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1 Introduction and Preliminaries

A loop is called an Osborn loop if it obeys any of the two identities below.
OS3 : (z-yz)x=zy-[(z" x2)- 1] (1.1)
OS5 : (z-yz)r=uzy-[(xv-2°z) - x] (1.2)

For a comprehensive introduction to Osborn loops and its universality, and
a detailed literature review on it, readers should check Jaiyéola, Adéniran
and Solarin [3] and Jaiyéold [4]. In this present paper, we shall follow the
style and notations used in Jaiyéold, Adéniran and Solarin [3] and Jaiyéola
[4]. The only concepts and notions which will be introduced here are those
that were not defined in Jaiyéold, Adéniran and Solarin [3] and Jaiyéola [4].

A
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Definition 1.1. Let (L,-) be a loop and U,V,W € SYM(L,").
1. If (U, VW) € AUT(L,-) for some V,W, then U 1is called autotopic.
2. If (U, V,W) € AUT(L,-) such that W = U,V = I, then U is called

A-reqular.

3. If (U, V,W) € AUT(L,-) such that U = I,W =V, then V is called

p-reqular.

Stein [5] and Drisko [2] while considering the action of isotopisms and
autotopisms of loops, found it convenient to think of a loop Q = (@, -, \, /)
in terms of the set Ty of all ordered triples (z,y, z) of elements of @) such
that -y = z. An isotopism (a, 3,7) from G to H takes (x,y,z) € Tg to
(xa,yB, z7y) € Ty. We shall adopt his conventions at some points in time.
We shall denote by [«, 5], the commutator of any «, 5 € SYM(G,-).

Let (@,-,\,/) be a loop, then we shall be making use of the following nota-
tions for principal isotopes of (@, ).

e (Q,x*o) represents Qg .;
® (Q,00) represents Q, , .. ., $o(T,u,v) = (u\([(w) / (w\(z0))]0));
e (Q,01) represents Q. oo

)

o (Q,*1) represents Q, . . ¢1(x,u,v) = (u\([(uv)/(u\(zv))]v)) for all
T,u,v € Qa

@, 02) represents Q. ., @2z, u,v) = (u\[(u/v)(u\(zv))]);
@, 03)
)
)

(

( represents @,
o ((), *2) represents (.

(

z-u\v] /o, [\ (20)]
o (Q,*3) represents Q) ,.

Let (G, -) be a loop and let

0
BSy(G,-) ={0 € SYM(G) : G(a,b) = G(c,d) for some a,b,c,d € G}.

As shown in Bryant and Schneider [1], BSy(G,-) forms a group for a loop
(G, -) and it shall be called the second Bryant-Schneider group (24 BSG) of
the loop.

Consider the following two notions in algebraic topology.
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Definition 1.2. Let Vi be a set of isotopes of a loop (Q,-) and let Sg c2®
such that ¢ € Sq. If Sq is a topology on Vg, then it is called the topology of
isotopes of the loop @) and the pair (Vy, Sq) is called a topological space of
isotopes of Q if (Vo, Sq) is a topological space.

Based on the above notion of topological space of isotopes of a loop, the
following facts are direct consequences.

Lemma 1.1. Let (Q,-) be a loop and let Vi, be the set of isotopes of Q. Then,

(VQ,QVQ) s a topological space of isotopes of ().

Lemma 1.2. Let (Q,-) be a G-loop and let Vg be the set of isotopes of Q.
Let Sg = {Xi}ica QQVQ such that ¢ € Sq and x;, = x;, for all x;,, x;, € X;.
Then, (Vi, Sq) is a topological space of isotopes of Q.

Corollary 1.3. Let (Q, ) be a CC-loop or VD-loop or K-loop or Buchsteiner

loop or extra loop or group. Let Sg = {X,}ica c2? such that » € Sg and
v, £y, forall vy, x5, € X;. Then, (Vg, Sq) is a topological space of isotopes
of Q.

Definition 1.3. A simplicial complex is a pair (V,S) where V is a set of
points called vertices and S is a given family of finite subsets, called simplezes,
so that the following conditions are satisfied:

1. all points of V' are simplexes;
2. any non-empty subset of a simplex is a simplex.

A simplex consisting of (n+ 1) points is called n-dimensional simplex.

Definition 1.4. Let Vi) be a set of isotopes of a loop (Q,-) and let Sg QQVQ.
If Ko = (V. Sq) ts a simplicial complex, then K¢ is called a trivial simplicial
complex of isotopes of the loop Q).

Definition 1.5. Let Vi be a set of isotopes of a loop (Q,-) and let Sg =
{Xi}ica QQVQ such that x;; = x;, for all x;;,xz;, € X;. If Ko = (Vo,5)
is a simplicial complex, then K¢ is called a non-trivial simplicial complex of
isotopes or simplicial complex of isotopes of the loop Q).

The facts below follow suite.

Lemma 1.4. Let (Q,-) be a loop and let Vi be the set of isotopes of Q). Then,

<VQ,2VQ) 15 a trivial simplicial complex of isotopes of ().
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Lemma 1.5. Let (Q,-) be a G-loop and let Vi be the set of isotopes of Q.
Let Sg = {Xi}iea QQVQ such that x;; = xy, for all x;;,x;, € X;. Then,
(V. Sg) is a simplicial complex of isotopes of Q.

Corollary 1.6. Let (Q, ) be a CC-loop or VD-loop or K-loop or Buchsteiner
loop or extra loop or group. Let Sg = {X,}icq QQVQ such that x;; = x;, for
all z;;, x5, € X;. Then, (Vi, Sg) is a simplicial complex of isotopes of Q.
Definition 1.6. Let K = (V,S) and K' = (V',S") be two simplicial com-
plexes. A simplicial map [ : K — K' is a set map f : V — V' satisfying
the property: for every simplex x € S, the image f(z) € S'.

In this work, the notion of simplicial complex is used to characterize universal
Osborn loops. The following results are important for the set objective.
Theorem 1.7. (Jaiyéold , Adéniran and Soldarin [3])

Let Q = (Q,-,\,/) be aloop and vo(x,u,v) = Ry R\ ey Lu Ly for all x,u,v €
Q, then Q is a universal Osborn loop if and only if the commutative diagram

(Qa OO)
(Rqﬁo(x,u,v)vLua])
('YOy’YOv“/O)\Lisomorphism (13)
(Ru,Ly,T)
@) (@, *o)

principal isotopism
holds.

Theorem 1.8. (Jaiyéold [4])
Let Q= (Q,-,\,/) be aloop and vi(x,u,v) = Ry R\ (ao) Ll Ly for all z,u,v €
Q, then Q is a universal Osborn loop if and only if the commutative diagram

(Qa*l)
(71,71,'\/1)lisomorphism (14)
u\(zv 7L'U«’I)
(@) St (@)

principal isotopism

(vaqul(x,u,v)vI)

holds.

Theorem 1.9. (Jaiyéold , Adéniran and Soldrin [3])
Let Q = (Q,-,\,/) be aloop and vo(x,u,v) = Ry R ao)lw Ly for all z,u,v €
Q, then Q is a universal Osborn loop implies the commutative diagram

(Q7 02)
(R(f>2(z,u,v) 7L17I)
(’Yoy’Yo,’Yo)T isomorphism (15)
(I,Lu,I)
(@,°) (Q, *»)

principal isotopism

holds.
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Theorem 1.10. (Jaiyéold [4])
Let Q = (Q,-,\,/) be aloop and v (x,u,v) = Ry R 2oy Ll for all z,u,v €

Q, then Q is a uniwversal Osborn loop implies the commutative diagram

(Qa 03)
(R[u\(mu)] 7L[x.u\u]/v7[)
(’Ylﬁl,'n)T isomorphism (16)
(Rv,1,I)
(Q7 ) principal isotopism (Q7 *3)
holds.

Lemma 1.11. (Drisko [2])

Let Q = (Q,-,\,/) be a loop. Then Qg4 = Qca if and only if there exists

Theorem 1.12. (Bryant and Schneider [1])

I
Let (Q,-,\,/) be a quasigroup. If Qup = Qcq if and only if c-b,a-d € N, (Qap)
and a-b=rc-d.

2 Main Results

Theorem 2.1. Let Q = (Q,-,\,/) be a universal Osborn loop. Then, the
following are necessary and sufficient for each other.

2 (Q.%0) = (Q, ).

3. Q is a boolean group.

Proof. By combining the commutative diagrams in Equation 1.3 and Equa-



70 Jafyéols T. G. An. UV.T.

tion 1.4, we have the commutative diagram below.

(anl) (anl) (Q7ol)
(R¢(V (Q,OO)N\
(Q, ) et (Q. %)
gat
(Q,*1) (Q,*1)

where x = (R (z0)]s Lu, I) and w = (Ry, Lg,, I). Let
(661:661:761)
(Q,00) Er—— (Q,01).

So, from Equation 2.1,

(R u)s Lus 1) (0015 €015 T01) = (Rpuswo))s Ly 1) =
(R¢o(r,u,v)581» Luggy; mo1) = (R[u\(xu)}, L,I)<
Ry @001 = Bpu\@v)s Luggy = Ly and 75 = I &
o1 = Bowwwy Bi\@o)s €01 = Ly 'L = I and g, = 1.

Thus, (Q,00) = (Q,01) iff 65, = &5, = I iff

R;OI(LU,U)R[“\(W)] =1 & ¢o(w,u,v) = [u\(2v)]

(w\([(w0) / (u\(z0))]v)) = [u\(zv)] & 2\(uwv) = u\(2v).

(2.1)

Similarly, by using the procedure above, it can be shown that (Q,%) =

(Q, *1) iff 2\ (uv) = u\(zv).

Keeping in mind that every Osborn loop of exponent 2 is an abelian group,

hence, a Boolean group. This completes the proof.

]

Remark 2.1. It can be observed that in a universal Osborn loop Q =
(@, -, \,/) and for vo(z,u,v) and v, (x, u,v) of Theorem 1.7 and Theorem 1.8,
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Yo(z,u,v) = 1 (z,u,v) if and only if [LuLx,RvR[u\(m)}] = [ for all z,u,v €
%16 proof of Theorem 2.1 can also be achieved by making use of Theo-
rem 1.12. Take a = u, b = ¢o(x,u,v), ¢ = v and d = u\(zv). Then,
(Q.00) 2 (Q,0n) if

1. ugo(z, u,v) € N,((Q,00)), 3. udo(z,u,v) = uu\(zv)] &

2. ulu\(zv)] € N,((Q,0)), Q is a Boolean group.

Theorem 2.2. Let Q = (Q, -, \, /) be a universal Osborn loop. Then (Q, o)
(Q,01) if and only if there exists (I,5,7v) € AUT(Q) such that

1%

w = rR, LB 'L,R, - rR,L, = zRY 'R, - 1R,L, (2.2)
for all z,u,v € Q.

Proof. Following Lemma 1.11, (Q,00) = (Q,01) if and only if there exists
(o, B,7y) € AUT(Q) such that

(u, @o(2, u, v), udo(x,u,v))(a, B,7) = (u, [u\(2v)], 2v) &
(ua, @o(x, u, v) 3, (ugo(z, u, v))7) = (u, [u\(zv)], 2v) <
ua = u, ¢o(z,u,v)f = [u\(zv)] and (upo(z,u,v))y = 2v <
a =1, {u\([(w)/(u\(zv))]v)}B = u\(zv) and {[(uwv)/(u\(zv))jv}y = 20 &
a=1, [(w)/(u\(2v))]R,L,6 = zR,L, and [(uv)/(u\(zv))|Ryy = 2R, <
a=1, (w)/(u\(zv)) = 2R,L,8 ' L,R, and [(uv)/(u\(2v))] = R,y 'R,
sa=1, w=zRL,'L,R,-zR,L, and uv = 2R,y 'R, - 2R, L, <

there exists (I, 5,7v) € AUT(Q) such that
w = 2R L, 'L R, - R, L, = tR,y 'R, - 2R, L.
UJ

Remark 2.2. If the autotopism («,3,7) in Theorem 2.2 is the identity
autotopism, then we shall have the equivalence of 1. and 3. of Theorem 2.1.

Corollary 2.3. Let Q = (Q, -, \, /) be a universal Osborn loop. Then (Q,0q) =
(Q, 01) implies that there exists (I,,v) € AUT(Q) such that v = L, 5L, for
all w € Q. Hence,

1. y=pBiff |8, L =1 or|y,L,) =1I. Thence, 8 is a p-reqular permuta-
tion.
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2. v= Ly iff 8 = L,. Thence, Q is an abelian group.
Proof. The proof of these follows from the fact in Theorem 2.2 that
tR,L,S LR, - R, L, = 2R,y 'R, - R, L, =

L.BL, =~ for all u € Q.

U

Theorem 2.4. Let Q = (Q,-,\, /) be a universal Osborn loop. Then (Q,*q) =
(Q, *1) if and only if there exists (3,1, m) € AUT(Q) such that

w =z - 20R,L, =z xR,mL, (2.3)
for all z,u,v € Q.

Proof. Following Lemma 1.11, (Q,*) = (Q,*;) if and only if there exists
(0,e,m) € AUT(Q) such that (z,v,zv)(0,e,7) = (¢1(z,u,v),v, d1(z, u,v)v).
The procedure of the proof of the remaining part is similar to that of Theo-
rem 2.2. O

Remark 2.3. If the autotopism (d,e,7) in Theorem 2.4 is the identity au-
totopism, then we shall have the equivalence of 2. and 3. of Theorem 2.1.

Corollary 2.5. Let Q = (Q, -, \, /) be a universal Osborn loop. Then (Q, *g) =
(Q, 1) implies that there exists (0,1,7) € AUT(Q) such that m = R,0R, for
allv € Q. Hence,

1. m=0iff [0,R,] =1 or [n,R,) = I. Thence, § is a A\-reqular permuta-
tion.

2.0 =R, iff = R,. Thence, Q is an abelian group.
Proof. The proof of these follows from the fact in Theorem 2.4 that
r-x0R,)L, =2 zR,7L, =

T =R,0R, for all v € Q.

U

Theorem 2.6. Let Q = (Q,-,\, /) be a universal Osborn loop. Then (Q, op)

(Q,01) and (Q,*0) = (Q,*1) if and only if there exists (I,3,7),(d,I,m) €
AUT(Q) such that

w = 2R, L, 'L R, - R, L, =

, B B (2.4)
xR~y 'R, - 2R L, =2 2R, L, =z - xR,7L,

for all x,u,v € Q
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Proof. This is achieved by simply combining Theorem 2.2 and Theorem 2.4.
O

o
Yo1

Theorem 2.7. Let Q = (Q,-,\,/) be a universal Osborn loop. If (Q,00) =
Vo1

(Q7 Ol) and (Q7 *0) = (Qu *1)7 then 707()'](1’71 = 781‘

Proof. The commutative diagram in Equation 2.1 proves this. ]

Corollary 2.8. Let Q = (Q,-,\,/) be a universal Osborn loop. If (Q,0q) =
(Q,01) and (Q,*o) = (Q, 1), then the following are necessary and sufficient
for each other.

12~

2. v=1.

(Q’*l)'

I 7. Q 4s a boolean

3. 0=1. 5. (Q,00) = (Q,01). group.

Proof. To prove the equivalence of 1. to 4. and 7., use Equation 2.4 of
Theorem 2.6. The proof of the equivalence of 5. to 7. follows from Theo-
rem 2.1. 0

Remark 2.4. Corollary 2.8 is a very important result in this study. It
gives us the main distinctions between Theorem 2.1 and Theorem 2.6. That
is, the necessary and sufficient condition(s) under which the isomorphisms
(Q,00) = (Q,01) and (Q, *¢) = (Q,*1) will be trivial. And the condition(s)
is when any of the autotopic permutations of 3, v, 6 and 7w of Theorem 2.2
and Theorem 2.4 is equal to the identity mapping.

Next, it is important to deduce the actual definitions of the autotopic
mappings 3, 7, 0, ™ and the isomorphisms 7;;, and v3,. Recall that by
0

I

the necessary part of Lemma 1.11, if Q = (Q,-,\,/) is a loop and Qy,
(Q)c.d, then there exists (A, B,C) € AUT(Q) such that (f,g, fg)(A,B,C) =

(c,d,cd). According to the proof of this,
(A, B,C) = (R0R;', L;0L",0) & 25)
A=RyOR;', B=L 0L and C = 0. '

Thus,

I =a= R¢o($auvv)781R[u{(a:v)]’ B = LUVSILJI and v = 75,
o -1
Y01 = Reo @) Blv@o)s 8= LuReoy(,u,0) B\ @yl and
7= Roo (@) B\ o)
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and
§ =Ry RN [ =¢= Ly, Lt

_ *
o1 (@) and ™ = v,

0= R0781R1717 781 - Lquh(x,u,v) and ™ = '781
0= RvaLm(x,u,v)R;la P)/E)kl = ]LquSl(x,u,v) and m = L1L¢1(m,u,v)-

Therefore, Theorem 2.2 and Theorem 2.4 can now be restated as follows.

RS%

Theorem 2.9. Let Q = (Q, -, \, /) be a universal Osborn loop. Then (Q, o)
(@, 01) if and only if

y - u\[(uz)o] = (y2)vo and wv = xR, (Ryy) ' - 1R,L, (2.6)
where Yo = Ry, (z,u0) Rju\ (o) for all x,y,z,u,v € Q
Proof. Simply substitute

B = LuR¢o(ar,u,v)R[u\(:w)}Lq:1 and Y= RQ%(LU,U)R[U\(TU)]
into Equation 2.2 of Theorem 2.2. ]
Theorem 2.10. Let Q = (Q,-,\,/) be a universal Osborn loop. Then

(@, *o) 7%’01 (Q, *1) if and only if
[(yo)n]/v -z = (y2)¢1 and wo = z - u\[(zv)¢] (2.7)
where ¥ = Ly Ly, (zu0) for all x,y, z,u,v € Q
Proof. Simply substitute
0= RvaL¢1($7u7v)]R;1 and m = Ly Ly, (u,0)
into Equation 2.3 of Theorem 2.4. O]
Lemma 2.11. Let Q = (Q,-,\,/) be a loop.

1. Q s a universal Osborn loop and obeys Equation 2.6 if and only if
Y0, 01 € BS2(Q).

2. Q is a universal Osborn loop and obeys Equation 2.7 if and only if
1,75 € BS2(Q).

Proof. This follows by combining Theorem 1.7, Theorem 1.8, Theorem 2.2

and Theorem 2.4 O]

Remark 2.5. It is a self exercise to confirm if (Q), og) g (@, 01) and (Q, o) g
(@, *1) in some universal Osborn loops like Moufang loops and extra loops
by simply verifying Equation 2.6 and Equation 2.7. Furthermore, the rela-
tion Y0Y571 = 761 of Theorem 2.7 is justifiable as well. It must be noted
also, that in any universal Osborn loop Q, Equation 2.6 and Equation 2.7

are necessary and sufficient conditions for 74,, 75, € BS2(Q).
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By combining the commutative diagrams in Equation 1.5 and Equation 1.6,
we have the commutative diagram below.

(Qv 03) (Q’ 03) (Q7 03)
(R¢27L/ (Qa 02) (28)
(RasLos1) X
(@, ) 1t (Q. %2)
(Ry,1,I) iy
Y1
(Q, *3) (Q7 *3)

where a = [u\(zv)] and b = {[z - u\v]/v}.

Theorem 2.12. Let Q = (Q,-,\,/) be a universal Osborn loop. Then

(Q,02) = (Q,03) if and only if there exists (A, u,v) € AUT(Q) such that
A= RpoRy, = L,Ly, and [z - TR Ly v =z - 2R, (2.9)

for all z,u,v € Q.

Proof. Following Lemma 1.11, (Q,02) = (Q,03) if and only if there exists

u\v| /v, [u\(zv)], {[z - u\v]/v}u\(2v)]). The procedure of the proof of the

remaining part is similar to that of Theorem 2.2. [
,YO
Lemma 2.13. Let Q = (Q, -, \, /) be a universal Osborn loop. Then (Q, o) =4
(Q, 03) if and only if there exists (A, pu,753) € AUT(Q) such that
7(2)3 = R¢2(m,u,v)Ru\vRvR[u\(xv)] = LJ:Lu]Lu\'uL{[:ru\v]/v} and (2 10)
[z 2 RLop Y5y = A - 1R, L, '

for all z,u,v € Q.
Proof. Considering the commutative diagram in Equation 2.8 and using

Equation 2.5,
A= Roseann) 1330 guypr 1= Laas Dy oy 80 ¥ = Y.

The final conclusion follows from Theorem 2.12. ]
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Corollary 2.14. Let Q = (Q,-,\,/) be a universal Osborn loop. ~3; €
BS5(Q) if and only if there exists (A, p,7v33) € AUT(Q) such that

753 = quz(l“,u:v)Ru\vRvR[u\(xy)} = LchuLu\vL{[z-u\v]/v} and (2 11)
[z 2R Loy 755 = )\ - 1R, L, '

for all z,u,v € Q.

Proof. This follows from Lemma2.13. [

Corollary 2.15. Let Q = (Q,-,\,/) be a loop. Q is a universal Osborn loop
and 5, € BS5(Q) implies o € BS2(Q) and there exists (A, p,v53) € AUT(Q)
such that

'753 = Rd)g(a:,u,v)Ru\vauR[u\(xv)} = La:LuLu\vL{[xu\v]/v} and

2.12
[z 2R Lop 755 = ) - 2R, L, (212)
for all z,u,v € Q.

Proof. This follows from Theorem 1.9 and Lemma2.13. [

Simplicial Complex of Isotopes of a Universal Osborn Loop
Theorem 2.16. Let (Q,-) be a loop. Let Vo(Q) = { (@, 00), (Q, %) }
and 5,(Q) = {{(@.9}. 1@ 00)}. {(@.%0)}. {(@.00). (@. *0)}}- Then, (Q.")
is a universal Osborn loop if and only if Ko(Q) = (VO(Q), SO(Q)) is a sim-
plicial complex of isotopes of (Q, ).

Proof. This is proved with the help of Theorem 1.7. ]

Theorem 2.17. Let (Q,-) be a loop. Let V1(Q) = {(Q ), (Q, 1)}
and $1(Q) = {{(Q )1 1@ o)} (@ #)} {(Q 1), (@ }}. Then, (@)

is a universal Osborn loop if and only if K1(Q) = ( ) is a sim-
plicial complex of isotopes of (Q, ).

Proof. This is proved with the help of Theorem 1.8. m
Theorem 2.18. Let (Q,-) be a loop. Let Va(Q) = {(Q,"), 2), (Q,%2) }

and $2(Q) = {{(Q: )} 1(Q )} {(@. #2) 1. {( Q,o2>,<c2,*2>}} 1(Q.) is a
universal Osborn loop, then Ky(Q) = (Vg( ), S2(Q )) is a simplicial complex
of isotopes of (Q,-).



Vol. LII (2014) Some Simplicial Complexes of Universal Osborn Loops 7

Proof. This is proved with Theorem 1.9. [

Theorem 2.19. Let (Q,-) be a loop. Let V3(Q) = {(Q,-), (Q,03), (Q,*3)}
ond () = {1Q. 0}, (@29}, {Qowa)}. {(Que). @)} ). 1 (@)

is a universal Osborn loop, then K3(Q) = (%(Q%Sg(@)) is a simplicial
complex of isotopes of (Q,-).

Proof. This is proved with the aid of Theorem 1.10. O]
Corollary 2.20. Let (Q,-) be a loop. Let Vi(Q { 1), (Q, %)}
and $1(@Q) = {{(Q.)}. (@2}, {(Q, )} {( @, }} fori = 0.1

Then, (Q,-) is a universal Osborn loop if and only zf Km(Q) = Ko(Q) U
Ki(Q) = (VO(Q) UVi(@), So(Q) USl(Q)> is a simplicial complex of isotopes
Of (Qv )

Proof. This follows from Theorem 2.16 and Theorem 2.17. [
Corollary 2.21. Let (Q,-) be a loop. Let V;(Q { (Q,0:),(Q, %) }
and 5,(Q) = {{(Q, 1. {(Q.00} 1@ %)}, {( . }} fori=2,3. If

(@, ) is a universal Osborn loop, then Ka3(Q) = Ko(Q)U K3(Q) = <V2(Q) U

V3(Q), S2(Q) U 5’3(@)) is a simplicial complex of isotopes of (Q,-).

Proof. This follows from Theorem 2.18 and Theorem 2.19. ]
Corollary 2.22. Let (Q,-) be a loop. Let V;(Q {(Q,'), (Q:0:), (Q, %) }
and S(Q) = {{(Q. )} {(@ 00} (@)}, {(Q. 00, (@, %)} } fori = 0,1,2,3.

If (Q,-) is a universal Osborn loop, then
Ko123(Q) = CJKi(Q) = (CJVQ(Q),OSZ-(Q)) is a simplicial complex of
isotopes of (Q:,O) = =
Proof. This is proved by combining Corollary 2.20 and Corollary 2.21. [

Theorem 2.23. Let (Q,-) be a loop. Let Vo1 (Q) = { (@, *0),

) °0)
(Q,01), (@, *1) } and Sm(Q) {{( )} {(@,0)}, {(Q>*o)}; {(@,e1)},
)

(
,*1)}; {(Q,20),(@,%0) }, {(@;01), (@, %1 } {(Q, ) }; {(Q %),
(Q?*l)}? {(Q?OO }} { Q7*0 }; {(Qa )7 ) 0)};
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{(Qa 00)7 (Q? 01)7 (Qa *1)}7 {(Q? *0)7 (Q; *1)7 (QJ OO)}7

{(Qa*ﬂ): (Qa*l): (anl)}7 {<Q7OO); (Qvol): (Q?*O): (Q?*l)}} Then, (Qv)
is a universal Osborn loop and obey Equation 2.6 and Equation 2.7 if and
only if K10(Q) = <%1(Q),510(Q)> is a simplicial complex of isotopes of
(Qa )

Proof. This is proved with the aid of Theorem 2.16, Theorem 2.17, Theo-
rem 2.9 and Theorem 2.10. O]

Theorem 2.24. Let (Q,-) be a universal Osborn loop.

Let Vl(Q) = {(Qa ')7 (Q, Oi)7 <Q7 *Z)}f

$iQ) = {1(Q. ) {(Q. o)} (@)}, {(@,0), (@ %)} } and
K; = (Vi(Q), Si(Q)) fori=0,1,2,3. Define fi; : K; = K; as

(Q7 ) — (Q7 )
fij - (Q,0;) +—(Q,0;) 1, =0,1,2,3 such that i # j.
(@, %) > (Q,%;)

Then, f;; is a simplicial map.

Proof. This is proved by Theorem 2.16, Theorem 2.17, Theorem 2.18 and
Theorem 2.19. [

Theorem 2.25. Let (G,-) and (H,x) be two loop isotopes under the triple
(A,B,C). For D € {A,B,C}, if D = E\Ey---E;---En, B, : G —
H, i = 1,---n been bijections such that there does not exist r > n for
which D = EyEy---E;---E,, then the length of D, |D| = n units. If
D = I, the identity mapping, then |D| = 0. The length of the isotopism

(G,-) I(A;B"C) (H,*) is giving by |(A, B,C)| = |A| + |B| + |C| units. For an
sotopism
isotopism (G, -) ;ILX;LQ) (H,*), let the two loops (G,-) and (H,*) represent
sotopism

points in a 3-dimensional space and let an isotopism from (G,-) to (H,x)
be a line with (G,-) and (H,*) as end-points. The set of loops V1 (Q) =
{(Q, ),(Q,00), (Q, *0), (Q, 01), (Q,*l)} where (Q,-) is a universal Osborn

loop, form a rectangular pyramid with apez (Q,-).

Proof. We shall make use of the combined commutative diagram (2.1) as
shown in the proof of Theorem 2.1. There are four isotopes of (@Q,-) as
shown in the combined commutative diagram (2.1), namely (Q, o;), (Q, *;) for
i = 0,1. The length of each of the isotopisms (R (zv))s Lu, 1), (Repgs Lus 1),
(Ry, Lgy, I), (Ry, Ly, I) is 2 units. The length of each of the isomorphisms
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Yo(x,u,v) = RyRpp\ (o luLls and y1 (2, u,v) = RyRp\ (o)l Ly is 12 units.
The length of each of the isomorphisms 75, = Ry, (zu,0) Bu\(20)) and g, =
LzLg, (zu0) is 6 units. Hence, the four loop isotopes (@Q,0;), (Q,*;) for i =
0,1 of (@,-) form a rectangle. Thus, taking (@, -) as an apex and the four
isotopism as lines drawn from the apex to the four vertices of the rectangle,
we have a rectangular pyramid. ]
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