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Abstract

We consider optimal harvesting of systems described by stochastic differential
equations with delay. We focus on those situations where the value function of
the harvesting problem depends on the initial path of the process in a simple way,
namely through its value at 0 and through some weighted averages.

A verification theorem of variational inequality type is proved. This is applied
to solve explicitly some classes of optimal harvesting delay problems.

1 Introduction
Consider a 1-dimensional stochastic differential delay equation (SDDE) of the form

dX (1) = b(X (1), Y (), Z(t))dt

(1.1) +o(X(t),Y(t), Z(t))dB(t) , t>0
where
Y(t) = /e’\sX(t + s)ds and Z(t) = X(t—9)
=5

and b: R® — R and o : R® — R are given functions, § > 0 is the (constant) delay, A € R
is a constant and (2, F, F;, B(t) = B(t,w);t > 0,w € Q) is a 1-dimensional Brownian
motion.

!Dept. of Mathematics, University of Oslo, P. O. Box 1053 Blindern, N-0316 Oslo, Norway

email: ismaile@math.uio.no and oksendal@math.uio.no
2Norwegian School of Economics and Business Administration, Helleveien 30, N-5045 Bergen, Norway
3INRIA, Domaine de Voluceau-Rocquencourt B.P. 105, F-78153 Le Chesnay Cedex, France

email: Agnes.Sulem@inria.fr

Elsanosi, Oksendal € Sulem: Some solvable stochastic ... 1



Elsanosi, Oksendal € Sulem: Some solvable stochastic ... 2

For example, X (¢) can model the size of a population or the value of an investment
at time ¢, in situations where not only the present value of X(¢) but also X (¢ — 9) and
some (sliding) average of previous values has effect on the growth at time ¢. By allowing
for such delays d in the equation we can obtain more realistic mathematical models for
such situations.

For such systems it is necessary to specify the whole initial path £(s); =9 < s < 0.
Le., we set

(1.2) X(s)=¢&(s) >0 for —6<s5<0.

The solution of (1.1) with initial path (1.2) is denoted by X(©(¢), if it exists. See e.g.
[M1], [M2] for conditions for existence and uniqueness of solutions of such equations.

Suppose we introduce harvesting of such a system. For example, the harvesting could
be fishing from a fish population or paying of dividends from an investment. Let v(t) =
v(t,w) be an Fi-adapted, right-continuous, nondecreasing stochastic process modelling
the total amount taken out of the system up to time ¢. The corresponding population
process X (t) = X7 (¢) will then satisfy the equation

(1.3)  dX(t) = b(X(2),Y(t), Z(t))dt + o(X (£), Y (£), Z(t))dB(t) — dy(t);  t>0.

Let I denote the set of all such harvesting processes 7. Let S C R? be a given Borel set
(our survival set or solvency set) with the property that

S =S50
where S° denotes the interior of S, S the closure of S, and define
(1.4) T=inf{t >0;(s+t,X(¢),Y(t) € S}

i.e., T is a time of extinction of the harvested population (or a time of bankruptcy for the
wealth).

Suppose the harvestor or investor obtains a price/utility rate u(¢, z, y) when the size of
the population /wealth and its average at time ¢ is z and y, respectively, where v : R®> — R,
is a given continuous, increasing concave function. Let m(¢) > 0 be a given price/utility
per unit harvested at time ¢. Then the total utility obtained by using the harvesting
strategy v € I' is given by

T

T
(1.5) J7(s,6) = Es’g{ u(s +t, X(t ))dt + | w(s+t)dy(t }
fu J

0

where E%¢ denotes the expectation with respect to the law P*%7 of the time-space har-
vested process

(1.6) W(t) =WEI(t) = (s +t, XE (1)) .
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We assume that
T

(1.7) Bt [/ lu(s +t, X (t),Y(t))|dt| < oo for all s,&,7.
0

We consider the problem of finding ®(s, &) and v* € I" such that

(1.8) ®(s,&) =sup J(s,&) = JV (s,€) .

vyer

For more information about SDDE’s in general we refer to [M1] and [M2].

For stochastic systems without delay optimal harvesting problems of this type have
been studied in [A], [AS], [JS], [LO1] and [LO2]. To the best of our knowledge this is
the first time such singular stochastic control problems have been considered for delay
systems.

In general one would expect that the value function ® of problem (1.8) depends on
the initial path £ in a complicated way. Indeed, even if we restrict ourselves to consider
initial paths £ € C[—4,0], the set of continuous real functions on [—6,0], the problem
is infinite-dimensional and therefore the usual variational inequality approach does not
work. However, the purpose of this paper is to show that for a certain class of systems
(1.1) the function ® depends only on the initial path £ through the three linear functionals

(L9)  w=a(€) = £0), y=uy(e) = / €(s)ds and = = 2(€) == £(—3)
s

If this is the case we can write

(1.10) O(s,&) = p(s,z,y, 2) where ¢:R*—R.

In fact, we will show that in the cases we consider with 7 (t) = e™** we have
(1.11) (5,3, 5, 7) = e PP(,y)

for some function ¥ : R?> — R.
Our approach is inspired by [KM], where a (nonsingular) stochastic control problem
for a certain linear delay system with quadratic cost functional is solved. See also [KS].

2 A variational inequality formulation

In this section we establish a set of sufficient variational inequalities for the problem (1.7),
in the case when (1.8) and (1.9) hold. We first introduce some notation and establish
some useful auxiliary results.
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For t > 0 let X;(-) be the function defined by
(2.1) Xi(s) = X(t+s); —0<s<0,
i.e. X; is the segment of the path of X from ¢t — ¢ to ¢t. Define
(2.2) G(t)=f(s+1t,X(t),Y(t)

where f is a given function in C**!(R?) and
0
(2.3) Y(t) = / X (1 + 5)ds
5

as in (1.1). Then we have

Lemma 2.1 (The Ito formula)

(2.4) dG(t) = Lf dt + % -o(z,y, 2)dB(t) + Z—;j S — e Mz — \yldt
where
_ _of of |1 o o f
(25) Lffo(u,:r;,y,z) - a_u+b(x7yaz)%+§a ($7y72)@
and Lf(u,z,y,z) and the other functions are evaluated at
u=s+t, z=z(X")=xO@1),
0
(2.6) y = y(XO0) = / M XO(t 1 8)ds —: Y(t) and
-5

(2.7) 2=2(X00) = XO@—06)=: Z(t).
Proof.  First note that by (2.3) we have, for n € C[—4,0],

G0N = 5| / P+ 5)ds

-5
_d
Cdt

=1(t) — e Mt
62

0

0
M H(t+ 5) — /Ae)‘SH(t + s)ds}
5

5
J) — /)\e)‘sn(t + s)ds

(2.8) = z(n) — e Mz(m) — My(ny)
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where H denotes an antiderivative of 7. Therefore, since G (t) = f(s+t, X ©(¢), y(Xt(g) (),

the result follows from the classical Ito formula. O
From Lemma 2.1 we immediately get

Lemma 2.2 (The Dynkin formula) Let f € Cy>'(R?). Then fort > 0 we have

EE[f(t + 5, XO (1), y(X{D ()] = f(s,£(0),5(6))
(2.9) +E% [/ {Lf + g—g r—e My~ Ay]}dr} ;

where Lf(u,x,y,z) and the other functions in the curly bracket are evaluated at
u=s+r, =X, y=yXO(), 2=XO0r-9).

We can now proceed as in the proof of Theorem 3.3 in [L@1] and obtain the following
variational inequality verification theorem for optimal control of stochastic systems with
delay. Note that if X = X7 satisfies (1.3) then X(¢) could possibly jump at ¢t = 0,
which would imply that X (0) is different from the starting point =, which we will denote
by X (07).

Theorem 2.3 a) Suppose (s, x,y) is a nonnegative function in C121(S°)NC(S) with
the following properties, (2.10)-(2.11):

(2.10) a—Sp(s,x, y) > 7(s) everywhere on S°

ox

. _ 0 0o | 1 o 0%p

(211> E@(Sa T, Y, Z) T Os + b(ZE, Y, Z) or + 20 (ZL’, Y, Z) 31,2
+lr—e Mz — /\y]g—gp +u(s,z,y) <0 forall z € R, (s,z,y) € S°.
Yy
Then
(2.12) (s,£(0),y(£)) = ©(s,¢)
for all (s,§) € R x C]—9,0].
b) Define the non-intervention region D by
0. O0p

(2.13) D= {(s,z,y) € 5% z-(s,2,y) > m(s)}

Suppose, in addition to (2.10)-(2.11), that
(2.14) Lo=0  forallzeRif(s,z,y) €D
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and that there ezists a harvesting strateqgy ¥ € T' such that the following, (2.15)-(2.17),
hold:

(2.15) (s+ 6, XEDW), y(XENN eD  forallt>0
(2.16) <g—i(s, z,y) — ﬂ(S))dﬁ(s) =0

(i.e. 7 increases only when g—i(s, z,y) =7(s))

(2.17) E*[io(s + Tn, XV (Tp), y(X3 ()] = 0 as R — oo
for all (s,&), where

(2.18) Tr =T A RAnf{t > 0; | X&) (t)] > R} .

Then
©(5,£(0),y(€)) = ©(s,§)  for all (s,)

and
~ is an optimal harvesting strategy .

Proof.  'The proof follows the proof of Theorem 3.3 in [LO1]. For completeness we give
the details:

a) Choose v € I' and assume ¢ € CL21(S% N C(S) satisfies (2.10)—(2.11). Then
by Dynkin’s formula Lemma 2.2, extended to the semimartingale case (see e.g. [P,
Th. 11.7.33]) we get

B[ (s + Tr, X (Ti), y(X$7 ()] = B> Ms, XEN(s5),y(€))

Tr Tr Tr

—/g—i-dv()%—/ﬁwdt—/udt
2w+ 5 {80100 = G206+ 10 X000, V) AX 0}

where the sum is taken over all jumping times ¢, € (0,7x] and

(2.20)
Ap(ty) = (s + t, XED (1), y(XEV () — o5 + b, XED (1), y(X V()

and

(2.21) AXED () = XED(4,) — X(M)(t;)
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are the jumps of ¢ and X at time ¢t = t; (caused by 7). As in Lemma 2.2 we evaluate
L()O(u7 x? y’ Z) at

(2.22) u=s+t, v=X0), y=yXE), 2=XE(-0)
Using (2.11) this gives
E*4[ (s + Tr, X € (Tg), y(X“’”(-)))]

< B¢ {gp(s XEM (s /&0 d( /udt
0 -
223+ Y {Ago 1) + 5 (s + . X<m><tk>,y<X£,f’”<~>>>-Aw(tw}].
0<tp<Tgr

Let 7¢(t) denote the continuous part of ~(¢), i.e.
V) =) = DY Ay(t) .
0<t, <t

Then (2.23) implies that
E*¥[ip(s + T, X € (Tr), y(X £V ()))]

221) < (€0 Eﬁ[/ / - X A

0<tx,<Tr

By the mean value property we have

dp ~
Ap(tr) = =2 (s + b ey (X4 ()) - Ay(t)
for some 7 on the interval between X7 (¢,) and X ¢ (#;). Hence by combining (2.24)

with (2.10) we get

w(s,£(0),y(8)) = B _/udt+/7r(8+t)d7(t)+90(8+TR,X(S’”)(TR),y(X%f)(-)))
(2.25) > ¢ -/ﬂ(s+t)d7(t)]

"0
Therefore

(2.26) ©(s,£(0),y(€)) > lim Es’f[/udt+/7r(s—l—t)d7(t)] = J(s,§)

R—o0
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Since v € I" was arbitrary this proves (2.12).

b) Next, assume D is defined by (2.13) and that (2.14)—(2.17) hold. Then the above
calculations with « replaced by 7 give equality everywhere and we end up with equality
in (2.26), viz.

(2.27) ©(5,6(0),y(8) = J(5,€) -

Combining this with (2.12) we obtain that

(5,£(0),5(8)) = J'(s,8) = (s, )

and hence 7 is optimal. O

3 A deterministic example
To illustrate Theorem 2.3 let us first consider the following example:

Suppose the equation for the harvested population X (t) = X&) (¢) is of the form
(with 6, v, 5 constants)

(3.1) dX(t) = [K +0X(t) + oY (t) + BZ(t)]dt — d(t)
(3.2) X(s)=¢&(s) >0; -0<s<0,

where, as before,
0
Y(t) = /e“X(t—i—s)ds and  Z(t)=X(t—9).
=5

Put
S ={(s,2,y); min(z,y) >0}
and
T = inf{t > 0; min(X(¢),Y(t)) <0} .

Assume 7(t) = e~** for some constant p > 0. We want to find (s, z,y) € CH*1(S)NC(S)
and v* € I' such that (see (1.8))

(3.3) p(s.2(€),y(€)) = (s, €) = sup J'(5,€) = J7 (5,€) ,

vyer
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where

T
(3.4) J(s,6) = B¢ {/e_p(sﬁ)dv(t)], as in (1.5) (with u = 0) .

0
Let us try

K
(3.5) p(s,x,y) =e” (; +r+ M“y) :
Note that p
a—i =e " =7n(s)

and, with £ as in (2.11) and u = 0,

HE + 0z +ay+ 2] - 1+ [z —e Mz - Ay]ﬁe”;}
= e "{(0+ B — p)z + (a — (A + p)Be*)y} .

Hence
Lo(s,z,y) <0 forall s,z,y >0, z€ R

if and only if
(3.6) p >0+ B and A+ p)Be > o

Therefore, if (3.6) holds then, with x = x(§), y = y(§),

(3.7) o(s,2,y) = e (g . ﬁy> > (s, £)

Do we have equality here?

To answer this, let us compute the expected discounted total income obtained by
choosing v = 7 to be delay analogue of the “take the money and run” strategy, i.e. 7 is
the strategy which empties the system as quickly as possible (still by harvesting from X
only). If the current state of the system is (s, z,vy, z), then 7 immediately brings x to 0
by harvesting all of . After that 7 harvests exactly at the rate money is coming in from
the reserves, i.e.

(3.8) dy(t) = [K + / X (t+r)dr + BX(t —6)|dt
-3
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(see (3.1)).
This gives the total harvested income
(39) I:IO—|—JI+OKIQ+6]37
where
i K
(3.10)  Ip: —/ e K dt = —
p

%5 0 0
(3.11) Is: —/ep“X(u—(S)du (u_i_v)/ep(””)X(v)dv = ep‘S/ep“X(v)dv.
0 =5 =5

Finally, using integration by parts we get,

—Uu

5
Ir: :/6_”“(/6’\5X(u—l—s)ds)du
0

p+A
. 0 s
Av U —Ad
=——| [ e Xw)dv— [ e e X (u—19)du
il e ]
P =5 0
. 0 0
(3.12) (w20 > {/e)‘”X(v)dv — (P HN)0 / e’”“”X(w)dw} :
p
_5 —0

assuming
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If
p+A=0
then a similar, but simpler, computation gives
0

(3.13) I, = /(v +6)eM X (v)dv

-5
Combining (3.9)—(3.12) we get, if p+ X # 0,

0

K
I== 42+ /e’\”X(v)dv
p p+A
-6

(3.14) +

Similarly, if p + A = 0 we get, using (3.13),

0

K

I= ——i—x—l—a/(v%—é)eA”X(v)dv

p
25

0
(3.15) +ﬁe’\5/e’\”X(v)dv.
=5

In any case we see that I can be expressed in terms of z = z(§) and y = y(&) if and only
if

(3.16) a=(\+p)Be

and if this is the case then
K
[=1(z,y) = — +a+ Py = e p(s,2.y) .
P

We summarize what we have found in the following:
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Theorem 3.1 Suppose the equation for the harvested population X (t) = X&) (t) is of
the form (3.1)-(3.2) with
(3.17) a = (\+p)Be and — p >0+ e .

Then the solution of the optimal harvesting problem (3.3)-(3.4) is

(3.18) wao:e“(§+x@+ﬂa%@0

with z(€), y(€) as before (see (1.9)), and this optimal value is achieved by applying the
“take the money and run”-strategy 7 (see (3.8) and above). Thus v*: =7 is an optimal
harvesting strategy.

4 Optimal harvesting from a geometric Brownian
motion with delay

The following example may be regarded as a delay version of an example studied in [A]
in the no delay case. Suppose the harvested system is given by

dX(t) = [0X(t) + aY (t) + BZ(t)))dt

(4.1) +o {X (t) + Be* / M X (t+ S)ds] dB(t) — dy(t)
—6
(4.2) X(s)=¢€(s), —6<s<0,

where 0, o, f and o are constants and, as before,
0
Y(t) = /e’\sX(t + s)ds and Z(t)=X({t-)9).
=5

Suppose the price per unit harvested at time ¢ is
(4.3) m(t) = e *

where p > 0 is a constant and that the utility rate obtained when the size of the population
at time ¢ is z is given by

(4.4) u(t, =, y) = e (x + Bey)*

where k € (0,1) is a constant.
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Let S = {(s,7,y);z + 3™y > 0}, so that
= inf{t > 0; X(t) + Be*Y(¢) <0} .

We want to find (s, z,y) € CH*1(S%) N C(S) and v* € T such that (see (1.8)

(4.5) p(s,2(£),y(§)) = 0(s,§) = sup J(s,6) = T (s,8)
where
(4.6) J( = E%¢ [/e p(”t) +ﬁe’\5Y( ))kdt+/ pls+t) d”y( )}

With £ as in (2.11) and with

o(s,z,y) = e Y(z,y)

we get
s Y
o Lpls 1.y, 7) = (e, ) + (0 + ay + 52) 00
52
12 A8 ¢ S NN < A8, \k
+10%(z + Bey)? 92 +(r—e "z )\y)ay + (x + Be™’y)
_w _ 0] o
2|5 gyl ~ v+ Ortay)a
0% 9
1.2 A8, 29 Y RN AG\E
+50°(x + Be™y) 052 + (x )\y)ay + (x4 Be™)" .
Therefore Lo(s,x,y) = 0 for all z iff
o 00
and
oY 0%
Lop: = —pb+ (0x + ay)% + 10 (z + 5€A6y)2w
0
(48) o= )L+ (5 + fey) =0

dy
Equation (4.6) holds iff

(4.9) Y(z,y) = g(v) for some g: R — R

13
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where

(4.10) v=u(z,y) =z + ey

Substituting (4.9)-(4.10) into (4.8) we get

(4.11) Lop(z,y) = —pg(v) + [(6 + Bz + (o = ABe*)ylg (v)

+10%0%¢"(v) +0F = 0.
Suppose

(4.12) a = BN+ 0+ Be) .

Then (4.11) gets the form

(4.13) Loyp(z,y) = —pg(v) + (0 + Be*)vg (v) + $0%0%g" (v) + 0" = 0.

The general solution of (4.13) is
(4.14) g(v) = O™t + Cov™ + Ko*

where (', Cy are arbitrary constants,

(4.15) ri =07 [%(72 — 0 — e + \/(%02 — 0 — BeM)2 +2po? |;

are the solutions of the equation

(4.16) 10+ (0+ B — Lo®)r —p=0; r <0<y
and
(4.17) K =—[3k> + (0 + B — 1™V — p] .

Assume that

(4.18) p >0+ BeM .
Then
(419) To > 1 )

which implies that K > 0 (since 0 < k < 1).
We now guess that the value function ®(s, &) has the form

(4.20) o(s,z,y) = e " Y(z,y) = e "g(v)

i=1,2

14
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where
(4.21) v =1+ BNy
and
Civ™t + Cov™ + Kok for 0 < v < v*
(4.22) g(v) =
v—v* 4 g(v*) for v > v*

for some v* > 0. Since |g| must be bounded as v — 0" we put C; = 0. To determine C
and v* we require that g be twice continuously differentiable at v = v*. This gives the
two equations

(4.23) roCy(v*)2 ™t + kK (v )t =1
(4.24) ra(rs — 1)Ca(v*)? 2 + k(k — 1)K (v*)* 2 =0
By (4.19) we have ry # k so we can solve (4.24) for v* and get
k(1 — kK } R
4.25 V= | ———5— >0.
( ) |:7"2(7”2 — 1)02
Substituting this into (4.23) we obtain

ro—k

T O T L =Ly | )

7”2(7”2 — 1) 7”2(7"2 — ].)

We proceed to verify that with this choice of C,C5 and v* the function ¢ given by
(4.20)—(4.22) satisfies all conditions of Theorem 2.3:

Verification of (2.10): We have

Z—w = 1yCov™ kK P! and

X

82

8—;§ = T'Q(’l“g — 1)02UT2_2 + k’(/{f — 1)K ’Uk_2

Since ZQTZ’ = 0 for v = v* and ry > k we conclude that 832715 < 0 for v < v* and hence
oY *

£ > 1 for v < v*.

oz

Verification of (2.11): If ¢(x,y) = v —v* + g(v*) we get from (4.13)

Lop(x,y) = —plv — 0" + g(v*)) + (0 + Be*)v + o
= (0 + 8™ — p)v + p(v* — g(v*)) +v"
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Since Lo (x,y) = 0 for v = v* and 0 < k < 1 we see that Loy(x,y) < 0 for v > v* iff
p >0+ 3e¥ | which is (4.18) .

Now let 4 be the harvesting strategy which corresponds to local time at the line

(4.27) 0 ={(z,y) € R x + BeMy = v*}

of the process ()?(t), }/}(t)) obtained by reflecting (X (¢),Y (¢)) horizontally to the left at
¢. Define

(4.28) D = {(z,y) € R% 0 < 2+ BeMy < v*}

Then if (z,y) € D we have dy = 0. If (z,y) € D we harvest exactly enough to bring the
z-level down to the value 2’ given by v(z/,y) = v*, i.e.

(4.29) 7 =" — By .
Note that if v > v* then
(4.30) v—v* =2+ BNy —v* =1 -1,

so this stragegy 7 gives exactly the value of ¢ stated in (4.22) for v > v*.

In short: 4 harvests (horizontally) exactly what is necessary to keep the process
(X7(t),Y7(t)) below or on the line £.

We conclude that (2.14) holds, as well as (2.15), (2.16) and (2.17). Hence ¢ = ® and
7~ is optimal.

The precise construction of 7 goes as follows:

Consider the system (X (t),Y(t)) € R?, where, as before,

(4.31) Y(t)= /e’\sX(t + s)ds = /eA(T_t)X(r)dr :
=5 =5

t



Elsanosi, Oksendal € Sulem: Some solvable stochastic ...

In other words,

(4.32) dX (t) = [0X(t) + aY (t) + BZ(t)]dt + o[ X (t) + BeNY (1)]dB(t)

(4.33) dY (t) = [X(t) =AY (t) — e M Z(t)]dt

For f,g € C([0,00)) define

(4.34) A(f.9)(t) = £(t) — max(f(s) + Beg(s) —v)";  £=0.

Let U(t), V(t) be the solution of the stochastic delay equations

(4.35) dU(t) = [0A(U, V) + ay(A(U, V) + B2(A(U, V)] (t)dt
+oAU,V) +56A5y(A(U, V))]( )dB(t)

(4.36) dV (t) = [AU,V) = My(A(U, V) = e =(A(U, V))](¢)dt

where (see (2.7))

y(A(U,V))(t) = / MAUV)(E+s)ds, (AU, V))(E) = AU, V)t —6) .
-5

Now define
(4.37) X(t) =AUV, YO =V(E), Z{t)=AUV)t-9)
and
(4.38) ~(t) = gggé(U(s) + 3™V (s) — )T .
Then by (4.34) N
X(t) = MU V)() = U(t) = A(t)
and therefore, by (4.35), (4.36),
(4.39) dX(t) = [0X (1) + aY (t) + BZ()]dt + [0 X (t) + Y (1)]dB(t) — dF(t)

and

(4.40) dY (1) = [X(t) =AY (t) — e M Z(¢)]dt .
Moreover,

(4.41) ~(t) is a nondecreasing F;-adapted process
(4.42) X(t) 4 BeNY (1) <v*  forall t

(4.43) ~(t) increases only when X (t) + 3eMY (t) = v*

The proof is similar to the proof of Theorem 6.1 in [F, p. 89]. We omit the proof.

We summarize what we have found in the following:

17
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Theorem 4.1 Let the harvested system X (t) = X7 (t) be on the form (4.1)-(4.2). Define
T T
J Esf /6 p(s+t) +ﬁ€)\5Y kdt+/e ps+t
0 0

and

O(s,§) = sup J7(s,¢) -

~eT
Assume that
(4.44) a =B (A 460+ 5e*)
and
(4.45) p> 0+ 5
Then, with v = v(z,y) = x + Bey,
e P (Cyv™ + KoF) for 0<wv<v*

(446)  ®(5,8) = ¢(s,2,9) = ¢(s,v) = {< — ) (s, v7)  for vz

where Cy, K and v* are given by (4.22), (4.18) and (4.25) respectively.
Moreover, the local time 7 at the line ¢ given by (4.27), as described in (4.37)-(4.43),
18 a corresponding optimal harvesting strategy.

Remark 4.2 If we let the delay § approach 0 then the system X (¢) approaches the limit
Xo(t) given by

(4.47) dXo(t) = (0 + B)Xo(t)dt + o Xo(t)dB(t) — d(t) .
The corresponding no delay problem

T T
(4.48) Dy(s,z): = SUPEsx[/e PO X (¢ dt+/ P+ (1)
0 0

Y

will then be the limit of ®(s, &) = Ps(s, &) as § — 0. The problem (4.48) is solved in [A].

Remark 4.3 It is possible to see more directly why the example studied in this section
is finite-dimensional:
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Define
(4.49) Wt)=X(t)+B8MY(t); >0
Then by (4.1) and (4.32) we have

dW(t) = [0X () + Y (t) + BZ(t) + B X () — A\BeMY (1)
—BZ(t)]dt + o[ X (t) + BeY (t)]dB(t)
= [(0 + B X (1) 4 (a — A\B)Y (1)]dt + oW (t)dB(t) .

If we assume that (4.44) holds, then this can be written

(4.50) AW (t) = (0 + Be)W (t)dt + oW (t)dB(t);  t>0.
Moreover,
(4.51) W(0) = X(0) + BeMY(0) = £(0) + ﬁem/em (s)ds =:w .

=

So W (t) is an ordinary (no delay) geometric Brownian motion.

However, this in itself does not imply that the original delay harvesting problem for
X(t) can be reduced to a corresponding no-delay harvesting problem for W (t), because
we have a priori assumed harvesting from X (¢), not from W (t) = X (t)+8e*Y(t). On the
other hand, the associated variational inequalities, culminating in Theorem 4.1, proves
that the two problems have the same value function ®. Moreover, if we harvest from X ()
as described in Theorem 4.1 then we get the same result as when we harvest from W (¢)
according to local time for W (t) reflected downwards at W (t) = v*. However, the latter
harvesting strategy for W (t) is not admissible for X (¢), because it implies harvesting from

X(t) and Y () simultaneously (corresponding to a normal and not horizontal reflection
of (X(t),Y(t)) at the line £ = {(z,y); x + B3 = v*}).
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