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Abstract. Some convergence theorems of modified Ishikawa and Mann iter-
ative sequences with errors for asymptotically pseudo-contractive and asymp-
totically nonexpansive mappings in Banach space are obtained. The results
presented in this paper improve and extend the corresponding results in Goebel
and Kirk (1972), Kirk (1965), Liu (1996), Schu (1991) and Chang et al. (to

appear).

1. Introduction and preliminaries

Throughout this paper, we assume that E is a real Banach space, E∗ is the
topological dual space of E, 〈·, ·〉 is the dual pair between E and E∗, D(T ), F (T )
denote the domain of T and the set of all fixed points of T respectively and J : E →
2E
∗

is the normalized duality mapping defined by

J(x) = {f ∈ E∗ : 〈x, f〉 = ‖x‖ · ‖f‖, ‖f‖ = ‖x‖}, x ∈ E.

Definition 1.1. Let T : D(T ) ⊂ E → E be a mapping.
(1) T is said to be asymptotically nonexpansive if there exists a sequence {kn} in

(0,∞) with limn→∞ kn = 1 such that

‖T nx− T ny‖ ≤ kn‖x− y‖

for all x, y ∈ D(T ) and n = 1, 2, . . . .
(2) T is said to be asymptotically pseudo-contractive if there exists a sequence
{kn} in (0,∞) with limn→∞ kn = 1 and for any x, y ∈ D(T ) there exists
j(x− y) ∈ J(x− y) such that

〈T nx− T ny, j(x− y)〉 ≤ kn‖x− y‖2

for all n = 1, 2, . . . .
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The following proposition follows from Definition 1.1 immediately.

Proposition 1.1. (1) If T : D(T ) ⊂ E → E is nonexpansive, then T is an asymp-
totically nonexpansive mapping with a constant sequence {1}.

(2) If T : D(T ) ⊂ E → E is asymptotically nonexpansive, then T is an asymp-
totically pseudo-contractive mapping. But the converse is not true in general.

This can be seen from the following example.

Example 1.1 ([8]). Let E = R and D = [0, 1], and let the mapping T : D → D be
defined by

Tx = (1 − x 2
3 )

3
2

for all x ∈ D. It can be proved that T is not Lipschitzian [8], and so it is not
asymptotically nonexpansive. Since T is monotonically decreasing and T ◦ T = I,
we have

(T nx− T ny)(x− y) =

{
|x− y|2, if n is even;
(Tx− Ty)(x− y) ≤ 0 ≤ |x− y|2, if n is odd.

This implies that T is an asymptotically pseudo-contractive mapping with a con-
stant sequence {1}.
Definition 1.2. (1) Let T : D(T ) ⊂ E → E be a mapping, let D(T ) be a nonempty
convex subset of E, let x0 ∈ D(T ) be a given point, and let {αn}, {βn}, {γn} and
{δn} be four sequences in [0, 1]. Then the sequence {xn} defined by{

xn+1 = (1 − αn − γn)xn + αnT
nyn + γnun

yn = (1 − βn − δn)xn + βnT
nxn + δnvn

for all n ≥ 0(1.1)

is called the modified Ishikawa iterative sequence with errors of T , where {un} and
{vn} are two bounded sequences in D(T ).

(2) In (1.1) if βn = 0 and δn = 0, n = 0, 1, 2, . . . , then yn = xn. The sequence
{xn} defined by

xn+1 = (1− αn − γn)xn + αnT
nxn + γnun, n ≥ 0,(1.2)

is called the modified Mann iterative sequence with errors of T .

The concept of asymptotically nonexpansive mapping was introduced by Goebel
and Kirk [5] in 1972, which was closely related to the theory of fixed points of
mappings in Banach spaces. An early fundamental result due to Goebel and Kirk
[5] showed that if E is a uniformly convex Banach space, D is a nonempty bounded
closed convex subset of E and T : D → D is an asymptotically nonexpansive map-
ping, then T has a fixed point in D. This result is a generalization of the corre-
sponding results in Browder [1] and Kirk [6].

The concept of asymptotically pseudo-contractive mapping was introduced by
Schu [9] in 1991.

The iterative approximation problems for nonexpansive mapping, asymptoti-
cally nonexpansive mapping and asymptotically pseudo-contractive mapping were
studied extensively by Browder [1], Goebel and Kirk [5], Kirk [6], Liu [7], Rhoades
[8], Schu [9], Xu [10, 11] and Xu and Roach [12] in the setting of Hilbert space or
uniformly convex Banach spaces.

The purpose of this paper is to study the iterative approximation problems
of fixed points for asymptotically pseudo-contractive mappings and asymptotically
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nonexpansive mappings in uniformly smooth Banach spaces by using a new iterative
technique. The results presented in this paper extend and improve the main results
in [3]–[7], [9], and the methods of proof given in this paper are also quite different.

The following lemmas play an important role in this paper.

Lemma 1.1 ([2]). Let E be a real Banach space and J : E → 2E
∗

a normalized
duality mapping. Then for all x, y ∈ E

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, j(x+ y)〉

for all j(x+ y) ∈ J(x+ y).

Lemma 1.2 ([12, p. 350]). Let E be a uniformly convex real Banach space, D a
nonempty closed convex subset of E and T : D → D a nonexpansive mapping. If
F (T ) 6= ∅, then for any x ∈ D, q ∈ F (T ) and any j(x− q) ∈ J(x− q) the equality

〈Tx− q, j(x− q)〉 − ‖x− q‖2 = 0

holds if and only if x = q.

2. Main results

Theorem 2.1. Let E be a real uniformly smooth Banach space, let D be a non-
empty bounded closed convex subset of E, let T : D → D be an asymptotically
pseudo-contractive mapping with a sequence {kn} ⊂ (0,∞), limn→∞ kn = 1, and
let F (T ) 6= ∅. Let {αn}, {βn}, {γn} and {δn} be four sequences in [0, 1] satisfying
the following conditions:

(i) αn + γn ≤ 1, βn + δn ≤ 1;
(ii) αn → 0, βn → 0, δn → 0 (n→∞);
(iii)

∑∞
n=0 αn =∞,

∑∞
n=0 γn <∞.

Let x0 ∈ D be any given point and let {xn}, {yn} be the modified Ishikawa
iterative sequence with errors defined by (1.1).

(1) If {xn} converges strongly to a fixed point q of T in D, then there exists a
nondecreasing function φ : [0,∞)→ [0,∞), φ(0) = 0 such that

〈T nyn − q, J(yn − q)〉 ≤ kn‖yn − q‖2 − φ(‖yn − q‖),(2.1)

for all n ≥ 0.
(2) Conversely, if there exists a strictly increasing function φ : [0,∞) → [0,∞),

φ(0) = 0 satisfying condition (2.1), then xn → q ∈ F (T ).

Proof. Since E is uniformly smooth, the normalized duality mapping J : E → E∗

is single-valued and uniformly continuous on any bounded subset of E.
“Necessity”. Let xn → q ∈ F (T ). Since D is a bounded set in E and {T nxn},

{T nyn}, {un} and {vn} are sequences in D, they are therefore bounded. Besides
since βn → 0, δn → 0, we have

yn = (1− βn − δn)xn + βnT
nxn + δnvn → q (n→∞).

Define

K = sup
n≥0
{‖yn − q‖} <∞.

If K = 0, then yn = q for all n ≥ 0. Hence (2.1) is true for all n ≥ 0;
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If K > 0, define

Gt = {n ∈ N : ‖yn − q‖ ≥ t}, t ∈ (0,K),

GK = {n ∈ N : ‖yn − q‖ = K},

where N is the set of all nonnegative integers.
Since yn → q, for any t ∈ (0,K] there exists n0 ∈ N such that for any n ≥ n0

‖yn − q‖ < t.

This implies that for each t ∈ (0,K)
(a) Gt is a nonempty finite subset of N;
(b) Gt1 ⊂ Gt2 , if t1 ≥ t2, t1, t2 ∈ (0,K);
(c) GK =

⋂
t∈(0,K)Gt.

Since T : D → D is asymptotically pseudo-contractive, for given q ∈ F (T ) and
for any yn, we have

〈T nyn − q, J(yn − q)〉 ≤ kn‖yn − q‖2, n ≥ 0.(2.2)

By virtue of (2.2), we define a function

g(t) = min
n∈Gt
{kn‖yn − q‖2 − 〈T nyn − q, J(yn − q)〉}, t ∈ (0,K).

From (2.2) and property (b), we know that
(a) g(t) ≥ 0 for all t ∈ (0,K);
(b) g(t) is nondecreasing in t ∈ (0,K).
Next we define a function

φ(t) =


0, if t = 0,
g(t), if t ∈ (0,K),
lims→K− g(s), if t ∈ [K,∞).

Hence φ : [0,∞) → [0,∞) is nondecreasing and φ(0) = 0. For any n ≥ 0, let
tn = ‖yn − q‖.

(1) If tn = 0, then yn = q, hence φ(‖yn − q‖) = 0, and so

〈T nyn − q, J(yn − q)〉 = kn‖yn − q‖2 − φ(‖yn − q‖).

(2) If tn ∈ (0,K), then n ∈ Gtn , and so

φ(‖yn − q‖) = g(tn) = min
m∈Gtn

{km‖ym − q‖2 − 〈Tmym − q, J(ym − q)〉}

≤ kn‖yn − q‖2 − 〈T nyn − q, J(yn − q)〉.

(3) If tn = K, then n ∈ GK =
⋂
s∈(0,K)Gs, and so

φ(‖yn − q‖) = φ(tn) = lim
s→K−

g(s)

= lim
s→K−

min
m∈Gs

{km‖ym − q‖2 − 〈Tmym − q, J(ym − q)〉}

≤ kn‖yn − q‖2 − 〈T nyn − q, J(yn − q)〉.

The necessity is proved.
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“Sufficiency.” From Lemma 1.1 and condition (2.1) we have

‖xn+1 − q‖2 = ‖(1− αn − γn)(xn − q) + αn(T nyn − q) + γn(un − q)‖2

≤ (1− αn − γn)2‖xn − q‖2 + 2αn〈T nyn − q, J(xn+1 − q)〉
+ 2γn〈un − q, J(xn+1 − q)〉
≤ (1− αn)2‖xn − q‖2 + 2αn〈T nyn − q, J(xn+1 − q)− J(yn − q)〉

+ 2αn〈T nyn − q, J(yn − q)〉+ 2γn〈un − q, J(xn+1 − q)〉.

(2.3)

Now we consider the second term on the right side of (2.3). Since {T nyn − yn},
{xn − T nxn}, {xn − vn} and {un − yn} all are bounded and

xn+1 − q − (yn − q) = xn+1 − yn
= (1− αn − γn)(xn − yn) + αn(T nyn − yn) + γn(un − yn)

= (1− αn − γn){βn(xn − T nxn) + δn(xn − vn)}
+ αn(T nyn − yn) + γn(un − yn),

it follows that xn+1 − q − (yn − q)→ θ (as n→∞). By the uniform continuity of
J and the boundedness of {T nyn − q}, we know that

pn := 〈T nyn − q, J(xn+1 − q)− J(yn − q)〉 → 0 (as n→∞).(2.4)

Substituting (2.4) and (2.1) into (2.3), we have

‖xn+1 − q‖2 ≤ (1 − αn)2‖xn − q‖2 + 2αnpn

+ 2αn{kn‖yn − q‖2 − φ(‖yn − q‖)}+ 2γnC,
(2.5)

where C = supn≥0{‖un − q‖ · ‖xn+1 − q‖} <∞.
Next we make an estimation for ‖yn − q‖2:

‖yn − q‖2 = ‖(1− βn − δn)(xn − q) + βn(T nxn − q) + δn(vn − q)‖2

≤ (1− βn − δn)2‖xn − q‖2 + 2βn〈T nxn − q, J(yn − q)〉
+ 2δn〈vn − q, J(yn − q)〉

≤ ‖xn − q‖2 + 2βnM1 + 2δnM,

(2.6)

where

M = sup
n≥0
{‖vn − q‖ · ‖yn − q‖},

M1 = sup
n≥0
{‖T nxn − q‖ · ‖yn − q‖} <∞.

Substituting (2.6) into (2.5) and using M2 = supn≥0 ‖xn − q‖2 to simplify we have

‖xn+1 − q‖2

≤ ((1− αn)2 + 2αnkn)‖xn − q‖2

+ 2αn{pn + 2βnknM1 + 2δnknM} − 2αnφ(‖yn − q‖) + 2γnC

≤ ‖xn − q‖2 − αnφ(‖yn − q‖)
− αn{φ(‖yn − q‖)− [−2 + αn + 2kn]M2 − 2(pn + 2βnknM1 + 2δnknM)}
+ 2γnC.

(2.7)
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Let

σ = inf
n≥0
{‖yn − q‖}.

Next we prove that σ = 0. Suppose the contrary; if σ > 0, then ‖yn − q‖ ≥ σ > 0
for all n ≥ 0. Hence φ(‖yn − q‖) ≥ φ(σ) > 0. From (2.7) we have

(2.8) ‖xn+1 − q‖2 ≤ ‖xn − q‖2 − αnφ(σ) − αn{φ(σ)− [−2 + αn + 2kn]M2

− 2(pn + 2βnknM1 + 2δnknM)}+ 2γnC.

Since αn → 0, βn → 0, δn → 0, pn → 0, kn → 1, there exists n1 such that for all
n ≥ n1,

φ(σ) − [−2 + αn + 2kn]M2 − 2(pn + 2βnknM1 + 2δnknM) > 0.

Hence from (2.8) we have

‖xn+1 − q‖2 ≤ ‖xn − q‖2 − αnφ(σ) + 2γnC for all n ≥ n1,

i.e.,

αnφ(σ) ≤ ‖xn − q‖2 − ‖xn+1 − q‖2 + 2γnC for all n ≥ n1.

Therefore for any m ≥ n1 we have
m∑

n=n1

αnφ(σ) ≤ ‖xn1 − q‖2 − ‖xm+1 − q‖2 + 2C
m∑

n=n1

γn

≤ ‖xn1 − q‖2 + 2C
m∑

n=n1

γn.

Let m→∞; by condition (iii) we have

∞ =
∞∑

n=n1

αnφ(σ) ≤ ‖xn1 − q‖2 + 2C
∞∑

n=n1

γn.

This is a contradiction. By this contradiction, σ = 0. Therefore there exists a
subsequence {ynj} ⊂ {yn} such that

ynj → q (as nj →∞),

i.e.,

ynj = (1− βnj − δnj )xnj + βnjT
njxnj + δnjvnj → q (as nj →∞).

Since αn → 0, βn → 0, γn → 0, δn → 0 and {T njxnj}, {T njynj}, {unj}, {vnj} are
all bounded, this implies that

xnj → q (as nj →∞).(2.9)

From (2.9) we have

xnj+1 = (1− αnj − γnj )xnj + αnjT
njynj + γnjunj → q (as nj →∞)

and so
ynj+1 = (1− βnj+1 − δnj+1)xnj+1

+ βnj+1T
nj+1xnj+1 + δnj+1vnj+1 → q (as nj →∞).

By induction we can prove that

xnj+i → q and ynj+i → q (as nj →∞) for all i ≥ 0.

This implies that xn → q. This completes the proof of Theorem 2.1.
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From Theorem 2.1 and Proposition 1.1 we can obtain the following theorem.

Theorem 2.2. Let E be a real uniformly smooth Banach space, let D be a nonempty
bounded closed convex subset of E, let T : D → D be an asymptotically nonexpan-
sive mapping with a sequence {kn} ⊂ (0,∞), limn→∞ kn = 1, and let F (T ) 6= ∅.
Let {αn}, {βn}, {γn} and {δn} be four real sequences in [0, 1] satisfying the condi-
tions (i)–(iii) in Theorem 2.1. Let x0 in D be any given point and let {xn}, {yn}
be the modified Ishikawa iterative sequence with errors defined by (1.1).

(1) If {xn} converges strongly to q ∈ F (T ), then there exists a nondecreasing
function φ : [0,∞)→ [0,∞), φ(0) = 0 such that

〈T nyn − q, J(yn − q)〉 ≤ kn‖yn − q‖2 − φ(‖yn − q‖), for all n ≥ 0.(2.10)

(2) Conversely, if there exists a strictly increasing function φ : [0,∞) → [0,∞),
φ(0) = 0 satisfying condition (2.10), then xn → q ∈ F (T ).

Theorem 2.3. Let E be a uniformly convex and uniformly smooth real Banach
space, let D be a nonempty bounded closed convex subset of E, and let T : D → D
be a nonexpansive mapping. Let {αn}, {βn}, {γn} and {δn} be four sequences
in [0, 1] satisfying the conditions (i)–(iii) in Theorem 2.1. Let {xn}, {yn} be the
modified Ishikawa iterative sequence with errors defined by (1.1). Then {xn} con-
verges strongly to q ∈ F (T ) if and only if there exists a strictly increasing function
φ : [0,∞)→ [0,∞), φ(0) = 0 satisfying the following condition:

〈T nyn − q, J(yn − q)〉 ≤ ‖yn − q‖2 − φ(‖yn − q‖) for all n ≥ 0.(2.11)

Proof. Since T : D → D is a nonexpansive mapping, by Proposition 1.1, T is an
asymptotically nonexpansive mapping with a constant sequence {1}, and so it is also
an asymptotically pseudo-contractive mapping with the same constant sequence
{1}. By Goebel and Kirk [5], F (T ) 6= ∅. Therefore the sufficiency of Theorem 2.3
follows from Theorem 2.1 immediately.

Next we prove the necessity of Theorem 2.3.
Since E is a uniformly smooth Banach space, the normalized duality mapping

J : E → E∗ is single-valued. Let xn → q ∈ F (T ). Since {T nxn} and {vn} are
bounded and βn → 0, δn → 0, we know that

yn = (1− βn − δn)xn + βnT
nxn + δnvn → q.

By the same way as given in proving the necessity of Theorem 2.1, let us define
K = sup

n≥0
{‖yn − q‖} <∞,

Gt = {n ∈ N : ‖yn − q‖ ≥ t}, t ∈ (0,K),

GK = {n ∈ N : ‖yn − q‖ = K},
g(t) = min

n∈Gt
{‖yn − q‖2 − 〈T nyn − q, J(yn − q)〉}, t ∈ (0,K).

In Theorem 2.1 we proved that g(t) is nondecreasing and g(t) ≥ 0 for all t ∈ (0,K).
Next we prove that g(t) > 0 for all t ∈ (0,K).
Suppose the contrary; there exists t0 ∈ (0,K) such that g(t0) = 0. Since Gt0 is

a finite set, there exists an n0 ∈ Gt0 such that

0 = g(t0) = ‖yn0 − q‖2 − 〈T n0yn0 − q, J(yn0 − q)〉.(2.12)

Since T : D → D is nonexpansive and q ∈ F (T ), hence T n0 : D → D is also
nonexpansive and q ∈ F (T n0). By Lemma 1.2, it follows from (2.12) that yn0 = q,
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i.e., ‖yn0 − q‖ = 0. However, since n0 ∈ Gt0 , by the definition of Gt0 , we have
‖yn0 − q‖ ≥ t0 > 0. This is a contradiction. Therefore g(t) > 0 for all t ∈ (0,K).

Now we define a function

φ(t) =


0, if t = 0,
t

1+tg(t), if t ∈ (0,K),
t

1+t lims→K− g(s), if t ∈ [K,∞).

Since g is nondecreasing and g(t) > 0 for all t ∈ (0,K), φ(t) : [0,∞) → [0,∞) is
strictly increasing, φ(0) = 0. By the same way as given in the proof of Theorem 2.1,
we can prove that φ satisfies condition (2.11).

This completes the proof of Theorem 2.3.

Theorem 2.4. Let E be a real uniformly smooth Banach space, let D be a nonempty
bounded closed convex subset of E, let T : D → D be an asymptotically pseudo-
contractive mapping with a sequence {kn} ⊂ (0,∞), limn→∞ kn = 1, and let
F (T ) 6= ∅. Let {αn} and {γn} be two real sequences in [0, 1] satisfying the fol-
lowing conditions:

(i) αn + γn ≤ 1;
(ii) αn → 0 (n→∞);
(iii)

∑∞
n=0 αn =∞,

∑∞
n=0 γn <∞.

Let x0 ∈ D be any given point and let {xn} be the modified Mann iterative
sequence with errors defined by (1.2).

(1) If {xn} converges strongly to a fixed point q of T , then there exists a nonde-
creasing function φ : [0,∞)→ [0,∞), φ(0) = 0 such that

〈T nxn − q, J(xn − q)〉 ≤ kn‖xn − q‖2 − φ(‖xn − q‖), for all n ≥ 0.(2.13)

(2) Conversely, if there exists a strictly increasing function φ : [0,∞) → [0,∞),
φ(0) = 0 satisfying condition (2.13), then xn → q ∈ F (T ).

Proof. Taking βn = δn = 0 for all n ≥ 0 in Theorem 2.1, we then have yn = xn
for all n ≥ 0. Therefore the conclusion of Theorem 2.4 follows from Theorem 2.1
immediately.

Remark. Theorems 2.1–2.4 generalize the corresponding results in [3]–[7], [9].
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