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Abstract. Radiation of sound from a spherical source, vibrating with an arbitrary, axisymmetric, time-harmonic surface velocity,
while positioned within an acoustic quarterspace is analyzed in an exact manner. The formulation utilizes the appropriate wave
field expansions along with the translational addition theorem for spherical wave functions in combination with the classical
method of images to develop a closed-form solution in form of infinite series. The analytical results are illustrated with numerical
examples in which the spherical source, vibrating in the pulsating (n = 0) and translational oscillating (n =1) modes, is
positioned near the rigid boundary of a water-filled quarterspace. Subsequently, the basic acoustic field quantities such as the
modal acoustic radiation impedance load and the radiation intensity distribution are evaluated for representative values of the
parameters characterizing the system.

1. Introduction

There exists a vast amount of literature on scattering theory, extending back for more than a century and across
the boundaries of many disciplines such as acoustics, electromagnetics, and quantum mechanics. In particular,
acoustic scattering (radiation) by two or more closely positioned interacting spherical bodies has been the subject of
several works during the last 40 years [1-3]. A classic acoustic radiation problem is that of computing the coupling
between two, identical, constant volume velocity, very small, time harmonic spherical radiators. Karnovskii [4,5]
expressed this coupling as a modified complex radiation load on one of the sources. Ingard and Lamb [6] computed
the modified output from one of the sources which is also a measure of the modified resistive radiation loading.
They actually treated the equivalent problem of a single source in the vicinity of an infinite, perfectly reflecting, rigid
boundary. They then employed image theory to replace th t of the boundary by an image source, thereby converting
their problem to that considered by Karnovskii.

In references [4-6], the authors assumed that the sources are so small relative to the wavelength that one does
not significantly perturb the sound field radiated by the other. Hence, it is natural to ask how the radiation loading
changes if the spherical sources are sufficiently large so that one does perturb the field radiated by the other. An
approach to solving this problem is to utilize the translational addition theorem for spherical wave functions [7] to
replace wave functions that represent the radiation from one sphere by an equivalent set of wave functions centered at
the other one. Using this method, axisymmetric acoustic radiation from a spherical source vibrating with an arbitrary,
time-harmonic velocity distribution while positioned wholly outside a fluid sphere is examined in [8]. Likewise,
axisymmetric acoustic coupling between two finite-sized spherical sources is studied in [9,10]. Reference [11]
investigates acoustic radiation from a spherical sour dded eccentrically within a fluid sphere and vibrating with an
arbitrary, axisymmetric, time-harmonic velocity distribution. In a more recent paper [12], this analysis is generalized
for description of non-axisymmetric acoustic field problems involving non-concentric spherical boundaries. In a
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Fig. 1. Problem geometry.

companion paper [13], numerical results are presented for the specific case of two identical monopole sources within
a fluid sphere that is embedded in another infinite fluid medium.

In this work, the analysis in [9] is extended for a situation involving multiple spherical radiators where the
simplifying assumption of axisymmetry about a common axis does not exist. In particular, the method of images [14,
15] is used to study harmonic acoustic radiation from a modally vibrating spherical source that is located near a
rigid corner Fig. 1. The presented analysis can lead to a better understanding of dynamic response of near-corner
radiators that are of practical interest in room acoustics, outdoor acoustics, and noise control engineering.

2. Formulation

The problem can be analyzed by means of the standard methods of theoretical acoustics. The fluid is assumed to
be inviscid and ideal compressible that cannot support shear stresses making the state of stress in the fluid purely
hydrostatic. In view of the fact that the spherical source is supposed to undergo time-harmonic surface oscillations,
with frequency w, the field equations may conveniently be expressed in terms of a scalar velocity potential as [15]:

w=—-VP,p=—iwp®d, V2P + k2P =0 (1)

where i = v/—1, p is the ambient fluid density, w is the fluid-particle-velocity vector, p is the acoustic pressure in the
inviscid fluid, k£ = w/c is the acoustic wave number, c is the ideal speed of sound, and we have assumed harmonic
time variations throughout with e ~** dependence suppressed for simplicity.

The geometry and the coordinate systems of the problem are depicted in Fig. 2. The origin O ; of the spherical
coordinate system (1, 61, 1) is placed at the center of the real sphere. The origins O, (o = 2, 3, 4) of the spherical
coordinate systems (7, 8., ¢, ) are placed at the centers of the image spheres. These centers are separated so that
lio =191 = l34 = ly3 = 2(& + dl) and l13 = l31 = log = lgo = 2(a + dg) The dynamics of the multi-scattering
problem may be expressed in terms of four scalar potentials corresponding to the waves radiating from each sphere,
ie.,

Qo) (Tas Oas Py w Z Z (O‘) n(kre )P (cos 0,)e™?  (a=1,2,3,4) 2)
n=0m=-—n
where hp(r) = jn(z) + iyn(x) is spherical Hankel function of order n [16], P*(z) = (—1)™(1 —
x2)™/2[d"™ P, (z)/dxz™] is the associated Legendre function, and ) m(w) through ziy) m(w) are unknown modal
coefficients. Similarly, the general expression for normal surface velocity of each source can be written as

V() By Pas w Z Z V9 (W) P (cos Ba)e™¢ (o = 1,2,3,4) 3)

n=0m=—n

where for a prescribed velocity distribution, Fourier coefficients Vnm( ) through Vn(ﬁq) (w) are known.
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Image Space

Fig. 2. Source-image configuration for the acoustic quarterspace problem.

P
G (kre) P (cos 0y )e™m?2 = Z Z Qpanmip(kr1) Pf(cos B )e 1% 4)
p=0q=—p

where G, is one of the spherical Bessel functions of order n, and

2ir—n X

Quanm = S > B PIG (kiiz) Py~ (cos f1z)e! 0912 -
pq

o=|p—n|

Before imposing the appropriate boundary conditions, we first express the spherical wave functions of the
(12,02, p2) coordinate system in terms of spherical wave functions of the (r1, 61, 1) coordinate system through
application of the classical form of translational addition theorem for bi-spherical coordinates [7]:

where

2 (p+a)
N, —=_= . bRTPE = (—1)9yPd
P 2p 41 (p—q)! =1

(nap70a0|O—ao)(napama7Q|O—am7Q) (6)

i o nmpa [ (rtm) (o) (o—mtq) ]2 ) .
in which v = | (n=m)(p—q)(c+m—q)! and the Clebsch-Gordan Coefficients are defined as [16]

(napa m, Q|0a m + q) = Agmpq Z(il)z g;npq (7)

where

&Pl = Zln+p—o—2)N(z+o-—n—qp+qg—2)(z+0—p+m)(n—m—2)]?
20 +1

T Tt P p =t =) (=)l )~ 0)(p ) B

nmpa __
i — [

(c+m+q)l(c—m— q)!]l/2
where the summation must be performed over the non-negative values of z that makes all factorials involving z
to be greater than or equal to zero. Furthermore, the associated Legendre function is defined so that P ™ =
(~1)™[(n — m)!/(n + m)| P ().

Next, incorporation of the above addition theorem in Eq. (2) allows us to translate the wave components of each
coordinate system in terms of spherical wave functions of the other coordinate systems, i.e.,
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Fig. 3. Image of a pulsating and an oscillating source at a rigid corner.

P(a)(rs, 03, pp,w) = Z Z XN w)hn(krg) Py (cosB)e™ 7 (o, 8 =1,2,3,4;a # 3) )
n=0m=—n
in which
X (w Z Z Qumpqrly) () (10)

p=0q=—p

where the unknown modal coefficients, m](g‘;) (w), can be determined by imposing the pertinent boundary conditions,

i.e., the continuity of radial velocity components at the surface of each source:

@ a’9a7 o
Wi (Ta, Oy Pa, W)lra=a = iy or - W)] _Z Z Va) )P (cos B, )e"™ P> an

n=0m=—n

where w, (7o, 0, Pa,w) is the radial component of the fluid-particle-velocity vector and ®(r o, 0n, Pu,w) =

Z ®5)(Tas O, Pa,w). Substituting the velocity potential expansions Eqs (2) and (9) into the above boundary
B=1

conditions yields
Vo) = —khy, (ka)z{o) (w ka (ko)X (w) (o, 8=1,2,3,4; a+#p) (12)

The fluctuating acoustic pressure on the surface of the vibrating sphere constitutes its radiation loading. The radiation
loading on the spherical surface excited in vibrational modes of various order (i.e., n =0, 1, 2, 3, .. .), as described
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Fig. 4. Relative acoustic resistance for a pulsating and an oscillating source placed near the rigid boundary of an acoustic quarterspace atd = a
as a function of the separation parameter, kdj, at selected excitation frequencies.

through an acoustic radiation impedance matrix, is determined in a few simple steps as follows. First, using second
of Egs (1), (2) and (9), acoustic pressure at the surface of each source is expressed as

P(a)(Ta = 0,00, Po,w Z Z P, O‘) (o, w)pyt(cos Ha)eim“"a (13)
n=0m=—n
where
i), = —iwp by (ka)a() (w) — zprJ (ka) X (w) (o, B=1,2,3,4;00# B3) (14)

which can readily be put in the matrix form

where S is a 4(N + 1)? x 4(N + 1)? square matrix that contains the coefficients multiplying the modal parameters
x%‘i‘%, and
1) 1) 2) (2 2) (2 3) (3 3) (3
p = [pb0, P10 0P im0 P 0 P 5 L P P

4 4 4 4
pio o et et )T (16)

1 1 1 1 2 2 2 2 3 3 3 3
C_[xégax(l,)—lax(l,%vxg,iv"';xé,gv 57)_17-1'573a$(1,ia---§$8,%a (1,)—17'1'5,37'1'5,;’"';

4 4 4 4
Ié 37‘1'5,)—17'1'5,35 xg,%a' . ']T

Next, the truncated system of Eq. (12) is expressed in the matrix form
u=Rc (17
where R is a 4(N + 1)2 x 4(N + 1)? square matrix whose elements are the coefficients multiplying the modal

parameters xﬁﬁ% in the boundary conditions Eq. (12), and

1 1 1 1 2 2 2 2 3 3 3 3
u= M(o),Vl(fl,Vfo),Vf,l),'-',V( ) Vl(fpr,o),Vf,l)’~~,V( ) V1(21a‘/1(,0)av1(,1)a-'-5

(18)
V(4) V( )17 ‘/1(%))’ ‘/1(7‘?7 . _]T
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Fig. 5. Relative acoustic reactance for a pulsating and an oscillating source placed near the rigid boundary of an acoustic quarterspace atd = a
as a function of the separation parameter, kdj, at selected excitation frequencies.

Incorporating Eq. (17) into Eq. (15), the modal surface pressures can simply be related to modal surface velocities
by

pP=%Zu (19)

where the modal acoustic radiation impedance matrix Z is given as

Zrg Zigr Zigg Zigv

op-1 | Zi11 Zirar Zingrr Zinav
Z=SR = 20)

Zin 22 il v

ZiviZivir Zivirg Ziv,iv

Noting the special structure of the impedance matrix, the (N + 1)2 x (N + 1)? diagonal submatrices Z s
through Z 7y, rv essentially contain self-impedance elements corresponding to sound radiation from the first through
the fourth source, respectively. The remaining off-diagonal submatrices take account of cross-impedance effects.
Furthermore, each element of the above fully populated submatrices may beneficially be put in terms of a resistive
and a reactive component as [17]:

Znm = (W) = Tnm (W) — iwMpm (W) 21

The most relevant acoustic radiation field quantities are pressure and intensity. Given the surface velocity
distribution of each source (i.e., V,E,O{I) are known), one can determine the unknown modal coefficients using Eq. (17)
(i.e., from ¢ = R~'u). Subsequently, the acoustic modal pressures may readily be obtained from Eq. (15), and the
radial component of the acoustic power flux vector (acoustic intensity) radiated per unit solid angle from each sphere
is found from [15]

1

12y = 5Re{p(ra. o, ¢, w) X W] (ra, b por ) = 1,2,3,4) (22)

where the asterisk denotes a complex conjugate quantity, and
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Fig. 6. Relative acoustic resistance for a pulsating and an oscillating source placed near the rigid boundary of an acoustic quarterspace at ¢ = a
as a function of the separation parameter, kdp, at selected excitation frequencies.
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Fig. 7. Relative acoustic reactance for a pulsating and an oscillating source placed near the rigid boundary of an acoustic quarterspace at d = a
as a function of the separation parameter, kdp, at selected excitation frequencies.
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Fig. 8. Radiation intensity distribution in the vicinity of the spherical source located one radius away from the quarterspace boundary
(d1 = d2 = a) at selected excitation frequencies.

3. Numerical results and discussion

In order to illustrate the nature and general behaviour of the solution, we consider a numerical example in this
section. The surrounding ambient fluid is assumed to be water at atmospheric pressure and 300 kelvin (p =
0.997 g/cm3, ¢ = 149700 cm/s). Each source is assumed to be of dimension o = 1 cm, which may vibrate in the
pulsating (n = 0) or the translational oscillating (n = 1) mode. his choice is sensible because the pulsating and
the translational oscillating radiators are well-known to best represent the practical “expander” and “shaker” type
acoustic transducers, respectively [1,8—14]. Accurate computation of Bessel functions is achieved by employing
MATLAB specialized math functions “besselh” and “besselj.” The precision of calculated values was checked
against the printed tabulations in the handbook by Abramowitz and Stegun [16]. Subsequently, a MATLAB code
was constructed for treating the boundary value problem, to determine the unknown modal coefficients, and to
compute the modal im[edance matrix, Z = SR ~1 and other relevant acoustic quantities as functions of the distance
parameters kd, kds and the nondimensional excitation frequency ka = wa/c. Accurate computations for derivatives
of spherical Bessel functions were accomplished by utilizing (10.1.19) and (10.1.22) in [16]. The computations
were performed on a Pentium IV personal computer with a truncation constant of N = 7 to assure convergence in
the high frequency range, and also in case of close proximity of the source to the quarterspace boundary. Thus the
largest (complex) matrices used were 256 x 256. Furthermore, as illustrated in Fig. 3, in order to satisfy the rigid
boundary conditions (i.e., elimination of the normal component of the fluid velocity on the fictitious boundary), we
must incorporate VO(O1 ) = VO(O2 ) = Vo(g’ ) = VO(S1 ) for the pulsating (n = 0) source in the above computations. Likewise,
for the translational oscillating (n = 1) source we have to take the condition V1(01 ) = fVI(g ) = Vl(g ) = fvfg‘ ) into
account [14,18].

Figures 4 through 7 show the effects of the distance parameters, kd (with do = a), and kds (with d; = a), on
the resistive and the reactive components of acoustic radiation load on the pulsating and the translational oscillating
radiator at selected excitation frequencies of ka = 0.1,1, and 10. Here we note that the resistive and the reactive
components of the modal impedances are each normalized to their corresponding values in an infinite unbounded
medium, i.e., to the value when the source is infinitely far removed from the corner (i.e., d1 = dz = 100 a).
Examination of these figures leads to the following observations. First, for the pulsating source at small ka (i.e.,
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Fig. 9. Radiation intensity distribution in the vicinity of the spherical source touching the quarterspace boundary (¢ = d2 = O at selected
excitation frequencies.

point source limit), the resistance, and therefore the power output, tends to effectively double as the separation
parameters kd; and kd, are minimized [19]. Similarly, for translational oscillations at small ka, the modal resistance
values tend to zero (double) as the separation parameter kd ; (kds) is minimized. Furthermore, the modal impedance
components in the do = a case Figs 4 and 5 show vely more oscillations with respect to the distance parameter in
comparison to d; = a situation. Lastly, at the highest frequency considered (i.e., ka = 10) for d» = a Fig. 5, a
negative modal reactance is observed for some relatively narrow ranges of the distance parameter which implies that
the reactance becomes stiffness controlled in these regions [17].

To further assess the effect of presence of the rigid corner on the radiated acoustic field, the radiation intensity
distribution (W/cm?) at selected nondimensional frequencies in the neighbourhood of the spherical source that is one
radius away from (almost touching) the boundary are presented in Fig. 8 (Fig. 9). It is very interesting to study the
change in strength and directionality of the radiated energy as the source frequency, position, and mode of oscillations
are changed. At ka = 0.1 for d; = d2 = a for Fig. 8, proximity of the source to the rigid corner does not seem to
be very influential and the relatively small amplitude radiated sound energy is almost evenly distributed around the
source. Furthermore, the radiation intensity magnitudes for the pulsating (n = 0) source are significantly higher than
the corresponding values for the translational oscillating (n = 1) radiator. At the intermediate frequency of ka =
1, the existence of the rigid corner begins to show its effect as the directio of the radiated sound energy somewhat
enhances while its overall magnitude drastically increases, especially for the translational oscillating radiator (n =
1). At the highest frequency (ka = 10), the energy reflected from the rigid corner dominates the acoustic field, as
there is a radical increase in the directionality of the radiated energy. Furthermore, at this frequency sound energy
is mainly distributed around the bisecting (d1 = d2) line in the n = 0 case. This is in contrast to the translational
oscillating (n = 1) situation in which backward/forward sound radiation (i.e., parallel to the horizontal boundary)
prevails. When the source is almost touching the corner Fig. 9 the acoustic interactions with the rigid corner naturally
become more dominant at all frequencies and remarks as in above discussion can be made.

Finally, to verify overall validity of the work we consider the problem of a source in an acoustic halfspace
by making separate computations for the limiting cases of d; = 100 a and do = 100 a. The relative modal
impedance components versus the separation parameter kr (rg = do or d;) at selected nondimensional frequencies
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Fig. 10. Relative modal resistance components versus the separation parameter in the acoustic halfspace limit (kv = kdiorkdsa, and do =
100 a or d1 = 100 a, respectively).
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Fig. 11. Relative modal reactance components versus the separation parameter in the acoustic halfspace limit (kv = kdjorkdz, and do =
100 @ or di = 100 a, respectively).

are calculated. Figures 10 and 11 show that excellent agreements are obtained with the numerical results presented
in [9]. Further verifications were made with the numerical results offered in [18].

4. Conclusions

Acoustic radiation impedance curves have been generated for modal vibrations of a spherical source immersed
near the rigid boundary of an acoustic quarterspace. These curves are product of an exact multi-scattering treatment
that involves utilization of the translational addition theorem for spherical wave functions in combination with the
classical method of images. Numerical results reveal the important effects of source position, excitation frequency,
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and surface velocity distribution on the acoustic radiation impedance load and the radiation intensity distribution.
The presented formulation can lead to a better understanding of dynamic response of near-corner sources that are of
practical interest in room acoustics, outdoor acoustics, and noise control engineering.
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