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1. Introduction

Let M denote a submanifold of R** of codimension I. Let R denote a restriction operator

Rfo = [N fedx, meM, feSR™. (1D
We wish to find an optimal range of exponents p such that

”Rf”LZ(M,do-) =< Cp”f”Lp(R"H) ’ (1.2)

where do is a compactly supported measure on M.

When M is a codimension one surface in R™*! with non-vanishing Gaussian curvature, the
estimate (1.2) is well understood. A celebrated result due to Stein and Thomas says that if M
has non-vanishing Gaussian curvature, then the estimate (1.2) holds with p = 3%'{%. In higher
dimensions, the situation is more complicated. When M is a codimension two surface in R"*+?
satisfying a non-degeneracy assumption, the estimate (1.2) holds with p = %ﬂ. (See [1] and
Theorem 7 in Section 3 below). However, a sharp necessary and sufficient condition is not currently
available.

It should also be noted that even in codimension one, the more general (L?, LY) estimates
for the restriction operator are not fully understood, except in the dimension two. (See [14] for a
detailed discussion). We shall not address this issue here.

The purpose of this article is to establish the estimate (1.2) in the case when

M = {(x, Xe 1 oo Xkl © Xkl = $1(X), ..o Xt = D1 (XD},

where ¢; € C*°(R"\0) is homogeneous of degree m; > 1.
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Let F{do] denote the Fourier transform of do. By a theorem of Greenleaf (see [3]), the

inequality (1.2) holds for p = 570 if
|Fldo}(RO)I < CA+R)Y, ¢estth, (1.3)

We shall see below that isotropic Fourier transform estimates do not yield the sharp restriction
theorem in codimension two or higher (see, e.g., {1]). It should be noted that even in codimension
one, it is not known whether the exponent given by Greenleaf’s theorem is sharp.

The best possible isotropic rate of decay of F[do] for the homogeneous manifold M defined
above is ‘Mﬁm An application of Greenleaf’s theorem yields the estimate (1.2) with

_ 2(n +1Im)

T n+2m (14

where m = max;{m;}.
However, the following homogeneity argument due to Knapp suggests that the optimal expo-

nent for the estimate (1.2) is
_ 2(my+...+m +n)

= . 1.5
po n+2(m+...+m) (1.5
Indeed, let R denote the restriction operator defined above. Let f,; = h, where h is the characteristic
function of a rectangle in R"* with sides of lengths (1, 1, ---1, C, ..., C), C large.
Then
I f5llp ~ sU-UPEdmubtm) and R fi])y & 82 (1.6)

Hence, (1.2) can only hold if p < 2bmLtetimy,

We will establish the estimate (1.2) for ahomogeneous manifold M, with the exponent pg given
by Knapp’s homogeneity argument, under a variety of conditions on the level sets of the graphing
functions ¢y, ¢2, ..., 1.

Our main results are the following. The first result gives us a good description of L? restriction
theorems for two-dimensional submanifolds in codimension 2 given as graphs of homogeneous
polynomials. (Please see Definition 1 and 2 below for the precise description of finite type. Please

see Definition 3 below for the description of the order of vanishing along a line.)

Theorem 1.
(See Theorem 12 in Section 3). Let

S ={(x1,x2,x3,%4) : x3 =1 (x1,%2), Xxa =¢2(x1,x2),} 1n

where ¢1, ¢7 € C®(R?) are homogeneous polynomials of degree m| and m,, respectively (m; >
my > 2). Suppose that there exists a non-zero constant ¢ such that ¢1(x)i(x: =1 = Let
Zg = {(x1,x2) : $2(x1, x2) = 0}, Z; = {(x1,x2) : Va(x1, x2) = (0,0), and Z5 = {(x}, x2) :
Hea(xy, x3) = 0}, where Hoy denotes the determinant of the Hessian matrix of ¢2. Suppose that
the curve {x : ¢2(x) = 1} is of finite type m at each point of Z> N\ {x : ¢2(x) = 1} and that ¢,
vanishes of order < M along the lines contained in Zy U Z|. Then (1.2) holds for every p < po,
where py is the sharp exponent

my+my+2

) 1.8
mi+my+1 (1.8)

ifmy+my > max {2M (1 + 2L}, 2m}. Furthermore (1.2) holds with
my

21+M(1+3L)
ma (m+1)
(Dp< max[ 1+2M(1+5h) 7 2ml

max{2M (1 + 74), 2m),

} if min{2M (1 + 1), 2m} < my +my <
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2(1+M(1+%L) 2(m+1)

(2)p<min{ e

H+2M(1+5L) * 2mt

] if4d <myp+my <min{2M(1 + %), 2m}.

The following result answers a question posed by Fulvio Ricci about the restriction theorems
for manifolds given as graphs of quadratic monomials. The proof relies on the precise asymptotics
of the Fourier transforms of certain distributions obtained by Shintani (see [12], and Lemma 7
below). It has been brought to our attention that this result is implied by a theorem announced in the
Bulletin of the AMS by Gerd Mockenhaupt. We enclose the proof for the reader’s convenience, and
to motivate the related results proved in this article. (See, e.g., Theorem 3 below).

Theorem 2.

(See Theorem 13 below). Let S = {(x, Xp+1, ..., Xn+1) € R . Xnpl = O1(X), ..., Xpyy =
@1 (x)}, wherel = ﬂn2_+12 and the ¢; denote the distinct monomials of degree 2. Then the esti-
mate (1.2) holds with the sharp exponent py = 22%%

The following result generalizes Theorem 2 to manifolds given as joint graphs of smooth
functions of higher order of homogeneity. The proof relies on the non-isotropic decay estimates
for the associated Fourier transform of the surface carried measure. The observation that the non-
isotropic decay estimates are useful to obtain sharp restriction theorems in codimension > 1 is not
new. See, for example, the work of Christ [1] and Prestini [11].

Theorem 3.
(See Theorem 14 below). Let S denote a compact piece of the manifold {(x, xp41, ..., Xn4y) €
R™ Xntl = O1(X), ..., Xnt = $(x)}, where p; € CP(R" /0) is homogeneous of degreem > 2n.

Suppose that no linear combination of the ¢;s vanishes on a subset of positive measure of S"\. Let
O(x) = (p1(x), ..., ¢1(x)). Suppose that d(w) # (0,...,0), w € S"~!. Then the estimate (1.2)
holds with the sharp exponent
2(n+1Im)
T on42m
Many of our results are based on the non-isotropic decay estimates for the associated Fourier
transform of the surface carried measure. A sample result is the following.

(1.9)

Theorem 4. :

(See Theorem 6 below) Let S = {(x, Xpt1, ..., Xngt) € R™ - xpi) = 01(0), ..., xpps =
@i(x)}, whereeach ¢; € C*°(R"/0) is homogeneous of degreem > 2n. Let ®(x) = (¢1(x), ..., ¢1(x)).
Let @ (x) = (®(x), A). Let

F(E.0) = /ei(x.$>+xl¢l(x>+...+x/¢1(x>),l,(x)dx 7 (1.10)
where s is a smooth cutoff function. Then
Fen<C [ 1m@itde. (11D)

This article is organized as follows. In Section 2 we will prove some estimates related to the
decay of the Fourier transform of the surface carried measure. In particular, we will estimate the
decay of the Fourier transform of the surface carried measure, in any codimension, in terms of the
integrability of the multiplicative inverses of the graphing functions ¢; restricted to the unit sphere.
Using this technique we shall also obtain an accurate non-isotropic estimate for the Fourier transform
of the surface carried measure in the case when every graphing function has the same homogeneity.

In Section 3 we will apply the results of Section 2 along with the results of Christ [1], Pres-
tini [11], and a variety of scaling arguments to obtain a sharp estimate (1.2) with the exponent pg
given by (1.5).

In Section 4 we will use the non-isotropic estimates from Section 2 to study restriction theorems
in the case when every graphing function is homogeneous of the same degree m > 2.
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2. The Decay of the Fourier Transform of the Surface Carried
Measure

We will need the following definitions. (See, e.g., [1, 3]).

Nonvanishing Gaussian curvature: Let £ be a submanifold of R¥*! of codimension 1
equipped with a smooth compactly supported measure du. Let J : £ — SV be the usual Gauss
map taking each point on X to the outward unit normal at that point. We say that ¥ has everywhere
nonvanishing Gaussian curvature if the differential of the Gauss map dJ is always nonsingular.

Strong curvature condition: Let S be a submanifold of R"* of codimension ! equipped with a
smooth compactly supported measure di. Suppose that S is a joint graph of smooth functions g,
82, -.,81, where gj : R® — R. Let Ny, (S) denote the I-dimensional space of normals to S at a
point xo. We say that S satisfies the strong curvature condition (SCC) if for all xop € S in some
neighborhood of the support of du,

det D? (181 (x) + vag2(X) + ... + v (x)) #0, Vv e Ny, 2.1)

where D? denotes the Hessian matrix.

N-curvature condition: Let S € R"* be defined as above. We say that S satisfies the N-curvature
condition if the rank of the Hessian matrix in (2.1) is greater than or equal to N everywhere.
Our main results are the following.

Theorem 5.

Let § = {(X, Xn41,--+sXn4l) € R . Xngl = P1(X), ..., Xnpt = Pny1(x)), where ¢ €
C*®(R"\0) is homogeneous of degree mj > 2. Suppose that no ¢; is a constant multiple of any ¢;
fori # j. Suppose that (qu)'1 e LAi(s"™ 1), 0 < pj < - Let u denote the number of distinct

- mj

mjs. Suppose that ;n"—] < —lﬂfor each j. Let A = (Ay, ..., N;), and define
F(E,A) = fe"(("v‘f)““"(")+--~+“¢""))1//(x)dx , (2.2)
where V¥ is a smooth cutoff function.
Then
[F(g, M < CA+IEI+IAD77, (2.3)
where p = min;{p;}.
Theorem 6.
Let S = {(x,xp41,...,Xn+]) € R . Xt = O1(X), ... Xpp = $1(x)}, where each

¢; € C*(R"/0) is homogeneous of degree m > 2. Let ®(x) = (¢1(x), ..., $i1(x)). Let ) (x) =
(D(x), A). Let F(&, X) be defined as in (2.2). Then

FGRI<C [ Im@iFdo. @4

Lemma 1.
Let S € R"" and F (&, )) be defined as above. Let

Fo(E,A) = /ei((x-5)+11¢1(X)+---+AI¢I(X)) Yo(x)dx , (2.5)
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where Y is a smooth cutoff function supported away from the origin, and each ¢j € C®(R™\0) is
homogeneous of degree m > 2. Suppose that

[Fo(6, M) < C(A1+ |+ [AD7Y, vy >0. (2.6)
Then .
|F(&, 1) < C(L+ JE]+ A ™5™ 2.7

if y max;{m;} > n.
Lemma 2.

Let S € R be defined as above. Suppose that Sl(x,,H.l:1,,‘,,“-2:1,...,;,,”“,=1), 1<s<lis
an (n — s)-dimensional submanifold of codimension l, of the hyperplane

{(x,x,,+1,...,x,,+1) xngj =100, Xy, = 1} R

satisfying the N-curvature condition. Let Fo(&, 1) be defined as in (2.5). Then

|Foe, )l < C(1+ 161+ A) T . 2.8)

Lemma 3.
Let S € R"* be defined as above with | = 2. Suppose that there exists a constant c, such that
D1 l(x:2(0)=1}) = ¢. Suppose that my # m;. Suppose that Hp,, the Hessian matrix of ¢\, has rank
> 2 away from the origin. Suppose that ¢1(w) # 0, w € $"=1. Let Fo(£, A) be defined as in (2.5).
Then .
[Fo6, I = CA+[E[+1A)7T. (2.9)
Lemma 4.
Let S € R™ be defined as in Lemma 3, with n = | = 2. Then the assumptions of Theorem 8

(see Section 3) are satisfied at every x # (0, 0) iff p2(w) # 0, w € S1, and the level set {x : ¢y = 1}
has non-vanishing Gaussian curvature.

Proof of Theorem 5. We shall prove the theorem under the assumption that all the mjs are
distinct. The general statement follows by combining the terms with the same homogeneity. Recall
that

F(E2) = / R EFRO1AM N (1) 2.10)

where without loss of generality ¥ is radial, and each ¢; € C™(R") is homogeneous of degree

LetQ = [a) €S (@) > phr o @) > rxlﬁ]
Let

F(E, A =/ +[ = Fg-yg + Fa . (2.11)

]%GS’*‘i\Q e
Taking absolute values inside the integral we see that
|Fomna& M| <Cls™ el @.12)
which by Chebyshev’s inequality is bounded by
Cmax{lxj|“’ff |¢j(a))|“’fdw} < CJA™*, (2.13)
J sn-1

for |A| large.
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Let yp € C3°(R) be supported in the interval [%, 4], such that Yo = 1 inside 1, 2], and

o0
Y o (2"s) =1. (2.14)
k=0
Let
FteE v = f / @ EFAr Gy @)+ Ar 41 (@) (2"r) =ldrde . (2.15)

A change of variables sending r — 27%r shows that
FA(6,3) =27 FY (2"‘&, 2=miky, 2"""‘)4) . (2.16)

Let A=1{1,2,...,1}.
We must estimate

o0
Y2k Rl ke 27k, L 2| = Y 0, @2.17)
k=0 BCA

where

Is = Z 2—nk

Ao @)<2™%, jeB. Ajgi(w)>2"i%, j¢B)

F§ (2%, 27k, 2‘”’"‘A,)|

= S 2| (2"‘5, =Mk 2—"”"1,)‘ . (2.18)
St [ )Sim.>)
To estimate each Iz we shall need the fact that the curve (r, r™!, ..., r™) has non-vanishing

curvature and torsion away from the origin, so long as all the m;s are distinct. An elementary van der
Corput type estimate shows that the Fourier transform of the measure carried by this curve decays

of order '"Hl:l" We shall also use the fact that Fg is bounded. More precisely,
t
~nT
wwstZr“+chMZme%| dw
N\ Sis Sis.>) JjeB
< max |A,|'7"7/ |oj(@)| ™ dw , (2.19)
jeA Q

provided that ;"7 < T+l-—1’ foreach j € A.
Moreover,

lkj]—%/szlq)j(w)l—%d‘” = P‘il_pj/Q!¢j(w)|—p’|¢j(w)kj|pj_"+"dw

IA

217" fs e @] dw, (2.20)

since p; < 2.

Hence, the expression (2.19) is bounded by

mmmwflmMWMSWmﬁ, 2.21)
jeA sn—t
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for |A| large.

This completes the proof if {§| < C|A{. However, if this is not the case, the gradient of the
phase function {x, §) + Ao (x) + ... + A (x) is bounded away from zero, and an integration by
parts argument (see [14, p.364)]) shows that |F (£, A)| < Cy1 + |£] + |A]~N, forany N > 0. ]

Proof of Theorem 6. LetA =tv=1(vy,...,v). Let ®,(x) = (P(x), v). We rewrite F (£, X)
in the form

/ A CREHOE) g (i (2.22)
where ¥ is a smooth cutoff function. Let @ = {w € §"~! : |®,(w)| > 1}. Let
F(, ) =/ +f = Fgng + Fa . (2.23)
Eesha  JEen

Taking the absolute values inside the integral, we see that

|Fgrng(&, M| < € S"-'\sz‘ =C Ha) e st ¢;‘(w)| > tH , (2.24)
which by Chebyshev’s inequality is bounded by
tm / D, ()" "dw . (2.25)

Let yo € C§°(R) be supported in the interval [%, 4], such that o = 1 inside [1, 2], and

oG
3 v (2’%) =1. (2.26)
k=0
Let
FiE L) = / / @) Hm O @) a1y (2"r) dodr . 2.27)

A change of variables sending r — 27*r shows that F&(&, &) = 27"k F3(27%€, 27™k1). We
must estimate

o0 .
§ "2—71
k=0

To estimate I 1 we shall use the fact that away from zero the Fourier transform of the measure
supported on the curve (r, r) decays of order —%4 To estimate I we shall just use the fact that Fg
is bounded. More precisely,

Fg(2—"s,2-”"‘x))= Yo+ )Y =1+1r. (2.28)

oL (@)2) 1Py (w)>2mk)

I=cC Z 27 dp < Ct™m / lCD,,(a))I_%dw , (2.29)
2 (o, () <2mk)
and
_1 . .
11| SC/ Yoo 2“""‘<1>\,(w)t\ 2dw5Ct‘Ff |®y (@) mdw , (2.30)
Q - Q
{td, (w)>2m}

as long as m > 2n.
This completes the proof if |£| < C|A|. However, if this is not the case, the gradient of the
phase function (x, §) +A1¢1(x) +. ..+ A1 (x) is bounded away from the origin, and an integration
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by parts argument (see [14, p.364]) shows that |F(&,A)] < Cy(1+ |&] + |A)™V, forany N > 0.
O

Proof of Lemma 1. Let

Fe(E, N = fei((x-€)+)~1¢1(x)+---+ll¢l(X))wo(zkx)dx . (2.31)

A change of variables sending x — 27 %x shows that

Fu(E, ) =2""F, (2”‘;, 2mmiky 2—”""x,) . (2.32)
Let A=1{1,2,...,1}. We must estimate
oo
32| R (2*"5,2‘"‘“‘%...,2‘”’!"1,)‘ =Y 15, (2.33)
k=0 BCA

where
Is = Z —nk
{Ih;1<2mi*, jeB, 1Aj1>2™i%, j¢B)

> 2R (2"‘5,2‘"’1"A1,...,2—'""<;\,)| : (2.34)
Sis.<1 [ ) Sts.5)

Fo (2-"5, 2=mk 2“"""11)‘

Using the assumed decay of Fg, and the fact that, in particular, Fj is bounded, we get

-y
sl < €1y 27™4C Yy 27 (Zz-m/‘" 3| (2.35)

Si5.<) Siz.>) j¢B

< cma(],x,-[”ﬁf < CJA| ™=xilmT (2.36)
je

as long as max;{m;} < ny.

This completes the proof if {§] < C|A|. However, if this is not the case, the gradient of the
phase function {x, §) + A1¢1(x) + ... + A1 (x) is bounded away from the origin. An integration
by parts argument (see [14, p.364]) shows that | F(§, A)| < Cy(1 + |&| + IAD~N, forany N > 0.
g

Proof of Lemma 2. Assume that xp4j, = Xa41, - Xntj, = Xn+s. In what follows we will
denote x € R” by (x/, x”), with x’ € R®, x” € R"™¥ and by J/(f) [resp. Jo(f)] and Dz,g (resp.
Df,, 2) the Jacobian of a function f(x’, x”) and the Hessian matrix of a function g(x’, x”) computed

with respect to the x (resp. x”) variables. Let ¢ = (¢, ..., ¢s).
Take P on the support of do such that ¢(P) = (1,1,...,1). Since S|(In+l=l‘._,x"+s=” is
by assumption a submanifold of codimension ! of the hyperplane {(x, xa41, -+, Xntt) : Xn41 =

1, xpps = 1}, the Jacobian of the function ¢, J(¢), has rank s at P.

There is no loss of generality if we assume that J¢(P) is the identity in the space of s X 5
matrices, and that J,»¢(P) =0

By the implicit function theorem there exists a smooth function ¥ (x”) : R*™ — R’ such that
¢ (x™”), x”) = 1 in a neighborhood of P”.

An application of the chain rule yields:

() Jor ™y, x"y = Jud (P (x"), x") x Iy (x") + T (¥ (x”), x”) = 0, which implies that
Jy(P"y =0,
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@ 3 JePH+3, . Jxr®(P) = 0forevery j <n+s,and
S+

"xxﬂ
@) DXGss )W E", 2y = it 5 S i G, X" grpr DXYR(PT)

+D2%,¢s4j (¥ (x"), x") forevery j <n —s.

From (2) we have that, for every k < s, the Hessian matrix of ¥ at P, D2y, (P"), is —D2,¢(P"),
and from (3) that Df,,¢s+ j(P) can be written as a linear combination of the Hessian matrices of the
functions ¥ and of the Hessian matrix of ¢, ; (¥ (x"), x”') at P”.

Let ® = (x, &) + X141 + - - - My¢r denote the phase function of F as in (2.2). By the above
remark, D%,,CD(P) can be written as a linear combination of the Hessian matrices of the functions
Yk (x”) and the function ¢4 ; (¥ (x"), x”) at P”. Since Sitzye1=t,xnss= Satisfies the N-curvature
condition, the rank of every linear combination of the above matrices is N for every A # 0. This
shows that the rank of the Hessian matrix of & is > N and hence that (2.7) holds. d

Proof of Lemma 3. A theorem of Littman [9] says that if a surface in codimension one has at
least k non-vanishing principal curvatures, then the Fourier transform of the surface carried measure
decays of order —%. The proof of that theorem shows that Fy has the required decay if the rank of
the Hessian matrix of the phase function ®(x) = (x, &) + X 1¢1(x) + A2¢2(x) is > 1 for every x on
the support of x and for every (A1, A2) # (0, 0).
i 8
We observe now that ¢ (x) = c¢,? (x). Indeed, if $2(xo) # 0, then ¢ (——"9—_1—_—) =1, and
#2(x0) ™2

my
since @1 lyg,(x)=1} = ¢, then ¢, ( 0 I) = ¢l(m£)u = c. Then ¢ (xp) = c2(x0)™ for every
$2(xp) ™2 2 (xp) ™2
xo € R”" such that ¢7(xg) # 0. But the argument that we have just used shows that ¢7(x¢) # 0 iff
¢1(x0) # 0. Hence, ¢ (x) = c¢2(x)"'2 for every x € R".
By the chain rule,

D; jp1(x) = C%Di'j¢2(x)¢2(x)%‘l
ters (T—l - 1) Di (¢2) D; (¢2)¢2(X)%—2 , 2.37)
my \m2

for i, j, < n. Then
DX @)x) = (kz + cllﬂtﬁz(x)’%—l) D2 (47) (x)

+en 2L (m— - )¢2(x)'"2
my \my
(D1 (¢2) (x) 7 (¢2) (x) - -- Dy (¢2) (x) V (¢2) (x)) . (2.38)

il B
Let P be a point on the support of x. If we set A2 + cAj %q&z( Pym P o 0, we observe that

D?(®)(P) equals a matrix whose rank is 1 if and only if v(¢#2)(P) # (0, - - -, 0), q&z(P)#"2 # 0,
and zero elsewhere. Since we assumed that ¢ does not vanish away from the origin, Euler’s homo-
geneity relations guarantee that 7 (¢)(P) does not vanish. Consequently, the rank of D%(®)(P) is
at most 1.

To show that D?(P)(P) cannot be zero, we observe that if this were the case we would have

L0 I,
(xz +ehpta(P)™ ‘)
- D?¢3(P)
T
2 (B - 1) ga(P)™
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= (D1 (¢2) (P) V ($2) (P) ... Dn ($2) (P) ¥ (¢2) (P)) . (2.39)

The coefficient that multiplies D?¢,(P) cannot be zero because the matrix on the right-hand
side has rank one. On the other hand, the matrix on the left-hand side has rank > 2 by assumption,
hence the equality in (2.39) can never hold.

This concludes the proof of the theorem. O

Proof of Lemma 4. After perhaps rotating and dilating the coordinates, we can work in a neigh-

borhood of the point (0,1).
m
There exists a constant ¢ such that ¢ {(x.4,=1) = ¢, ¢1 = c¢2'"2 . (See proof of Lemma 3.)
By the chain rule D; ;¢ (x1, x2) =

mi jiid |
;;Di.jfi)z (x1, x2) @2 (x1, x2) ™

Gl (ﬂ - 1) D; (¢2) Dj (¢2) ¢2 (x1, )62)7’%_2 , (2.40)

mz \m3

fori, j, < 2.

Observe that by Euler’s homogeneity relations

(1) D1(92)(0, 1) = ma¢(0, 1),

(2) D2($2)(0, 1) = -5 D12¢2(0, 1), and

(3) D11($2)(0, 1} = ma(m2 — 1)¢2(0, 1).

In order to show that the sufficient condition of Theorem 6 is verified, we must show that the de-

2 2
terminant of the matrix J (x, y), whose rows are v(fj’-Duqbl(O, 1)+521D22¢1(0, D4+x1x2D12¢1(0, 1))

2 2
and v(izLD“sz(O, D+ %Dzchz(o, 1) + x1x2D12¢2(0, 1)), is not a square. A direct computation
shows that the discriminant of the determinant of J(xy, x3) is

2

m? (2L~ n

———l( : 2) (620, 127~ [det (H (¢2)) 0, DI? , 2.41)
(my—1)

which does not vanish by the assumptions on ¢2. Hence, J ™ is integrable fora < 1. This concludes
the proof of the lemma. O

3. Restriction Theorems-Scaling

We will need the following results.

Theorem 7. [I]
Let

§= [(x,xn+1,xn+z) eR™: xpp1 = 81(X), Xni2 = gz(X)] , 3.

where gj € C*(R").
Suppose that (1.2) holds with pg = 2%"4_'{"—;). Then for every k < 5 and every 0, the expression

d k
(25) (det D? (cos()g1(x) + sin(9)g2(x))) (3.2)

does not vanish.
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Theorem 8. [11]
Let

S={ Xnt1,..., ¥20) €R"™ i xpyy = g1(x), ... x2m = gu(0)} (3.3)
where gi € C®(R"). Let G; denote the quadratic part of the Taylor expansion of gj. Sup-

pose that the vectors {v(% G;)(0)}c, span R". Let J(x) denote the determinant of the matrix
jzn

(VxG1, ..., VxGn). Suppose that J=* € L'(S"~"), for any a < 1. Then (1.2) holds with py = §.

Note that when n = 2, the assumptions of Theorem 8 are equivalent to the necessary condi-
tion (3.2) in Theorem 7. In particular, the conditions of Theorem 8 are necessary and sufficient in
that case.

Before stating our main results, we need to introduce the following definitions.

Definition 1.
LetT': I — R% where [ isa compact interval in R, and I is smooth. We say that T is finite
type if {({(T(x) — T'(x0)), ) does not vanish of infinite order for any xo € I, and any unit vector p.

We will also need a more precise definition to specify the order of vanishing at each point. Let
ap denote a point in the compact interval I. We can always find a smooth function y, such that in a
small neighborhood of ag, I'(s) = (s, y(s)), where s € I.

Definition 2.
Let T be defined as before. Let T (s) = (s, y(s)) in a small neighborhood of ag. We say that
T is finite type m at ag if y*)(ag) = 0 for 1 <k < m, and y™ (ap) # O.

Our main results are the following.

Lemma 5.

Let S = {(x, %nt1, = %t € R 0 xppy = 1(x), -+, Xnst = @n(x)), where each
@; € C®(R"/{0}), homogeneous of degree m; > 1. Let do denote a compactly supported smooth
measureon S, and letdoy = X (x)do, where x (x) is a smooth cutoff function supported away from the
origin. LetTf(x) = f xdo and let fx)=7f % doo. Suppose that Ty : LR - L% (R™
is a bounded operator. Then T : LPo(mi~m)(R+y LPolmim) Rty s g bounded operator,

where
2(n+mp+---+my)

my) = : 3.4
Po(mi, - mp) = e 34)
as long as po(my,---, my) < qo.
Theorem 9.
Let
S = {(X, xn+l» ---,xn+l) :xn+1 = ¢l(x)v vx'l+[ = ¢[(X)} ’ (35)

where ¢; € CP°(R"\0) is homogeneous of degree m; > 2. Suppose that S satisfies the assumptions
of Theorem 5. Then the estimate (1.2) holds with

23+ p)
= —_—, 3.6
Po At p (3.6)
Theorem 10.
Let
S ={(x, Xn41, .o, Xntl) : Xnpl = Q1(x), ..., Xnpy = S1(x)} 3.7

where ¢; € C*®°(R"\0) is homogeneous of degree m; > 2. Suppose that S satisfies the assumptions

of Lemma 2. Then the estimate (1.2) holds with the sharp exponent

_2n+m - +m)
n+2(my+--+m)’

po (3.8)
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provided that (m) + ... +my) > 217"

Theorem 11.
Let

S ={(x, Xnt1, Xn42) : Xnt1 = O1(x), Xp42 = P2(x)}, n > 2, (3.9)

where ¢; € C™(R"\0) is homogeneous of degree m; > 2. Suppose that there exists a nonzero
constant ¢, such that

1 |wpa(or=1) =

Suppose that ¢1(w) # 0, w € S"~ L. If the rank of the Hessian matrix of ¢\ is > 2, then (1.2)

holds with pg = %L(—E’T"f_;—'z';, provided that my + my > 4n.

In order to introduce Theorem 12, we need the following result which was stated and proved
by the second author in [7].

Lemma 6.

Let Zy = {(x1,x2) : P(x1,x3) = 0} Let Zy = {(x1,x2) : VP(x1,x2) = (0,0)}. Let
Zy = {(x1,x3) : HP(xy, x3) = 0}, where HP(x, x3) denotes the determinant of the Hessian
matrix of P. Then for each j = 0,1,2,Z; = {(0,0)} U,ILI Ly, where each Ly is a line through
the origin, and Nj < oc. Moreover, Z| = Zy () Z».

Proof of Lemma 6. Let P; denote the partial derivative of P with respect to x;. Since P is
homogeneous of degree m, P; is homogeneous of degree m — 1, and H P(x}, x2) is homogeneous
of degree 2(m — 2). By homogeneity, if Z; contains a point (x|, x2), it also contains a line through
the origin containing that point. Since P is a polynomial, there can be at most a finite number of
such lines. This proves the first assertion of the lemma.

By the Euler homogeneity relations,

mP (xy1,x2) = xiP1(xy,x2)+x2P2(x1,x2),
(m—=1DP(x1,x3) = x1Py(x1,x2)+x2P2(x1,x2) , (3.10)

and
(m — )Py (xy, x2) = xy Py (x1, x2) + x2 P22 (x1, x2) ,

where the { P} denote the second partial derivatives. Hence, Zg C Z;. If we write the equations
for P| and P; in matrix form, we see that (m — 1) A P(x|, x7) is obtained by applying the Hessian
matrix of P to the vector (x{, x3). Hence, Z; C Z,. Putting these observations together we see that
Zy ﬂ Z> C Z;.

Suppose that both P and H P vanish along a line through the origin, which without loss of
generality we take to be the x| -axis. Thenm P (x1, 0) = x) P1(x1, 0). This implies that P;(x(, 0) = 0.
Also, (m—1) P1(x}, 0) = x| Pj) (x1, 0). This implies that P;;(x1, 0) = 0. P2(x1,0) = x; P12(xy1, 0).
By assumption,

HP (x1,0) = Py (x1,0) Py (x1,0) = P% (x1,0) =0. (3.11)

Since Pj1(x1,0) = 0, we must conclude that Pj2(x1, 0) = 0, which implies that P»(x;,0) = 0.
This proves that 7 P(x{, 0) = (0, 0) and hence that Z; C Zy (") Z;. This completes the proof of the
lemma.

We shall need the following definition:

Definition 3.

Let f € C®(R?). We say that f vanishes of order M along the line L = {(x1, x3) : x| =
sit,x2 = sat,t € R} if M is the largest positive integer so that f(sit,sat) = tMg(t), where
g € C®(R?) is allowed to vanish only at the origin.
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Theorem 12.

Let S = {(x1,x2, X3, X%4) : x3 = 1(x1, X2), X4 = $p(x1, x2), } where ¢1, ¢3 € C®(R?) are
homogeneous polynomials of degree m\ and my, respectively, (m| > my > 2). Suppose that there
exists a non-zero constant ¢ such that A1), b=t = C- Let Zy, Z\, Z; be defined as in Lemma 6
with respect to ¢;. Suppose that the curve {x : ¢2(x) = 1} is of finite type m at each point of
Zy N {x : ¢2(x) = 1} and that ¢, vanishes of order < M along the lines contained in Zy U Z,.
Then (1.2) holds every p < po, where pg is the sharp exponent

my+may+2

) 3.12
my+my+1 ( )
ifmy; + my > max {2M (1 + %) , 2m} . Furthermore (1.2) holds with
20+M0+7H 50y
(1) p < max[ 1+2M(1+’,:,—'122) s ST Y min{2M (1 + ',:—12),2m} <mi+m <
max{2M (1 + %), 2m},
20+M(1+5L)
: my (m+1) | - . m
(2) p < min [ 1+2M(1+%) ST } if4 <my+my <min{2M(1 + mz),2m}.
Proof of Lemma 5. Let
To. 0 = / RGO+ M8 D) gy () (3.13)
R’l

where W(x') is a cutoff function. Let p be a cutoff function supported in the interval (1,2) such that
;;'8 p(2/t) =1 for every ¢, and let

Toi(6,0) = / (B FMP MBI § (2T gy (3.14)
R’l

If we make the change of variables sending x ~ 27/ x we can write:
o (€, \) = 27" dap (2“!’5, My, . 2'"'!'11) . (3.15)
Let 7; denote the nonisotropic dilation
G E AL A) = f (21';:, 2Min .-, 2m‘jA1) . (3.16)
Then
doj* f =27 (vjdoo  f) (6, 1) =27 (r_;doo (x5 f)) 6,0 . (BAT)

A change of variables shows that r_cha\o % (1= T f) = Y tmtomde_(dog * 7 f).
1t follows that

ldoj * £1,, = 27 o doo x5 f)|
= ofmt-mnyq rmzmn "ch * (rjf) ”q’
= 0
B 2j(m1+"'ml)2+"o (n+my4--mp) ” ‘L’jfn

41 )(n+m1+-~~m1)

. ]( a0
= Coim+mpy gy 90 I fllgo - (3.18)
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The series Zf';l IIcT;j * f ||q(/) converges, provided that

1 1
m1+~--m1+(—,——)(n+m1+'--m1)<O, (3.19)

qy Po

which yields
2n4+my+---my)
< . 3.20
70 n+2(m+---m) (320
This concludes the proof of the lemma. d

Proof of Theorem 9. The application of Greenleaf’s theorem (see (1.3) above) yields the result.

O
Proof of Theorem 10. Let Fy be defined as in (2.5). By Lemma 2

N
[Fo(5, M < CA+ 151+ 1AD" 7. (3.21)
By a theorem of Greenleaf (see (1.3) above) the inequality (1.2) holds with gg = zngfly ) An
application of Lemma 5 completes the proof. O

Proof of Theorem 11. Let Fy be defined as in (2.5). By Lemma 3

_1
|[Fo6, Ml = CA+ I +1AD72. (3.22)
Applying Greenleaf’s theorem as above we get gp = ng. An application of Lemma 5 completes
the proof. O
Proof of Theorem 12. Let Y _ be the level set {x : ¢2(x) = 1}, and let

EE (£, M, hp) = /2 ei((x,E)+M¢x(x)+k2¢2(x))x(x)dx , (3.23)
R

where x is a smooth cutoff function. Let Zg, Z|, and Z; be defined as in Lemma 6 with respect to
¢5. Recall that Zp U Z| U Zj is the union of a finite number of lines through the origin.

Let {T;j(x)}j<n, and {Tj(x)};<n, be two finite families of cones in R? with the following
properties:

i) Each I'j(x) contains exactly one line of Zo U Zy, and each T;(x) contains exactly one line
of Z>

ii) [;NT={0,0}ifis j,T;NT, ={0,0}ifi # j,and [; N T; = {0, O}.

Let c; be the characteristic function of T'; and let 8; be the characteristic function of 7;. Then

3o €A Ay = /Rz SRS +HA2620) y (1 iaj(x) dx
i
Ny
+ / @M@y ) [ 3 (o) | dx (3.24)
R? =1
Ny Ny
+/l;2 ei((x‘5)+)"¢1(x)+)‘2¢2(x))x(x) I—Zaj(x)—z:ﬁj(x) dx
j=1 j=1

= 3;1+£7;2+2;3.
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We first consider

3;3 (E, AL, A2) = AZ ei((X.E)+/\1¢1(X)+Xz¢2(x))ﬁ(x)x(x)dx , (3.25)

Y~ = {x : ¢2(x) = 1} never vanishes and ¢, vanishes only at zero.
We recall that by the Stein-Thomas observation, (1.2) is equivalent to the inequality

where we have set 7j(x) = 1 — }{\’11 oj(x) — Z,Niq Bj(x). On the support of 7 the curvature of

|45 £l gey < CilFlLo@e) - (3.26)

Let p be a smooth cutoff function supported in the interval (1,2), such that Zf:g p(2i) =1.
Let

das.j (€, M, A2) f e BT o (3x) fix)dx . (3.27)
R

The assumptions of Lemma 4 are satisfied on the support of (27 x)n(x), hence the inequal-
ity (3.26) holds for the measure do3 ; with p = g. Since the sharp exponent py cannot exceed g,
the estimate (3.26) holds for p < py, provided that m; + m; > 4.

If we make the change of variables sending x — 27/ x, and if we observe that 7 is invariant
with respect to dilations, we see that

dos (&, A)

22 / (@77 R M2 8100027 0200) (17 (x)dx
RZ
= 27 %dgy, (2-1' £, 2-'"21A2) . (3.28)
Without loss of generality we can replace 7j by a function n € C*°(R"/{0}), homogeneous of degree

zero, whose support coincides with the support of 7.
Let 7; denote the nonisotropic dilation

5 f €M ha) = £ (276,200,270, (329)
Then
dosj+ f =27% (1_jdosg * f) (€, A1, ko) = 272 (1_jdos o * (=7 f)) (€, A1, A2) . (3.30)

A change of variables shows that 7_ jdas o * (1_;7; f) = 2/@+m+mdr_(doyg * 7 f). Tt
follows that

ldosjx £, = 272H@mamd o (doso x5 f)|
o ilmimy)ypGmiem) ldoso* (5 £)|, (3.31)
< Czj(M1+Mz)2',,L/(2+m1+mz) “ ij“p
- Cz;(m,+m2)2j(;'r—%)<2+m1+mz>“f”p _
The series Zj‘;l ||d77-3\,j * fllp converges, provided that
m1+m2+(§—%>(n+m1+mz)<0, (3.32)

which yields p < pp. Hence, the measure dos satisfies the inequality (3.26) with p < po.
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We consider now do2 (€, Ay, A2) = Jga € xEIFMAIRI A2 5 () (Zj";l Bj (x)) dx.
Let
dpi (8, M, 02) = /R e AR OHhn Dy () B; (x)dx (333)

where j < N; is fixed.

iy
In the proof of Lermnma 3 we observed that ¢1(x)); = c implies that ¢;(x) = c$o(x)™2 for
every x € R, Observe that 3" is star-shaped with respect to the origin, because if xp € 3, then for
every t < 1,¢1(txp) = t™ < 1. In the polar coordinates associated to ),

+oo m "
dp G, A, k) = / / e T )FeMr™i ™) Ly () B (w)drdw (3.34)
zJo

Without loss generality x is radial. Consider the (unique) point of Z N’y NT;, which can be taken
to be (0,0). Suppose that ) N7} is supported in a sufficiently small neighborhood of (0,0). Since }
is finite type m, it can be written as the graph of a smooth function ¥ (¢) = t™g(¢), where g(0) 5 0,
and

+w ; m . m m
du' (‘Ev A‘l, A-Z) =/ / el(l‘l’EH’-"! &+ r™i +Ayr Z)rX (")5j(f. t'"g(t))drdt . (3.35)
R JO
Let p € C®(R?) be supported in (41, 4}, such that p = 11n (1,2), and Zf__?? p(2/t) =1. Let

+°° H m . m m ;
dpj (6, ki, A2) = / / el s+t O ehr™ +0ar™) (9 1y y (r)rdrdt (3.36)
R JO

The integral with respect to ¢ is supported over a dyadic piece of 3 where the Gaussian curvature
does not vanish, By Lemma 4 and the Stein-Thomas observation, the estimate (3.26) holds for the
measure duj, for p < pg, with a constant C;. A

In order to estimate C; we make a change of variables in the expression for d . setting s = 2/1.
We have

+00 . ; :
dpj (5.0 k) = 277 / f (2 Isb 2 s @I ke M A ™)
RJO

x(r)p(s)rdrds . (3.37)

Let 7; be the nonisotropic dilation
7i(f)(x1, x2, X3, x4) = f(277/x1,27™ x2, x3, x4) and let

diL; =/ / T s (1) o 5 s (3.38)
R JO
Then o . - . _
dujx f =27 (5 (dig) « f) = 277 (5 (@) * 5 (v, f)) - (3.39)

A change of variables shows that 7; (A, )t 7—; f = 2/0"+Dr;(d]i;#t_; f), and that 1T 9l Lo mey =

- (m+1)
2’_4"[|¢1|Lq(R4) for every ¥ € LY(R*) and g > 1. The we can write the following string of
inequalities:

“E;T] * f] LF®RY T 2" |z (‘T/TJ *1_; f)] L (&%
. L (m+1) —
= 2" Nz, * tJ'f"LP’(IR“)

. L (m+D)
2T ¢, Iz £l & (3.40)

im+jm+D (L -1y
= 2 v Cill fll Lprey -
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We must prove that the constants C; in the above expression are uniformly bounded. In fact the

sum Z Ildp,J * fll Ly gey converges if m + (m + 1)(—- - —) < 0, hence if p < X+l

2m+1
zz(ﬁi}) > powhenm+m; > 2m, the estimate (3.26) holds for the measure d i, and consequently for

the measure das, for p < po, provided that m| +m, > 2m, and with p = T”l-j-_—}l ifmi+my <2m.
From the proof of the theorem of Greenleaf it follows that the bounds for the constants
C; depend on a finite number of derivatives of the phase function of di; Wi, ;(r,s) = rs&; +
rs™g(2” Tt)ey 4 cAr™ + Ar™. Since ®; is a smooth function, then, for j 1arge Dﬂ<D (r,s) =
DB(rst; +rs™g(0)ey +chyr™ + Aprm2). ThlS shows that the constant C;s are umformly bounded
We now consider o (£, A1, A2) = Jg2 e (=) +ho1()+2262()) y () ( i1 @) (x)) dx.
Fix j < Ni. After perhaps a rotation of coordinates we may assume that ¢, vanishes along
]

. Since

the x; axis. Then ¢, (xy, x3) can be written as x{” g(x1, x2), where g does not vanish on the xz axis

(except perhaps at the origin) if ['; N S l'is small enough.
Let

— . oYM )
du (€, MAs) = /2 e‘((X.E)+LMXr R(I)V+A2X{"ls(x))x(x)aj(x)dx i (3.41)
R

where we have set y = 5—21 Let p € C®(R?) be a cutoff supported in (%, 4) such that p = 1 in
(1,2)and Y727 o(1) = 1. Let

dpj(§, ) = / 2e"“*-é‘>+"Mxl’“g’<1>+'\2xl’”g<x)> (21 )X(x)dx (3.42)
R

The above integral is defined over a cone of R? where the curvature of 3" never vanishes, and ¢,
vanishes only at the origin.
Let po € C®(R?) be supported in (4, 4), such that p = | in (1,2), and Z po(2"t) = 1.
Let

dﬂk(&y A) = fz ei((X.E)+_chngY(x)+k2x{”g(x)) (21 >po (2k )dx ) (3.43)
R

The assumptions of Lemma 4 are satisfied on the support of po(2"x)p(2«i %), and hence the esti-
mate (3.26) holds for the measure du; x with p < po.
If we make the change of variables sending x — 27¥x,

dﬁ?k(é, ) = 27% fmz ei((Z"‘x.5>+A12—"'l*¢1(x)+A22—"'zk¢z(x))p (21';_;) po(x)dx
= 27455, (2—"g,2—'"1"xl,2-'"2’<xz) . (3.44)
Let 74 denote the nonisotropic dilation
wf (€, A1, Aa) = f(zkg,z'"l"x,,z'"zkxz) . (3.45)
Then
duje* f = 27% (t_ediion * f) (€, 21, 22)

27 (r_xd ok * (T ) (€, M1, A2) - (3.46)

A change of variables shows that 7_gdji g * (T_p7 f) = 2K@EHmiFmg_, @i *wf). It
follows that

"dmk * f"p/ =  —2k+k(2tm +my) " Tk (dILTk * 7 f) “p/



122 Laura De Carli and Alex losevich

k ——
2k(m1+m2)2;,7(2+m1+m2) "d““j«k " (ka)"p/ (3.47)
< Coklmitmy) gy Hmi+ma) loefll,

Czk(ml+m2)2k(p%—%)<2+mx+mz>” £l -

The series Y_po.; !Idﬁ?k * fll, converges provided that

1 1
m1+m2+<;——;)(n+ml+m2)<0, (3.48)

which yields p < pg. The above argument shows that we can assume that the measure du; is
supported away from zero. Hence, by Lemma 4 and the above observation, the inequality (3.26)
holds for the measure du;, for p < pg, with a constant C;. In order to estimate C; we perform the
change of variables in (3.42) sending x| — 27V x1, x3 = x2. We obtain

5 61,82, 0, 02) = 270 (27060, 0, 27410, 27 M) (3.49)
where we have set
TEE N = Al dr+erx! Mgy @ ix x)thaxtl g 27 xix2))
its, w2
X1 _
p <—) X (2 Jxl,xz) dx . (3.50)
X2
Let 7; be the nonisotropic dilation t; f(x1, x2, x3, x4) = f(27 /x|, x2,27M¥Jx3,27"Mix,). Then
dpj* f =279 (5 (@) * f) = 277 (5 (di) * 5 (v F)) - (3.51)
A change of variables shows that
T (duj) x 7 (- f) = 2/ +M1+y)) ¢, (d;,c *xT_if) , (3.52)
1+M(l+x)
and that ||rjglqu(R4) =2/ llgllL‘,(]RA) for every g > 1. Then we can write the following
string of inequalities:
- P(M(1 e
e *f“u'(w) = 2MU) |0 (G « r_,f)lle,(R4

. l+M(l+z)
21M(l+y)+1 ”dHJ * ij"” ' ®Y (3.53)

o " "J fl LP(RY)

iM(14p)+j (ML) +D (L~
o) yi+i Y K p Cj”f””(w).

21(M<1+y))+;—‘—iP—+—

If we show that the constants C; in the above expression are uniformly bounded, then we are done.
In fact the sum Z ||d wj* fll s (]R“ converges if

MQO+y)+ (M(1 +¥)+ 1)(;, - %) < 0 hence if

20+ My + 1))

< TrMO D) (3-34)

Since %m > po when my + my > 2M(1 + y), the estimate (3.26) holds for the measure

d i, and consequently for the measure doy, with p < po, provided that m; 4+-my > 2M (1 +y), and

w1thp<l(l++ﬁm—3-1f4<m1+m2<2M(l+y)
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By a theorem of Greenleaf, the bounds for the constants C; in (3.53) depend only on a
finite number of derivatives of the phase function of d77,7, di(x) = (ch{MgV (2‘jx1,x7_) +
AxMg(27ix|, x3)). Since the above function is smooth, then, for j large, DP®;(x) ~
D5 (c)»lxi’M 87 (0, x2) + A2xMg(0, x3)). This shows that the constants C; are uniformly bounded,
thus concluding the proof of the theorem. i

4. Restriction Theorems - Non-Isotropic Estimates

Theorem 13.

Let S = {(X, Xnt1s - Xnat) €ER™ 2 xpy1 = 01(x), ..., Xngt = (%)), where | = 2D
and the ¢; denote the distinct monomials of degree 2. Then the estimate (1.2) holds with the sharp
exponent pg = 2—2(:'%

Theorem 14.
Let S denote a compact piece of the manifold {(x, Xp41, ..., Xn41) € R Xntl = d1(x), ...,

Xntt = ¢1(x)}, where ¢; € C®(R"/0) is homogeneous of degree m > 2n. Suppose that no
linear combination of the ¢;s vanishes on a subset of positive measure of Sl Let ®(x) =
(P1(x), ..., d1(x)). Suppose that d(w) # (0, ..., 0), w € S*~!. Then the estimate (1.2) holds with
the sharp exponent pg given by (1.4).

Remark 1.
The restriction m > 2n in Theorem 14 is not necessary. In fact, using the techniques in [8],
one can prove Theorem 14 under the weaker restriction m > n.

Remark 2.
Theorem 14 implies the natural generalization of Theorem 13 to the case wherel = C™+"=! (C b=

B'—(qu_ib?)’ and the ¢; are the distinct monomials of degree m.

Proof of Theorem 13. Leti = (Ay,---, As), and let
ToE ) = f (e B+ Mg () g
[Rn
Let A, be the matrix associated to the quadratic form A;¢(x) + - - - Ay (x), and

do (g, 1) = / PASEIAR SV P (4.1)
RII

Thus, EE(S, ) is the Fourier transform of e!(*41%) and an easy generalization of the well-known
formula for the Fourier transform of the Gaussian functions, (see, e.g., [10, p.186]), yields

T (6, = e AT 42)
Let
K6, 1) = ¥(2)det(A) da(, M)
= Y@ @) [det 4y 72 HEAT O sl 43)
with

n+l

¥@ = @Ot e (z 14 !2-) cinderth 44)
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where I is the standard Gamma function. Let T, (f)(&, A) = (f * K;)(&, A).
We will prove that Ty is a continuous family of operators when Re(z) € [—”T‘H, %], is analytic
when Re(z) € (—£L, 1), and that

D IT, ()l o@ny < C1@N fllL1(gry, When Re(z) = 4,

i) 1T ()l 2@ny < C2@NI fll2(eny> When Re(z) = =L,
iii) C1(z) and C3(z) have at most exponential growth with respect to Im(z).

Stein’s analytic interpolation theorem (see, e.g., [13]) will then imply that T, : LP(R") —
LPv (R"*!) is a bounded operator when z = 0. Since T.(fH)=7f #do , the Stein-Thomas observation
(see the proof of Theorem 12) implies the conclusion of our theorem.

To prove (i), we observe that when z = % + iy, with y € R, then K, (§,)) = Zz’?(&, A)

det(AA)ll’+iy1/f(% +iy)isbounded by C|(y) = nl I!//(% +1iy)|. By the Haussdorff—Young inequality
we have that || f * Ki4iylleo < C1(W)| fll1. (i) is then satisfied, and one can check, using Stirling’s
formula, that C(y) has at most exponential growth.

To prove (ii), it is enough to show that IEzl is a bounded function when Re(z) = —"—‘2“-1.
To compute the Fourier transform of K, (&, 1) with respect to &, F: (K;)(x, A), we use again the
formula (4.3) obtaining

Fe (Kz) (x, ) = ¥ (2) [det Ay )7 e Ar0) (4.5)
Hence
K (x,x)=vy@ / e HHEAD gt (42)2d (4.6)
R
where we have set x’ = (xp41, - - - Xn4+1). We recall that the above identities hold in the distribution
sense.

Since the phase of the above integral is a linear function of A, we reduce to computing the
Fourier transform of det(A,)?. We need the following lemma (see [12, p.48]).

Lemma 7.
Let VR be the space of the real and symmetric matrices and let V; C Vg be the subset of the
matrices with i positive and n — i negative eigenvalues. Let G;(z) be the distribution

Gi(f) = /V F(1)] det(¥)2dY @7

where dY is the standard Euclidean measure on V. Then the distribution G;(z), viewed as afunction
of z, has analytic continuation to a meromorphic function in the whole complex plane satisfying

n
= -1 n+1
Gi()=v"(2) Zci,j(Z)Gj (—z ) ) . 4.8)
j=0
where Vr is as in (4.4) and the C; j(z) are bounded coefficients.
From the above formula we deduce that up to bounded constants,

n+l

F(det (A7) () = v~ @ det (4,) 77 T, 4.9)
where the above formula holds in the distribution sense. Since Re(z) = 5'2*—1, the above is a bounded
function of n. This shows that 7(: is a bounded function of (x, x’), and completes the proof of the
theorem. O
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Proof of Theorem 14. Let

To 0 = / I UEEHMBIFMACN 3 (1) | 4.10)
R’l
where x is a smooth cutoff function. By Theorem 6 we can write
do(t, 1) = B, ») (4.11)
where |B(&, M| < [ ——42—
]Zj.zl ¢j (@)
Let
d
B(A) = f 1 = (4.12)
sn- { m
|hei 850y
K60 = do@ENBMYQR) .,
with |
n nz
— F_l i - I-l-l _ e i
¥ ( 2m+2) (- +1)

where I' is the standard Gamma function. Let T,(f)(&, A) = (f * K;)(&, 1).
‘We will prove that 7; is a continuous family of operators when Re(z) € [—1, l—n”i], is analytic

when Re(z) € (1, ), and that

DT i@y < CLN g1 (gry, When Re(z) = —1,

i) 172l 2gey < C2Ifll2gny. When Re(z) = 2,
iii) Cy(z) and C3(z) have at most exponential growth with respect to Im(z).

Stein’s analytic interpolation theorem (see, e.g., [13]) will then imply that T, : LPo(R"H) —
LPv (") is abounded operator when z = 0. Since T,(f) = f do , the Stein-Thomas observation
(see the proof of Theorem 12) implies the conclusion of our theorem.

To prove the estimate (1) we observe that when z = —1 4 iy, with y € R, then K,(§, 1) =
do (&, \)BY~ (M) (=1 + iy) is bounded by C((y) = Cl¥1(—1 + iy)|. By the Haussdorf-Young
inequality we have that || f * K|4iyllec < C1()I| fll1. The estimate (i) is then satisfied, and one can
check using Stirling’s formula that C(y) has at most exponential growth.

To prove the estimate (ii), it is enough to show that K . is abounded function when Re(z) = ’"—,Tl
Since do is a finite measure, it is enough to prove that w(z)ﬁ?(k) is bounded.

Let X (w) be the vector defined by the equation Zj.=l Aigj(w) = (A, X(w)). Then

B.(y) =¥ (@) (f ———CI—C-U———-——)Ze"(A‘-V)dA. (4.13)
: & st |4, X (@)|7

Since E(y) is homogeneous of degree zero with respect to y, we can assume |y} = 1.
In polar coordinates with respect to A, with A = rn, we have

. +oo g, \
Bi(y) = —a”"‘f / EE 2% ) dnar. 4.14
2 wm/o r SH( e R 4.14)

Let x(r) € C*°(R) be such that x(r) = 1, whenr € (0, 1), and x(r) = 0 whenr € (2, +00). Let

- +oo Snge \°
B - —magiet, (T / / & A0 N dndr. 4.15
=M () 1II(Z)/O g X (M) st-1 < sn=1 |{n, X ()= il @1
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We will prove that Bz m is bounded by a constant C independent of M and that BZ M = B in
distribution sense as M — oo. From the above it follows that BZ is bounded. Indeed, since
the balls are sequentially compact in the weak * topology in L®(R"), there exists a sequence
{Bz MjljeN C {B;.p} which converges to a bounded function i in | the weak * topology of L, and
hence converges also in a distribution sense. Consequently, ;= limjs g0 Bz M;, which is a
bounded function.

Recalling that by assumption the vector X (w) is never zero on S"~!, we can construct an

orthogonal matrix A,, with the property that Aw%ﬁ—(z’% =(1,0,- O) The first row of A, is I_X'(LaT)'I
and the other rows are a set of [ — 1 vectors which, together with @) @1 X( )I’ determine an orthonormal

basis of R’ for every w € §"~1.

‘We make the change of varlables n — Al ninthe expression for BM 2. Since A, is orthogonal,
the change of variables maps S'~! into itself and the determinant of the Jacobian matrix of the
transformation is 1. We obtain

Ben() = V@ f rE Y () fs,_l
" z
(/‘ IX(CU)IM ne%r(n.Awy)dw> dndr
st [(n, Aw X (@)™

(Z)/ rom (X/I_) ,/;1-1 |_,,—11[—%-

. Zz
( / |X(w)|%e2'<""‘wy>dw> dndr . (4.16)
Sn—l

The integral with respect to w is a continuous function of r, n, y, say F(r,n, y). In particular
F©O,n,y) = [gn1 1 X(w)|mdw < 0.

Since Re(z) = I by assumption, we can check that we can compute at least I — 1 derivatives
of F(r, n, y)* with respect to r and . Then

oo —27+—1 r
w(z)/o pmzH=ly (ﬁ) /;, T F2(r, 7, y)drdn (4.17)

+o0 n FZ% T,
w(z)/ pomTH=ly / / EC1D briman
0 nl=(=Im®2)  |mul=

Here we set 7 = (171, 11'), and we let dn’ be the measure on the (/ — 2)-dimensional sphere {|'| =

Bou(y

i

{-1m |2)% }. If we make a change of variables in the above integral letting n’ — (1 — |m |7-)%n’,
we get

=2
2

o 1—
Bon() = ¥ / Bty () | 1——_( h']""')
-— ]m

1
2
< [ FZ(r,m,n’(l—mllz) ,y)dmdn’. (4.18)
si-2

e -met-1 . . . . L . .
We recall that the distribution ~ r(?f 5 is an entire function of z which coincides with the Dirac
m

=0z
distribution 8¢ when 7 = 5",-11, and that the distribution % is an entire function of z which
TIm T2

coincides with the (k — 1)th derivative of the Dirac distribution §g when! = 2k + land z = ”‘—n—’
With that in mind we consider a smooth function p(¢) whichis = 1 whent € (0, %) and is = 0 when



Some Sharp Restriction Theorems for Homogeneous Manifolds 127
te (%, 1), and we write
o 1 ) 1
B.u(®y) = ¥ /lp(m)---+f (1 —p(nf))-”
- -1

= Y@Lz M, )+ @@Lz M, y). (4.19)

Since
2 é
(1 -p (nf)) (1 - r)%) fsl_z F* (r, n, 0 (l_ - \mlz) ; y) dn'dni=F2(r,n)  (4.20)
is bounded and continuous with respect to r and 1y, we can write

1 1
V@@ M.y) =T (—25;— - 5) x(57) [ F2¢.myam 421)

r=0

Thus ¥ (z)I;(z, M, y}| is bounded by a constant which does not depend on M and has at most
exponential growth with respect to Im(z).
We shall now estimate vy (z)11(z, M, y). By our previous observations, the function

p (n%) (1- rﬁ)%Z /SI_Z F* (r, mon' (1- !mIz)% ,y) dy'dny = Fi (r, 1) (4.22)

can be differentiated I — 1 times with respect to 7y and its derivatives are continuous functions of r.
Then, if{ =2k + 1,

k—1

,
LM, y)=—(x(—=)Fi (. 4.23
V@I M, ) =5 (x (37) A1) . (4.23)

If I # 2k + 1, and if & = [2§8] we use the formula (3) in [4, pg.51], obtaining:

r +00 g
Ii{z, M, y) = x(ﬁ)/ 2?1”<F1(r,n1)+Fx(r,—m) (4.24)
0

n% 32 n%h aZh
2R+ A R oy+-+ D _F0)))d
i (r 0)+2! am 1(r,0) + +(2h)!an1 (r,0) ) m

r=0

Thus, |¢(2)11(z, M, y)| is bounded by a constant which does not depend on M. This shows that
K, um is bounded by a uniform constant. An easy adaptation of the above argument shows that K’z\M
converges to K in the distribution sense as M — oo.

This completes the proof of the theorem. U
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