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Abstract. In this paper, we study the stability of changing sign solutions of weakly
nonlinear second order elliptic equations. Here by stability, we means stability for the
natural corresponding parabolic probiem. We prove the instability of many sign changing
solutions. On the other hand, we find a number of methods for obtaining stable changing
sign solutions. Some of these methods involve singular perturbations.

1. Introduction. In this paper, we study the stability properties of the changing
sign solutions of the following problems:

1) —Au=h@) in D, u=0 on dD,
. ou

@) —Au=h@) in D, -0 on D,
on

3) —e?Au=h(u) in D, u=0 on D,
2 . ou

4) —e*Au=h(u) in D, 6—=0 on 0D,

n

where D is a bounded domain in R" (r>2) with regular boundary 9D, £¢>0 and
h: R'>R! is defined by

au—au? if u>0
h(u)={ ) .
du+tu if u<O0.

Here o>0.

Problem (1) comes as a limiting problem of the following competition species
problem

—Av=av—v?—cow
5 —Aw=dw—w?—evw in D
v=w=0 on 0D,

when both interaction parameters ¢ and e go to infinity and c/e—a as ¢, e—> + .
We have shown in [19] that if (1) has a nondegenerate solution u, which changes sign
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d=v(a)

(42, 22)

(1, 4)

FIGURE 1.

on D, (5) has a unique positive solution (v, w) which is close to (oug, —ug ) (for ¢, e
large and c/e close to ). Moreover (v, w) is stable if and only if u, is stable. Here we
denote u* =max{u,0} and u~ =min{y, 0}. Therefore, it is important to study the
stability properties of the changing sign solutions of (1). By stability we mean stability
as solutions of the natural corresponding parabolic equations. As we mentioned in the
introduction of [19], there are analogous results for Neumann boundary conditions.

In a recent paper, Dancer and Du [17] showed that if a,d>1,, where 4, is the
second eigenvalue of — A under the Dirichlet boundary condition, (1) has at least one
changing sign solution. In a more recent paper [18], they found the exact domain for
(a, d) on which (1) has at least one changing sign solution. They showed that there
exists a curve I' (cf. Figure 1) which was actually given in [8] such that (1) has a
changing sign solution if and only if (g, d) is above I' in the ad-plane.

In the present paper, we are mainly interested in-the stability properties of the
solutions of (1) which change sign on D. We obtain many conditions for changing sign
solutions to be unstable and a number of methods of constructing stable changing sign
solutions in various parameter ranges. Many of our results hold for the solutions of
(1) with a much more general nonlinear term f(x). Note that the stability properties of
the non-constant solutions of (1) and (2) are quite different. It is well-known that in
many cases, the non-constant solutions of the problem (2) are unstable. For example,
Casten and Holland [6] showed that if D is a convex subset of R", any non-constant
solution of class C3(D) of (2) is unstable. It can be shown that this is not true for the
problem with Dirichlet boundary condition (cf. [40]). It is also known that this is false
for the case A is allowed to have explicit spatial dependence, A= h(x, u) (cf. [2], [3],
[29D.

We also treat the problems (3) and (4) with ¢ sufficiently small. Note that (3) is a
special case of (1) (after a rescaling). It is well-known that the weakly stable non-constant
solutions of (3), (4) correspond to the non-constant local minimizers of the functional
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J(0)=— j 1vu|2dx—lj H(u)dx
2 Jp € Jp

in a suitable space. We sketch a proof of this folklore result at the end of Section 3.
Therefore, our main interest is to look for the non-constant local minimizers of the
functional J,(u) in the required spaces. Such problems has been studied by many authors
(cf. [5], [21], [23], [25], [26], [30], [33], [35]-[371, [39] and the references therein).
It seems that Matano has some other methods for constructing local minima for some
other nonlinearities but no details seem to be available.

In Section 2 we study stability properties of the changing sign solutions of (1). We
find that in many cases, the changing sign solutions of (1) are unstable. In Section 3
we use domain variation techniques to construct stable changing sign solutions for
problem (1). We also construct stable changing sign solutions for the problem (1) on
a convex domain D. In Section 4 we study the existence of the weakly stable solu-
tions of the problems (3) and (4) and the asymptotic behaviours of such solutions.
This reduces to discussing the local minimizers of a functional involving singular
perturbations. In the final section, we very briefly discuss the local minimizers of a
functional such as in Section 4 with a small perturbation on the nonlinear term.

The work of both authors was supported by the Australian Research Council. We
should like to thank the referee for his careful reading of the manuscript.

2. [Instability results for problem (1). In this section we mainly study the stability
properties of the changing sign solutions of (1). We also treat the problem with a more
general nonlinear term f(w). Let Ci(D)={ueC'(D): u=0 on 0D} and W}?(D)=
W2P(D)yn Wi-4(D). By a solution, we always mean a weak solution. Let 4, denote the
first eigenvalue of —A under Dirichlet boundary conditions.

THEOREM 2.1. Suppose that a, d> ., and u,e Cy(D) is a solution of the problem
(6) —Au=hw) in D, u=0 on 0D

which changes sign on D. Then u, is an unstable solution of (6) (for the natural corresponding
parabolic equation) for a sufficiently small.

Proor. We divided the proof into three steps.
Step 1. We prove that au,—0 in C}Y(D) as a—0.
By an easy upper and lower solution argument, we know that for any a>0,

@) —d<u,<an"'.
Therefore,
®) —de<au,<a.

(8) implies that for any sequence {a,} with a,—0, {|la,u,l .} is uniformly bounded and
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(0n4,)~ >0 as n—co. Here u,=u, and u, =min{u,, 0}. Therefore, {|la,u, (a—a,u,)+
ity (d+u, )|l o} is uniformly bounded. Using the regularity theory for — A, we have that
{llotsttyll2, 3 is uniformly bounded for any p>n. The compactness of the embedding of
W32P(D) to C¥(D) implies that a,u,—u, in C}(D). Moreover, u,>0 in D. (This follows
from (8).) For any ¢ € C3(D), we multiply (6) by ¢ and integrate by parts. We have that

® (0ntty, —AP)= j Loy (a— oty ) + ottty (d+uy Ypldx .
D
Passing to the limit as n—o00, we obtain that
(10) (1o, —AP)= f uo(a—uo)pdx .
D

Here we are using that o,u, —0 as n— 0. Since u,, satisfies
(11) —Au=u(a—u) in D, u=0 on 0D

and since a>1,, by (i) of Lemma 1 in [11], we see that uo=0 or uy,=¢,, where ¢,
is the unique positive solution of (11). Now we conclude that u,=0. Suppose uy=¢,.
Let K be the natural cone of C(D). It follows from the maximum principle that u, € K.
Then, there exists a neighborhood By(u,) = K of u, such that >0 in D for any u e By(u,).
Since a,u, changes sign on D, then for any » large, a,u, ¢ Bs(1,). This contradicts that
au,—uy in CY(D). Hence, u,=0.

Step 2. We prove that {|lu,| .} is uniformly bounded for sufficiently small «.

Suppose that there is a sequence {a,} satisfying a,—0 as n—oo and {u,}={u, }
satisfying ||u,| ,— o as n—>o0. Then w,=u,/||u,| . satisfies

12) —Aw,=w, (a—au)+w, (d+u,) in D, w,=0 on 4D

and (w,|l,=1. Since {||u, |} is uniformly bounded, then w, -0 in L*(D) as n—c0.
By an argument similar to that in Step 1, we have that w,—w in C}(D) where w>0 in
D, w#0 in D. By Step 1, we also know that a,u —0 in D as n— 0. Then, w satisfies

—~Aw=aw in D, w=0 on dD.

This is a contradiction, since a> 4, and w>0 and w#0 in D.

Step 3. We prove that u, is an unstable solution of (6) (for the natural cor-
responding parabolic equation) for a sufficiently small.

The proof of the instability reduces to showing that the linearized equation

13) —Ak=[(a—20,u;)sgn"u, +(d+2u;)sgn"u,Jk+ ik in D
k=0 on éD

has eigenvalues in 7={le C: Re 1<0}. Here
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. {1 if u>0 _ 1 if u<0
sgn”u= i Sgn U= .
0 if u<0; 0 if u>0.

Suppose that there exists a sequence {«,} satisfying «,—0 as n—o0 such that the
principal eigenvalue £, of the problem (13) for a=a, satisfy 1,>0. Let u, denote u, .
We know from Step 2 that {||u,]|,} is uniformly bounded. Hence, {||A(x,)|| .} is uniformly
bounded. By the same arguments as those in the proof of Step 1, we know that there
exists & e C3(D) such that u,— i in C}(D). We discuss two possibilities: #=0 and i changes
sign on D. It follows by an idea similar to that at the end of Step 1 that there are only
these two possibilities.

If 4 changes sign in D, then the linear operator in (13) for a=a, is a small
perturbation (in the operator norm) of that for the problem

(14) —Ak=[asgn*G+dsgn 6+2i"lk+ik in D, k=0 on oD

for n large. Therefore, for n large, 1, is near the principal eigenvalue 1 of (14) which
is negative (cf. Lemma 2.6 in [197). Hence, 1, <0 for n large. This is a contradiction.

If #=0 in D, let k, be the eigenfunction corresponding to 4, with ||k,||, = 1. Since
u, satisfies

(15) —Au,=[(a—au)sgntu,+(d+u;)sgn"u,Ju, in D, u,=0 on 4D

and since the term in the bracket on the right hand side of (15) belongs to L®(D), it
follows from Caffarelli and Friedman [4] that meas{xeD: u,=0} =0 for all n. There-

fore, sgn*u,+sgn u,=1 a.e. in D for all n. This implies that there exists >0 such
that

(16) —Ak,>(1,+0), ae. in D

for n large enough. Here we use (13) and the facts that @, d>,, 4,, k,>0 and 4,—0 in
C}(D). Let ¥ be a positive eigenfunction corresponding to 4,. It follows from (16) that

(17 AIJ E,,lpdxz(ll+0)Jv kpdx .
D D

Since yY(x)>0 in D, (17) is a contradiction. This completes the proof.

COROLLARY 2.2. Suppose that u, € CyD) is a solution of (6) which changes sign on
D. Then u, is unstable when o is sufficiently large.

ProOF. Let v= —ou. Then (6) becomes
(18) —Av=v*({d—a "W )+v (@+v”) in D, v=0 on dD.

Therefore, if u, is a solution of (6) for « sufficiently large, v,= —au, is a solution of
(18) with o~ ! sufficiently small. Note that (18) has the same form as (6). Then using
the same idea as in the proof of Theorem 2.1, we have that v, is an unstable solution
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of (18) when « is sufficiently large. Since it is easy to check that the linearizations of
(18) at v, and (6) at u, have the same principal eigenvalue, the result follows.

As mentioned before, there exists a curve I' in ad-plane such that (6) has changing
sign solutions if and only if (4, d) is above I'. Now, we shall obtain the following resuit.

THEOREM 2.3. Suppose a>0. There exists a strip I’ above I' which is a one-sided
neighbourhood of I' in R* such that for (a,d)eI"’ any changing sign solution of (6) is
unstable.

PROOF. We use a contradiction argument to prove this theorem. Suppose there
exist {(a,,d,)} such that (a,,d,) is above I',a,—d,d,—~d as n—o, (4,d)el’ and
{u.} ={u,, 4} is a sequence of changing sign solutions of (6) for a=a,, d=d,. Suppose
also the principal eigenvalue 1, of the problem

—Ak=[(a,—20ou, )sgn*u,+(d,+2u, )sgn " uk+ik in D

k=0 on oD

(19)

satisfies 4,>0. It follows from [18] that lu,]l . —0 as n—o0. Since d, d > 1,, there exists
0, >0 such that a,, d,>A+6, for all n sufficiently large. Thus the argument in the
second case of the proof of Theorem 2.1 implies that £,>0 is impossible when 7 is
sufficiently large. This is a contradiction. This completes the proof.

By Remark 3 of [18], we know that this can be improved further if there is a
compact group of linear symmetries G acting orthogonally on R" such that D is invariant
under G. We can prove an analogous theorem for the existence of solutions of (6) which
change sign and are invariant under the action of the group G. Thus, we obtain a new
curve I';. An argument similar to that in the proof of Theorem 2.3 implies that there
is a one sided neighbourhood I'"” of I', such that any changing sign solution for (a, d)e I'"
which is invariant under the natural action of G is unstable. Note that we prove a little
later that if G is connected the G-invariant solutions are the only solutions which can
possibly be stable.

The next theorem implies that there is no changing sign stable radial solution for
the problem (6) if D is a ball or an annulus in R" (n>2).

THEOREM 2.4. Assume that DcR" is a bounded and smooth domain, feC'(R),
iie CL(D) is a solution of the problem

(20) —Au=f(u) in D, u=0 on 0D

and i satisfies a-Vii=0 on T except for a compact set Z of finite (n—2)-dimensional
Hausdorff measure, where a is any constant vector in R* and T is the boundary of a
component of the set {xeD: a-Vi#0}. Then il is unstable.

PROOF. Let A=a- Vii. Then 7 satisfies the linearized equation of (20) at i but does
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not satisfy the boundary condition. Let D, be a connected open subset of D such that
0D, = T. Then, we can argue as in Section 1 of {10}, to deduce that
o ok
[VA?2 - r@Elax=| k.
Dy 8Dy an
Note that since T is not very regular, there is a technical difficulty here to justify the
integration by parts. But, we can overcome this difficulty by the same argument as in
the proof of Lemma 2 of [15] (supplemented by the lemma and the remarks after it in
[16]). 5 B
Since 0D, =T and h=0 on T\ Z, then =0 a.e. on 0D;. Here by a.e. we mean
almost everywhere with respect to surface measure. Therefore,

J LI VA* — f(axh)*1dx=0 .
Dy
Now, we define
W(U)=% f [IVo>— fl@w?]dx, for ve W§XD),
D

and

h if xeD,
H(x)= )
0 otherwise .

Then, W(t)=0 and te W§*(D). In fact, by the regularity property of the solutions of
(20), we know that ie C*(D). Thus e C*(D). Since A=0a.e. on 6D, by Green’s theorem
and the same idea as in the proof of Lemma 3.22 in [1], we have that te W}-%(D).

It is well-known that the smallest eigenvalue 1 of the problem

o) —Ah=f'@h+ih in D, h=0 on D

is equal to inf{W(v): ve W§*(D), |lv]|,=1} and the only minimizers are +1 times the
first eigenfunction corresponding to 4 (and hence are non-zero on all of D). Hence,
+ ut(x) cannot minimize our problem (where |jut ||, =1). Hence, the minimum is negative
and thus 2<0. Hnece 7 is unstable.

Remark. If f is Lipschitz continuous on R, the result is still true (since f(u)e
W1-2), Moreover, we can allow many domains with corners.

The following result was known to Lin and Ni [32] and Sweers [40]. We obtain
it as a corollary of Theorem 2.4.

COROLLARY 2.5. Assume D is a ball or an annulus in R* (n>2) and ie C{(D) is a
radial solution of (20) which changes sign on D. Then i is unstable.

Proor. We consider the case of a ball. The other case is similar. Now i attains
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a positive maximum and a negative minimum on D and only one of them can be
attained at r=0. Thus there exists at least one r>0 such that #'(r)=0. Let ry be the
first such r, T={r=0}u{r=ro} and D, ={r: 0<r<r,}. Theorem 2.4 implies that i is
unstable.

Using the same idea as in the proof of Theorem 2.4, we also obtain the following
result.

THEOREM 2.6. Assume that feCY(R), f(0)=0, and D<R" (n>2) is a connected
smooth domain which is invariant under reflection in the hyperplane x, =0 and e, */i>0
Jor xe 0D with x, >0. Here # is the outward normal vector at x, e, is the direction of x,.
If ie CY(D) is a solution of (20) which is odd in x, and is positive for xe D with x, >0,
then i is unstable.

ProOOF. Since #>0 for xe D with x; >0 and 4 is a solution of (20), by the strong
maximum principle, 0i#/0/i<0 on 0D, where D, ={xe D: x,>0}. Thus, di/dx, <0 for
xedD and x, >0 since 7+ e; >0 for xedD and x, >0. Let h(x)=0d/ox,=(1,0, ..., 0)"
Vii. Then k(x) satisfies the equation

22) Ah+ f'@(x)h=0 in D

and A(x)<0 on 0D;n {x,>0}. The conditions on # imply that A(x)>0 on
(@D n{x;=0})\(Dn{x,=0}). Hence if we define D, to be the component of
{xeD: h(x)>0} containing Dn{xeR": x, =0}, then dD,ndD<dDn{x, =0}, (since
k<0 close to any part of dD not in x, =0 and % is even in x,). Since D n {x,; =0} has
finite (n—2)-dimensional Hausdorff measure, the result follows from Theorem 2.4.

Now, we give a simple way of obtaining changing sign solutions which are unstable
solutions for domains of the type in Theorem 2.6.

THEOREM 2.7. Assume that [ is odd, f'(s)<f(s)/s for s>0, f'(0)>0, f(s)>0 for
0<s<0 and f(0)=0. Assume that D= R" (n>2) is as in Theorem 2.6. Then there exists
a A>0 such that when A> 1, then problem

(23) —Au=if(w) in D, u=0 on 0D

has a unique solution i, —0<# <6, which is odd in x, and positive for xe D, x, >0 and
i is unstable.

PrOOF. Without loss of generality, we assume f'(0)=1. We first show that such
solutions exist. Let D, ={xeD: x, >0}, D,={xeD: x, <0} and let 1 denote the first
eigenvalue for the Dirichlet problem on D,. We consider the problem

(24) —Au=Af#) in D,, wu=0 on aD,.

By standard bifurcation theorems (cf. [ 13, Theorem 2]), a branch € of positive solutions
of (24) will branch off at (0, 1) and € is unbounded in Cy(D,)x [0, o). Hence Cy(D,)
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denotes the set of continuous functions on D, vanishing on 4D,. By the maximum
principle, 0 <u, <0 since f(s)<O0 if s> by the assumption on f. Thus, for any A> 4,
there exists a positive solution of (24). Since f'(s)< f(s)/s for s>0, there is only one
such solution u; for any A. (See [11, p. 739-740].) By the facts that f(s) is odd and D
is connected and invariant under reflection in the hyperplane x, =0, we have that

. u; in D,
u,= .
—u; in D,

is a solution of (23) for A> 4, and clearly 4, is odd in x, and positive for xe D,. For
any A> 1, if there exists another solution #, of (23) which is odd in x, and positive for
xe Dy, then ], is a positive solution of (24) and thus, u 1=, |p,. This implies &, =14,
in D. The instability of 4, can be obtained by Theorem 2.6. This completes the proof
of Theorem 2.7.

REMARKS 1. The same arguments ;s in Theorems 2.6 and 2.7 work for a number
of other cases if we look for solutions odd in both x, and x, and we assume u>0 if
xe D with x;, x,>0 (with a suitable condition on the normal 7). Thus many of the
simple ways of constructing changing sign solutions tend to yield unstable solutions.

2. Note that the conditions on the normal nin Theorems 2.6 and 2.7 are necessary.
One can give counterexamples by domain variation arguments (even with the dimension
n equal to two). For example, let D,, be smooth symmetric domains approximating
B, v B,, where B, B, are disjoint balls with the same radius 1 such that éB, and 0B,
intersect at a single point. We easily see from Section 3 below that for large m there
exists a stable solution for (6) on D,, approximating a function on B, u B, which is
positive in B, and negative in B,. If we choose a=d and a=1 in h(u), this stable solution
is an odd function of x,. (See Section 3 below.) With some care one can show the
positivity condition of Theorems 2.6 and 2.7 is also true in this example.

3. The conclusions of Theorems 2.6 and 2.7 can be applied to the problem (6)
when a=d and a=1 since if @ is a changing sign solution of (6), # satisfies —d<#<aa™'.
It is clear that h(s) satisfies a condition similar to that of f(s) in Theorems 2.6 and 2.7
in (—d, ax™1).

Now, we prove the following theorem which implies that the changing sign solutions
of the problem (6) in a 2-dimensional connected smooth strictly convex domain are
unstable if they have some special properties. The proof uses an unpublished idea of
Matano (who used it for a slightly different situation).

THEOREM 2.8. Assume that f is locally Lipschitz continuous and f(0)=0. Assume
that D<= R? is a connected smooth strictly convex domain. If die C¥(D) is a solution of

(25) —~Au=f(w) in D, u=0 on 0D

which does not change sign near 0D, but ii changes sign on D, then i is unstable.
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PrOOF. Let a=(ay, a,)e R?, Vii=(0ii/0x,, 0ii/0x,). Then, a-Vi satisfies the
equation

—Ah=f"(@h in D.

Let A=a-Vi. We know he CY(D)nCyD) (since ue C*D) by standard regularity
theory). Moreover, there exist at least two points %;€ D (i=1, 2) such that A(%;)=0.
(We know this from the fact that # attains a positive maximum and a negative minimum
in D.) Without loss of generality, we assume £;=0. (Otherwise, we use a linear
transformation to shift £, to 0.) Thus, A(x)=o(| x|™) as | x|—>0 for some m>0 and
me N,. If this holds for every integer m, then A=0 in D by unique continuation. This
is impossible. Thus, by Hartman and Wintner [27], in a neighbourhood of x=(0, 0),
we have the asymptotic relations

(26) H(x)= Py 1(X)+ 0l x "),
@7 VA(X) =V 1(x)+ ol x|™) ,

as | x|—0. Here p,,(x) is a nonvanishing, homogeneous, harmonic polynomials of
degree m+1. Note that we assume a little less regularity than that in [27] but an
examination of their proof shows that the result is still true under our assumptions. It
is easy to show that for every such polynomial in R?, there is a constant ¢>0, such
that | Vp,., (x)|=c|x|™ on R2. It then follows easily (cf. Pagani-Masciadri [38]) that
there is an open neighbourhood ¥ of £, =0 such that {A=0} n ¥ consists of Jordan arcs
75, J=1,2, ..., 2k+2, which, emanating from %, =0, locally divide V into 2k + 2 disjoint
subdomains €; such that A>0 in Q;,j=1,3,...,2k+1 and h<0 elsewhere in
{xeV:h(x)#0}.

We consider two possibilities here:

(i) each of the subdomain ©; can be extended to the boundary dD;

(ii) there exists a subdomain which cannot be extended to the boundary.

If the second case occurs, we easily prove that 4 is unstable by the same arguments
as in the proof of Theorem 2.4,

Now we only consider the first case. If k>1, there are at least four subdomains
which can be extended to the boundary of D. This implies that there are at least four
Jordan arcs which emanate from £; =0 to the boundary of D.

On the other hand, Vi is prarallel to #» on dD and Vi -n+#0 on dD, where n is the
outward normal at xe dD. (This follows from the maximum principle since # does not
change sign near D and f(0)=0.) Hence a - Vii can only be 0 on dD at the two points
where a - n=0. (That there are only two points follows from the strict convexity of D.)
Thus, if k> 1, we can find at least one closed Jordan curve in D which connects £=0
and one (or two) of the two points on D where a-n=0 such that a-Vi=0 on it.
Then, Theorem 2.4 implies that # is unstable.

The argument shows that we have finished the proof unless k=0 and (i) holds for
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every Q;. If k=0 and (i) holds for every €;, it is easy to see that the zero set of a- Vi
is a single Jordan curve joining the two points on dD where a-n=0. If there exists
ao€ R? with |a,|=1 such that the zero set of a, - Vi is not a single Jordan curve I',,
joining the two points on 0D where a, - n=0, then by the arguments above, we conclude
that 4 is unstable. Now, we assume that for each ae R? with |a|=1, the zero set of
a- Vil is a single Jordan curve I', joining the two points ¢, ¢ on dD wehre a-n=0.
The curve will change continuously with a. As a varies around the circle |a|=1, the
two end points will move around éD. Moreover, all the curves must pass through at
least two fixed points p,, p, € D (the maximum point and the minimum point of 7). We
shall prove that this is impossible. In fact, we see that the order of the four points ¢4,
D1, P2, ¢4 on I', will be unchanged as we vary a continuously around the circle ja|=1.
We also know that c{, ¢4 are also the end points of I'__, since I' _, is the same as I',.
Thus, as we move a continuously to —a, ¢§ will be moved to ¢4 and ¢4 will be moved
to ¢4, but the order of ¢4, p;, p,, ¢ is clearly changed. This contradicts the fact that
the order of the four points is unchanged as we vary a continuously. This completes
the proof.

ReEMARK. These ideas can be used to restrict the behaviour of stable solutions on
convex domains in R? whose zero sets intersect 0D in exactly two points.

New, we shall obtain the following result which implies that when D is a ball or
an annulus in R" (n>2), if & is a non-radial solution of (20), then # is unstable. There
have been several claims of results of this type but the proofs have been incomplete
(sometimes in the case of an annulus when n>3).

THEOREM 2.9. Let D be invariant under the action of a connected closed subgroup
G of SO(n), whre SO(n) is the real special orthogonal group consisting of matrices on R"
with determinant +1. Assume that fie CYD) is a solution of (20) where f is locally
Lipschitz. If ii is stable, then il(x)=1i(gx) for xe D and g€ G.

ReEMARK. Simple examples show that the result may be false if G is not connected.
Note that the component containing the identity of the symmetry group of a domain
is always closed.

PrROOF. Suppose that there exist xe D and g, € G such that i#(x) # fi(g,x). We shall
prove # is unstable.

Note that G is a compact connected Lie group. Thus, g,=exp 4, where 4 is an
element of Lie algebra of G (cf. [22, p. 113]). Moreover, S={exp ¢4 : t € R} is a subgroup
of G. Hence, S is a connected compact commutative subgroup of G and thus a torus
group (cf. [28, p. 78]), that is, a product of circle groups. Therefore, a dense set of
elements of S have finite order and hence we can find an element g, of § of finite order
which is arbitrarily close to g,. Therefore, there exists m>0 such that §§=e, where e
is the identity of SO(#n) and #(x) ##({,x) (by continuity).

By [22] again, §,=exp 4, where 4 is an element of the Lie algebra of S. Let
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a(t)=exp tA. Then {«(t): te R} = §= G and a(m) =e. If we let W(t)(x) = d/dd(il(x(t)x)), then
Ww(r)(x) satisfies

— AW )(x)) = (o £ ))x)(2)x for te[0, m]
w(t)x)=0 on éD,

since #(o(t)x) is a solution of (20) for all ¢. Since there exists x € D such that d(x) # @#gx),
there exists ¢, € (0, m) such that w(¢,)(x)# 0 in D. Now, we shall prove that w(0)(x) changes
sign on D. Suppose W(0)x)=0 (<0) on D. We have that w(0)x)= Vii(x) - Ax >0 (<0) on
D. Here we use that o’(1)=exp(t4) - 4 and a'(0)=A4. Therefore,
(28) W(ENX) = V oyil(0(2)x) « exp(tA)Ax =V il(y) - Ay>0 (<0) on D,
where y=ua(t)x. (Note that ye D.)

Since #H(o(0)x) = iH(ofm)x) =K x) in D, then if W(¢)#0 for some te(0, m), by a well-
known analysis theorem, we have that there exist ¢,, ¢, and x, € D such that w(z,)(x,) <0

and w(z,)(xo)>0. This contradicts (28). Thus, w(0)x) changes sign on D. Since W(0)(x)
is an eigenfunction of the problem

(29) —Ah=f(@x)h+ih in D, h=0 on D

corresponding to A=0, it follows that the principal eigenvalue of (29) is negative. This
implies that # is unstable. This completes the proof.

The following result was also known from [32] and [40]. We obtain it as an
immediate corollary of Theorem 2.9.

COROLLARY 2.10. Assume that D is a ball or an annulus in R" (n=2). Assume
fie CY(D) is a non-radial solution of (20). Then ii is unstable.

ReMARK.. This result and an earlier result imply that on an annulus and a ball
there are no stable changing sign solutions of (20).

There is an analogue to Corollary 2.10 and a partial analogue to Corollary 2.5 for
the problem (20) when D is a cylinder.

PrROPOSITION 2.11. Assume that f is locally Lipschitz continuous and D = Bg(0) x
(0, L) where Br(0)= R? (p=2) is the ball {x: 0<||x|| <R}. Let ii(x, z)=1(r, z)e C{(D) be
a changing sign solution of (20) which satisfies that %R, z)#0 for every z€(0, L). Then,
il is unstable.

Proor. We write (20) as

-1
u"+(p )

u,+u,+ f(u=0

(30
u 0, z2)=wu(R, z)=u(r, O)=u(r, L)=0.
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Since @ changes sign on D, there exists z,e(0, L) such that #(r, z,) changes sign.
(The only other possibility is that there exists z, €(0, L) such that #r, z,)=0, but this
is impossible by our assumption on #,.) Note that i,(0, z) =0 because by regularity theory
#i(x, z)€ C*(D). Thus, there exists #>0 which depends on z, such that #(f, z,)=0. Let
R(r, z)=0ii(r, z)/r. Then h(r, z) satisfies the equation

G1) b +h+ f’(ﬁ)h+<ﬂ h> -0
r r

and A(#, zy)=0.
To prove i is unstable, we only need to find a piecewise C! closed Jordan curve

I on the rz-plane such that =0 on I'. Let I be the domain bounded by I'. If we can
find such at I', then A(r, z)p(w) (Where p(w) is a degree one spherical harmonic in the x
variable) will be a solution of the linearization of (20) on Y={(x,z): (| x|, z)el’ }
vanishing on the boundary. Theorem 2.4 then implies that # is unstable.

. Assume A(f, z,)=0 where 7> 0. Let y, =r —F, y, = z— z, and A(y) = A(r, z). Then A(y)
satisfies the equation

Ah(y)+ [y, +F, y2+20))fl(y)+<f lf fl) =0 in D

1 y1
and A(0)=0, where D= {1, ¥2): y1=r—+,y,=z—1z, for (r,2)e(0, R)x (0, L)}. Using
the same arguments as in the proof of Theorem 2.8, we obtain that there is an open
neighbourhood ¥ of y=0 such that {A=0} n ¥ consists of quite smooth Jordan axcs 7,,
j=1,2,...,2m+2, which, emanating from y=0, loally divide ¥ into 2m+2 disjoint
subdomams Q such that 4 does not change sign on Q We are using essentially that
F#0. This 1mphes that there is an open neighbourhood V of (#, z,) such that {A=0}nV
consists of Jordan arcs y;,j=1,2, ..., 2m+2, which, emanating from (7, z,), divide V'
into 2m + 2 disjoint subdomains ;. We also consider two cases here:

(i) all Q; can be extended to the boundary of the rectangle (0, R) x (0, L);

(i) there is a subdomain Q; which cannot be extended to the boundary of the
rectangle.

If (ii) occurs, we know that f#0 on Q; and h=0 on 0Q; and 0Q;<(0, R) x (0, L).
Thus, 09; is a closed Jordan curve satisfying our requirement. Now, we only need to
treat the case (i). We have that =0 on the set {0} x (0, L) by the regularity of #. Since
each Jordan arc y; can be extended to the boundary of the rectangle (0, R) x (0, L) and
h#0 on the set {R} x (0, L), there exists at least one Jordan curve I' passing through
(%, zo), which ends at two points on the boundary of the rectangle. Let ¢,, e, denote its
two end points. There are four cases:

(i) both of them belong to [0, R] x {0} or [0, R] x {L},

(ii) one of them belongs to {0} x [0, L], while the other belongs to (0, R) x {0}
or (0, R)x {L},
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(i) both of them belong to {0} x [0, L],

(iv) one of them belongs to (0, R) x {0}, while the other belongs to (0, R) x {L}.

Since d4/0r=0 on [0, R] x {0}, [0, R] x {L} and {0} x [0, L], for each of the four
cases above, we can find a closed curve I'* (a part of it may be a part of the boundary
of the rectangle) such that d4/0r=0 on I'*. We can then construct Y as before and
obtain the instability of #. We do not know the smoothness of Y near r=0 but since
this has zero (n— 1)-dimensional Hausdorff measure, the argument in [15] shows that
this does not cause difficulties.

REMARK. Arguments similar to those in the proof of Proposition 2.11 still work
for the case where D=Q x (0, L) and Q is an annulus if f(0)=0. Here we also need to
assume that #( -, z) changes sign for z in (0, L) arbitrarily close to 0 or to L. We use
reflection tricks (since f(0)=0) and Hartman-Wintner’s results on # and 9di#/dr. The
details of the proof are rather more tedious. We omit the proof here.

COROLLARY 2.12. Assume that f(0)=0 and D=Q x E, where Q< R*? (p=2)is a
ball or an annulus and E = R" ™7 is a smooth bounded connected manifold. Let ii(x, z)€ C 5(D)
be a solution of (20) which is not a radial solution of x. Then ii is unstable.

Proor. This follows easily from Theorem 2.9 by setting G=S0(p) acting on the
first variable. There is a slight technical trouble with smoothness of 6D at the corners
but this can be overcome with reflection tricks. (Here we are using the fact that £(0)=0.)

3. Stable changing sign solutions of (1). In this section we shall use domain
variation techniques as in [9], [10] and an idea of Sweers [40] to construct stable
changing sign solutions of the problem (1) in various situations. Some of these examples
are rather symmetric solutions on rather symmetric convex domains.

Let

I(u)=%f IVulz—J H(u) for ue WD),

where
1 1
7au2—ﬁcxu3 if u>0
Hu)= )
—dut+—u? if u<0.
2 3

Then the critical points of I(x) in W}-2(D) are solutions of (1). It is well-known (cf.
[18]) that there are two strictly local minimizers of I(u), u, =o~ '¢, and u, = — ¢, where
¢, is the unique positive solution of the problem

(32) —Au=u(r—u) in D, u=0 on dD



STABILITY OF SIGN CHANGING SOLUTIONS 213

for r>A,. Moreover, these solutions are non-degenerate and stable.
Let B, and B, be two disjoint balls in R" such that dB,, 0B, intersect at a single
point. Let &= B, uB,. Then, we easily see that the function

. Juy in B,
0= )
u, in B,

is a non-degenerate solution of (1) in & and is stable, since the principal eigenvalue A
of the problem

(33) —Ak=h()k+ik in &, k=0 on 0@

satisfies A>min{1;, 4,} >0, where 1, (i=1, 2) is the principal eigenvalue of the line-
arization of (1) at u, on B, respectively.

It is clear that & changes sign on &. Moreover, if a=d, a=1, then, u; = —u,.
Therefore, i is an odd function of x;.

Now, we shall construct the changing sign stable solutions for (1) with smooth
domains approximating Q.

Choose Q,, star-shaped for m >4 such that Q,, decreases to € in the sense of [14].
As in the proof of Theorem 1 in [9], one easily obtains that the problem

(34) —Au=h(w) in Q,, u=0 on 09,

has a locally unique solution u,, in W3*,), u,,—i in L?(B) for all p>1. Moreover,
for large m, the eigenvalue problems (33) and

(35) —Ak=h(u)k+ik inQ,, k=0 on dQ,

have the same number of negative eigenvalues counting multiplicity as (33) and 0 is
not an eigenvalue for (35) for large m since 0 is not an eigenvalue for (33). Thus, u,, is
stable. Moreover, since # changes sign in @, u,, changes sign in 2,, when m is sufficiently
large. This is the required example. Note that if a=d and =1 and if B, and B, have
the same radius, local uniqueness shows that u,, is odd in x,. The same construction
can still be used if B, and B, are not balls.

Now, we shall construct a stable changing sign solution of the problem (1) in
convex domains with our special nonlinearity. The domains here are rather different
from the previous example and the parameter range is quite different. This example is
an interesting contrast to some of the results in the previous section. Our construction
is a modification of the one in Sweers [40].

We assume that

2
as—os” s>0

hs)= -2 -3.,.2
e fas+2e Cas?, s<0

and
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a’+ 20

D={(x1, .o, X )ER"(n=2), (m

1/2
) 3+ +x)VP<x, < 1} .
Note that 4,(s) satisfies
1
(36) h(s)= —28h£<—? ss) for $>0.
By the maximum principle, we know that if u is a changing sign solution of the
problem (1) with A=h,,
—ae2u) ' <u(x)<ax”!' in D.
As earlier, the problem
37 —Au=J k() in D, u=0 on éD

has a unique positive solution for every A>a~1/,, since s~ Ah(s) is decreasing on
[0, ax~1].

Similar arguments hold for negative solutions. Let U, and V% denote the positive,
respectively the negative solution of (37) for A>a~'4,. Note that this is a different
notation from earlier in the section. Let J,(4, ) denote the energy functional for (37),

that is,
1 u
J(A, uy= f <— |Vu|*—1 J hg(s)ds>dx .
D 2 ()

We have the following lemmas.

Lemma 3.1.

. 1 . 1
lim }‘—IJE(’L Ul):__gasa_lela lim &_l‘ls(l’ i)=_§‘a3a‘2|D|9

A= A=
uniformly for e€(0, 1], where | D| is the Lebesgue measure of D.
LemMma 3.2

_ (@*+2q)

Ug(xq, Xay ooy X) <M x3——— "
/1( 1 2 ) (1 2“("—1)

(x§+"'+x,f)) in D,

for X sufficiently large.

ProoF OF LEMMA 3.1. We will show the second statement. The basic idea of the
proof is the same as that of the proof of Lemma 3 in [40]. Since V* is the only stable
solution of

(38) —Au=Amin{h u),0} in D, u=0 on D,
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the function minimizes

1 u
J7 (4, u)=J <~ |Vu|2—/1J‘ min{As), 0}ds>dx
p\2 0
for A>a~'A,. We can estimate J, (4, u) from below by —a3x~?| D|/24 since

Iy )= —4 f

D

J‘ min{hs(s), O}dexz -—;T a3a—2‘ DI )

0
1t is sufficient to show that for all ¢>0 there is ¢, & W-%(D) such that uniformly for
£€(0, 1],

. 1
lim A7 Y7 (4, ¢,)< Yy a’e"?D|+o.

A=

Take ¢ € CP(D) with —a(20) ' < <0 and ¢p= —a(2x)~! on a closed subset of D with
measure larger than | D|—12a 3a%6. The result follows for A large since

AN (4, 8¢)<l_182J

D

1 1 1
—|V¢|*dx———a*a " ?|D|+—0c
2 24 2

1 1 1
Sl_lf —|V¢ |*dx—~——a®a"?D|+—o0.
.2 24 2

This completes the proof.
Because of Lemma 3.1, there is A>a~14, such that
1
Jo (A, U< J 4, V< Ty a*a"?|D|A
for all 1>7 and ¢€(0, 1].
ProOF oF LEMMA 3.2. For ¢ large enough, we easily see that

(a®+20)

(9 Uslr..ox)<h [(xl+”2‘ 2an—1)

(x3+- - +x,?)] in D.
Indeed, since
~ 242 2 ~
—A[i((x1+t)2—w(x§+ o +xﬁ)>]=i I> (max h )]
20(n—1) o

and since A((x, +1)* —(a?+20)2on — 1)) "1(x2+ - - - +x2))>0in D for >0, the function
on the right hand side of (39) is a supersolution of (37) for 1>0. By the sweeping
principle [7], one finds that (39) holds for all 1>0. Hence the lemma follows.

Finally we will show, for ¢ >0 but small enough, that Uz does not minimize Je(f, ).
We shall modify Uj near (0, 0) to obtain a W %(D)-function with lower energy. Hence
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the solution of (37) for A=/ that minimizes J,(, ) is not V% or Uy, which are the only
stable solutions with fixed sign. (Note that V% has higher energy than Uy.)
Set

Di={(xy, x5, ..., x,)€D; x, <8},
DE={(xy, x5, ..., x,)eD; §<x; <25} .
Then | D};|= Cé". Moreover, define z on R by
z(s)=0 for s<1, z{s)=s—1 for 1<s<2, z(s)=1 for s>2,
and set
Us(Xys X2s ooy X)=2(0 " 1x ) Us(x,, ..., X,) .
Then, u;e Wi 3(D) and
Vus(xy, .oy x)=0"Us(xy, ..., x)1,0,...,0)+2(6 *x,)VUzx,, ..., x,) in D?.
By Lemma 3.2 we can estimate the difference in energy as follows:

~ ~ 1 ~
T4, us)— J (4, UI)S?J (I Vus|*—| VUIIZ)dx+lf

1
D26 D26

1 ~ 1
—aU%dx+AJ — awmjdx
2 3

1
DZJ

1 ~ -
sj (-5-2U%+5—1U;z(5—1x1) 9 U;>dx+lj iaU%dxH iaU}dx
p2\ 2 0 pi, 2

X1 DLy

1 ~ ~ ~
s|D;,,|<7 5-2(,1452)2>+5—1(/1452)f |VU;[dx+% al(415%)?| D},
D}
+%af(4f(52)3|D§,,|

< CI(I)5n+2 +4Ic1/251 +n/2<f

1
Dzd

172
IVUzlzdx) .

Since § is sufficiently small, we can choose M >0 (M is independent of 6) such that
D},;= Kysn D, where K, is an n-dimensional ball with center 0 and radius Mé. By the
facts that 0D satisfies the condition (A) of [31, p. 6] and that Uze W}*(D)n L®(D), we
obtain by using the remarks before Lemma 1.2’ of [31, p. 253] that

f |VU;:|2deJ | VUz|2dx < CH(MOY~2+28
D}, KamsnD
where C, >0, 0 <f < 1. Therefore,

JE(Z, ua)_Je(): UI)SCI(I)én-‘—Z+4IC1/251+n/2C§/2Mn/2—1+ﬂ5ﬂ+n/2_l

<C3(A)o"t*, for é<1.
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Let
1 -1 -1
Vs(X gy nns Xp)= ——75U;(5 Xi5...,0 'X,).
Then
1 1 ~ ~
~Ava(X)=7 SHAUN 'x)= Y 01 Ah(Uz(6 ™~ 1 x)) = Ahy(vyl(x)) -

Here we use (36). Hence, v; is a solution of (37) with e=J and D replaced by D}. After
extending v; by 0 outside of D} we obtain

~ 1 ~17
JAA, vs)= j <? | Vos |2~ 4 J ha(s)ds> dx
D} 0

1 Uz(6~ 1x)

- 1 (S—1 N2 T
= Dé<2|VU,{(6 x)] iL h,,(s)ds)dx

1 -
=—8"J,(1, Uy).
7 04 Up

Finally, we set w;=u;+ v,. Since supp u;< D \ D} and since supp v;< D, we find that,
by the estimates above

~ ~ ~ 1 ~ ~
T2, wa)=J 54, us)+J5(4, v5) < (1 Ay 5">J.s(/1, Ur)+ C5(A)5"°

<Ji4 Uy,

for 6 sufficiently small. This implies that the global minimizer is not U; and hence the
global minimizer must change sign as required.
Now we are in a position to prove the following theorem.

THEOREM 3.3. Let D be as above and Q=DuD*u S, where

a’+2a

D*={(xy,...,x,)eR"(n=2), (m

1/2
x2+---+x2)1/2<2—x , 1<x, <2},
2 n 1 1

a’+2a

1/2
) 3+ x P =x =1}.
2a(n——l)> (x3 ) 1

Then, there exist X, >0 with X and 6~ * sufficiently large such that the problem
(40) —Au=lhu) in Q, u=0 on dQ
has at least one stable changing sign solution which is symmetric in x, about x,=1.

PrOOF. We first modify the argument above to show that there exist 4, 6>0
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such that J,(, u) has a changing sign global minimizer in the set of functions in W 1-3(2)
which are symmetric for reflections in S. Now U, and V% denote the solutions on Q
(with Dirichlet boundary conditions on Q). By the uniqueness of the positive and
negative solutions of (37) on Q, U, and V¥ are symmetric for reflections in S. We now
repeat the same argument as above except that we modify Uy by symmetrically modify-
ing it near the corner at x, =0 and the one at x, =2. The argument is much the same as
before except that we have two v; terms (one at either end). Thus we find a changing
sign solution of (20) which is symmetric for reflections in S and which is a global
minimizer of J,(/, u) for the functions symmetric for reflections in S. We need only to
prove that it is a local minimizer of J,(4, u)in W -3(R). We shall give a general proof.

Let ge C'(R) be sublinear and T< W %) be the subspace of symmetric functions.
If u is a local minimizer of

E(u)=%f (| Vu |* — G(u)dx ueT,

where G(u)= [ g(s)ds, then, by standard arguments, every eigenvalue of the problem
41 —Ah—g'(wh=ih in Q, h=0 on 09, heT

is nonnegative. However, the eigenfunction ¢(x)>0 corresponding to the smallest
eigenvalue of the problem

(42) —Ah_g’(u)h=/ul in Q, h=0 on 0Q, he W(l),Z(Q)

must have the symmetries of the domain Q. Thus it belongs to 7. This follows because
if A is the Lie group of symmetries of ©Q, then, since the equation and W5 %(Q) are
invariant under the usual orthogonal action of the Lie group, ¢ ={,T.¢dy must also
be a positive eigenfunction, where u is the invariant Haar measure and T, f denotes
the naturally induced action of 4 on the function f. Note that ¢ is non-trivial since
$(x)>0 on Q implies | ,(T,p}x)du>0 for every xe Q. Thus, the smallest eigenvalue of
(42)is also an eigenvalue of (41). This implies that every eigenvalue of (42) is nonnegative.

If every eigenvalue of (42) is positive, then it is easy to see that u is a local minimizer
of E on W§3(Q). If not, 0 is a simple eigenvalue of (42) with simple eigenfunction ¢ e T.
Hence, we see that if we do a Lyapunov-Schmidt reduction of our equation near u on
T or W §%(Q), we have the same bifurcation equation B(0)=0 on R (defined near zero).
Now B=Vb where b: R— R. Then, it follows easily from the generalized Morse Lemma
(cf. [34]) that u is a local minimizer of E(u) on W) if and only if 0 is a local
minimizer of b on R and the same result is true on T. Hence, our claim follows. There
is one more technical point. For the above argument, we need E to be C?. This is true
if gis C! and g'(s)—0 as | s]— oo by standard arguments. But in our case hj(s) has one
jump discontinuity at 0. With care, one can show that the above conclusion is still true
by proving that in this case E is still C! and E'(x) is strictly differentiable at a solution
uif u#0 (cf. [18]) and then by proving a slight variant of the generalized Morse Lemma.
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By a truncation argument on A; (since the minimizer of J; is bounded from above and
below), we can meet the requirement of sublinearity. This completes the proof.

REMARKS. 1. By domain variation arguments as in Theorem 1 of [9], we can
obtain a stable changing sign solution of (40) on a smooth convex domain also with
some symmetry.

2. We could obtain even more symmetric local minimizers by working in the
subspace of functions symmetric under rotations in x,, . . ., x,. By making minor changes
in our Sweers type construction and using our argument above, we obtain changing
sign local minimizers which have all the symmetries of rather symmetric convex domains
(doubly symmetrized if n=2). As above, we can smooth the domains if we wish. It
would be interesting to know if the global minimizers have the symmetries of the domain
in these cases.

3. It is implicit in our work that for smooth enough nonlinearities the local
minimizers and the stable solutions are the same. This follows by a slight variant of
the argument at the end of the proof of the last theorem.

4. Local minimizers and singular perturbations. 1In this section we consider a third
method for constructing stable changing sign solutions. This is only valid for a, d both
large, but works for more general domains than domain variation arguments. One can
show that some of the examples we construct here can only occur for large a and d
because if for fixed a, d our problem has no weakly stable changing sign solution on
D, then it is not difficult to show that the same is true for domains close to D in the
sense of [14].

Consider the problem

@3) —¢?Au=h() in D, z—“=0 on aD.
n

It can be shown that the stable solutions of (43) are the local minimizers of the
functional

T (uy=—- f |Vu|2dx—lj Heddx  for ue WY (D).
2Jp € Jp

Here H(u) is as in Section 3. We know that H(s) has two local maximizers s, =
auw™ !, s,=—d; H(s;)=a3x"%/6 and H(s,)=d3/6. Let a*a~2=d?3 for a, d>4,. We as-
sume this for the rest of this paper. Then F(s)= — H(s)+d>/6 satisfies F(s,)=F(s,)=0
and F(s)ZO for se R.

Define

o 1
Je(u)=ij IVuIzdx+—J‘ F(uydx for ue WH3(D).
2 Jp € Jp
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Then the stable solutions of (43) correspond to the local minimizers of J(u). Thus, we
are interested in looking for the local minimizers of J,(u).
Define J,: L'(D)—R by

7 (u)_{(2f'f;1. /F(s)ds) Perp{x: u=aa"'}, ue BV(D), Fu(x))=0 a.e. in D,
¢ + oo if the perimeter is infinite .

Here Perp A4 is the perimeter of 4 in D, which is well-defined (but possibly infinite) for
any measurable set 4. See, e.g. [24]. For the sake of completeness we give the definition
here: if y (x) is the characteristic function of 4, equal to 1 on 4 and 0 on D\ 4, then

PerDA=sup{J X4 divedx:oce CF(D, R": |o(x)| <1 for x in D}.
D

BV(D) is the space of functions with bounded variation (cf. [24]). Then we have the

following theorem, which, together with Remark 3 below answer an open problem in
[30]. (See Remark 2.2 there.)

THEOREM 4.1. Let D be a bounded domain in R" with Lipschitz boundary. Assume
that uy is a L'-local minimizer of J, and there exists a bounded open set Q < L\(D) such
that uye Q and Jo(ug) <Jo(u) for ue Q, Jo(up) < Jo(u) for ue O\ Q. Here Q is the closure
of Q in L' (D). Then there exists £o>0 and a family {u,}, ,, such satisfies Jolu¥) = Jo(ue)
and u* =uq if ug is the only minimizer of Jy in Q.

ProofF. The proof is due to Kohn and Sternberg [30] for the case where u, is
isolated. The general case follows by a very similar argument. (The details appear in [20].)

ReMARKS. 1. If u,e L*(D), we can choose {u,} such that |u,—u*|,—0 as e—0
for all p> 1. Here u, is a minimizer of J, and u* is as in Theorem 4.1.
2. When D is as in Figure 2,

) (x)—{ —d  on the left hand side of I'y
%77 \aa~! on the right hand side of I,
is an isolated local minimizer of J,. The proof is due to Kohn and Sternberg [30] for

the case n=2. The proofs are easily generalized to the case #>2 by the same idea.
3. When D is as in Figure 3,

FIGURE 2.
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FIGURE 3.

—d  on the left hand side of I';

ui(x)={ - . : i=0,1.
ax”! on the right hand side of I';,

Then, u; is a non-isolated local minimizer of J,. Moreover, there exists an open set

Q< LY(D) such that uye Q and Jy(ug) < Jo(u) for ue Q and Jy(ug) < Jo(u) for ue 3\ Q.

A detailed proof for n=2 appears in [20]. The proofis also true for n>2 by the same idea.
4. Tt is easy to see that if D is convex and n=2, J, can have no local minima.

We can also obtain a result analogous to Theorem 4.1 for the problem (3). We
define the sequence of functionals I,: L!(D)- R, by

Is(“)_ij 1V“|2+LJ Fu), ueW§*D)
2Jp e Jo
and I,: L}(D)>R by
Io(u)={2(ja_a; ' JF(s)ds) Perp{x: u=aa""'} +,, | ®(0)— S(iH(x)) | dH,_ (%) ,

+ oo if the perimeter is infinite .

Here ue BV(D), u(x)e {—d, an"'}, a.e.in D, F(u)is as before, H, _, is (n— 1)-dimensional
Hausdorff measure, ®(s)=2" d\/Iﬁa't and 4 equals the trace of u on dD. It follows
from [37] that {I,} I'-converges to I, in the sense of Theorem 2.1 of [37]. Now we
discuss the local minimizers of I,. We assume u, is of the form

an”"' xeA
tox) = —d xe€B

1

where AuB=D. Let '=04AndB be the interface between the regions A4 and B (cf.

Figure 4). By Proposition 5.2 in [37], the interface I has zero (mean) curvature if the
interface is sufficiently smooth.

For ur as shown in Figure 4, I(u;) can be written to be of the form
Io(up)=Dlao™ ") Perp{x: u=an""'} + ®O)H,_(Br) +(P(aa ™) — HO)H,_ ,(Ar)
=P(ax" ) Perp{x: u=an" '} +(H(aa"*)—28(0)H,_,(A;)+ HO0)H,_,(0D),

where A, By are as in Figure 4.

When 2&(0)= d(an " 1), i.e., when a=1 and a=d, it follows easily from the formula
above that



222 E. N. DANCER AND Z. M. GUO

Ar

r

FIGURE 4.

Io(u)=P(an" ") Perp{x: u=aa"'} + #(0)H,_,(0D) .

Thus, we can obtain the minimizer of I, in the same way as we did for J,. Hence, I,
has an isolated local minimizer when D is as in Figure 2 and has non-isolated local
minimizers when D is as in Figure 3.

When 2&(0)+# ®(ax"!), the problem seems difficult to analyse. In the case of an
ellipse D in R2, it can be shown that I, never has a local minimizer of the type we are
looking for (with a smooth interface). Details appear in [20]. This strongly suggests
that one layer solutions do not exist in this case. If 2@(0) is close to ®(aa~!), one can
obtain local minima of I, by treating I, as a perturbation of J,.

5. Perturbations on the nonlinear terms. In this section we shall discuss very
briefly the singular perturbation problems (3) and (4) with a small perturbation on the
nonlinear term A(u). We shall consider a case more general than (3) and (4) though the
special case of (3) and (4) is our main problem of interest.

Let We CY(R) satisfy W(s)-» + oo as |s|— + oo, W(s)=0 has only two roots t, u,
t<u and W(s)>0 on R. Moreover, assume that W{s) satisfies

CilsP< W) <Gyl s1?

for |s|>s,, where C,, C,, s, are positive constants and p=>2. For convenience, we
assume that 1 <0 and p>0. We are interested in the local minimizers of the functional

IE=J [—;IVuI%l(W(u)Hg(u))] . ueWhD).
D €

Here ¢ > 0 is sufficiently small; g e C1(R) for se R and | g(s)| < B, + B,| s |4, 0 < g <p, where
B,, B,>0. It is clear that a local minimizer of I, is a stable solution of the problem

(44) —e2Au=W'(u)+eg’(u) in D, Z—u=0 on 0D .
n

Since F(s) has the same form as W(s), the results obtained in the previous section apply
to this probiem when g vanishes identically.
Define
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I ()= { (2.[ " \/%ds) Perp{u=1} +g(r) meas(B) + g(y) meas(4,)
° + oo if the perimeter is infinite ,

for ue BV(D), u(x)€ {t, u} a.e. in D, By and A, are as in Figure 4 and meas(B;)+
meas(A4 ) =meas(D). Then, we have the following theorem.

THEOREM 5.1. Let D be a bounded domain in R" (n>2) with Lipschitz boundary,
and suppose that u is a L'-local minimizer of I,. Moreover, assume that there exists an
open set Q  LY(D) such that uy € Q, Iy(u)> Io(uy) for ue Q and Iy(u)> I {uy) for ue G\ Q.
Then there exists eq>0 and a family {u,},,, such that

u, is an L'-local minimizer of I,, and ||\u,—u*|| .0 as ¢—0.
Here u* € Q satisfies Io(u*)=I(u,). If ug is the only minimizer of I, in Q, then u*=u,.

ProOF. The proof of this theorem is very similar to the proof of Theorem 1 of
[39] and of Theorem 4.1 above.

It is easily seen that when g(t) =g(u),

Tou)= (2 J“ J W(s)ds> H,_ (I +g(t)meas(D) .

This implies that the behaviour of [, is the same as that of J, before. When g(1) # g(y),
the problem seems difficult to analyse.

REMARK. We can also obtain a result analogous to Theorem 5.1 for the problem
with Dirichlet boundary conditions. Here we assume t <0 < y. The limit problem here is

T )= { ¥/ Ws)ds) Perp{u=1t} + jD gwydx + { ;| D(0)— B(iH(x)) |[dH,, _ ,(x)

+ o0, if the perimeter is infinite ,

for ue BV(D), u(x)€ {t, u}, a.e. in D; ®(s)=2[,/W(s)ds and # equals the trace of u on
0D. As before, we can simplify this formula. In various special cases, I, reduces to one
of our earlier problems.
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