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Introduction

A tree T is a connected graph without loops. In this note we further assume that a tree: (i) has a distinguished
edge w called the root, (ii) is locally finite (that is, no vertex is connected with infinitely many others) and (iii)
has no leaves. By leaf we mean a vertex x which is the endpoint of a unique edge a, a # w. We denote by V(T)
the vertex set and by E(T) the edge set of the tree T.

Trees have become a subject of interest because, due to their relatively simple structure, they can be used
as a toy model for complicated situations arising in the study of problems of real as well as complex analysis.
This point of view has been adopted in a variety of ways and it has been proven fruitful, for example in the
study of the Dirichlet space of analytic functions in the unit disc, see for example [4] [3]. Here we are interested
in the tree as an object per se. In particular, in analogy with the Potential Theory in the Euclidean space, we
investigate the interplay between the capacity of the boundary of a tree and the Dirichlet problem.

The paper is organized as follows. In Section 1 we introduce a Nonlinear Potential Theory on T which
allows us to define objects like equilibrium potentials and the capacity c(E) of a subset E of the boundary oT.
As in the continuous case, irregular points are points where the equilibrium potential fails to attain the value
1 [Definition 1.3]. In Section 3 we show that in fact such points can be identified by a Wiener’s like series of
capacities [Theorem 3.1]. Furthermore, we show that the classical probabilistic solution of the Dirichlet prob-
lem with continuous boundary data actually converges to the given data, except at irregular points [Theorem
3.5]. As a corollary we get the corresponding Kellogg’s Theorem, i.e. the set of irregular points for the Dirich-
let problem on a tree has capacity zero. Section 4 is devoted to the study of uniqueness of the solution of the
Dirichlet problem. Here the results are more rudimentary for general trees [Example 1]. We introduce Sobolev
spaces on a tree and discuss some results about their boundary values.

1 Preliminaries

Our approach on tree capacities is in the framework of an abstract Potential Theory that can be found for
example in [1]. We give a brief exposition of the theory in the particular case of trees here. First let us introduce
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a piece of notation. A geodesic {a;} is a (finite or infinite) sequence of edges such that for every a; € {a;},
{ao, ..., a;}is the shortest walk between ao and ;. Notice that for every edge a there exists a unique geodesic
{ap = w, aq,...,ay = a} =: [w, a] which starts at the root and ends at a. Here N is the level of a, which we
denote by |a|. A rooted tree has also a natural partial order attached. For two edges a, 8, a = Bif [w, a] D [w, B].
Hence it makes sense to define successor sets S(a) = {8 € E(T) : B = a} and predecessor sets P(a) = {8 €
E(T) : B < a}, as well as the set of sons of a, s(a) := {8 € E(T) : B = a, |B] = a + 1} and the (unique) parent of
a denoted p(a) € E(T) which satisfies a € s(p(a)). We call T, the subtree of T rooted at a which has as edges
the set S(a). The boundary oT of a tree T is defined as the set of infinite geodesics with starting point w, and
has a topology generated by the basis {0Ta} 4cg(r) Where 0Tq is the set of infinite geodesics passing through
a. It turns out that this space is metrizable and TUT is a compactification of T with the edge counting metric.
Note that the order relation extends naturally to an order on the set E(T) U V(T) U oT.
Let g be a real valued function defined on the vertices of T. Given a point { = {x;}Z; € 0T, we define the

radial limit of g at { as

lim g(x) = lim g(x;).

x—( j—roo

The Fatou’s set of g is
F(g) = {¢ € oT : there exists lim(g(x) € RU {too}}.
X—

The boundary value of g is themap g" : 9T — R U {+oo} which on Fatou’s points { € F(g) is defined by

£'(0) = lim g(x).

From now on we simply write g in place of g" for the extension of g to the boundary since no confusion can
arise.
In order to define a capacity of a set E C 0T we need the notion of the potential of a function.

Definition 1.1. Suppose that f : E(T) — R. We define its potential If : V(T) — R,

If0) =) fla.

as<x

The potential extends to a function from V(T) U 9T to R U {too},

IfQ)=> " fla), for¢ e F(f).
a<¢

It is clear that if f is a nonnegative function then If is defined on the all boundary, possibly taking value +oo,
while in general its Fatou’s set is non trivial.
Let p € (1, +o0) be a fixed exponent and p’ its H6lder conjugate, 1/p + 1/p’ = 1.

Definition 1.2. Suppose that E C 9T is a Borel set. We define the p—capacity of E,
cp(E) = inf{[|f||5, : f : E(T) — [0, 0), If 1 on E},
where |f[[}, == > s IF(@IP.

Some remarks are in order. It is customary to say that a property holds p—capacity almost everywhere or cp
almost everywhere if the set on which it does not hold has p—capacity zero. With this terminology one can
prove [1, Theorem 2.3.10] that given a Borel set E C oT there exists a unique function fE . E(T) — [0, +o0),
such that If = 1, cp-a.e. on E and |f£ I, = cp(E). This function is called the p—equilibrium function for the
set E.

Definition 1.3. A point { € E such that IfE (¢) # 1 is called irregular for the set E.
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There exists a useful equivalent definition of capacities in terms of measures. We call charge a signed finite
Borel measure on oT. The co-potential of a charge u is defined by

I'u(e) = u(0Ta), a < E(T).

For brevity we shall write M instead of I'u when the implied charge is clear from the context. The p-energy
of a charge is just )

Ep(0) = | M2
We define also the mutual energy of a charge u and a function f on edges admitting boundary values p—almost
everywhere to be

eu.f) = [ ifdn.
oT
If the mutual energy is finite, we can switch sums and integrals and write E(u, f) = > BEE(T) f(BIM(B). For

functions on edges we use the footnote notation fp : a — f(a)P -1 where powers of negative quantities have
to be intended as follows: a® := sgn(a)|a|®, for each a € R, s > 0. Hence, if £, (u) < oo, we can switch sums
and integrals and get

e Mp) = Y sen MBIMB)F " MPB) = 3 MBI = &p(u). 1)

BEE(T) BEE(T)

The following is what is usually called the dual definition of capacity.

Theorem 1. [1, Theorem 2.5.3] Suppose that E C 0T Borel. Then
cp(E) = sup{u(E)’ : u2 0, supp(u) C E, Ep(p) < 1}.

Moreover, there exists a unique positive charge yE supported in E, called the p—equilibrium measure of E, such
that

UE(E) = cp(B) = &p(uF),
and I'uE = fE.

2 On p-harmonic functions on trees

If g : V(T) — Ris a function of the vertices, we define its gradient on the edges to be the difference operator,
Vg(a) = gle(a)) - g(b(a)),
where b(a), e(a) denote the beginning and the end vertex of a, with respect to the order relation. It is imme-

diate to see that the following fundamental theorem of calculus holds.

Proposition 2.1. Take two functions f : E(T) — R, g : V(T) — R. Then, g = If + g(0) on V(T) if and only if
f =VgonE(T), where o = b(w).

Proof. Let g = If + g(0) on V(T). Then, for every a € E(T) we have
V(@) = gle(@) - gb@) = > fB)->_ fB) =f@.
Bza ﬁi“
Vice versa, let f = Vg on E(T). Then If(0) = 0 = g(0) - g(o) and for every x € V(T) \ {0}, let @ € E(T) be the

unique edge such that x = e(a). Then we have

If0) = If (e(@) = Y Vg(B) =Y _ g(e(B)) - g(b(B)) = g(x) - g(0).
Bza Bsa
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We say that a function f : E(T) — R is forward additive if, for every a € E(T),
f@="3" fp. @
Bes(a)

It is immediate that the potential of a charge defines a forward additive function. Next proposition char-
acterizes forward additive functions that can be obtained as potentials of charges.

Proposition 2.2. A forward additive function f : E(T) — R satisfies

lim > f@)] < oo, €)

|a|=k

if and only if there exists a (unique) charge y on OT such that f = I" .

Proof. Note that the limit in condition (3) is in fact a supremum. For f forward additive we have
D@1 => > 1Bl @),
|a|=k+1 |a|=k Bes(a) |a|=k

from which it follows

sup Y f@] = Jim > [f(a).

laf=k =k
For each a write {(a) for an arbitrary point in 0 Ts. For each k € N, define a Borel measure,
M= Y f@)b.
laf=k
The total variation of the measure yy is given by

Il = 3 @601 = 3 1@,

a|=k la|=k

from (3) it follows that the family of measures p; is uniformly bounded, so that it has a weak”-limit point
which is positive. For each edge a we have

I@) = 4OTe) = [ Xyg,du=1im [ X, dit = lim @) = ).
oT oT

For the uniqueness part, if f = I'v for some other charge v, then v(dT,) = u(0T,) for each @ € E(T) and hence

U=V,
Vice versa, let u be a charge on 0T and consider the forward additive function f = I"u. Then

STU@ = 1T - 1w OTa)| < D [ul(0Ta) = ||| < oo

|a|=k |a|=k a|=k

Observe that if f > O then condition (3) is automatically satisfied.
Given g : V(T) — R, its p-Laplacian at the vertex x is given by

2800 =Y (80) - g(X))IH.

y~X
We say that g is p-harmonic if Apg = 0 on V(T) \ {o}. As usual, we simply call Laplacian the linear operator
A := A, and we say that g is harmonic if Ag = 0. Observe that harmonicity coincides with the mean value
property
>y 80)
#HyecV(D: y~x}’

For more details on p—harmonic functions on trees and their boundary behaviour see for example [7].

Ag=0 <= glx) = forall x € V(T)\ {o}.
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Proposition 2.3. A function f : E(T) — R is forward additive if and only if Ifp is a p-harmonic function on
V(7).

Proof. Letx € V(T)\ {0} and a € E(T) such that x = e(a). Since (p’ - 1)(p - 1) = 1, we have

Bp1fp0 = (p(b(@) - (@) + 3= (Iple(®) - o))"

Bes(a)
=@+ Y KB =@+ Y FP).
pes(a) Bes(a)
It follows that ApIfy = 0 if and only if (2) holds. O

Putting together the last two Propositions we get the following.

Corollary 2.4. A p-harmonic function g satisfies

sup »  [Vg(@P™ <o, @)
k
|a|=k

if and only if there exists a charge y such that g = IMj.

Proof. A function g satisfies (4) if and only if f := (Vg),, satisfies (3) and by Proposition 2.3 g = Ify is p-
harmonic if and only if f is forward additive. By Proposition 2.2 we have the claim.
O

3 The Dirichlet problem

There is an extensive literature on the discrete Dirichlet problem and its variations on graphs, see for example
[11], [10] and [9]. In the particular case of trees we derive more precise results about the exceptional set.

3.1 Wiener’s test

For any edge a in a tree T, we denote by cq,p the p-capacity referred to the tree Tq. Given a set E C 0T, we
define Eq := E N 0Tq. The following Theorem can be seen as the analogous for trees of the classical Wiener
test for irregular points (see [8, Theorem 7.1]).

Theorem 3.1. A boundary point { is irregular for a set E C oT of positive capacity if and only if

3 Cap(Ea)P P < oo, )

a<{
In the proof we shall need the following rescaling property of equilibrium measures on trees (see [5]).

Lemma 3.2. Let p, uq be the p-equilibrium measures for the sets E and Eq in the boundary of the trees T and
Ta, respectively. Then the following relation holds

Hlor, = (1~ 1Mp(b@))”" e

Moreover, for every a € E(T), u solves the following equation:

M(a)(l - IMp(b(a))) =S M@Ey.
B=a
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Proof of Theorem 3.1. Let u be the equilibrium measure for E, and M its co-potential. Set € := 1 - IMp({) =2 0
to be the deficit of regularity of the point { € E. Let {a;} = P({), and set tn = >_,,, Mp(a;). Clearly tn is
monotonically decreasing to zero, being the tail of the converging sum IM,({). By Lemma 3.2,

, M(a )p’/p Mp(an)  tnh—tpa
= E p'lp = n = P == - *
¢n = Cay,p(Ea,) 1 - IMp(b(an)) E+in E+ln

Now, the sum )", cn converges if and only if [],,(1 - cx) > 0. The partial product can be explicitly calculated
thanks to its telescopic structure,

N N e+t e+t

_ _ n+l _ N+1
H(l cn) H £+tn e+ty
n=0 n=0

Since to = u(o T)p/p' > 0, it follows that [ ]~ ,(1 - cn) > O ifand only if € > 0, that is, if and only if the point {
is irregular. O

Observe that the Wiener condition (5) can be re-written purely in terms of capacities on the all boundary, in

the following sense.

Corollary 3.3. A boundary point { is irregular for a set E C 0T of positive capacity if and only if

Z Cp(Ea)p’/p

por 1 - |a|cp(Eq)P'/P

Proof. Let T be anyrooted tree, E C 0T and consider a tent T, with |a| = n. If u is the equilibrium measure for
Eq = ENoT, C 0T, then the associated co-potential M is supported on E(Tg) U P(b(a)), since the equilibrium
function Mp must minimize the p-norm. By forward additivity, M must be constant on P(a), i.e. M(8) = M(w) =
cp(Eq) for B < a. By the rescaling properties we know that

’

/
M(@) = cpalE) (1-IMp(b(@) ",
and since IMp(b(a)) = ncp(Ea)p/’l, we obtain
cp(Ea) = Ep(p)
= nCp(Ea)p, + Ep,a(}l)
= nCp(Ea)p, + <1 - nCp(Etx)p//p)pCp,a(Ea),

from which follows

cp(E
Ca,p(Ea) = p( a) oip’ "
(1 - ncp(Ea)P’/P)
Substituting this expression in the Wiener condition (5) we get the result. O

3.2 A probabilistic interpretation of capacity

The connection between random walks on graphs and electrical networks is nothing new, see for example
[10]. Here we give an interpretation of the capacity of the boundary of a tree, which will be helpful in the
solution of the Dirichlet problem. As usual we work on a general rooted and locally finite tree T without
leaves.

Consider the simple random walk (Z) on the vertices of T which stops when it hits the root vertex b(w).
In this context we consider o = b(w) part of the extended boundary 0T = 0T U {0} of T. Then there exists a
0T~ valued random variable Z. such that Z, converges to Zo. , Px-almost surely for every x € T, where Py is
the probability measure of the random walk starting at x € T. We can now associate to any vertex x € T the
harmonic measure Ay(E) := Px(Z- € E), where E is a Borel subset of 9T.
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Proposition 3.4. Let T be any tree. Then the 2—capacity of 0T equals the probability that a simple random
walk starting at e(w) will escape to the boundary before hitting the root vertex o. Formally,

Ae(w)(bT) = Cz(aT)

Proof. Suppose that we have a finite tree of depth N > 0. We can naturally identify o T with the vertices of T
with maximal degree. Then by the Markov property the function h(x) =: Ax(dT) is harmonicin T° := V(T)\oT,
h() = 1if ¢ € 9T and h(o) = 0, since the same is true for the equilibrium function If°T of the boundary of
oT by the maximum principle If°T = h and the result follows for finite trees.

For a general tree T not necessarily finite , let T, be the truncation of T up to level n. Then from the finite
case we have that c2(0Tn) = P, (sup; |Z;| > n). By monotonicity of measures the last quantity converges to
Pew)(Zso € 0T), as n — +oo. It remains to show that c2(0Tn) — ¢2(0T), as n — oo. By definition of capacity
we get that c2(9T») = ¢,(9T), since the equilibrium function f27 is an admissible function for T (extend it
to be zero on edges of level greater than N.)

To prove the other inequality we use the dual expression for capacity. Suppose that u, is a measure on
0Ty such that &, (un) = Z|a|sn Myu(a)? < 1and u2(0Tn) = cr,(0Tn). Consider now the corresponding charges
onoT

fin = Y mn(@5,,

la|=n

where (, is any point in 0Tq and 6y, is the corresponding Dirac mass. Since Un(0T) < 1 we can find a weak-
limit point u of the sequence {ur}. We have that

> M@ =lim Y Ma(B)
Bl<m |Bl<m

= lirI;Il Z JNVIn(B)Z

[x|sm

< lién Z M,,(B)2
|Bl<n
<1.

Therefore, letting m — oo we get that ,(u) < 1, and hence by the dual definition of capacity,
c>(0T) = u(aT)? = lim Hn(0T)? = lim c2(0T»).

O

Write p(x, y) for the transition probability P(Z,;1 = y| Zn = x). Given a function ¢ defined on 0T we define its
harmonic extension (or its Poisson integral) to be the function P(¢) : V(T) — R given by

Plp)(x) := | @ dAx.
/

The harmonicity of P(¢) follows by the Markov property, since

1
Ax = ZP(X, VIAy = deg) + 1 ZAy-
yrox

y~x

Theorem 3.5. For any given ¢ € C(0T), the Poisson integral of ¢ satisfies

AP(9) = 0 inV(T)\ {b()}
lim{ P(p)(x) = o(x), if { is aregular point of OT.
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Proof. Pick a € E(T) and let { = {xj}Z0 € 0Ta. Write {a;}7%; = P({), so that x; = e(a;). For n > |a| we have

0 <1 -Ax,(0Ta) < Px,(Zyn hits b(a) before hitting 0Tq)

n
= H Px,(Zn hits x;_; before hitting 0Tq;)

j=la]
= H (1 - Cal-(aTa}-)).
J=lal

By the Wiener condition (5) we have that the right hand side vanishes as n — +oc if and only if { is a regular
point for o T. Hence, for any regular point { € Ty we have limp—co Ax, (0T«) = 1, from which it follows that
for any regular point ¢ in the boundary

liminf Ax,(0Ta) 2 6;(0Ta).
n—oo
Any open set E C 0T can be written as a disjoint union of tents {0Tq, }. Let { be a regular point of 0T. Then,

lim inf Ay, (E) = lim. inf) " A, (0Ta) 2 > lim inf Ax, (0Ta) = > 8,(3Ta,) = 8,(E).
k k k

It follows that Ay, L 5¢, as n — oo, Therefore, for any ¢ € C(oT),

P(p)(x) = / 0 dly — (), asx — (.
oT

O

Corollary 3.6 (Kellog’s Theorem for Trees). The set of irregular points for the Dirichlet problem has capacity
zero. Which is,
c({¢ €oT: thereexists ¢ € C(oT), lim(iP((p)(x) #9()}) =0.
X—

4 Uniqueness results

We give a first uniqueness result for the class of spherically symmetric trees, which are trees where the degree
is constant on levels. Clearly homogeneous trees belong to this class.

We define the Lebesgue measure on o T to be the measure A which is equidistributed among sons of any
edge and is normalized with A(dT) = 1. Namely, for each 8 € E(T), we have

A(dTp) = AT )/ deg (e(p(B))) = 1/ ] [ deg(e(a)).
a<p

It is clear that on spherically symmetric trees I"A is constant on levels. In what follows, we write A(k) in place
of A(0Tg) when |B| = k. One can check that the equilibrium measure of a spherically symmetric tree is a scalar
multiple of the Lebesgue measure.

Proposition 4.1. Suppose T is a spherically symmetric tree, with c;(0T) > O and let u be a charge on oT.
Denote by M its potential. If IM = 0 Lebesgue almost everywhere on the boundary, then yu = 0.

Proof. For a fixed a € E(T), let s(a) = {a; }?ff(“) and define the measures A% on 0T in the following way

deg(@)I'A(y) if v 2 a
r“m=<o if y2a, i4]
I'A(v), otherwise.
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It is clear that A% is absolutely continuous with respect to A. Integrating on the tent rooted in a, using the
fact that A(0Tp) depends only on the level of f, for each j we get

0= . IMdA%
a'T/a
- [ 3 MBI, aA )
o1, BEE(T)
= > M(PA%(3Tan oTp)
BEE(T)
=AdTa) > M(B) +deg(@) Y A(dT5)M(B)
B<a Bza;
- S S M)+ degl@) 3 AQTp) Y M(B)
B<a =|a; B=q;,
o 1Bl=k
- % S M(B) + deg(@M(a) 3 A,
B<a k=|a|+1

Note that the last quantity is finite because the capacity of the boundary is positive. Being the same true
for each j, M must be constant on s(a). It follows that y = M(w)A, i.e. the measure y is a scalar multiple of the

Lebesgue measure. Hence,
0- [ du- S M,

oT BEE(T)

which gives M = 0 on E(T) which is the thesis.
O

The same is not true for a general tree. In fact, there exists a subdyadic tree T, with no irregular boundary
points and a charge u on 0T such that IM = 0 everywhere except at a point, but u # 0, as shown in the next
example.

Example 1. The following diagram represents an infinite subdyadic tree and the copotential M of a charge u
on its boundary, where the number r over an edge indicates how many times the edge is repeated. Also, the
label T(a) means that the vertex is the root vertex of a dyadic tree which carries a total measure of a on the
boundary, and the measure M is divided equally at each edge.
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If {, is the leftmost point of the boundary it is clear that IM({p) = +oo. If { € 0T\ {{o} let n = max{{N o},
where the intersection of boundary points is intended as the intersection of the corresponding geodesics.
Then,

n

. _ n+1 > A
IM(() = Z (1 - 271) - (n 223 - 2r11+1 Z 2"
i-0

i=1

n
=n-»"2"-(n-1-2"=0.

i=1

By applying Wiener’s test we see that {; is a regular point of the boundary, while all other points are
clearly regular by symmetry.

4.1 Energy conditions

The situation is different if we work with measure with finite energy.

Proposition 4.2. Let p, v be charges on 0T, with Ep(p), Ep(v) < oo. Denote by M and V their potentials, re-
spectively. If IMp = IV, both u-a.e. ad v-a.e., then p = v.

Proof. Integrating both the potentials IM), and IV, with respect to both the measures, we can get any of the
following
Ep(ll) = 8p(V, Mp) = ep(}l, Vp) = Sp(V)-

Recalling that we write a® = sgn(a)|a|®, with some algebra we get

0=2Ep() +Ep(V) = Ep(v, Mp) — Ep(l, V)
= 3" M@ + VPP - V(M) - Mp(B)V(B)

BEE(T)

= > (M-V)My - Vp)(B).

BEE(T)
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It is clear that a® — b® has the same sign as a — b for every a, b € R, s > 0. It follows that the general term of
the above series is positive, from which M = V on E(T). O

It is clear from the dual definition of capacity that if a property holds cp-a.e. then it also holds p-a.e. with
respect to any charge p of finite energy. Hence, the above result can be restated in the following slightly less
general but more natural form.

Corollary 4.3. Given charges p, v on 0T, with &p(u), Ep(v) < oo, if IMp = IVp, cp-a.e., then y = v.
As a consequence, we have a partial converse of the properties of equilibrium measures given in Theorem 1.

Corollary 4.4. Let i be a Borel measure on 0T such that €p(p) < oo and IMp = 1 cp-a.e. on E = supp(u). Then
U is the p-equilibrium measure for E.

These uniqueness results can be reinterpreted in terms of functions in place of measures. The following
Sobolev space naturally arises from the space of charges of finite energy,

WhP(T) := {g: V(T) > R: Vg e F}.

In fact, given a charge u on 0T, &p(p) = ||Mp||§ = HVIMpHﬁ, so that the following Proposition is self
evident.

Proposition 4.5. Let ju be a charge on 0T. Then &,(u) < oo if and only if IM, € WYP(T).
In terms of functions, Corollary 4.3 reads as follows.

Theorem 4.6. Let g, h be p-harmonic functions in WY-P(T) satisfying (4). If g = h, cp—almost everywhere on
oT, theng = hon V(T).

Proof. Glue together Corollary 2.4, Proposition 4.5 and Corollary 4.3. O

If the tree T is spherically symmetric, by Proposition 4.1 we know that in the linear case p = 2 we don’t need
the energy condition g, h € W'(T) in the statement.

4.2 Boundary values

The uniqueness results we presented above apply to functions admitting boundary values cp,—almost every-
where. A priori it is not obvious which functions enjoy this property. Here we prove that in fact all the functions
in the Sobolev spaces for which we have uniqueness results indeed admit boundary values cy—-almost every-
where. Other results of this kind can be found in [7]. To prove the existence of boundary values we follow
an approach exploiting Carleson measures, which was already presented in [2] for the linear case p = 2. We
include here the argument adapted for general Sobolev spaces for completeness.

We say that yisameasureon T := V(T) UoT if u | V() is a function on vertices and u | o7 IS @ measure on

the boundary. Observe that if u } v = I"(u|,7) then it defines a measure which is not finite.

Definition 4.7. We say that a Borel measure y on T is a Carleson measure for W7 if there exists a constant
C(u) > 0 such that forall g € WP

[ 180Pan) = o, ©)
T

These measures have been widely studied and characterized (even in the weighted case), see for example [6],
[4] and [3]. In [6] it is shown that condition (6) can be reformulated purely in terms of the measure y. In fact,
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it is shown that it is equivalent to
p

> /d/u < C(y)/du, @)

>a \= -
B Ts Tq

Denote by ||u||cu the best possible constant in (7), which for u fully supported on o T reduces to

& a(H)
Ipllem = sup —22E
o acE(T) M(a)

Observe that if y is the equilibrium measure for some set E C 0T, by Lemma 3.2 it follows that, for every edge
a, Ep,a(u)/M(a) < 1, with equality for @ = w. Hence, ||u||cp = 1 and cp(E) = u(E)/||||cm- On the other hand,
for any u supported in E C 0T we have the bound €, (u) < ||u||cup(E), from which

WE) | pEr
Il €GO

< CP(E)a

where the last inequality follows from the fact that the measure u/&,(u)? ! is admissible. We have derived
the following expression of p-capacity in terms of Carleson measures of WP spaces

u(E)

cp(E) = S“p{ Tillen

: supp(u) C E } . (8)
The following proposition shows that the Fatou’s set of a WP function differs from the boundary of the
tree at most for a set of null capacity. The argument is taken by [2], where the result is proved for p = 2.

Proposition 4.8. Functions in WP have boundary values cp-a.e. on 0T

Proof. For g € WP (that without loss of generality we normalize to g(o) = 0), define the sequence of func-
tions gy, := I (|Vg|)(|a|5n>. It is clear that g, is pointwise non-decreasing and it extends to the boundary by
continuity, being eventually constant. By monotonicity we have that the function g"(¢) = lim, g,({) is well

defined for every { € V(T) U dT. Moreover, we have the uniform bound ||g"||1,, < ||g]|1,p- Now, let u be a
Carleson measure for WP, By Fatou’s Lemma we have

3T s
= liminf } / gn(Pdu()
lal=nyT,

=) gle(@PM@

laj=n

< COlIgll.p-

This implies that g € L=(du), and since g" is a bound for the radial variation of g along geodesics, by Domi-
nated Convergence Theorem we deduce that g admits radial limit u-a.e. on 0T for every Carleson measure p.
In particular, the equilibrium measure u* of the set E = 0T \ F(g) is a Carleson measure since ||[uf||cy = 1,
from which follows that the radial limit exists cp-a.e. O
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