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Introduction. Let G be a reductive group acting on a projective
variety M < P(V). Mumford raised the question of associating a canoni-
cal parabolic subgroup P(m) of G to any nonsemistable point me M (|9,
p. 64]). This would have the interesting consequence that if the action
of G as well as the point m are rational over a perfect field, then P(m)
would (by Galois descent) be rational. Recently this problem was solved
in the affirmative by Kempf [7] and Rousseau [186].

Besides, one can also associate to m, a conjugacy class of 1-parameter
subgroups (1-PS’s) in P(m). Let A be a 1-PS in this class and let V=
@:..V; be the decomposition of V where V, is the space of weight vec-
tors of weight 7 for N. Let m = m, + m, with 0 = mye V; and m, ¢
@D..;V,. Then we show by a refinement of Kempf’s arguments that
P(m,) = P(m) (Proposition 1.9). Moreover for the natural action of P/U
on V;, where U is the unipotent radical of P, m, becomes semistable
after the polarisation is replaced by a multiple and the action of P/U
is twisted by a dominant character (Proposition 1.12).

In Section 2 we investigate the existence of the instability flag over
non-perfect fields. We prove that if G acts separably (see Definition 2.1)
on M over k and m is a k-rational nonsemistable point then P{m) is
defined over & (Theorem 2.3).

In Section 3 we apply these results to the study of bundles on pro-
jective nonsingular varieties. If E is a semistable vector bundle on a
projective curve X defined over an algebraically closed field of charac-
teristic 0 then it follows from the characterisation of stable bundles in
terms of unitary representation of Fuchsian groups ([10]) that any bundle
associated to E by exension of structure group is also semistable. An
analogous result is also valid for G-bundles, thanks to [14]. An algebraic
proof of this has been given in [5], [8]. We give another algebraic proof
using the existence of parabolic subgroups mentioned above. Our ideas
are close to those in [1].

We will now give an outline of our proof. For simplicity we assume
that X is a curve. A principal G-bundle F — X is semistable if for any
reduction of structure group to a parabolic subgroup P and any dominant
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character on P the associated line bundle has degree < 0 (Definitions 3.7
and 4.7). Let p: G — G’ be a homomorphism and E’ be the G'-bundle
obtained by extension of structure group. A reduction of structure
group of E’ to the parabolic subgroup P’ corresponds to a section ¢ of
the fibre bundle E(G'/P’) with fibre G'/P’ associated to E for the action
of G on G'/P’ through p. Let G' — GL(V) be a representation giving an
embedding G'/P' < P(V). The line bundle #(—1) on P(V) gives naturally
a line bundle L on E(G'/P’). To prove the semistability of F’ we have
to show that deg ¢*(L) < 0.

Suppose that for some ze€ X, o(x) is semistable for the action of G
on the fibre E(G'/P’), (determined up to inner conjugation). Any G-
invariant polynomial on V of degree n gives naturally a linear map
@: S*(B(V)) — &x. Since o(x) is semistable there exists @ of degree
n > 0, such that & restricted to o*(L)", is nonzero. This means that
o*(L)™™ has a nonzero section and hence deg o*(L) = 0 (Proposition 3.10).

On the other hand if 2, is the generic point of X and m = o(x,) is
nonsemistable then the instability flag P(m) and a corresponding insta-
bility 1-PS of G are defined over K(X), the function field of X (since
Char K(X) = 0). This parabolic subgroup being defined generically gives
a reduction of structure group of E to a parabolic subgroup P of G.
Using the notation introduced earlier, in the generic fibre E(V),, the
projection €@,,;V,— V;, which takes m to m, gives a nonzero map
o*(L) — L, where L, is the line subbundle of E(V) corresponding to m,.
Now m, is semistable for P/U for a suitable linearisation. Therefore
by the previous case deg (L, ® L;*) < 0 where L, is a line bundle associ-
ated to the P-reduction of E through a dominant character. Since E is
semistable, deg L, < 0. Thus degL, <0 and hence dego*L < 0. This
proves that the associated bundle E’ is semistable (Theorem 3.18).

In characteristic p the above result is false since there exist semi-
stable vector bundles whose Frobenius twist is nonsemistable. We have
given a simple proof for the existence of such vector bundles on any
curve of genus =2 (Proposition 4.4). However the rationality results of
Section 2 and the above argument yield some positive results such as:

(1) If E is a vector bundle on X such that all the Frobenius twists
E'"" are semistable then so are SE), A’(E), etc. (Theorem 3.23).

(2) If F is a vector bundle of rank 2, then S*FE) is semistable for
2 = p — 1 (Theorem 3.21).

We thank the referee for drawing our attention to [20].

1. Instability Flag. In this section k will be an algebraically closed
field and we will be working in the category of k-schemes of finite type.
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Let M be a projective variety and I an ample line bundle on M.
Let G be a reductive algebraic group acting on M and linearly on L
compatible with its action on M ([9], [11]).

A point me M is semistable if there is a G-invariant section se
HYM, L"), for some ¢ > 0, such that s(m) = 0. A semistable point is
quasi-stable if in addition the G-orbit of m is closed in the affine open
subset {xe M|s(x) == 0}. If further the isotropy at m is finite, then m
is said to be stable. These definitions are slightly different from those
given in [9], [T] (ef. [11]).

For large r, there exists a G-equivariant embedding of M in P(V)
where V = HY(M, L")* with the obvious representation of G.

Let T be a torus of G. Then V can be decomposed uniquely as
V =@V, where | runs through the character group X*(T') and V, =
weV|t-v =1ty Vte T}. Let me M. Following Kempf [7] define the
state Sy(m) of m with respect to T to be the set {le X*(T)|V, — com-
ponent of m is non-zero}. (When there is no likelihood of confusion we
use the same letter to denote a point of P(V) and any of its lifts in V.)

Let X, (T) be the group of one parameter subgroups (abbreviated:
1-PS) of T, i.e., homomorphisms of the multiplicative group G,, into T.
There is a natural perfect pairing between X*(T) and X,.(T). Using
this pairing we think of X*(T) as the dual of X,.(T) and for le X*(T)
and » € X.(T) we denote the value of the pairing by I(A)e Z. We extend
this pairing to X,.(T) R, R.

For ze X,.(T)® R define p(m, z) = Inf{l(x)|le Sy(m)}. When z is a
1-PS in G, clearly p(m, ) depends only on x and not on T and further
plgm, grg™) = pu(m, x), g€ G. If we take the projective embedding of
M by L™ (s > 0) instead of L' the corresponding p(m, x) gets multiplied
by s.

We have the following numerical criterion: m is semistable if and
only if p(m, x) <0 for every 1-PS x of G ([9, Theorem 2.1, p. 49]. The
p in this reference is the negative of our p.).

Let T be a maximal torus of G. We will introduce a scalar product
in X, (Th® R. For doing this we choose a maximal torus T, of G and
fix once for all a Weyl group invariant scalar product in X (T,) X R
which is @-valued on X,(7T,) and which makes the central torus and the
semisimple torus orthogonal (cf. [4, §2.1, p. 63]). Now T, can be con-
jugated onto T by an element of G and the isomorphism T, — T is well
defined up to Weyl group action on T,. Therefore the scalar product in
X.(T) ® R determines uniquely one in X,(T)&® R. For any 1-PSX\ of
G we then have a well defined norm || \|, with ||x|*e Q. Using this
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scalar product we identify X, (7)® @ with its dual X*(T)® @ and we
get a scalar product in X*(T)® R as well. We use the notation ¢, )
for these scalar products.

The function p(m, x) clearly satisfies: p(m, ax) = ape(m, ), Yac R".
We define y(m, x) = p(m, x)/||z|.

Let me M be a nonsemistable point of M. Then there is a 1-PSX
with p(m, ») > 0. Kempf [7] has shown how to find canonically a class
of such a 1-PS’s. We will need a complement to his results and in
proving it we shall reprove his result, for completeness.

The following lemma is essentially in [7].

LEeMMA 1.1. Let S be a finite nonempty set of linear forms on R".
Define, for xze R, pg(x) = Inf{l(x)|le€ S}. Then ps(Zx) = Apts(x) for Me
R*. Let S*' C R" be the unit sphere and [s the restriction of Mg to
St Suppose ps(x) > 0 for some xc R". Then:

(i) Hs attains its maximum at a unique point ac€ S . In facta
18 the only point where s attains a local maximum with positive value.

(ii) If S' © S is such that ps(x) = ps(x) for every x in some neigh-
bourhood of the maximum a, (e.g., {l€ S|l(a) = ps(a)} is such an S’), then
Lo also attains its unique maximum ot a.

(iii) If the linear forms in S take values in Q on a lattice I' in
R* with Q-I' = Q* < R*, then Nn-acl for some nonzero Ne R. We then
have a unique hg, N, > 0, such that R™-anNl = {g-Ma|q€ Z7}.

Proor. (i) Let be 8" be a point at which [ takes a local maxi-
mum, with (b)) > 0. Then we have to prove b = a. For leS we have
l(a) = ps(a) = ps(d) and I(b) = ps(d). Therefore if ® =ta + (1 — )b, 0 <
t <1, then (1) I(x) = tl(a) + (1 — )I(B) = ps(b). If a # b, then |2 <1
for all ¢ sufficiently small, so that since g (b) > 0 by assumption, we
have (2) ps(b)/||xz]] = ps(b). Dividing (1) by ||| and using (2) we have
U(z/||x]]) = ps(d) which contradicts local maximality at b.

(ii) Follows immediately from ().

(iii) By (ii), we may replace S by {l€ S|i{a) = ps(a)} without alter-
ing a. Thus we may as well assume that l(a) = gs(a) for all e S. Let
V ={xeR"|l(x) =U(x) YI,I'e¢ S}. Then evidently V is defined over @,
and ac V. If §={l|V:1e S}, then F; attains its maximum at a. But S
consists of a single linear form [. In this case, it is clear that a is the
unit vector orthogonal to kerl, and since <, > is rational, so is Ra.

REMARK 1.2, If all 1€ S vanish on a subspace W < R", then for any
x€ R* with pgx) > 0, we have pyx) = ps(a) < ps(@’/||2'||), where ' is
the projection of x on the orthogonal complement of W. In particular,
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the maximal point a is orthogonal to W.

LemMmA 1.3. Let the notation be as in Lemma 1.1.

(i) Denoting by {, ) the standard scalar product in R, for any
x € R* such that {x,ay < 0 (resp. = 0) we have pg(x) < 0 (resp. = 0).

(ii) Let I, be the linear form dual to a, i.e., l,(x) = {a, x). Let
S, ={l — ps(a)-1,11€ S}. Then ps(x) <0 for vaee R

Proor. (i) We shall show that (x, a) < 0= p(x) < 0. The second
assertion then follows by continuity. Assume {(x, a) < 0 and consider
a + te for £ > 0. We have |ja + tx|* =1 + 2{z, a)t + t*||z]|*. Therefore
for small ¢, ||a + tx|] < 1. If p(x) = 0 then l(x) = 0 viIe S and we have
la + t2) = l(a) + tl(z) = I(a) so that I((a + tx)/| @ + tx ) = l(a)/]|a + tx || = Ua)
for small ¢. This would contradict maximality at a. Therefore p (x) < 0.

(i1) Let x =t-a+y with (a,y) =0. If S ={leS|l{a) = ps(a)},
then by Lemma 1.1 (ii) 7, also has a¢ as maximum point. Applying part
(i) of the present lemma to S’ we get (1) pe(y) <0. Let Si={l —
ts(a)-l,|le S}, Since S;C S, we have (2) p(x) = vg(®). For lef,
(I — #s(@)-L)(@) = (I — ps(@)lo)(ta + y) = Uy), so that pg(x) = pe(y) =0
by (1). From (2) we get p,(x) = 0.

REMARKS 1.4. If )\ is a 1-PS of G we can associate to it a parabolic
subgroup P(\). Let T be a maximal torus of G containing ». Then
P(\) is generated by T and the root groups U, corresponding to the
roots « such that a(™) = 0 ([9, Ch. 2, § 2, pp. 55-57]). Since P(\) leaves
the filtration of V' by the weight spaces of A (see §1.8 below) invariant,
it has the important property that for any ge P(\), plgm, \) = p(m, \)
(I9, Proposition 2.7, p. 57)).

Again the following result is due to Kempf [7].

THEOREM 1.5. Let me M be a nonsemistable point of M. Then

(a) The fumction Nt v(m, ) = p(m, N)/||N|| on the set of all 1-PS’s
of G attains a maximum value B.

(b) If T is a maximal torus and ne X, (T) is such that (1) M is
indivisible and (ii) v(m, V) = B then N is the only element of X, (T) satis-
fying (i) and (ii).

(¢) There exists a parabolic group P such that if N is an indivisible
1-PS of G with v(m, N) = B then P(\) = P. If v(m,\) = B then N and
X are conjugate in P.

PrROOF. (a) Let T be a maximal torus of G. If A is any 1-PS of G,

there exists ge G such that grng™'e X, (T) and v(m, \) = v(gm, grhg™™).
Therefore max {v(m, N)|ne X, (G)} = max {¥(gm, \) | ve X, (T), ge G}. For
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a fixed ¢, the function x> v(gm, ) on X, (T) X R depends only on the
state of gm with respect to 7. Since there are only finitely many
possible states it follows that as g varies over G we get only finitely
many distinct functions v(gm, x), where g belongs to a finite subset A
of G. Each v(gm, x) is constant on rays and hence attains a maximum
in X, (T)&® R, in fact at a point of X .(T), by Lemma 1.1 (iii). There-
fore max,., max {v(gm, x)|xc X, (T) ® R}, is attained at a N, X,(T) and
g€ A. Then clearly v(m, \) < v(m, ghgy?) = B for v1-PS ) of G.

(b) Follows immediately from Lemma 1.1 (i), (iii).

(¢) By Bruhat Lemma P(\,)N P(\,) contains a maximal torus 7. We
can find p,€ P(\,) such that papite X (T), ¢ =1,2. But v(m, prpi") =
y(m, N;) = B (cf. Remarks 1.4). Therefore by (b) above pAp;' = p\.pi*
and (c¢) follows.

DEFINITION 1.6. Let me M be a nonsemistable point. We call B =
max {¥(m, M)|» = 1-PS of G} the rate of instability of m. We call any
indivisible 1-PS X\ with v(m, \) = B an instability 1-PS for m and P(\)
the instability flag (or instability parabolic subgroup) of m and denote
it by P(m).

REMARKS 1.7. (i) Note that P(m) depends on the scalar product
chosen on X, (T,)® R. However there are not too many Weyl group
invariant scalar products on X (T,) X R.

(ii) It easily follows from Theorem 1.5 that a maximal torus T
contains an instability 1-PS for m (which then is unique) if and only if
T < P(m). In particular, any parabolic group P contains an instability
1-PS for m, since a maximal torus is contained in PN P(m).

(iii) For ge G, P(gm) = gP(m)g~ and hence P(m) contains the (re-
duced) isotropy at m.

We need a complement to the above theorem, which we state below
as Propositions 1.9 and 1.12. First we set up some notation.

1.8. Let )\ be an instability 1-PS for me M < P(V), V = H(M, L7)*.
Decompose V' for the action of MV =@,..V,, V.={veVI|N) -V =t
for every tek*}. Let V'=@,.,V,. Since the unipotent radical U of
P(m) = P(\) is generated by the root groups U, with a(x) > 0 it acts
trivially on the associated graded vector space of the P(m) invariant
flag - V*D Ve ..., Therefore the reductive group P(m)/U acts natu-
rally on @,.. VYV

Let 7= p(m,2) =min{i|m has a non-zero component in V} =
max{g|me V. Let m, be the component of m in V,. Then m, =
lim,_, M(¢)-m (the limit taken in the projective space).
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PROPOSITION 1.9. The instability 1-PS N\ of m s also an instability
1-PS for m, Consequently P(m) = P(m,).

Proor. In view of Remark 1.7 (ii), P(m) contains an instability
1-PS )\’ for m,. Thus it is enough to prove that if A is a 1-PS of P(m)
then v(m,, M) < v(m,, N) - -+ (¥). We can find a pe P(m) such that \' and
p'Ap commute. Since P(m) = Z(\)- U, where Z(\) = centraliser of » and
U = unipotent radical of P(m), we can take p = ue U. Then )\ and
u)'u~' commute and hence are contained in a maximal torus T of P(m).
Since U acts trivially on Vi/Vi** we can write um, = m, + m, with
m, € Vi*, Therefore the state Sp(um, = S;(m,)USy(m,) so that vze
X(ThQ R

(1) v(umy,, ) < v(m,, x) for any ze X (ThQ@R.

By Lemma 1.1(ii) we see that restricted to X (T), N is the insta-
bility 1-PS for m, Therefore for z¢ X,(T)Q R

(2) v(my,, ) = v(my, &) for xe X (T)Q R.
Now clearly

(3) (1, M) = v(um,, unNut) .

Since z = uNute X (T) (3), (1) and (2) yield (*).

1.10. We continue with the notation of §1.8. Let m (= m,) be the
(non-zero) projection of m (as well as m,) in Vi/Vi*, We would like to
assert that m is semistable for the action of P(m)/U on P(Vi/Vi*}) but
for the offending 1-PS ». However, since the action of A\ makes m non-
semistable, we have to cancel off its effect by twisting the action of
P(m)/U by a character which restricts to t—1¢7 on A. We will make
this precise in the following proposition. First we need to make some
remarks about parabolic subgroups and their characters.

REMARKS 1.11. (a) Let P be a parabolic subgroup of the reductive
group G. A character on P is called dominant if it is trivial on Z, =
the connected component of the centre of G, and is dominant with respect
to a Borel subgroup B contained in P. In other words, if TC B is a
maximal torus and ae X*(T) is a positive root with respect to B then
{a, X|T» = 0. This notion is independent of the choice of B in P.

(b) Any maximal torus T of a reductive group G contains the con-
nected component Z, of the centre of G. If ae X*(T) then some positive
multiple 7. a extends to G if and only if a(\) =0 ¥ e X (Z)* < X (T).
This condition is equivalent dually to o< {Ker: X*(T) — X *(Z)}* < X*(T)
(cf. [4]).
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(¢) Any maximal torus of P/U is the isomorphic image T of a
maximal torus T of P. If P = P(\) for a 1-PS ), then its image X in
P/U is in the centre and hence by (b) some positive multiple #»-I; of
l,e X*(T) = X*(T), the dual of A, extends to a character of P/U (and
of P). If e X, (Z))* < X (T) then »l; gives a dominant character on P
(for, the roots a such that U, c P(\) satisfy a(\) = 0). Thus » deter-
mines on P(\) a character X(\) determined up to raising to a positive
power. It is easy to see that, for e P(\), n > 0, P(prn"p™') = P(\) = P
and the corresponding characters X(pr"p~) and X(\) on P belong to the
same Q*-ray, i.e., X(pA*p ™) = X(\)™ for some 7, 7, > 0.

(d) In particular on P(m) we have a character X(m), determined up
to raising to a positive power, corresponding to any instability 1-PS »
for m, and X(m) is a dominant character when Z, acts trivially on M
and L (cf. Remark 1.2).

PrROPOSITION 1.12. There exist a positive integer v and a character
X on P(m) in the QT-ray determined by m (cf. Remarks 1.11 (c), (d) above)
such that m,e PVIVit) is semistable for the natural action of P(m)/U
with respect to the linearisation given by the line bundle 7(r) R -
where 7(r) = Q" (1) with the natural action of P(m)/U given by its
representation on VI[VIiT and 7-1 is the trivial line bundle with P(m)/U
acting on it by the character X'

ProOF. We claim that A\, or more precisely its image in P(m)/U, is
the unique instability 1-PS for m,c P(V//Vi*) for the action of P(m)/U
(with respect to the linearisation <7(1)!) To prove this first note that
any maximal torus of P(m)/U is the image T of a maximal torus T of
P(m) containing M. Therefore any 1-PS of P(m)/U is the image [ of a
1-PS I of P(m) with [, xe X (T), T a maximal torus of P(m). Then
clearly v(#i,, 1) = v(m,, I). By Lemma 1.1(i), v(m,, I) < v(m, \) which
proves the claim.

Let X, be a character of P(m) in the Q'-cone determined by m
(Remarks 1.11 (¢), (d)). Let B = y(m,, ) and s = L,(A) >0. Then X, =s-1,,
I, being the dual of A. Let T be any maximal torus of P(m) with » C T.
Let S ¢ X*(T) be the state of m, corresponding to 7. By Lemma 1.3 (ii)
for the state S, = {I — (B/s|[n]))-X,|l€ S} we have p, () £ 0, Voee X, (T) ®
R. Now B/s-||\]] = pe(m,, N)/s||M|]?.  The scalar produet in X (T)® Q
being rational we have B/s:||»||e Q. Let » be a positive integer such
that rB/s||M|| = qge Z*. We take X = gX,. Then if we take the lineari-
sation given by 7(r) & - the state for m, with respect to 7 for this
linearisation becomes S, = {l, + I, + --- + I, — X|l, run through S} (since
(r) corresponds to the -tuple embedding). Since #-S, = {r-(I —
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(B/s|IMDX)[1e S} © S,y we have pg(x) = r- () =0 Vee X (T)Q R.
Since T is an arbitrary maximal torus of P(m)/U and the numbers r, q
and X are independent of T we have proved the proposition.

REMARK 1.18. The polarisation &7(r) & -1 corresponds to viewing
the point m, as its image in S"(V//Vit) Q .

2. Rationality of the Instability Flag. Let K be an arbitrary field,
K, its separable closure and K its algebraic closure. Let G be a reduc-
tive group over K. Then G has a maximal torus 7T, defined (though not
split) over K ([3, Proposition 7.10, p. 480]). T, splits over K, (in fact
over a finite extension of K in K,). The Galois group Gal(K,/K) acts
on X (T,® K,) (through a finite group). We take for our scalar product
in X (T,® K,) ® R one which is invariant under both the Weyl group
and the Galois group (ef. [7, §4, p. 312]).

Let M be a projective K-scheme and L an ample line bundle on M.
Let G act K-rationally on M, L. Let m be a nonsemistable point of M.
We have seen that m has an instability 1-PS M and a unique instability
parabolic subgroup P(m) = P(\) all defined over K. We wish to investi-
gate when these are defined over K itself.

If P(m) is defined over K, using (a) the Galois invariance of the
basic scalar product and (b) the uniqueness of P(m) we can conclude
that P(m) is already defined over K, by Galois descent. In particular
if K is perfect then P(m) is always defined over K. This is the theorem
of Kempf ([7])-

We will give a criterion for the rationality of P(m) in terms of the
geometric action of G on M when K is not necessarily perfect.

DEFINITION 2.1. Let wxe M(X) be a K-rational point of M. Let
O(x) be the orbit of x taken with its reduced subscheme structure. We
say that G acts separably at x if the orbit map G — O(x), (g gx), is
separable (cf. [3, §1.14, p. 452]). If G acts separably at every point of

O(z), the closure of O(x) in M, we say that G acts strongly separably
at =z.

REMARKS 2.2. If G acts separably at x, then the isotropy H at z
is (absolutely) reduced and the natural map G/H — O(x) is an isomorphism.
If further x is a K-rational point then the latter is a K-isomorphism
([2, Theorem 17.3, p. 75, Proposition 6.7, p. 180]).

THEOREM 2.3. Let m be a K-rational nonsemistable point of M. If
G acts strongly separably at m, then the instability flag P(m) is defined
over K. There is an instability 1-PS for m also defined over K.
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Proor. By what we have remarked above, it is enough to prove
that P(m) is defined over K,. Further, once we have proved that P(m)
is defined over K, it has a maximal torus 7 defined over K, which splits
over K,. Hence the instability 1-PS contained in 7 (Remark 1.7 (ii)) is
defined over K, and is invariant under Gal (K,/K), because of uniqueness.
It follows that it is defined over K.

We can find a ge G(K) such that gP(m)g™ = P is defined over K, [4].
Let # = g-me M(K). Then clearly P = P(x). We need the following
lemma.

LEMMA 2.4. There is a K,subscheme M(P) of the K-scheme O(m),
whose K-rational points are precisely those of O(m) which have P(x) as
their instability flag. When the action of G 1is strongly separable at m,
the scheme M(P) is absolutely reduced.

We will now assume the lemma and complete the proof of the theorem.

Since we have assumed the action at m to be strongly separable,
the K,-scheme M(P) is absolutely reduced. Therefore M(P) has a K,-
rational point y (|2, §13.3, p. 52]). Again because of the separability of
the action the natural map G/H — O(m) is a K-isomorphism, where H
is the isotropy at m. The map G(K,) — (G/H)(K,) is surjective (since
G — G/H is locally trivial for etale topology, [2, pp. 182-183]). There-
fore y, m being rational points of O(m), we can find ke G(K,) such that
y = hm. Since P(y) = P(x) is defined over K, and P(m) = hP(y)h " it
follows that P(m) is defined over K,.

It now remains to prove the lemma.

PrROOF OF LEMMA 2.4. Since P is defined over K, and G is split over
K,, P has a maximal torus split over K, ([4, §4.2, p. 85; Theorem 4.13 (¢),
p. 90]). Then the instability 1-PS A of m in this split torus is defined
over K,, We have M c PV), V = H'(M, L")* with V a representation
space for G over K. Decompose V for the action of MV =@, V,,
V.={wveV|\Nt)-v =tw, te K}}. Since )\ is defined over K, all the sub-
spaces V, are defined over K,. Let j=inf{¢|x has a non-zero component
inV,)and Vi = @,.; V.. We define M(P) to be the scheme-theoretic in-
tersection of the K,-subschemes V7 and O(m) of V. Let y be a K-rational
point of M(P). Since ye V4, we have (1) #(y, \) = j. On the other hand
ye O(m)(K) = O(x)(K) so that y has the same rate of instability as =,
which is j/||n]. Therefore (2) u(y, ») < j. Now (1) and (2) show that
) is an instability 1-PS for y as well so that P(y) = P. Conversely for
some y e O(m)(K) suppose P(y) = P. Then )\ is an instability 1-PS for y
(for: if y = g-x then P(y) = gPg~' so that P(y) = P gives g€ P and hence
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ghg™t is in P). Therefore p(y, M) = p(w, M) = j. Therefore ye Vi(K).

We now proceed to show that M(P) is absolutely reduced when G
acts strongly separably at m. Note that this is a geometric problem
and therefore we can work over K.

Let ¢: G — O(x) (=0(m)) be the orbit map, g+ gx. Let 7' (M(P)) =
N be the pull back. Since P(A) = P(x) leaves both the subschemes O(x)
and V7 invariant it acts on the scheme M(P), and hence on its pull back
N. We claim P(K) acts transitively on N(X). In fact we shall show
that P(K) = N(K) so that N,,s = P. g N(K) <= gre M(P)(K) = ge P(K).

If G acts separably at z, then @:G — O) (~ G/M,) is a smooth
morphism. Therefore to show that M(P) is reduced it is enough to show
that so is N.

Because of the homogeneity of N it is enough to show that N is
reduced at the identity of G. For this it is enough to show that the
Zariski tangent space T,(N) to N at identity coincides with the Lie
algebra of P. It is easy to see that T, (N) = {Xe T.(®)| X(z)e V}. Let
now Xe T,(N). We may write X = >;, X;, X, #0, where X, is a
weight vector for » with weight ie Z. Suppose 1,<0. Then X(z)=C X))
()= X, (a,) mod Vi*%*'  Since X(xﬂf, this implies that X, (#,)=0. But
z,€ P(V) is in the closure O(x) = O(m). By assumption G acts separably
at x,. Therefore X, (x,) = 0 implies that X is in the Lie algebra of the
isotropy at x,, But P is the instability flag for x, as well (Proposition
1.9) and hence contains the isotropy at z, (Remarks 1.7 (iii)). Therefore
X,, is in the Lie algebra of P, i.e., i, = 0. Contradiction. This proves
T.(N) = Lie algebra of P, and completes the proof of the lemma.

ExAMPLES 2.5. For parabolic subgroup P the action of G on G/P is
strongly separable, as follows from the construction of the quotient G/P
(see [2, Proposition 6.7, p. 180; Theorem 6.8, p. 181]). The following
lemma gives another example.

LemMMA 2.6. Let Chark = p. Let V be the 2-dimensional space on
which SL(2) acts naturally. Let W be a subspace of S™V), the m-th
symmetric power of V. For m =< p — 1 the stabiliser of W in SL(2) is
reduced. In other words the action of SL(2) on the Grassmannian is
strongly separable.

PrOOF. The isotropy group scheme I of W in SL(2) has as its tan-
gent space at identity, Liel = {Xesl(2)|o(X)XW)C W} where sl(2) is
the Lie algebra of SL (2) and p is the representation of SL(2) (and of
sl1(2)) on S™®(V). For any Xe Liel the semisimple part X, and the nil-
potent part X, of X also belong to LieI since o(X,) and po(X,) can be
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written as polynomials in o(X) without constant term ([2, Proposition
4.2, p. 143]). So it is enough to prove that X, and X, are in Lie I,
for then Lie I, = Lie I which implies I = I,.q.

First we assume X is nilpotent. Then the map ti—1 4 tX is a
homomorphism of G,, the additive group of %, into SL (2) which has X
as tangent. Therefore to show that Xe LieI., it is enough to show
that o(1 + tX)(W)cW. But then, for m < p — 1, an easy checking
shows that o(1 + tX) = exp (¢p(X)), where the latter is a polynomial of
degree m in o(X). Therefore p(1 + tX)(W)CW.

Now let us assume X is semisimple and non-zero. Then X is tan-
gential to a maximal torus of SL(2). The eigenvalues of o(X) are m,
m —2, -+, —m all taken mod p. Since m < p — 1 these are distinct as
elements of the field k, for p =2 (if p =2 then m =1 and there is
nothing to prove). Therefore the torus corresponding to X also has the
same eigenvectors as X and hence has the same invariant subspaces as
X in S™(V), namely subspaces spanned by the eigenvectors.

3. Associated Bundles and Semistability. We fix some notation
regarding principal bundles.

If 7: £ — X is a principal bundle on X with structure group G, (or
a G-bundle for short) we recall that G operates on E on the right and =
is G-invariant and isotrivial, i.e., locally trivial in the étale topology
([17]; [6, exposé XI, Definition 4.1]).

If F is a quasi projective scheme on which G operates (on the left)
the associated bundle is denoted by E(F). Recall E(F) is the quotient
of E x F under the action of G given by gle, f) = (e-g, g7'- f), ec E,
feF, geG ([17]; [6, exposé V, §1]).

3.1. Any G-equivariant map F,— F, gives naturally a morphism
E(F) — E(F,). A section 0: X — E(F') is given by a morphism : £ — F
such that &(e-g) = g7'-0(e): a(x) = (e, 6(e)), ec H, g€ G, xc X.

3.2. If H is a closed subgroup of G (or more generally H—G a
homomorphism) an H-bundle E, together with an isomorphism of the
associated G-bundle E,(G) (for the action of H on G by left translations)
with E is said to give a reduction of structure group of K to H. Con-
versely E is said to be the G-bundle obtained from E, by extension of
structure group. For HC G the quotient E/H is naturally isomorphic
to the associated bundle E(G/H). Note that F — E/H is an H-bundle
and a section ¢: X — E/H gives the H-bundle ¢*(E) with a natural iso-
morphism ¢*(E)(G) = E. Thus we get a bijective correspondence between
sections of E/H — X and reductions of structure group of F to H.
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3.8. Let G act on itself by inner conjugation. Then the associated
bundle E(G)— X is naturally a group scheme over X (the fibres have
group structure, since the action of G preserves the group structure).
If G acts on G X F by inner conjugation on the first factor and a given
action @: G X F— F on F then @ is G-equivariant and hence (§3.1) the
X-group scheme E(G) acts naturally on the X-scheme E(F).

3.4. Let G — X be a reductive group scheme over X (i.e., every
geometric fibre is reductive). Let Par(G/X) be the functor, on the
category of X-schemes, which associates to f: S — X the set of subgroup
schemes P — f*(G) (over S) such that P, is a parabolic subgroup of
f*@), vseS. This functor is representable by an X-scheme Par (G/X)
smooth and projective over X ([6, exposé XXVI, §3, pp. 443-446]). For
the reductive group scheme E(G) — X (G is a reductive group /k) it is
easy to see using the corresponding functors, that Par (E(G)/X) is natu-
rally isomorphic to E(Par (G/k)), where G acts on Par(G/k) by inner
conjugation. If P is a parabolic subgroup of G then the map G/P—
Par (G/k) given by gP+> gPg™* is a G-equivariant isomorphism of G/P
onto the connected component Par,(G/k) of Par (G/k) consisting of para-
bolic subgroups conjugate to P ([6, exposé XXVI, Cor. 3.6, p. 446]).
Therefore we have a natural isomorphism E(G/P)~ E(Par,(G/k)) C
Par (F(G)/X) and hence reductions of structure group to P are in bijec-
tive correspondence with parabolic subgroup schemes of E(G) of type P
(i.e., each geometric fibre is conjugate to P).

From now on in this section we assume that X is an irreducible
nonsingular projective curve over the algebraically closed field %k (see
Section 4 for higher dimensional base X). Let K = K(X) be the fune-
tion field of X. Let «, be the generic point of X. We will denote the
generic fibre E(f), by E(F), or by F, when K remains fixed. In par-
ticular @G, = E(G), will be the generic group scheme over K.

3.5. Since Par (F(G)/X) is projective over the curve X any generic
section extends uniquely to the whole of X. Therefore (using 3.4) there
is a natural bijection between reductions of structure group of E to P
and K-rational points of Par,(G,/K). The latter is the set of parabolic
subgroups of G, defined over K, and of type P (by the representability
of the functor Par (E(G)/X)).

3.6. Any reductive group over K = K(X) is quasi-split ([18]) and
hence E(G,) being an inner form and quasi-split is actually split. This
implies E is locally trivial in the Zariski topology. We will not make
use of this fact (which holds only when X is a curve).
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DerINITION 3.7 (cf. [14], [15]). A G-bundle E — X is said to be semi-
stable (resp. stable) if for any reduction of structure group to a parabolic
subgroup P, and any dominant character X on P we have degL, <0
(resp. deg Ly < 0) where L, is the line bundle associated by the charac-
ter X to the reduced P-bundle.

REMARKS 3.8. (i) For definition of dominant see Remark 1.11 (a).
By deg L, the degree of the line bundle L on X, we mean the degree of
the divisor of any rational section of L.

(ii) The line bundle on G/P associated to the P-bundle G — G/P by
a dominant character is the tnverse (i.e., dual) of an ample bundle.

Let G act on the projective scheme M linearly with respect to an
ample line bundle I.. Then E(L)— E(M) is a line bundle and the X-
group scheme E(G) acts on the X-schemes K(L) and E(M) compatibly.
If © is any point of the scheme X then E(G), acts on E(M), linearly
with respeet to the line bundle E(L),.

DEFINITION 3.9. For a section ¢: X — E(M) define dego to be
deg o*(E(L)).

ProrosiTION 3.10. (i) If o(z,) is semistable, then deg o = 0.

(i) If o{x,) is semistable and dego = 0 then o is actually a section
of E(C) c E(M) where C is a fibre of the quotient map M* — M|/G, M* =
open set of semistable points of M.

ProoF. By taking G-equivariant embedding M= P(V), V=H"X, L")*,
r > 0, we may replace M by PV).

Any G-invariant se S™(V*)¢ gives a section §e¢ H (X, E(S™(V*))) (cor-
responding to the constant map E — S™(V*), er—~s Yec E, cf. §3.1).

Since E is étale trivial G, x K,, (K, = separable close of K), is iso-
morphic to G x K, by an isomorphism determined up to inner conjuga-
tion. Over K,, the representation of G, on V, is equivalent to the
representation of G on V. Therefore the space of invariants S™(V*)%
comes from S™(V*)? (see |9, Proposition 1.14 and its proof, pp. 42-43]).
Therefore o(x,) being semistable there is an se S™(V*)* such that
§.,(0(x)) 0. The natural map E(V*) — 6*(E(L")) (given by the functorial
property of P(V): a point of P(V) is a 1-dimensional quotient of V*)
gives H'(X, S™EV*)) — H'X, *(S*E(L"))) and § then maps to a non-
zero element of the latter. Therefore HY(X, o*(E(L))™) # 0 which gives
dego = 0. This proves (i).

Now if further deg ¢ = 0, then ¢*(&(L))" must be the trivial bundle
since it has a non-zero section. This means §,(¢(x)) is non-zero for every
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xe X. Therefore ¢ is actually a section of E(D(s)) where D(s) is the
affine open subset of P(V) defined by s == 0. The G-invariant quotient
map D(s) — D(s)/G gives

E(D(s)) ~2 E(D(s)/G) = (D(s)/G) x X

GH «
X
Since D(s) and D(s)/G are affine ([9], [11]) the map X — D(s)/G given by
p-0 is a constant. This proves (ii).

REMARK 3.11. From the above proof it follows that for a section
o: X — EM), o(x,) is semistable if and only if o(x) is semistable for all
z in an open set of X. We also have that, o(x,) is nonsemistable if and
only if o(x) is nonsemistable for all x in X.

ProrosiTION 3.12. Let Chark = 0. We keep the notation as in 3.10.
Let 0 be a section of E(M) such that o(x,) is semistable and dego = 0.
Then there is a section @, of E(C*) and an isomorphism ofL?— c*L?,
for some q > 0 where C* is the unique quasistable orbit of the fibre C.
Moreover if the bundle E is stable 0 is already a section of E(C?).

ProoF. In Section 1 we outlined Kempf’s method of getting an
instability 1-PS for a nonsemistable point m which can be viewed as a
method for finding an 1-PS which takes m to the closed G-invariant set
0 at the fastest rate. In [7] Kempf has done this more generally: we
can find a 1-PS which takes m fastest to a given closed G-invariant
subset S when m¢S and SNO(m) = @. In this case also because of
uniqueness if the base field is perfect such a 1-PS can be chosen to be
rational ([7, Theorem 4.2]).

Now C¢& being the unique minimal dimensional orbit in C,, it is left
invariant by Gal (K/K) and hence is defined over K. If o(x,) e C& we
have nothing to prove. Suppose o(x,) ¢ Cf*. Then by what we have said
above there is a 1-PS X of G,, defined over K, corresponding to o(zx,).

Recall from Proposition 3.10 that C c D(s) with se S®(V*)¢. Let
g=7r-m. Let W=HM,L)*. Then M c P(W). Let W+ (resp. W°
be the space generated by the eigenvectors of A with non-negative charac-
ters (resp. trivial character) on G,. Clearly W+, W° define subbundles
still denoted by W+, W°, of E(W). By construction o(x)e W* for every
xe X. The projection 7: W+ — W°® map o into a non-zero vector and
defines a section o, of E(C"). Moreover n induces a non-zero map
o;L* — o*L*. By Proposition 3.10 (i) degoyl?= 0. But dego*L? = 0.
Therefore deg ofL? = 0 and o;fL*— ¢*L* is an isomorphism.
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To prove the second assertion we suppose o(x,) ¢ C# and E is stable
and arrive at a contradiction. Since a,(x,) € Cy* the section o, considered
as a map ¢, K — C (cf. § 3.1) actually maps into C* = G/I, I the isotropy
at a point of C*. Thus o, gives a section of E(G/I) and hence a reduc-
tion of structure group of G to I. Since G/I = C* is affine I must be
reductive (cf. [11, p. 51] and the references given therein). But in G,
we have (E,(I)), = I, © P(\) (by the uniqueness of P(\), cf. Remark 1.7
(iii) and [7]). Therefore we have a reduction of structure group of the
bundle E to the reductive subgroup I contained in a parabolic subgroup
Pof G. Since Chark =0, ICR =a Levi subgroup of P. When E is stable
this is not possible since R is also contained in an opposite parabolie
group P°® of P and there are dominant characters on P and P° which
restrict to inverses of each other on R (cf. [4, §4.8, p. 88]).

ProposiTION 3.13. Suppose Z, = the connected component of the
centre of G acts trivially on M and L. Let E be semistable. If o(x,)
18 monsemistable and has an instability 1-PS defined over K, then
dego = 0.

COROLLARY 3.14. E is semistable <= for all M, L, o, with Z, acting
trivially on M, L and o (x,) strongly separable, we have dego = 0.

PrROOF OF PROPOSITION. Let ) be an instability 1-PS of o(x,) defined
over K. The instability flag P(\) = P, is also defined over K. By the
remarks in Sections 3.4 and 8.5, P, gives a parabolic subgroup scheme
P C E(G) and a reduction of structure group to a parabolic subgroup
Pc G with P= E.(P) (where E, is the reduced P-bundle). Recall
Mc PYV), V=HY(X, L")*. Let V{ be the subspace of E(V), = V, gener-
ated by the eigenvectors of A with eigenvalue = qe¢ Z (¢f. §1.8). Note
that V¢ is defined over K. Let V¢ be the subbundle of E(V) whose
generic fibre is V¢. Since P, leaves V{ invariant the group scheme
E.(P) = P leaves the subbundle V?invariant. Then it is easy to see that
there is a subspace W of V left invariant by P such that V? = E, (W9 C
E(V) (such a W is obtained by identifying a geometric fibre of E (V)
with V, the identification being well defined up to action by P).

Let p(o(x,),N) = j. Then o(x,)e Vi and has a non-zero image in
Vi/Vit. Therefore o(x)eV/ Yvoxe X and we have a non-zero homomor-
phism o*(E(L")*) — V4/Vi*', Let L' be the line subbundle generated by
the image of this map. Then L; = Imageo(z,) of o(x,) in V{/Vi*'. By
Proposition 1.12 (cf. also Remark 1.13) o(x,) is semistable for the action
of P,/U, (U, = Unipotent radical of P,) as a point of P(S™(Vi/Vi™) ® y-1),
m > 0. Since Z, acts trivially on M, L, X is trivial on Z, and is a
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dominant character on P, (Remark 1.11(d)). Further since P, x K, and
P x K, are conjugate in G, X K, ~ G x K, the character X gives a well
defined dominant character on P, again denoted by X. Now S™(Vi/Vi™) ®
-1 is the generic fibre of the bundle associated to E, through the
action of P/U on S™ (Wi/Wi*")Q -1. Therefore by Proposition 8.10 (i),
applied to the P/U-bundle E.(P/U) and the section & given by a(x,), we
have (1) deg (L' ® L(X)) = 0, where L(X) is the line bundle associated
to E, through the character X on P. We now use the fact E is semi-
stable to get (2) deg LX) £ 0. From (1) and (2), deg L’ = 0. Since there
is a non-zero homomorphism ¢*(E(L")*) — L’ we have dego*(E(L")*) =0
which gives deg o = 0.

Proor oF COROLLARY 3.14. We have only to note that the action
of G on G/P = M is separable and use the above proposition and Propo-
sition 3.10 (i).

DEFINITION 3.15. A reduction of structure group of F— X to a
parabolic subgroup P is called admissible if for any character X on P
which is trivial on Z, the line bundle associated to the reduced P-bundle
E,. has degree zero.

DEFINITION 3.16. A G-bundle E — X is quasi-stable if it has a reduec-
tion to a Levi-component R of a parabolic subgroup P such that the
reduced R-bundle E, is stable and the extended P-bundle E,(P) is an
admissible reduction of structure group of G to P.

REMARK 3.17. Let E, be an admissible reduction of structure group
to a parabolic subgroup P. Then FE is semistable if and only if the P/U
bundle E.(P/U) is semistable. This follows fairly easily from the rela-
tion between parabolic subgroups of P/U and G (|4, § 4.4, p. 86], {15,
§2D.

THEOREM 3.18. Let Chark = 0. Let H be a reductive group and
0:G— H a homomorphism which maps the connected component Z, of
the centre of G into that of H. Then if E is a semistable G-bundle
then the extended H-bundle E(H) is semistable. If E is quasi-stable then
so 1s E(H).

ProOF. Let P be a parabolic subgroup of H. Let M = H/P and
L — M be the line bundle associated to the inverse of a dominant charac-
ter on P (cf. Remark 3.8 (ii)). Then G acts on M, L through o with
Z, acting trivially. Since Chark = 0 all actions are separable. There-
fore for any section ¢ of E(H)(M) = E(M), dego = 0 by Corollary 3.14.
Thus E(H) is semistable.
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To prove the second assertion, clearly we can assume E is stable.
If E(H) has no admissible reductions at all to any proper parabolic sub-
group of H then E(H) is stable and we have nothing to prove. So
assume FE(H) has an admissible reduction to a parabolic subgroup P.
Let ¢ be an admissible reduction to P with dim P being minimal for admis-
sible reduction. This reduction gives a section ¢ of E(H)(M) = E(M)
with dego = 0. By Proposition 8.12 we then have a quasi-stable G-orbit
C* in M such that ¢ E(C%). Let I be the isotropy subgroup of G for
a point of C*. Since we are in characteristic zero the natural bijective
morphism G/I — C% is an isomorphism and o€ E(G/I) gives a reduction
of structure group of F to I. Thus we get a further reduction of
structure group of the reduced P-bundle E(H), to the subgroup
o(I)c P. Now C?% being affine I is reduective ([11, p. 51]). Therefore
o(I) is reductive. Again since Chark =0, po(I)C R = a Levi subgroup
of P. Therefore E(H) admits an admissible reduction of structure group
to R, with reduced R-bundle E(H),. Since any proper parabolic subgroup
of R is the intersection with R of a proper parabolic subgroup of G
contained in P ([4, Proposition 4.4, p. 86]), it follows easily that an ad-
missible reduction of E(H), would give an admissible reduction of struec-
ture group of K(H) to a proper subgroup of P. This contradicts the
minimality of the reduction to P. Therefore E(H), is a stable R-bundle
proving E(H) is quasi-stable.

THEOREM 3.19. Let Chark = 0. Let E be a stable G-bundle. Then
E has a unique minimal reduction to a (not necessarily connected) reduc-
tive subgroup. This reduction is minimal in the sense that it does mnot
admit a further reduction of structure group to a (not mecessarily con-
nected) reductive subgroup.

PrOOF. Clearly we can find some minimal reduction to a reductive
subgroup. We only have to prove the unigueness.

LEMMA 3.20. Let H be a (not necessarily connected) reductive sub-
group of G. Then there is a representation p: G — GL (V) and a quasi-
stable point (for the action of G on V) me P(V) such that the isotropy
subgroup of G at W, as well as at any point meV which projects to
m, 1s H.

Proor oF LEMMA. Follows easily from (]2, Chapter II, §§5.1, 5.5]).

Now from the above lemma and Proposition 3.12 it follows easily
that reductions to (not necessarily connected) reductive subgroups are
equivalent to sections o of E(M) with dego = 0 and o(x,) semistable.
Thus now let ¢, and o, be sections of E(M,) and E(M,) giving two mini-
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mal reductions to reductive subgroups H, and H,, with dego, =0 and
o(x,) semistable. Then o, X g, is a section of E(M,x M,) with the same
properties and gives further reduction to both ¢, and o, to a smaller
reductive group. This proves uniqueness.

For Chark = p (> 0) we have the following results 3.21 and 3.23.

THEOREM 3.21. Let Chark = p. Let E be a semistable SL (2)-bundle.
Let V be the 2-dimensional space on which SL(2) acts naturally. For
m < p — 1, the associated bundle E(S™(V)) is semistable.

PrROOF. The proof is the same as the first part of the proof of
Theorem 3.18 where for the separability of the action we have to use
Lemma 2.6 instead of characteristic 0.

Before stating the next result we have to recall a few facts about
the Frobenius map.

Let k£ be a field of characteristic p > 0 and # > 0 an integer. Let
@: X — Speck be a scheme over k. The p™-th power map 77y — &, given
by f— f?" is a homomorphism and gives rise to a morphism F,: X - X
called the (absolute) Frobenius. Since @F; = F,®, we have a commuta-
tive diagram

F,;*(X)g——A—> b
Fzé“sol \X 7 lso
SN\
Speck — Speck
If &k is a perfect field, F, and A are isomorphisms.

If F,C k is the finite field with ¢ = p" elements then F, is identity
on Spec F,. Suppose X — Spec F, is an F,-scheme and X = X Xr, Spec k.
Then F¥(X) is naturally isomorphic to X. In this case the morphisms
A and g in (4) give morphisms X — X = F#(X) called respectively the
arithmetic Frobenius and the geometric Frobenius (with reference to
the F,structure X).

Let w: E — X be a G-bundle. Pulling back by the Frobenius we get
a G-bundle F'¥(F)— X, on X;; (where we take the k-structure on F}(E)
to be the one defined by the composite F}‘(E)HXFMSpeck). If k
is a perfect field we can change the k-structure of F, (E), X, and G by
composing their structure morphisms with F;*: Speck — Speck to get a
bundle F,. (&) — X with structure group F}(G) (in (4) replacing X by G
we see that A gives a k-isomorphism of F*(G) with G, the latter having
the k-structure changed by F;Y).

REMARK 3.22. It can be easily checked that this F}(G) bundle is
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the same as the bundle obtained from E by the extension of structure
group ¢: G — F¥(@).

Now let a group scheme G — SpecF, over F, such that G = prq
Spec k be given. Then F}(G)~ G. So the F¥(G)-bundle F¥(E) — X gives
a G-bundle called the Frobenius twist of E (with reference to the F,-
structure on @).

If we take a different F,-structure G’ for G then the isomorphism
of F¥(G) with G given by G’ obviously differs from that given by G by
an automorphism of G. Therefore the Frobenius twist of E with refer-
ence to G’ is obtained from that with reference to G by an extension
of structure group through an automorphism G — G. It follows easily
from the definition that if a G-bundle is semistable then the G-bundle
obtained from it by extension of structure group through an automor-
phism is also semistable. Therefore the notion of Frobenius twist of E
being semistable is independent of the F,-structure chosen for G. If G
is a reductive group over k = k, then G has a Z-structure and hence an
Fstructure. It is easy to see that if F¥(F) is semistable then E is
semistable.

THEOREM 3.23. Let Chark = p. Let E — X be a semistable G-bundle
such that the Frobewius twists (FT)*(E) are semistable for all m = 0.
Then for any homomorphism 0:G — H, H reductive and 0 maps the
connected component of the centre of G into that of H, the H-bundle E(H)
18 semistable.

Proor. Let M = H/P', P’ a parabolic subgroup of H, and L the line
bundle on M associated to the inverse of a dominant character on P’.
Let o be a section of E(M). We have only to show that dego = 0.

If o(x,) is semistable then by Proposition 3.10 (i), we are through.
Assume o(x,) is nonsemistable. Then we can find an instability 1-PS »
of o(x,) defined over K?» " = {xc K|2*"¢ K} for some n = 0 (cf. begining
of §2).

Pulling back by the Frobenius F, we have that the action of the
generic fibre F}E(G), = F¥(E(G), on FYEM), = F¥(EM),) is the base
change by the Frobenius F, of the action of E(G), on E(M),, The
Frobenius F'; factors through an isomorphism:

Spec K T, Spec K
N
N
Spec K*™"

where Spec K*» " — Spec K is given by the inclusion K < K*»™".
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Therefore for the action of FZ(E(G),), (F*o)(x,) has an instability
1-PS F¥(\) which is defined over K. Therefore F*(E) being semistable
we can now apply Proposition 3.13 to get that deg F*¢ = 0. Now
(Fto)*(FrE(L)) = F¥(o)*(E(L))) = (¢*(E(L)))*™ (noting that for a line
bundle L, F#(L) = L*"). Therefore dego = (1/p™) deg F*o = 0.

4. Some Examples and Remarks.

4.1. If V is a vector bundle then S?(V) contains F*(V) and hence
for a semistable V, we cannot expect S?(V) to be semistable in general
even if 7kV = 2. In fact, more generally, for 7 = p, S/(V) is not semi-
stable if F'*(V) is not. For, S/V) has a subbundle of the form p,(V)
where p is the irreducible representation with highest weight j-X, A
being the highest weight of the natural representation. It is enough
to show that p,(V) is not semistable if j = p. From the tensor product
theorem of Steinberg, we conclude that o, (V) = 0%(V) Q 05 (F*V) where
o', o' are irreducible representations. Since F*(V) is not semistable by
assumption, neither can p,(V) be.

4.2. Theorem 3.21 does not hold for SL (n)-bundles for n = 3. In
fact if K is a semistable SL(2)-bundle then V = S*(¥) be an SL (n)-
bundle which is semistable if » = p by Theorem 3.21. However if
jn — 1) = p and F*(E) is not semistable then S/V) is not semistable
since S/V) has S"~"(F) as a quotient which is not semistable by 4.1.

4.3. In view of Remark 3.22 the assumption that the Frobenius
twists are semistable in Theorem 3.23 is necessary. Moreover it can be
proved that there exist bundles of which all Frobenius twists are semi-
stable. For example this follows from the theorem of Nori ([12, Propo-
sition 3.4, p. 86]) to the effect that a bundle E satisfying an algebraic
relation of the form > 7, E® ~ >, m;E® (n, m, = 0) is semistable.

PROPOSITION 4.4. Let X be a monsingular projective curve of genus
g = 2 over a field of characteristic p > 0. For every semistable subsheaf
V of F.@y with (V) > 0, we have F*V is nonsemistable.

PrOOF. In fact, by the projection formula, for any two locally free
sheaves V,, V, we have F (F*V,QV,) =V,® F,V, and hence HX,
Hom (F*V, V,)) = HY X, Hom (V,, F, V,)). In particular, the inclusion
V — F.Zx gives a nonzero map F*V — 7, and since p(F*V) = p-p(V) >
0, this implies that F'*V is not semistable.

REMARK 4.5. For any coherent sheaf .#, we have HYX, F, % )~
HYX, #). Hence X(F.r%) = X(¢x) and using Riemann-Roch, we see
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that deg F,.%y = (p — 1)(g — 1) > 0. Therefore there do exist semistable
subbundles of F,~”, with positive . In any case, it seems probable
that F. 2 is itself semistable. In this connection we note that Raynaud
[20, Theorem 4.1.1] has shown that the cokernel of the inclusion &y —
F.y is semistable.

For higher dimensional projective nonsingular X we make the fol-
lowing definitions.

DEFINITION 4.6. A rational G-bundle on X is a G-bundle on an open
subscheme U of X with ecodim (X — U) = 2.

Let H be a given ample line bundle on X. Let dim X = n. We define
deg I (with respect to H) to be the intersection number ¢,(L)-¢,(H)",
where ¢, denotes the first Chern class.

If L is a line bundle on an open subscheme of X with codim (X —
U) = 2, then L extends uniquely to a line bundle on X and hence deg L
makes sense.

DEFINITION 4.7. A rational G-bundle £ — U c X, with U open and
codim (X — U) = 2, is said to be stable (resp. semistable) with respect to
the polarisation H if for any reduction to a parabolic subgroup P of E
over any open subset U'cCU, codim (X — U’) = 2, the line bundle as-
sociated to any dominant character on P has degree < 0 (resp. < 0).

If V is a torsion free sheaf on X then for some open set U C X,
codim(X — U) = 2, V|U is a vector bundle. Then the above definition
of stability and semistability of the GL (»)-bundle corresponding to V' |U
is equivalent to the usual definition of stability and semistability (see
[8])-

Using the notation of Sections 3.4, and 3.5, any generic section of
Par (B(G)/U)) extends to an open subset U’ C U with codim (X — U’) = 2
(by the valuative criterion for properness). Therefore we again have a
1-1 correspondence between reduction of structure group to P over open
subschemes of codim = 2 and the K(X)-rational points of Par,(G,/K(X)).
Then it is easy to check that the proofs of Theorems 3.18 and 3.23 go
through for X of arbitrary dimension. Therefore Theorems 3.18 and
3.23 hold for rational G-bundles over X.
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