\BY+1(x’,&)] by PF is
contained in P(W,,),

By the results of section 1 Piu:) is now a function of
W™ RM)NL*(€2, R™) and can be approximated by smooth functions v,
of C2QRM)NL2Q,RM), Define now Uien= P"Nuvi.a). These functions
belongs to C*(Q, RM), We want to show that there is a subsequence tending
to ti; in W™?, By remark 1.3 this holds because:

1) tien— PEuic) in W™H(Q RY).
i) 3C>0; Vi (|vien|le < C.
and then tix— P~ (P¥u,)=u, in W™ for a subsequence of wuix.

In order to prove a similar result for the space Apq we would like to apply
the same method. Unfortunately formula (2.5) 1s not true for these spaces.
Nevertheless one can, with a slight modification prove the following;

Theorem 2.6. For any bounded smooth domain Q of RY agnd three reals
Ig<p<oo, 1€g< 0, 521 such that s-max{p,q)<M, the space C*(0,S¥) is
dense in A3 (Q 8Y),

Proof. As in 2.4 consider, for any £>0 fixed, a family {Vi.Jiei ., of
disjoints subsets of $" such that P.2Ke ™ and @, the corresponding
function from $™ to Wi, equals to the identity on Wiz, Define now Weie(x)
=h(lx|)- Qee(x/|x]), Wero(0)=0 where h is as in 2.4, Let U be the image
of u by the extension operator from Apg(Q,8M) to A (RN, R*+'). Define
Uis="Yu.0U and consider the function Dis=Fi,0U where we have posed
Fis(2)=h(lz))- z/|z} — Wer(2).

Observe first of all that
supp Die < Qie={xeRY; U(x)/|U(x)|€ Vetr} and Qi N Q.= if i)
and therefore for any integer L:

supp A} Di; = U2 ¥t O = A () (2.7)
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with;
Qi ={xeRY; x+ykeQ;.}

Let be m the integer part of s; arguing as in (1.7), for any ie{l,.. P

A;"HD:‘.E=S£!'3+ 55+ S5
Pe
Now we have to estimate the sum Z |Diel|4pq- The way to do this is the

same as for A;(i=1,2,3) in (L.7) with a slight modification. As the sets A™*(y)
are not translation invariants we have to use the properties of the supports of
the functions D;. in the following way:

P

dy
Z J.”GyrA U“L"(A*‘”U))l |N+sq <

i=1
R"

P L. d
[_Z; __‘Z_ jllGY’AL UHL (TkaI.C} |yF\¢’l.:sq (2.8}

R

N+sg

(1 _mt . dy
<tr1"' T ) |16, 85 Ul
for any integers r and L and two any finite reals a1, b=1.
And we obtain for §'>s:
DN
(Z “DJE“s»P‘*) <C£_’ P “U”S-P:q (2-9)
We choose s’ such that s'max(p.q) <M.
From (2.9) we deduce that, for at least one i of {1,..,P;} we have:

1Die llsp:q < Co ™ S[P ]~ mintp || U | g < Cem¥+M w2 U ||5.p:q

Now call u;.= Uian. Then u; € AjQ,We,) and D;, is an extension of
u—u; . to all of RY. Therefore:

(14 — t4; glls.pra KDy ellsig < Ce L | ]

The proof now follows as above using stereographic projection.

Remark 2.10. If sp> M, the conclusion can fail even if sgq<M. For
example, it is known (see [2], [5] and [12]) that the function x/|x| belongs to
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HY(B?$?) and can not be approximated by functions of C*(B3S$?) in
H'(B*S%). On the other hand x/|x| belongs to W2(B*S?) for any r < 3/2.

Now, using the inclusion properties recailed in the first section:

W(B’8%) < A¥ (B35 Ve>0 because 2—e/r=(2—&)—z/r
A% (B*,S% = H (B S%) for r>1 and &>0 such that (2—g)—r/33>1/2.
(All the inclusions are continuous).

If r=3/2+4) with 1>6>0 and &+6<1/2 in order to have
(2—¢)—~r/3= —1/2, this condition implies aiso that r>2/2—¢). Therefore
suppose that {u.} is a sequence of C®(B>S?) converging to x/|x| in
A¥ (B*,$%). By continuous injection from this last space on H'(B%S?) the
sequence {u,} should be convergent to x/|x} also in this last space what is
imposible.

As in the proof of proposition 1.5, for proving theorem 2.6 we have
needed M greater than max(s,1). p. So we can not give a general density result
as (2.6) when 0 <s< 1. (In that case with exactly the same proof as in (2.6), we
can prove the density only when 1< p< M). Nevertheless we can prove the
following:

Theorem 2.11. If p and q are no less than one, for any integers N> 1 and
M 21 and any s in (0,1/p) such that 14 N/p>s+ N/q the set C(Q2,8"} is dense
in A {€,5M).

We shall prove this result in two steps. First showing that the set of step
functions on Q taking their values on S is dense in A, (Q,5"). We conclude
using stereographic projection as above.

The first step will be donne with three simple lemmas.

Lemma 2.12. If se(0,1/p), for any N=1 and M > 1, the characteristic
Junction of a cube Q of RY belongs to A3 (RY),

Proof. Using the characterisation of Aj, for 0<s<1 given in [9] it is an
elementary calculus to see that if @ =1, x I X ... x Iv where the I; are intervals
of R whith Lebesgue measure L;

N 1 —s5+(1 1
Ixolkra<C(N.spg) 3 Ls™, Ly L7770 LS
i=1

i

where y, is the characteristic function of Q.

Lemma 2.13, Under the hypothesis of theorem 2.11 the set of finite and
linear combinations of characteristic functions of cubes contained in €, with
vectorial coefficients belonging to RM+! is dense in A} (Q,S),
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Proof, Given any function u of AjQ.S8") it is well known that for any
£>0 fixed there is a function v of C®(Q,B¥(0,1)) such that: ||u —v|kq <&

Now it is easy, using diadic cubes in R, to construct a sequence {v;} of
step functions of the form:

vi(xy= 3 -v0x; ).k

keK;

(where y;, is the characteristic function of Q(jk) the k—th cube of the j—th
generation, x;  belongs to Q(,k) and #K; is of order 2%, Q = {0,0)) such
that:

gt I opam
ij—UJ‘+1||?.p:q$C(Q:UsS,P,Q)2 Fleat 4 *a=M

We deduce from this inequality and the hypothesis that {;} is a Cauchy
sequence in A% int Q(0,0)). Then defining u;=ujo, {u;} is a Cauchy sequence
in AS(€). As for almost every x of Q: uf{x)—u(x), {u;} converges to v in A3{C)
and this ends the proof.

Lemma 2.14. Under the same hypothesis that in theorem 2.12 the set of step
functions defined on Q and taking their values on SM is dense in Ap4(€L,SY).

Proof. Let u be any function of A,{€,S"). By the above lemma we know
that there is a sequence of step functions {v,} from Q to B(0,1) converging to u
in A3/Q,SM). We can write

va(¥)= Y Enx XnilX)

ke Ky,

where &, € B(0,1). Let @ be a C' non negative function from B(0,1) into itself
such that ®(x)=|x| for any x of B(0,1) such that |x|>1/4 and ®(x)|<1/4 if
|x| < 1/4. Define now: .

wo= 3 Enwdmi+ 2 Coxair where [o€S" is fixed

kKekK' ke K*
With K'={k;|1 — [£asdl <1/2} and K" = {k"|1 —|En,el < 1/2}
Let us prove that {w,} still tends to u in AL{S2,B(0,1)):
Hlt = Wallépea < Clltt = Valliig + o — Wallisa

< Clu—vallipa +Cll Y (Enier = Lot i |Voma

ke K" B

LCllu—villfpg +C Z 1t n x4 :a
k"e K"
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Using now the results of section 1 it is clear that ®ow, tends to one in
A3 {€3,B(0,1)). So we have: -

”1 —(I)OW,,”?,_D;(L? C Z Il ‘_(D(‘fn.k“),qlIXH.k”“g,p;q 2

ke K"

=C27¢ Z 1 n.&lp:q

EeK”
Therefore:
et — wall g < Clltt — |2, + C21 — oW |4,

and {w,} tends to u as n goes to + co. Observe that all the functions w, take
their values on B(0,1)B(0,1/2) because by construction of &, ®(x)z 1 /2
implies |x|>1/2. Letting now u,= Proj ssw, we have the resuit.

3. NON DENSITY RESULTS

As we said in the introduction, F. Bethuel and X. Zheng have proved that
if M is a compact Riemann manifold of dimension M imbedded in R?, p<N
and m(N)+{0} (where R[PE(ER) is the [p]-homotopy group of M) then
C(BY(0,1), M) is not dense in W'#(BY(0,1), 9) (see [4] and [5]). We extend this
result to the following cases:

Theorem 3.1. i) Let 1<p<co, 1<g<o, meN such that mp<N and
T # {0}, Then C(BY(0,1)), R)NW™HB¥(0,1), N) is not dense in
Wm2(BN(0,1), M.

i) If 1<p<oo, 1<g< o, s>0 are such that sp<N and there are § >0,
Pz Lg e[ Lp] for which [sp]=[sp'], AL{(B"(0,1), N) = AL (BY(0,1), R) and
T sp{ W) F {0} then C(BY(0,1), M) N AL (BY0,1), ) is not dense in
AL(B(0,1), M).

In order to prove this theorem we give before two propositions relating
convergence in Sobolev or Besov spaces and homotopy properties.

Proposition 3.2. Let M be a compact Riemann manifold of dimension N, % a
compact Riemann submanifold of R+ and g: M —R¥+' ¢ W™ map such that
g(x) belongs to M for almost every x of M and mp < N. There is an £ >0 such
that, if fy and f, from 9 to N are functions of W™ and Lfi—gllmp <e(i=12)
then fi and f, are [mp]-homotopic.
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Proof. Since % is bounded in RM+' the maps g, f1 and f; belong to L™.
Then by the Gagliardo and Nirenberg’s inequalities:

i =gl mp < CIUSi = Glm plLfi — Gllo S Cllfi = Gllm,p for i=1,2.

By Theorem 2 of [15], there is an £>0 such that ||fi—glli.mp<e (i=1,2)
implies that f; and f> are [mp]-homotopic.

Proposition 3.3. Let Nt be a compact Riemann submanifold of RM*!. Let g
be a As, map from B¥0,1)into M whith sp<N and q<p. Thereisane>0 such
that if f; and fo, from B¥(0,1) to M are in A}, and ||fi—gllsee <& (i=1,2) then
fi1 and fp are [sp]-homotopic.

Proof. Let {f;} be a sequence of A, maps from BY(0,1) into 9 such that
Ifi —glbpa<2™". Since g<p, Aj, = Aj, with continuity. On the other hand
since M is bounded the functions f, fi and f, are bounded and then for
r=min(s, sA{s]+ 1))

(s — @llrsprmspir < Cllfi = Glbow < Cllfi — gllspa < c27*
Using elementary properties of Lebesgue integral on RY and the same

arguments as in [15] we obtain that there are roe(0,1/2), t; €(—1,1) and
for i=2, .., m (where m=N —[sp]—1),

ne(— /1= .. J1—t, J1+8../1+ty)

such that, if

[spl+1 m

X={x’e[R[”’]“; Y xt+ Zt?=ro} t=(t1,....0m)

i=1 =1

_ 'y f (el dy ,
3C>0;VkeN j (BNL | '8~ fe W)™ T y)|”+”’)da(x )SC  (34)

lim jl fiar O D =fidx O do(x')=0 (3.9)

k— oo

. We conclude with the same tools that in [15] using that the [sp]-skeleton
of BY¥(0,1) is St '

Proof of 3.1, i) Let Pmp+1 be the projection RY to R™*! and = radial
projection from RI™?1** to SI", Define the function g=noPmpm+1. We have
that ge W™?(BY(0,1), ') and gis~n=1Id.

On the other hand, since [Ty, (9t )# {0} there is a C'™""! map, ® from
SUmpl to 9t which can not be extended continuously to BU™1*, Let us define
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S =®og. By the results of section 1, fe W™2(B¥(0,1), 9t). Now suppose thereis a
sequence {f,} of functions of C{(B¥(0,1),) converging to f in W™P({(B(0,1), ).
By proposition (3.2} f, and f are [mpJ-homotopic for # large enough. Since f,,
is smooth on BY(0,1), by the homotopy extension theorem we may extend [ to
BY(0,1) continuously but that is impossible by construction.

i1) Let us define the function fin the same way as above, with [sp] instead
of [mp]. Suppose again that there is a sequence of continuous functions {f,}
converging to f in A} ,(BY(0,1), ). By the hypothesis {f,} converges to fin
Ay ¢(B¥(0,1), %). The proof follows now as above.

Remark 3.4. Using the inclusions recalled in the first section it is very
simple to see that the conditions in ii) of Theorem (3.1) are satisfied is s- p is
not an integer and Tl (%)+#{0}. If sp is an integer we must to have g<p.
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