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The idea of neighborhood systems is induced from the geometric idea of “near,” and it is primitive in the topological structures.
Now, the idea of neighborhood systems has been extensively applied in rough set theory. The master contribution of this
manuscript is to generate various topologies by means of the concepts of j-adhesion neighborhoods and ideals. Then, we define a
new rough set model derived from these topologies and discussed main features. We show that these topologies are finer than
those given in the previous ones under arbitrary binary relations. In addition, we elucidate that these topologies are finer than
those topologies initiated based on different neighborhoods and ideals under reflexive relations. Several examples are provided to
validate that our model is better than the previous ones.

1. Introduction

The idea of rough set theory (RST) was first put forth by
Pawlak [1], where imperfect information gives rise to
indiscernibility of objects. RST proves its adequacy to treat
and model a lot of real-life issues that were constructed as a
method to overcome imperfectness and ambiguity of in-
formation. The classical RST was characterized by a pair of
approximation operators called lower and upper approxi-
mations which are established using equivalence classes. But
at times, equivalence relations are tricky to be acquired in
real-life issues due to the incompleteness of human infor-
mation. So, a lot of ideas and articles have been introduced to
generalizing the classical theory of RSs, for further specifics,
see reference [2]. For interpretation of the granules, both Lin
[3] and Yao [4] studied the RSs utilizing neighborhood
systems. In fact, they freed RST from an equivalence relation
which is a very inflexible obligation that restricts the real-life
implementation scope of rough sets philosophy.

Quite recently, Abd El-Monsef et al. [5] applied
j-neighborhoods to generalize the classical RST. Allam et al.
presented the concepts of minimal right neighborhoods and
minimal left neighborhoods in [6, 7], respectively. Dai et al.
[8] presented new rough set models using maximal
neighborhoods induced from similarity relations. Al-shami
[9] defined containment neighborhoods and applied to
protect medical staff from infected diseases. Also, Al-shami
et al. [10] initiated several types of lower and upper ap-
proximations using N ;-neighborhoods. In [11], El-Bably
and Fleifel investigated new topological structures by rela-
tions. El-Bably et al. [12] introduced some closure operators
using arbitrary binary relation and generated some topol-
ogies from any binary relation without using sub-base or
base.

Study of the rough set theory via topology is an enjoyable
topic that received the attention of many researchers, see, for
example [2, 13-19]. An ideal .# [20] on a nonempty finite set
(universe) % is a nonempty family of subsets of % with
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heredity property, as well as it is closed under finite unions.
Some interesting papers studied ideals via rough set theory
such as [15, 21]. Hosny [22] replaced Pawlak’s approxi-
mations (lower and upper) by topological operators (interior
and closure). Then, she [23] presented different methods to
establish new rough set models using ideals. In 2020, Kandil
et al. [24] offered the collection (.7, 52 generated by two
ideals .# and .# and proved that it is also an ideal on a
universe.

From topology’s view, our work discusses the notions
of rough sets based on the topological spaces generated by
j-adhesion neighborhoods and ideals. That is, it studies
the concepts of lower and upper approximations in terms
of j-adhesion neighborhoods via ideals. This approach
minimizes the vagueness of uncertainty regions at their
borders by increasing the lower approximation and de-
creasing the upper approximation which automatically
implies increasing the accuracy measure of the uncer-
tainty regions.

The layout of this paper is as follows. In Section 2, we
recall three classes of neighborhood systems called
N ;-neighborhoods, &;-neighborhoods, and ;-neighbor-
hoods as well as the results that show the way of generating
topologies using these classes of neighborhoods. In Section
3, we apply the notions of ideal and 9;-neighborhood
systems to establish new types of topologies. Based on these
topologies, we propose new kind of rough set models and
compare them with the previous ones under reflexive and
arbitrary relations. We devote Section 4 to discuss the ap-
proximations and accuracy measures generated by
&;-neighborhoods and & ;-neighborhoods with ideals.
Eventually, Section 5 gives conclusions and some directions
for future works.

2. Preliminaries

In this part, we present the j-neighborhood space, which
depends on a finite number of various kinds of arbitrary
binary relations. So, we produce eight diverse topologies and
investigate the relationships among these topologies. Then,
we get eight techniques to find the lower and upper ap-
proximations of rough sets. Comparisons between the ac-
curacy of these types of new approximations are attained.

Henceforward, we consider j € {r,l, {r),<I},i,u, (i),
{u)}, unless otherwise specified.

2.1. Approximations and Topologies Generated by Different
j-Neighborhoods

Definition 1 (see [5]). Let R be a binary relation on %. The
eight sorts of j-neighborhoods of any point h € %, say
N (h), are given by

(1) N, (h)={z € %: hRz}.

(2) N;(h)={z € %: zRh}.

(3) N; (h) =N, (h) N, (h).

(4) N, ()) =N, (h) UN, ().
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(5) Ny ()= n{N,(2): h € N, (2)}; if N, (z) does not
exist there such that h € N, (z), then N, (h) = &@.
(6) Ny (h) = n{N;(2): h € Ny(2)}; if N;(z) does not
exist there such that h € N;(z), then N, (h) = @.
(7) Ny (h) =Ny (B) NNy ().

Definition 2 (see [5]). The triple (%,R, 1//j) is called a
j-neighborhood space (in short, N;S), where y; is a map-
ping from % to P (%) which assigns for each point in % its
j-neighborhood.

Proposition 1 (see [25]). Let (%, R, 1//]-) bea N;S andh € %.
Then,
(1) The reflexivity of R implies that N ; (h) is a nonempty
set.
(2) The reflexivity of R implies that N ;y (h) is a subset of
N (h), for every j € {r,l,i,u}.
(3) If R is a transitive relation, then N; (h) is a subset of
N jy (h), for every j € {r,1,i,u}.
(4) The symmetry of R implies that
N, (h)=N;(h)=N;(h)=N,, (h) and
Ny (h) =Ny (h) =N, (h) =N, (h).

Theorem 1 (see [5]). Let (%,R, y/j) be a N;S. Then, the
family T;={M c%: Yh € M, N;(h) S M} forms a topology
on .

Definition 3 (see [5]). Let (%,R, 1//j) be a N;S. Then, we
called a subset M C % a j-open set if M € T, and we called
its complement a j-closed set. The class I'; of all j-closed sets
of a j-neighborhood space is given by I'; = {F CU: Fe Tj}.

Definition 4 (see [5]). Let T; be a topology induced from
j-neighborhoods. The j-lower, j-upper approximations, and
j-accuracy of M €% are respectively given by

(1) R;(M)=U{0 € T, Oc M} =int;(M).

(2) R;(M)=n{F eT;: MCF}=cl;(M).

(3) &, (M) = (IR; (M)V/IR, (M)}, where [R; (M)] #0.

2.2. Approximations and Topologies Generated by Different
& j-Neighborhoods

Definition 5 (see [26]). Let R be a binary relation on %. The
%j—neighborhood of a point h € % (briefly, %j(h)) is for-
mulated as

(1) &, (h)={z € %: the intersection of N, (z) and N, (h)
is nonempty}.

(2) &,(h)={z € U: the intersection of N, (z) and N;(h)
is nonempty}.

(3) & (=&, (N & (h).
@) &, (=&, (WUE(h).
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(5) &y (h)={z € U: the intersection of N, (z) and
N,y (h) is nonempty}.

(6) &y (h)={z € U: the intersection of N, (z) and
Ny (h) is nonempty}.

(7) &y (W) =&,y (N E gy (h).

Theorem 2 (see [26]). Let R be a binary relation on U and
h e . Then,
(1) he &;(2) iff z € &;(h).
(2) The reflexivity of R implies that & (;, (h) is a subset of
&;(h) and W ;(h) is a subset of &;(h) for every j.
(3) The symmetry of R implies that &, (h), &, (h), &; (h),
and &, (h) are equal, and &, (h), & 4y (h), & ; (h),
and &,y (h) are equal.
(4) The transitivity of R implies that & ; (h) is a subset of
&y (h) for each j € {u,i,r,1}.
(5) If R is transitive and symmetric, then %j (h)= ./Vj (h)
and %j(h)g %j(z) (if h e %j (2)), for each j.
(6) If K is preorder, then %j (h) = %w (h), for all
jedr,Li,u}
(7) If R is an equivalence, then & ;(h) are equal for each
j» and &;(h) =W ;(h).

Theorem 3 (see [26]). For each j, the family T, = IMCU:
Vh e M, &; (h) < M} forms a topology on %.

Definition 6 (see [26]). Let (%, R, v; ) be an &;S. We called a
set M C?% an & ;-open set if M € Tg) and we called its
complement an % -closed set. The class Tg, of all &;-closed

sets is given by I'y = {KQGZ/: K e ng}.

Definition 7 (see [26]). Consider Ty as a topology induced
by &; neighborhoods. For each j, the & ; lower, &; upper
approximations, and & accuracy of M C % are respectively
given by

@ LS (M)=u {O €Tg;: OgM} =intg (M).
(2) U (M) = n {F €Ty MQF} =l (M).
(3) p; (M) = (ILF (M)I/IUS (M)I), where [US (M)] 0.

2.3. Approximations and Topologies Generated by Different
j-Adhesion Neighborhoods

Definition 8 (see [27]). Let R be a binary relation on %. The
j-adhesion (&) neighborhood of any point h € % (denoted
by 9’]- (h)) is defined as
(1) r-adhesion neighborhood: 2, (h)={z € %: N, (z) is
equal to N, (h)}.
(2) I-adhesion neighborhood: %, (h) ={z € %: N,(z) is
equal to N;(h)}.
(3) i-adhesion neighborhood: %, (h) = 2, (h) N %, (h).

(4) u-adhesion neighborhood: &, (h) = 2, (h) U %, (h).

(5) {ry-adhesion neighborhood: %, (h)={z € %:
N (2) is equal to N, (h)}.

(6) <I>-adhesion neighborhood: % (h)={z € %:
Ny (2) is equal to Ny (h)}.

(7) <iy-adhesion neighborhood % (h)=2 ., (h)N
Py (h).

(8) (uy-adhesion neighborhood: %, (h) =2, (h)U
Py (h).

Remark 1. Tt should be noted that the concept of & -adhesion
neighborhood of any point in % in [27] is the same as the
notion of core of neighborhood systems induced by R in [28].

Proposition 2 (see [25]). Let R be a binary relation on % and
h € %. Then, P ;-neighborhoods have the next properties:

(1) Py () =P (h), Py (h) =P, (h).
(2) Py (h)=P;(h), P,y (h) =P, (h).

Lemma 1 (see [25]). Let R be a binary relation on % and
h,z € . Then,
(1) he P; (h) for all j.
2) z e 9’ (h) iff Pi(2)=P; (h)  for
jeli <1> r {r),l, <l>}

every

Corollary 1 (see [25]). Let R be a binary relation on 2. The
class p (%) = {931- Ny € %} forms a partition for U in the
cases of j € {i, (ip,r, {r), L, {I>}.

Proposition 3 (see [25]). Consider R as a reflexive relation
on U and h € U. Then, ij(h) CN; (h) gEj(h) for each j.

Proposition 4 (see [25]). Consider R as an equivalence
relation on % and h € 2. Then, @j(h) = Nj(h) = Ej(h)for
each j.

Theorem 4 (see [25]). Let (%,R, ‘//j) be a j-adhesion
neighborhood space (9’]8) Then, for each j € {r,l,i,u}, the
class T = {MCU: Yh e M, P; (h) < M} forms a topology
on .

Definition 9 (see [25]). Let (%, R, wj) be a j-adhesion
neighborhood space. We called a set M C% a j-adhesion
open set if M € Ty, and we called its complement a
j-adhesion closed set. The family Iy, of all j-adhesion closed
sets: of a j-neighborhood space is defined by

rgj = {Kg%' KC € ng}.
Remark 2 (see [25]). Let (%,R, 1//]-) be a j-adhesion
neighborhood space. Then,

(1) The collection Tg, is a quasidiscrete (clopen) to-
pology on %, Vj ¢ {z Gy, r, {ry, LD}
(2) For each j, T; ¢ CTo, provided that R is reflexive.



Definition 10 (see [25]). Let (%, R, 1//J) be a9:j Sand T, be
a topology generated by j-adhesion ne1ghborhoods The
j-adhesion lower, j-adhesion upper approximations, and
j-adhesion accuracy of M €% are respectively given by

(1) & (M)=u {o €Ty, OQM} = inty, (M).

(2) U;(M)=N{F €Ty: MCF{=cly (M).
(3) 0, (M) = (I12; (M)|/1U; (M)]), where [U; (M)] #0.

2.4. Approximations and Topologies Generated by Different
j-Neighborhoods and Ideals. In [23], Hosny presented an
idea depending on generating different topologies by using
j-neighborhoods and ideals and studied some of their
properties.

Theorem 5 (see [23]). Consider (%, R, v; Jasa N;S and S
as an ideal on %. Then, the family T7 ={M CU: "Vh e M,
N;(h)-M € 7} forms a topology on %for each j.

Theorem 6 (see [23]). Let (%, R, q/]) be a N;S and F be an
ideal on %. Then, T; CTJ for each j.

Definition 11 (see [23]). Let (%, R, q/]) beaN .Sand .7 bean
ideal on %. We called a set MC% an J -open set if
M e T]j , and we called its complement an f -closed set.
The family FJ of all .7 ;-closed sets of a j-neighborhood
space is glven by l"] = {KC U: K e Tj}

Definition 12 (see [23]). Let (%, R, 1//1-) bea N;S and .¥ be an
ideal on %. The .7 ;-lower, .7 ;-upper approximations, and
7 j-accuracy of the approximation of M € % are respectively
given by

(1) RY (M) = ufoe T/ ocMm} =int/ (M),  where
1n;‘7 (M) is an .J; 1nter10r of M.
(2) R; (M)=n {Fe rf M c F} _clf (M), where

cl‘] (M) is an .J; closure of M.
(3) aJ(M)— (IRJ(M)I/IR (M)I), where IR (M)| #0.

2.5. Approximations and Topologies Generated by Different
& j-Neighborhoods and Ideals. For any binary relation,
Hosny et al. [29] utilized the concepts of & ;-neighborhoods
and ideal .# to output various topologies {7 which are finer
than the previous one generated by & ;-neighborhoods due
to [26].

Theorem 7 (see [29]). The class ( ={MCU: YheM,
&;(h) - M € 7} forms a topology on %for each j.

Definition 13 (see [29]). Let (%, R, 1//]) bea E;S and ¥ be an
ideal on %. We called a set M C % a(’ open setif M € (J
and we called its complement a {-/ -closed set. The class 7
of all ( -closed sets is given by H] {KC UK el }

Theorem 8 (see [29]). Consider (%, R, wj) asan E;S and J
as an ideal on 2. Then,

(1) Tg, <l
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(2) The reflexivity of R implies that (JC(< iy for each
je{i,url.

(3) If% is a symmetrzc, then (] Cl —(J (J
{<T> ((D {<1> {<u>

(4) The transitivity of & implies that (< i _( for each

jed{i,url
(5)If % is a preorder, then ({D = (]‘-y for each
jedi,url.

(6) If # zs an equivalence, then all (
TJ ( for each j.

are equal, and

Lemma 2 (see [29]). For any binary relation R on U, we
have /V<j> (h) CE (h) for each h € % and j € {i,u,r,1}.

Definition 14 (see [29]). Consider ( as a topology gen-
erated by E;-neighborhoods and idedl .7. Then, for each j,
54 E, -lower, J £ -upper approximations, and % ; -accuracy of
a subset M C % are defined respectively as follows:

1) LJS(M)— 1nt‘y (M), where 1nt‘y (M) forms the
1nter1or points of M in (

(2) U7® (M) =cl] (M), where clj (M) forms the clo-
sure points ofJ M in (‘7

(3) o7 (M) = (IL/° (M)I/IU]GB (M))),
IUf C(M)]# 0.

where

3. Novel Topologies Generated from j-Adhesion
Neighborhoods via Ideals

Now, we deal with ideals and four different j-adhesion
neighborhoods generated from eight different j-neighbor-
hoods via the same binary relation. By using them, new
topologies are generated that generalize these topologies
generated by j-adhesion neighborhoods. Several properties
and relationships between these topologies are obtained.

Throughout this paper, a &S with ideal .7 (%, R, .7, ;)
is denoted by 95 S.

Theorem 9. Let (%,R, .7, 1//]) bea 9’1‘78. Then, the collection
p/ ={MCU:Nh € M, P;(h) ~ M € J} forms a topology on
%for each j.

Proof. First, let M, € p] ,a €A, and z € U \M,. Then,

there is an oa,€A st zeM, Therefore,
[9’ (z) - M%] €J. Since (UMAM )C - M,
[9J (2) = (UgeaM ] € J ie, UyaM, € p] Second, let

M, M, be members of p7 and z belong to the intersection

of M, and M,. Then, [@ (z2)-M;] e.¥ and
[(2;(2) —M2] €. According to the deﬁnition of .7, we
obtain [9’ (z) - M,]u [9’ (z) -M,] e 7. Hence,
[g’j(z) (MlﬂMz)] Ef ThlsmeansthatMlﬂM2 Ep

Finally, it is easy to see that @ U € p? i
Vjed{r,Li,u,{ry,{l), i), {uy}. Consequently, p] is a to-
pology on %. O

Lemma 3. If.7, 7 areideals on a P S(U, R, y;) such that 5
is a subset of 7, then p/ Cp]
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Proof. Direct to prove.

The fundamental goal of the next results is to deduce the
relations between the topologies generated by j-adhesion
neighborhoods, topologies generated by j-neighborhoods
and ideals, and topologies generated by j-adhesion neigh-
borhoods and ideals, as it is shown in the following
theorems.

Our new types of topologies, which were generated by
j-adhesion neighborhoods and ideals, are finer than the
previous one generated by j-adhesion neighborhoods due to
[28] for any relation. O

Theorem 10. Let (%,R,.7,y;) be a 95378. If jeir,Li,u},
then T <py.

Proof. Straightforward. O
Example 1. Let %={a,b,c,d} and R={(c,a), (c,b),

(¢,d), (d,a), (d,c), (d,d)}. Then, we obtain the next
topologies

T/ = {{a}, (b}, {a, b}, (b, c.d}, @, %},
7 ={{c.d}. {a,c.d}, (b, ¢, d}, @, U},

T, ={{a}, {b},{a, b}, @, %},

T, ={{c.d}, {a,c,d}, {b,c,d}, O, U},

T; ={{a}, {b}. {a, b}, {c, d}, {b, c, d}. {a, ¢, d}, B, U},

T, ={3, %},
Ty = Ty =UHad} {a,b,d} {a, ¢, d}, O, U},
Ty =T =PU),
Ty, = Tg, ={{ch{d} (@.b} {c.d}, (a,b.d). fa.b.c}, 8, %),
Tg, = T, ={{bh (ch ad}, (b (@, by d}, {ac,d}, 8, %),
T3, =T, =PU),
Tg, =Ty, =l lab.d}, 2, %).

(1)
If 7 ={J,{a}}, then

7 ={{a}, (b}, {c. d}, {a, b}, (b, ¢, d}, {a, ¢, d}, @, U},

7 ={{b,c,d}, @, U},

Ty = Ty ={ld} {a, d}, b, d} e, d} a, b, d}, {a, ¢, d}, (b, e, d), @, U,

F F
Ty =Tw = P(U),

(2)

P;fy = p{l) = {{b}) {C}’ {d}’ {a’ b}’ {b> C}) {C’ d}> {b> d}) {d, b, C}’ {a’ b, d}’ {b’ C d}: a, %}:
pi’ =Py = {bh {ch {d). {a. d) b o), (b.d) (e, d), fa, b d) {asc, d) (boe d), ©, 2,

pl = ply = P(U),

Pl = Pluy = (b} ek {d}, {b, ¢}, {b, d}, {c, d}, {a, b, d}, b, ¢, d), @, ).

If 7 ={@,{d}}, then

T

T

Sy Ty YL

={{a}, {b}, {a, b}, {a, b, c}, @, U},

{{c} {a, c}, {b, ¢}, {c, d}, {a, b, ¢}, {a, ¢, d}, b, ¢, d}, B, U},

T7 ={{a}, {b}, {c}, {a, b}, {a, c}, {b, ¢}, {c, d}, {a, b, ¢}, {a, ¢, d}, {b, ¢, d}, @, U},

7 ={{a,b,c}, @, U},

g g
Tay = Ta

T‘<],> = T{u> ={{a}, {a, b}, {a,c},{a,d},{a, b, c},{a,b,d}, {a,c,d}, D, U},

P;:} = p‘<}}> ={{c},{d}, {a, b}, {c,d}, {a,b,c}, {a,b,d}, D, U},
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p = py ={lab b} {c} {a, b} {a,c}, {a, d}, {b, ¢}, {a, b, e}, {a, ¢, d}, {a, b, d}, @, %),
o = ply = P(U) ()

o7 = ply =tich {a bl a,b,ch a,b,d}, 2,%).

If 7={3,{a},{d},{a,d}}, then

={{a}, {b}, {a, b}, {b, c}, {a, b, c}, b,c, d}, @, U},
7 ={ich {a,ch b,k (o}, {a, b, ch {a, ¢, d}, (b, o )}, @, U,
T/ ={{a}, b}, {ch {a, b}, {a, ¢}, (b o} (e, d} {a, by b {a, ¢, db (b, d) @, U,
T/ ={{b.c}. {a,b,c}, {b, ¢, d}, B, U}, (4)
Ty = Tewy = Tay = Tiy = P(U),
p] =ply =p) = ply ={ib} {ch {d} {a. b}, b, ¢}, (b, d} (. d} {a, bych, {a, b, dY, {by o, dY, @, U,
pl =Gy = ol =ply =PU).

Remark 3. If ¥ ={J, {a}} in Example 1, then Proposition 4.1 in [28]. So, the current work is
W) p7 #p7 and p7 #p7 considered as a generalization of work of [25, 27, 28].
r TP 1 i
T LT T T Theorem 11 illustrates that the reflexivity condition is
(2) p; #p; and p; #p;/. Y
necessary to create a relationship between the topologies TJ
3) p #p. and p7.
i

Theorem 11. Let (% R, .7, v, ) be a g’ S, where R is re-

4. In vi fE le 1,
Remark 4. In view of Example flexive. Then, Tj Cp] for any ideal 7.

(1) In general, the collection p7 need not be a quasi-
discrete (clopen) topology on %, although Tg s Proof. Let.7 beanyideal on %. According to Proposition 3,

quasidiscrete topology on ", Tj] gp‘jy . O
Vj e {i, (i), r, (r), LD}

(2) If Vj € {u, (u)}, then P] is not quasidiscrete to- Remark 5. ‘The new forn.m of topologies, Which were gen-
pology on %. erated by j-adhesion neighborhoods and ideals, are finer

than the topologies generated by j-neighborhoods and ideals

(3) p;” need not be dual topology to py”. due to [23] for reflexive relation.

(4) If R is any relation, then TJ , pj] are not comparable,

for each j. Example 2. Let % ={a,b,c,d} and R=AU{(b,¢), (b,d),
(5) If 7 = {5} in Theorem 9, then the present generated (¢,a), (d,b), (¢,d), (d,c)}.
topologies coincide with the previous one in If .7 ={J,{a}}, then

T ={2, % {a}, {b,c,d}},

T/ ={2, %, {b,c.d}),

T/ ={@, %, {a}, (b, d}},

T ={D, %, {b,c.d}),

Toy =12, %, {a}, {c d}, {a, ¢, d}, {b, ¢, d}},
T4y =12, %, {ch {as ¢}, {b, d}, (b, ¢, d}},
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Tf; ={D, U, {a}, {c}, {d}, {a, c}, {a,d}, {b,d}, {c,d}, {a,b,d}, {a,c,d}, {b, c,d}},

Ty =19, %, {b,c.d}},

p! = ply =10 % {a), (¢}, {a, &, (b, d}, {a, by ), b, ),

54 7
Pr =P
P =pG = PWU),

Pl =Py =12, %, (). (bc.d}).

Theorem 12. Let (%,R,7,vy;) be a @‘YS and R be a
symmetric relation on u. Then,

P =pi =p =P\ =P%y =Ply =Pl =Pl

Proof. Since R is a symmetric relation on %, then all

j-adhesion neighborhoods coincide. So,
Pl =p7 =p7 =p =Pl =Pl =Pl =Pl O

Proposition 5. Let (%,R,.7,y;) be a 95‘78 Then, the fol-
lowing statements hold:

@ p7 =pGy> P =P
@ p/ =PZ>’ P =Pi>'
3) pil <p/ npi

@) p/ upy <pi.

(5) Pl S Py NP
(6) P&y VP S PGy

Proof. We prove (3) and one can prove the other cases in a
similar way. Let M ¢ puf, then [P, (z) - M] € F,Vz e M.
Hence, [(2,(2) U P (2)) - M] € F,¥z € M. So, [P, (z) -
M] e and [P (z)-M] e J, Vz € M. Consequently,
Mep/ np/. O

Deﬁmtzon 15. Let (%,R, 7, 1//]) be a Q’JS Aset MCU is
called p/ 7 -open set if M € p?/, and its complement is called
P; 7 -closed set. The famrly Yy ofall p -closed sets is defined
asY‘] {KC% K € p; }

Definition 16. Consider p7 as a topology generated by
j-adhesion neighborhoods and ideals. The .7 3 -lower,
p -upper approximations, . -boundary reg10ns, and
54 p,-accuracy of M C% are respectlvely given as follows:

m g/ (M) u{oe py :0cM}= mtf (M) where
1nt9, (M) represents interior of M wrt p]
) u’ (M) n{F e Y/ M CF}= clf (M) where

clg (M) represents ’ losure of M wrt p]
(3) B (M) =17 (30) - &7 (M),

(4) 67 (M) = (127 M)/ (M), where [27 (M) #
0.

(5)

={3, %, {a}, {b}, {a, b}, {c, d}, {a, ¢, d}, {b, ¢, d}};,

Remark 6. Table 1 displays the comparison between j-ap-
proximations and j-accuracy for j = r depending on Defi-
nitions 10, 12, and 16 by using any relation R and ideal
F ={J, {a}} of Example 1.

Remark 7. Table 2 offers the comparison between j-ap-
proximations and j-accuracy for j = depending on Defi-
nitions 12 and 16 by using a reflexive relation R and ideal
J ={J, {a}} of Example 2.

The next proposmon that demonstrates the funda-
mental properties of 2 l[jj operators are under-
standable by observrng that 1nt9 ,clZ, fulfill all
properties of the topological interior and closure oper-
ators, respectively.

Proposition 6. Let (%,R,.7, 1//]-) be a g’jjS and
j € {i,u,r,1}. If M, M C U, then the following conditions hold:

(L) & (M)= U] (M))".

U U/ (M) = (8] (M),

(L) &/ (u)=%.

U w’(@) @.

(Ly) szCM then 2] (M) c 2/ (M)

(Uy) if M S M, then uf (M) c u]f (M).

(L) &7 (MnM) =2/ (M)n L/ (M).

U U/ (MuM)=uy (M)uu; (M).

(Ls) & (MuM)28] (M)u g7 (M),

(Us) U7 (M M) U] (M)n ] (M)

(Ly) &7/ (2)=2.

Ug) U (%) =%.

(L) &/ (M)cM.

(U, Mcu (m).

(Ly) & (M) =] (] (M).

(Uy) U/ (M) =7 (U (M)

(L) & (M) U] (27 (M)

Uy) U/ (M)28] (U] (M)).

Remark 8. It 7 ={,{a}} and j = r, then Table 1 shows that
the converse of (L;), (Ls), (L), (Ly) does not hold.
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TaBLE 1: Comparison between j-approximations and j-accuracy for each j = r depending on Definitions 10, 12, and 16 by using any relation

R and ¥ ={J, {a}} of Example 1.

Our method, Definition 16

Definition 10

Definition 12

Mew 27 (M) u;’ (M) 07 (M) 2, (M) U, (M) 6, (M) R (M) R/ (M) o (M)
{a} %) {a} 0 %) {a, b} 0 {a} {a} 1
{b} {b} {a, b} 1/2 (%] {a, b} 0 {b} {b,¢,d} 1/3
{c} {c} {c} 1 {c} {c} 1 @ {c.d} 0
{d} {d} {d} 1 {d} {d} 1 @ {c,d} 0
{a, b} {a, b} {a, b} 1 {a, b} {a, b} 1 {a, b} U 1/2
{a,c} {c} {a,c} 1/2 {c} {a,b,c} 1/3 {a} {a,c,d} 1/3
{a,d} {d} {a,d} 1/2 {d} {a,b,d} 1/3 {a} {a,c,d} 1/3
{b,c} {b,c} {a,b,c} 2/3 {c} {a, b, c} 1/3 {b} {b,¢,d} 1/3
{b,d} {b,d} {a,b,d} 2/3 {d} {a,b,d} 1/3 {b} {b,¢,d} 1/3
{c,d} {c,d} {c,d} 1 {c,d} {c,d} 1 %] {c,d} 0
{a,b,c} {a,b,c} {a,b,c} 1 {a,b,c} {a,b,c} 1 {a, b} VA 1/2
{a,b,d} {a,b,d} {a,b,d} 1 {a,b,d} {a,b,d} 1 {a, b} U 1/2
{a,c,d} {c,d} {a,c,d} 2/3 {c,d} U 1/2 {a} {a,c,d} 1/3
{b,¢,d} {b,¢c,d} U 3/4 {c,d} U 1/2 {b,¢,d} {b,¢c,d} 1
U U U 1 U U 1 4 U 1

TaBLE 2: Comparison between j-approximations and j-accuracy
for each j=1 depending on Definitions 12 and 16 by using a
reflexive relation R and .% ={, {a}} of Example 2.

Our method, Definition 16 Definition 12

C
Mex & (M) w7 (M) 67 (M) R (M) R (M) af (M)
{a} {a} {a} 1 @ {a} 0
{b} {b} {b} 1 %) U 0
{c} (%] {c,d} 0 (%] U 0
{d} %] {c,d} 0 %) U 0
{a, b} {a, b} {a, b} 1 (%] U 0
{a, c} {a} {a,c,d} 1/3 1%} U 0
{a,d} {a} {a,c,d} 1/3 %) U 0
{b,c} {b} {b,c,d} 1/3 %] U 0
b, d} b {bod 13 @ % 0
{c,d} {c,d} {c,d} 1 (%] U 0
{a,b,c} {a,b} U 1/2 [0} U 0
{a,b,d} {a,b} U 1/2 %] 4 0
{a,¢,d} {a,c,d} {a,c d} 1 (%] U 0
{b,c,d} {b,c,d} {b,c,d} 1 {b,c,d} U 3/4
4 U U 1 U U 1

() If M={a}, M=1{b}, then & (M)cg’ (M), but
M¢M. Consequently, the converse of (L;) is not
true.

(2) If M={a}, M={b}, then &7 (MUM) {a,b} #
{b} = 8‘7 (M)u 53] (M). Consequently, the converse
of (L5) is not true.

(3) If M ={a,c}, then the converse of (L,) is not true.

(4) The equality of properties (Lg), (Uy) does not hold
wrt the topology p , although they are true
according to the topology T Here, if M = {b}, then
27 (M)={b} and U/ (2/(M))={a,b}. Conse-
quently, the converse of (L9) does not hold.

By using any binary relation and without toting any
supplement conditions as Proposition 6 claims, one might
observe that our approximation approach satisfies all fea-
tures of the classical theory of rough set [1]. Thus, we can say

that our presented method exemplifies a noteworthy gen-
eralization to RST.

Proposition 7. Let (%,R, 7,y;) be a 9’]8 and M CU. If
] 6 {r,Li,(r), (l) (i)}, then the followmg conditions hold:
(M) M= l[ (M), VM € p(%).

Proposition 8. Let (%,R,.7,y;) bea @JS IfRis a reflexive
relation on U, then }&(M) HJ(SJ (M)) and
U (M) =27 (U (M)).

The followmg propositions are obvious and the proof is
omitted.

Proposition 9. Let (%,R, .7, 1//]) be a 9’]8 and M CU. If
jed{r,Li, {r),{I), i)}, then thefollowmg statements hold:

1) & (Mcg/(Mc/ (M)  and 2 (M)c
g/ (M) <2 (M),

e u/mcu (Mmcu’ (M)  and U (M)C
U7 (M) <1 (M),

(3) ef (M) < ef (M)<6 (M) and 67 (M)<6

(M)<¢9 (M).

Proposition 10. Let .7, ¢ be two ideals on a @]‘-YS (%, R, 1//]-)
and M CU. If .7 C 7, then the following statements hold:

(1) & (M) < L] (M).
) u/ (M)2 U{ (M).
(3) 6] (M) <6] (M).

In Tables 3 and 4, we make comparisons between j-ap-
proximations and j-accuracy for each j € {i,u,r,l1}.

Definition  17. Let (%,R,7,y;) be a P78 and
J e {i, i (), L (D). A subset M of % is called

(1) Totally .7 ; definable, if &/ (M) =M =U; (M).
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TaBLE 3: Comparison between j-approximations and j-accuracy for each j € {i,u,r,I} depending on Definition 16 by using any relation R
and .7 ={J, {a}}.

Mcu &) ul el &) uly o7 &7y ul vy 67 () g7y ul v 6l (M)

{a} 6] {a} 0 %) {a} 0 {a} {a} 1 %) {a} 0

{b} {b} {a, b} 1/2 {b} {b} 1 {b} {b} 1 {b} {a, b} 1/2
{c} {c} {c} 1 {c} {c} 1 {c} {c} 1 {c} {c} 1

{d} {d} {d} 1 {d} {a,d} 1/2 {d} {d} 1 {d} {a,d} 1/2
{a, b} {a, b} {a, b} 1 {b} {a, b} 1/2 {a, b} {a, b} 1 {b} {a, b} 1/2
{a,c} {c} {a,c} 1/2 {c} {a,c} 1/2 {a,c} {a,c} 1 {c} {a,c} 1/2
{a,d} {d} {a,d} 1/2 {a,d} {a,d} 1 {a,d} {a,d} 1 {d} {a,d} 1/2
{b, ¢} {b,c} {a,b,c} 2/3 {b, ¢} {b,c} 1 {b, c} {b,c} 1 {b,c} {a,b,c} 2/3
{b,d} {b,d} {a,b,d} 2/3 {b,d} {a,b,d} 2/3 {b,d} {b,d} 1 {b,d} {a,b,d} 2/3
{c,d} {c,d} {c,d} 1 {c,d} {a,c,d} 2/3 {c,d} {c,d} 1 {c,d} {a,c,d} 2/3
{a,b,c} {a,b,c} {a,b,c} 1 {b,c} {a,b,c} 2/3 {a,b,c} {a,b,c} 1 {b,c} {a,b, ¢} 2/3
{a,b,d} {a,b,d} {a,b,d} 1 {a,b,d} {a,b,d} 1 {a,b,d} {a,b,d} 1 {a,b,d} {a,b,d} 1

{a,c,d} {c,d} {a,c,d} 2/3 {a,c,d}  {a,c,d} 1 {a,c,d} Ha,c,d} 1 {c,d} {a,c,d} 2/3
{b,c,d} {b,cd} A 3/4 {b,¢,d} U 3/4 {b,c,d} {b,cd} 1 {b, ¢, d} A 3/4
V4 U U 1 U U 1 A U 1 U VA 1

TaBLE 4: Comparison between j-approximations and j-accuracy for each j € {r,l,i,u} depending on Definition 16 by using reflexive
relation R and .7 ={J, {a}}.

Mc  &on w67 g w67 (M) &7 (M) ul ) 67 (M) g () W (M) 6] (M)

{a} {a} {a} 1 {a} {a} 1 {a} {a} 1 {a} {a} 1
{b} %] {b,d} 0 {b} {b} 1 {b} {b} 1 %] {b,c,d} 0
{c} {c} {c} 1 g {c,d} 0 {c} {c} 1 %] {b,¢c,d} 0
{d} (%] {b,d} 0 %] {c,d} 0 {d} {d} 1 (%] {b,¢,d} 0
{a, b} {a} {a,b,d} 1/3 {a, b} {a, b} 1 {a,b} {a, b} 1 {a} A 1/4
{a,c} {a,c} {a,c} 1 {a} {a,c,d} 1/3 {a,c} {a,c} 1 {a} U 1/4
{a,d} {a} {a,b,d} 1/3 {a} {a,c,d} 1/3 {a,d} {a,d} 1 {a} U 1/4
{b, ¢} {c} {b,¢c,d} 1/3 {b} {b,c,d} 1/3 {b, ¢} {b, ¢} 1 (%] {b,c,d} 0
{b,d} {b,d} {b,d} 1 {b} {b,c,d} 1/3 {b,d} {b,d} 1 %] {b,¢,d} 0
{c,d} {c} {b,¢,d} 1/3 {c,d} {c,d} 1 {c,d} {c,d} 1 %] {b,c,d} 0
{a,b,c} {a,c} U 1/2 {a, b} U 1/2 {a,b,c}  {a,b,c} 1 {a} U 1/4
{a,b,d} {a,b,d} {a,b,d} 1 {a, b} U 1/2 {a,b,d}  {a,b,d} 1 {a} A 1/4
{a,c,d} {a,c} U 1/2 {a,c,d} {a,c,d} 1 {a,¢,d} {a,c,d} 1 {a} U 1/4
{b,c,d} {b,c,d} {b,c,d} 1 {b,c,d} {b,c,d} 1 {b,c,d} {b,c,d} 1 {b,c,d} {b,c,d} 1
U U A 1 U U 1 A U 1 U A 1

(2) Internally & i definable, if BJ‘»} (M)=M and Example 3. Continued from Example 1, if ¥ = {&, {a}}, then

U’/ (M) # M.
j (M)# o ¢ =7 =12, %, {a), b}, {a, b} e, d), {a, . d), (b, ¢, dY),
(3) Externally 7 i definable, if K 7 (M)#M and
u? (M)=M. [ =0 =12, %, (e, d}, {b,c,d}),
(4) 7 ; rough set, if & (M)# M and U] (M) # M. (7, =0 =10, %, {b,c,d}),

CZ) = {{;) = P(%).
Remark 9. According to Table 3, {c} is totally .7 ,-definable, 6
{d} is internally .7;-definable, and {a} is externally (6)
J,~definable. According to Proposition 3, our new sorts of topologies,
which were generated by j-adhesion neighborhoods and
4. Comparison of Approximationsand Accuracy  ideal, are finer than the topologies generated by
Measures Generated by %j-Neighborhoods 1%j.-neighborhood's a1}11d idealshdue to [29] for reflexive re-
. 0 ation, as we see In the next theorem.
and & ;-Neighborhoods with Ideals

In this part, the comparison of approximations and accuracy
measures generated by &;-neighborhoods and &;-neigh-
borhoods with ideals is discussed. 5

In view of Example 1, we conclude that (}7 and p7 are (1) If R is a reflexive relation on %, then {j Ty <p?,
not comparable, for each j, as we see in the next example. for each j.

Theorem 13. Let R be any arbitrary binary relation on %.
Then, for any ideal .7, the following statements are true:
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TaBLE 5: Comparison between j-approximations and j-accuracy for each j = <i) depending on Definitions 14 and 16 by using a reflexive

relation R and & ={d, {a}} of Example 2.

Our method, Definition 16

Definition 14

C
Mew L, (M) ul, (M) 67, (M) LES (M) UZs (M) aly (M)
{a} {a} {a} 1 {a} {a} 1
{b} {b} {b} 1 %) {b,d} 0
{c} {c} {c} 1 {c} {c} 1
{d} {d} {d} 1 g {b,d} 0
{a, b} {a, b} {a, b} 1 {a} {a,b,d} 1/3
{a,c} {a,c} {a,c} 1 {a,c} {a,c} 1
{a,d} {a,d} {a,d} 1 {a} {a,b,d} 1/3
{b, c} {b, c} {b, c} 1 {c} {b,c,d} 1/3
{b, d} {b,d} {b,d} 1 {b,d} {b,d} 1
{c,d} {c,d} {c,d} 1 {c} {b,¢c,d} 1/3
{a,b,c} {a,b,c} {a,b,c} 1 {a,c} U 1/2
{a,b,d} {a,b,d} {a,b,d} 1 {a,b,d} {a,b,d} 1
{a,c,d} {a,c,d} {a,c,d} 1 {a,c} U 1/2
{b,c,d} {b,c,d} {b,c,d} 1 {b,c,d} {b,c,d} 1
U U U 1 U U 1
(2)If R is an equivalence relation on U, then 1) LJJG (M)<c&;(M)c ﬁj‘] (M).
p/ =77 =(;, for each j. (2) U7 (M) € U; (M) U7 (M).
(3) o/ (M)<6;(M) <6 (M)
Proof. Direct to prove. O

Proposition 11. Let R (respectively .7) be a reflexive binary
relation (respectively an ideal) on U and MCU. If
jedr,Li, {r), 1), i}, then the following statements hold:

To uphold the acquired outcomes, we consider a re-
flexive relation R on % given in Example 2. If .7 ={, {a}},
then

& =0 =0 =12, b, dY),

& =47 =00, =18, % {a}, (b, o, d}),

Oy =12, % (ch {a, ), b, d} {b.c, d}),

& =12, %, 1a}, {c}, {a, c}, b, d}, {a, b, d}, {b, ¢, d}}.

Remark 10. Table 5 offers the comparison between j-ap-
proximations and j-accuracy for j= (i) depending on
Definitions 14 and 16 by using a reflexive relation R and ideal
J ={, {a}} of Example 2.

5. Conclusions and Future Works

To deal with uncertainty issues, Pawlak [1] proposed a non-
statistical approach called rough set. Its idea is based on col-
lection of the elements that have the same values according the
required attribute. Accuracy measures and approximations
represent the essential ideas in rough set theory which give
details of the boundary region in terms of size and structure.

In this paper, we have suggested new techniques to
generate new types of accuracy measures and approxima-
tions for a rough set under any arbitrary relation. These
techniques are induced from hybridization of topological
structures and ideals. In addition to studying their basic

(7)

properties, we have compared between them. Then, we have
compared them with last methods to show their importance
to improve the approximations and maximize the accuracy
measures.

In the forthcoming articles, we are going to introduce
further methods that help to obtain better approximation
and higher accuracy measures than those given in the lit-
erature. Also, we search how these methods can be applied to
model real-life issues.
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