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Space-Time Correlation Functions in Quanta} 
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-----Liquid J'lfetals as Coupled Electron-Ion Systems*l ____ _ 
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Japan "'itomic Energy Research Institute, Tokai-mura, Ibaraki 819-11 

(Received June ~1, 1975) 

The method developed previously for calculating the correlatwns m quanta! bmary mix
tures is applied to liquid metals which are considered as mixtures of classical particles (ions) 

and quanta! particles (electrons); as a result, the dynam1c and static structure factors as well 

as the radial distribution functions of wns, ion-electrons and electrons are calculated on the 

bas1s of model potentials with the use of the parameters appropnate to Na. The wn-ion 

structure factor 1s similar to that of the Percus-Yevick hard-sphere model except that the 

first peak 1s shifted to the small wave-number s1de and distorted in an asymmetrical form. 

The wn-electron correlation is shown to be very small: thus, the radial distributwn func

l!On of electrons almost coincides w1th that calculated from the jellium model. It is 

Important to mtroduce quanta] direct correlatiOn functions, in terms of which we can represent 
the compressibility of a liquid metal, including the Bohm-Staver term, and that of a fused salt 

111 a unified manner; and the effective direct correlation function of ions in the one-component 

model for liquid metal can also be defined by using these quanta! direct correlatiOn functwns. 

The Friedel sum rule is extended to the case of the electron density distribution around a 

constituent ion m a liquid metal: hence, we can also show the distortwn of the electron 

dens1ty distribution around each wn to be small. We may conclude that the wns in a s1mple 

liq mel metal are moving around w1thout disturbmg the uniform dens1ty distributwn of the 

electron gas. wh1ch behaves as if 111 the jellium model. 

§ 1. Introduction 

So far, liquid metals have been treated as one-component systems 111 usual 

theoretical work on static or dynamical structures of ions, and the presence of 

conduction electrons has been taken into account only through the construction of 

the effective ion-ion potentials. However, it may be a matter of great interest to 

investigate the conduction electrons themselves on the same footing as the ions 

by treating liquid metals as coupled electron-ion systems: thus, we are able to 

clarify the limit of the approach through effective potentials and to throw light 

on the novel aspects of electron-ion systems. 

Earlier work by Cowan and Kirkvvood1J IS an attempt to calculate the radial 

distribution functions (RDF) in liquid metals on the basis of the two-component 

model. However, their procedure is not applicable to real liquid metals at normal 

*l Some prelimmary results of the present paper were reported at the Second Internatwnal 

Cunference on "The Properties of Liquid Metals" held at Tokyo. 197:2. 
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Liquid !vletals as Electron-Ion Systems 341 

temperatures smce they treated the ions with the Debye-Huckel approximation and 

the electrons with the Thomas-Fermi method. Recently there have also been 

developed several theories 21 ~ 71 to investigate the dynamical structure of liquid metals 

in the zero sound wave region from this model, but these treatments cannot afford 

to calculate the RDF of ion-ion, ion-electron and electron-electron, namely, fln(r), 

Urc (r) and Urc (r) in liquid metals. 

In a previous preliminary vvork,R1 we have presented a method of calculating the 

static and dynamic structure factors of liquid metals as mixtures of ions and electrons 

in a self-consistent manner, where integral equations are used for g1j (r) in an ad 

hoc way ·without derivation. Since then, we have derived various types of integral 

equations of liquid structures in quantal mixtures by extending Percus' functional

expansiOn method to quanta] systems. 91 In the present paper, we investigate the 

behaviour of the ions and the electrons in liquid metals with the use of these 

results. 

Very recently, Egelstaff et al. 101 have proposed to extract the electronic correla

tions in liquid metals by combining neutron, )[-ray and electron scattering data. 

In the near future, the behaviour of the electronic correlations such as g,r(r) and 

!fee (r) in liquid metals will be clarified from both theoretical and experimental 

points of view. 

In § 2 we give a summary and supplement of the previous results for quantal 

mixtures. 91 In § 3 on making use of the results in § 2, some general results iu 

a liquid metal are derived, including its compressibility and the Friedel sum rule 

for the electron density distribution around a constituent ion in the liquid metal. 

We calculate the static and dynamic structure factors and also the RDF by solving 

an integral equation numerically with the use of model potentials in § 4. In the 

last section, we discuss the important role of the quantal direct correlation functions 

(DCF) in treating a liquid metal and construct a physical picture of simple liquid 

metals. 

§ 2. Previous results and supplement 

In a previous paper9> (hereafter referred to as I), on the basis of a 

Hartree approximation,w we have introduced the quantal DCF Cij(r) 

mixtures in the form 

C:F {(n·n·)lf2C .. (r)'-=_l__ 0 ~ .. - (n·n·)lf2'J {o[-(3Ui(r)]} 
- Q t .7 t J f Oi t J t J - Q " ( 1 ) 

XQ oni r 

c= _l__o. - (- )i+jx ij/ {x llx 22- x· 12x 21} 
Oi tJ ~Q Q .,Q ,_.Q ..,Q ' 

XQ 

5Q[j(r)] = Jf(r)e 1Qrdr. 

generalized 

for binary 

(2 ·1) 

(2. 2) *l 

(2. 3) 

*l Th1s equation corresponds to Eq. (~ · ~1) of I, which was miswritten: ,3v,; (Q) of I must be 

defined as f3v,;(Q) = -C,;(Q), using C,;(Q) in this paper. 
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J Chihuru 

Here. ll, is the aYe rage number of particks o{ i: z,/; rcprt~S<C11tS th>' dc'll~Jty

density cmnmcal correlation \\·hich reduces to the structure factor ((2) in the 

clas:=ica] limit: l denotes tbe l'Oll1]l011ent C•l <t type different fro'11 i: c.nr\ '/.r; 01 t)w 

den sit> -density canonic'! I correlation of the corresponding non-mtcractin~; sYsit'Jll. 

On the other hand, in classical binnn· lllJxtures. 11hcn '''1e inqwses exkrn:tl 

potentials [T, (r) upon i-species p<trticles in the mi'\tnre, c:nd set:,; these exte-rnal 

JY,tentials eqnal to their interatomic potentinls 7':;(r) in such " "·n' itS [ 7, (r) 

--·c·1.1(r) and U,(r) ==v2;(r), there follow the ,·dati>Jns'" lwl\n"en t:JC 1-

component density distribution n,(rjU, ""'.>· [',~'<' 2 ;) --cn,(r and the DCF C (r): 

Here, ,-5 is the irwerse temperatnre, 'o denote;; the fu,lcLi:>n:tl de:-1\ ::l11 c· 

at rl~c (r) =nk. It should be noted that n, (r!.il c~enoles the dtl' 

tion around a fixed .i-species particle at the '' 

(2·4) 

ternal potentials uk =''lh, is eqt;ivalent to tixitlg il .i-spccie3 pnrticlt• at the () 

At this point, by making the ansatz that the abo1·e relation (2 · l) rcmaillS ,·:did 

C\'E'll in quanta] mixtures only if we replace the clas~ical quantities b1 t:1eir 

analogs. we obtain tbe Fourier transform of 11, (ri.i) in qtwntal mi·;Lures as follo,,·s: 

Jl ~ Oj , 1j2 

!_1Y:Lj -~lQ[n;(r!.i) -Jzij =-
\ n;XQ"'/ ( 

(2 · S) 

From Eg. (2 · 

(2· I) 

which means th8t the symmetrical rel8ticm in a classical mixture, n,(rjl)/n, 

~n, (rj2) /n1- becomes no longer Yalicl in the C'!Se o£ a quanta! mixture. In this 

respect, it should be mentioned that the linear respunse result for 'JQ{n;(ri.il/n, 

--1} is consistent \Vith the general relation (:!o·7). that is, Eq. (2·7) can be proved 

to be satisfied, at least, for mixtures interacting '>·ia \\CaL interatomic potentials. 

In aclclition, \Ye have obtained the clensi t\ -clci1sity respon:-;e fnnction:,; in terms 

of the qwmtal DCF as follows: 

where 

Fq. (2·42) of T. 

Eq. C:.:-:n) n{ 1. 

Eq. c> :l4l "f 1 

(2·8)**) 
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Liquid 1\fcta ls as Electron-Ion Systems 

(!•)). 

(2·10) 

(2 ·11) 

illlcl xc/'' (oJ) is the free-particle polatizct bility of component i. In these expreSSlOllS 

the density-density canonical correlations zQ 0 remain undetermined. 

In order to endu<tte z,/i we ha\·e cleri,·ecl Se\·eral integral equations for II, (rjj) 

h1 e.'\tc·nclinv Pcrcus' method to be applicable to quanta] mixtures. ~-\s a first 

\YC' lw1·c obtaiiled a quantal hypernetted chain equation for mixtures. 

which j,; \Yritkn as 

z•t(r)=-=vi 1 (r)- ::= _1_ JcuCir--r'j) {n,(r'jj) ~n~}dr', 
I /3 

(2 ·12) 

(2 ·13) 

(2·14) 

Ill terms of the solution </Jk'(r) of the '.Ya\·e equation in the presence of an extert1al 

pot en ti;d I!: 

l __ h"_r' 
I ') 
l ~m, 

(2·15) 

and ilk' denotes the distribution function of component i. That is, 17, 0 ( r 11) clenokc; 

the i-spccics particle density distribution in tbe presence of an e';:ternal potential 

11 in the cast• \Yhere i-species particles haYe no interaction with each other. In a 

second e':ample, by diYidi'lg the hare interatomic potentials V;; i11to the \Yeak long

rz,nge part and the strong short-range part Z!;/. 1ve have obtained an integral 

ec1uation appropriate to c:wrged mi"tures in the form 

\Yhere 

)-1}'==' (2 ·17) 

;mel (B;B;V' \Yith a real number (t is an operator defined by 

(2·18) 

act111~\ em any function f(r) '"hich has the Fourier transform. 

It should be kept in mind that there is the Ornstein-Zernike relation between 

g,;(r) and Ci.i(r) for quanta] mixtures which is written in the form 

*' Eq. (2·57) of L 
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J. Chihara 

V1j (r) - 1 = (B)3 jY12Cij (r) + ~ Jwil ( i r -r' i) -1} n1 CB1B7Y12C, 1 (r') dr' . 

(2·19)*l 

In general, the isothermal compressibility !Cr of a binary mixture 1s giVen by 

t be formula**l 

(1 __ 1. \'. c: [(J{ -(1Uk(r)}J --- 1m . n kn r ';) Q -··· -·------ ---

/C r Q~o ki Dn1 (r') ' 
(2 ·20) 

which can be written with the aid of Eq. (2 ·1) for a quantal mixture in the 

form 

{3 l' { n, Jl, . 2 C~· (0) ··?'- (Q 2· . r (0 } ---=1m ---o~+--";;-!11 11 _ -112-'-'22 ) --- n,n2'-'e _) . 
!Cr Q~o XQ %Q0" 

(2·21) 

For a classical neutral binary mixture, Eq. (2 · 21) is reduced to a well-known form!:\) 

/1 . . 2c co ---=n1+n2-n, n) (2. 22) 
!Cr 

§ 3. Formulas in liquid metals 

(A) Response and correlation functions 

In liquid metals, vve can deal \vith the wns classically, so that the results of 

§ 2 can be written in simpler forms because of /_Qor =1 and Xr/I ~ Sn(Q), and the 

free-ion polarizability is giVen by a classical one 

, 01 ( ) -1- X. s= exp (- t2) it 
XQ O) - ~-7; -= :r-t c 

with .r~ (o)/Q) ~1'vi 1 (1/2. In liquid metals, the Fermi energy Ere of the electron 

gas is so high compared with the temperature of liquid metals that the electron giiS 

is treated as at absolute zero temperature. Therefore, the .free-electron polariza

bility in the zero self-energy approximation may be written as 

ihQoc(ol) = 3~J~ +2h{t1J(y+) -i tlJ(y_)}], 

t1J(z)=(1-z2)ln{(z,1)/(z-1)} 

(3. 2) 

(3. 3) 

with Y~ --Q/2± (1/2Q) · (w-l-0 1) in units of the Fermi-wave number QF and El'· 

Thus, we can express the density-density canonical correlations in terms of 

*l Eq. (2· 41) of I. 

Thh equation may be ohtamecl by extending the derivatwn of Kirkwood-Buff''' to tlw caol' 

of the relatwn:; between Q-depenclent quantities vnth the usc of the formula 23
' 

on;/op;t;= lim Q ~o .'1' Q [r!ui irl U) ii {- riU; (r')}] 
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Liquid A1ctats as l~Lcctron-Ion Systems 345 

tlw lJCF by taking the Fourier transform of the Ornstein-Zernike relation 

witb 

Sn(Q) =xQn= {1-n/;"(Q)x/e}/D(Q), 

S,.I(Q) = Xoei = (lie!! I) 1 ''Ce~(Q)xo 0 '/ D (Q), 

XQ"= {l-niCu(W}XQ0e/D(Q) 

(3. 7) 

At this point, it is important to realize that, although the electrons lll a liquid 

metal behave as a quantum fluid, the density-density canonical correlation of elec

tron-ions if/[ reduces to classical form, namely, the structure factor sci (Q): the 

reason for this fact is discussed later. 

The relation (2 · 7) in the case of liquid metals states that, when an 1011 IS 

l1xecl at the origin, the electron density distribution around it is connected to sd (Q) 

b)- the relation 

(3. 8) 

which IS rewritten by the in\·erse Fourier transform as 

In the case where an electron is fixed at the ongm, the wn density distribution 

around it satisfies the relation 

that is, n 1 (r[c)/n 1 +(/Je(r). In this respect, we should refer to the \York by Cowan 

and Kirkwood,n in ·which they used the relation n1 (r[c)/n1 =n,(r[I)/ne in their 

calculation for g1c(r) in liquid metals with the aid of the Debye-Hiickel, Thomas

Fermi theory. However, this relation is not an exact one as shown by Eqs. (3·8) 

ancl (3 ·10) since the electrons in a liquid metal constitute a quantum fluid. Also, 

their identification n,(r[c)/n,=g,,(r) is no longer exact in a liquid metal. 

It is important to know the distinction between ni (r[j) /ni and Yi.i (r) in quan

tum fluids although JZi (r [j) / n,: '!Ji.i (r) in classical fluids. In pre\·ious work 14l on 

the electron gas in the jellium modeL \\·e ha,-e calculated the electron density 

dis tribn tion around a fixed electron JZ ( r I v) / lle and the radial clistribu tion function 

q(r), and haYe shown that these two quantities are different from each other for 

sm<d l interparticle separation while they become identical in the large distances: 

The reason for this difference is attributed to the recoil effect and the indistinguishil-

bility of identical particles since n(riv) is identical with the density distribution 

around a point impurity particle \\'ith an infinite mass and the smne charge as an 

electron. The same is the situation for the electrons in a liquid metal. 
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346 J. Chihara 

Following March and Tosi5> we can define an effective direct correlation func

tion of ions as 

9u(r) -1=CJ~(r) +n1 s{gu(r') -1}C~~Cir-r'l)dr', (3 ·11) 

and treat liquid metals as one-component systems. From the Fourier transform of 

the Ornstein-Zernike relation (2 -19), we can rewrite the definition of C'f~ (Q) as 

1--niC~ff(Q) = 1--J!_!Cn(Q2oe" '/.Qoe 

1-n.C •• (Q) XQ XQee 

(3, 12) 

This expression differs from that of March and Tosi5> in that XQee and XQoe are 

replaced by See (Q) and unity, respectively: This distinction comes from the fact 

that their definition of the DCF is the same as that of the classical DCF of binary 

mixtures. On the other hand, an effecti,·e DCF defined above may be introduced 

from a different point of view. The ion-ion response function of liquid metals in 

the two-component model is written on the basis of a generalized Hartree approxi

mation11> in the form 

where 

{1v~ 1 } (Q. ro) -- -- Cu(Q), s, * (Q, OJ), 

(;2 (Q 
1/s.* (Q, w) =1-=--I_• ::::---1 {1-1/s 1 (Q, uJ)}. 

Cn(QJC •• (Q) 

If we neglect o)-dependence of ·v~~ (Q, tt!), Eq. ( 3 -14) reduces exactly to 

that IS, 111 this approximation Eq. (3-13) is written as 

(3 ·13) 

(:i ·14) 

( 3 ·15) 

(3·16) 

(3 -17) 

This is nothing but the result from a one-component model for liquid metals, 

vV here Cj~ (Q) is used to calculate x/I ( (!)). Therefore, introduction of Cj~ (Q) 

in an attempt to treat liquid metals as one-component systems is equivalent to the 

neglect of (I)-dependence of vj~ (Q, tt!) in the two-component model in the generaliz

ed Hartree approximation. The result of numerical calculation based on Eqs. 

(3 -13) and (3 ·17) is shown in § 4. 

(B) Compressibility and Friedel sum rule 

Before proceeding to the numerical calculation of correlations, we may discuss 

the general properties of a liquid metal, provided that we can divide the electrons 

distinctively into core and conduction electrons as is the case in a simple liquid 
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Liquid ;,vletals as Electron-Ion Systems 347 

metal. 

From Eqs. (3·4) to (3·6), we obtain in the zero wa\·e-number limit 

(3·18) 

and similarlY 

lim •t Ie/•t ee = 1/~Z 
;.Q ;.Q ' (3 ·19) 

Q~o 

smce m the small Q regwn the DCF have the following singularities due to the 

Coulomb interaction: 

c .. (O) ~· _ 0 4neie1 
t} ·- 1-' Q' 

(3. 20) 

By combining Eqs. (3·18) and (3·19), we lind 

(3. 21) 

which JS written m an alternative form: 

(3. 22) 

because of general relations23l in binary mixtures 

lim (n .n ·)1/z., ij = ___j}_;_z;_ = (Jz.n )1f2S. (0). 
' J ;.Q C) ( Q ) ' J tj 

Q~O (J P/lj 
(3. 23) 

These results, (:3 · 21) and ( 3 · 22), have been obtained pre\·iously."l. sJ 

Next, ·we express the structure factors in the zero wa1·e-number limit in terms 

uf the isothermal compressibilitr of a liquid metal. In the first place, we shall 

try to write Sn(O) in terms of the DCF; Eq. (3·4) is revaitten as 

__l_ ~" 1 JziCII_(Q)-:- niE_p(Q) nl;ee (Q)zQoe{1--:-_CL CQ)/Cl"_I(Q)C_e_£_(Q)} 

/.QII 1-neCee(Q)XQ0e 

(3 ·24) 

vvhence \YC obtain by taking the zero wave-number limit 

(3' 25) 

because of 

In this expression, the prime denotes the non-Coulomb part of the DCF, that is, 

c~ (Q) ~c .. (0) _L 0 4neie J • 
'LJ , L) ___. , {J Q2 (3. 27) 

In the second place, on making use of Eq. (2 · 21) we can relate Su(O) to the 
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J. Chihara 

isothermal compressibility as follows: 

Here, we have used the relation 15) limq_,,113x/' 2- ?,EF which yields tu the Bohm

Stav-er term 16> in the above formula for !Cr. 

Now, the above results are sumnwrizecl as 

where 

lt is important to rea]i;~e that if we use the classicnl form o[ the DCF. as was 

clune by IVIarch and Tosi,'l,el the Bohm--Staver term does not appear in the formul:t 

for the isothermal compressibility. 

Furthermore, vve can also obtain the similar formula for fused saltc; b:,- taking 

the classical limit of Eq. (:3-25) and by putting Z=l ancl n 1 · n, -~n 

1 

11 kp,TJc r 

:=2 nc;, c OJ - nC, c OJ 

aml Llwre £ollmvs the same relation ao; tiwt of liquid metals 

sll co) = s, co) = (0) =nl:p,T!Cr. (3·32) 

o\ recent experimental result obtained by Page and lVIikam for molten CuCl indi

cates the trend to be consistent with the relation (:-3 · 32) in the small wal-e-nmnber 

region. 

More<wer, the physical significance of the relations (:)·21) ,mel (:)-22) can 

be darified by revvriting them in the form 

-Zc= -c f{ne(rll! -Jle)dr I Zc s{llr(rllJ -nl}dr' 

-Zc= Cile s{qei(r) -l}dr+Zc!lr s{gn(r) -l)dr' (:3-:34) 

which mean that the net charge surrounding a given ion is equal to the negilti\'e 

of the charge on itself. By combining Eqs. (3 · 33) and (::3 · :)4) we obtain 

Since the electron density distribution !l,.(rii) around a Jixed ion Cilll be represented 

in terms of phase shifts fJz(Q). \\t' obtain from Eq. (3-3:)) the Friedel sum rule 

<'Imcerning the electron distribution <ll'lllliHl ;1 nmstitlleni i()n in ~~ liquid II'L'Lil 
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Liquid l'vfetals as ElectJ"on-Ion Systems 349 

S{neCr!l) --nc}dr=ZSu(O) =~ 2.:(2l+ l)?)z(QF). 
7[ l 

(3. 36) 

This equation shows that the distortion of the electron density around a constituent 

ion in a liquid metal is small due to the factor Su(O) which is of order 10- 2
, and 

also phase shifts ?Jz(QF) will be small. This situation presents a strong contrast 

with the case of an impurity ion in an electron gas immersed in the uniform background 

of positive charges, where the ion is screened by building up the large electron 

accumulation around it to fulfil the condition 

This fact can be understood more clearly by noting that in Eq. (3 · 33) the second 

term on the right-hand side makes larger contribution to compensate the positive 

charge of the ion than the first term; that is, the ion constituting the liquid metal 

keeps the charge neutrality by displacing away the positive charges (ions) rather 

than by inducing the electron charge accumulation around it. 

In addition, this situation can also be investigated from another point of Yiew. 

In the hypernetted chain approximation an effective mean field potential experienced 

by electrons around a g1ven ion is expressed by Eq. (2 ·13), of which the Fourier 

transform is written as 

vu (O) = ·u CO)+ l_c -(0) _ _l Cer(Q) 
el ~ el ~ ,:J el ~ .J -;; (Q) 

tJ P Cee --

( 3. 38) 

with See (Q) =1- n/';ee (Q) If we take a pseudo-potential approximation to 

Ver(r), the electron-ion interaction can be treated as a weak one so that it is valid 

to approximate C,r(Q) = - j]v,r(Q), which is nothing but the random-phase approxl

mation; then we obtain 

·oH(O) "== Ver(Q)S (0) 
d -- . s· CO) n -- , 

ee ·-

and Ill the ;oero wave-number limit 

(:-3. 3~l) 

(3·40) 

Therefore, we realize that the effective electron mean field potential caused by 

the ion is small in the small wave-number region owing to the factor Su(O). 

§ 1. Numerical caleuiation 

In the preceding section, we have studied the general properties of simple 

liquid metals on the basis of the result of I. In this section \Ve calculate the 

structure factors S 1J (Q), the RDF gu (r) and the dynamic structure factors S;1 (Q, 

rl!) of :1 liquid metal with the use of model potentials 
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350 J. Clzi!wra 

"ou(r) cc- (Ze)' crf((1r)/r -hard-sphere. 

'Vre ( r) = - Ze' erf ( ( 2r) / r , 

'Vee ( r) = e2 / r . 

(4' 1) 

(4·2) 

(4' 3) 

As integral equations for /.Qii, ·we use Eq. (2 · 16) \Yith ·v~, ~·u}, ~o, of which the 

Fourier transforms are written as 

and 

Cu(Q) -(]vJr(Q) {1-Gu(Q)} +C~r(Q). 

Cre (Q) = - {1vle (Q) {1- Gre (Q)}, 

(Q) {1-G,,(Q)(, 

( 4. 4) 

C1· 5) 

(4· 6) 

( ) 1!2CJ (CJ)G (C)) ( ltu;p·)'(2Ep\ !z- :3 sxd- c- ( )1 (Q-nrn, /JVre Ie ~- = --- ----IV --- ttc.1Je t L t;CCie), 
- . 2EF ·!:BT I 8Q 3 0 ' 

(4 ·8) 

(4·9) 

Spit .21'-2) 

h ( jJ, t: a) - d~ e~ ~a 5__ (~' ; j/ -
lp-tl f 

=c ___l_ {e -a'(P t)'- e "'(PHl'} + P'-=~!~ [ E, {a' u~- t)'} -Ed a' ( jJ- t)'} J' 
2a 2 - · · 

nrC1rCQ) =F(Q) +nr SK(Q,s) fru(s) +rr,(s) -r-C'IrCs)}ds, 

F(Q) = - 241J {sin (aQ) - aQ cos (aQ)} / (CtcQ) 3 , 

K (Q, s) =-a_-[ si12 {(_Q__:-c s)a} _ si_n{(Q -s_~~t}J, 
nQ (Q+s)a (Q-s)a 

rnCQ) {Su(Q) -1}Cu(Q); rJ,(Q)~czc/'CJ,(Q) 

( 4 ·10) 

(4·11) 

( 4' 12) 

( 4' 13) 

(4 -14) 

with Q' • Q/QF, a= QFaH, U)p2 = 4tTe2n,/ m, and t; the packing fraction. 

In this calculation, the parameters of the model are taken as appropriate to 

Na in the follo\Ying way: The diameter of a hard-sphere, aH•-"~:'3.4 A, the packing 

fraction -r; = !Tnra 1} /6 = 0.45, the mass n1 tio o£ iun to electron 2\Id m, c= "1200, Z =-= 1, 

T=-c500cC, ~- 1 QF=0.2 and ( 2 =-/ 2 ( 1• These parameters give the factor er£((1r) 
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Liquid Z'vfetals as Electron-Ion Systems 351 

to the long-range part of the ion-ion potential the following values: erf((lall) c=0.6, 

erf((1 ·2au) =0.9 and erf((1·3a11) c=0.99. 

The equations from ( 4 · 4) to ( 4 · 6) are solved by an iterative procedure. 

In order to avoid the difficulty associated ~with the Coulomb divergence, we treat 

the small vYave-number region with the use of the relation 

(4 ·15) 

vvhere 

4 (Q) ~= :1_~ Bi_Q) + C'j I_ (QJ /C7 I iQ)_ 
" - 1 + C'}I(Q) /C7I(Q) ' 

(4 ·16) 

B (Q) = {C7e (Q) }2/ {CI;I(Q) C,, (Q)}. ( 4 ·17) 

Once \Ye solved equations {or /:Qii, ~we can obtain immediately the ion-ion and elec

tron-ion RDF by their i1werse Fourier transforms, since XQII = Sn(Q) and XQci 

= S,r(Q). In order to obtain the electron-electron RDF, however, v\-e must evaluate 

the follovving integral: 

(4 ·18) 

This integral can be transformed by a suitable choice of contours18J into the form 

(4 ·19) 

By using Eqs. (2·8) and (2·9), the right-hand side of Eq. (4·19) is represented 

in terms of 

( 4. 20) 

(4·21) 

with y~cc.J(EF/fzTB) · (1\1!1/nz:) ('w/2EF) (QF/Q), q = Q/2QF and v=(IV/2EF) 

X (Q/QF). The sum in Eq. (4·19) has been carried out by using Gregory's for

mula.19J It should be mentioned, at this point, that S,I(Q) can be approximated 

by AQei since s,I(Q) can be, also, expressed exactly by the sum similar to Eq. 

( 4 ·19) and all terms except XQei (0) = XQ'1 are very small compared with it. 

In Fig. 1 the structure factors Sij (Q) are shown; the dotted curve denotes 

,')'n(Q) calculated from the Percus-Y evick hard-sphere model with -1) = 0.45. On 

comparison with the Percus-Y evick result, the main peak position is shifted to the 

small wave-number side and its shape is distorted asymmetrically. The shoulder 

in the main peak comes from the ion-ion potential consisting of the hard-sphere 

part and the Coulomb part. This shoulder is present also in the case of the one-
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2.0 

1.0 

J. Chihara 

1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 

Q/QF 

component modeF0' for an 1011 fluid 

immersed m the negative charge 

background, if we use the same 

ion-ion potential and the same in

tegral equation to this case. The 

electron-electron structure factor 

See (Q) shows no significant difference 

except near Q = •J 111 comparison 

with that calculated from the jellium 

model. w It should be noted that 

the ion-electron structure factor 

S1c ( Q) is very small. 
Fig. l. Structure factors of wns, electron-ions and 

electrons. The dotted curve is calcPlated from the 

Percus-Yevick hard-sphere model with 1)=0.45. 

In the case where ;(1/i are 

determined by Eq. (2 ·16) the com

pressibility can be represented as 

-vvhere 

1 =1+ 2Er - 2§F_ (!ln_J_ II -2111) 
nicBT!f:r 3k8 T 3kBT '- . '-ee ,. e 

--nJ5j r( 0) -!I J5;, ( 0) - 2n rC7, ( 0), 

=~ r·dt{S;j(t) -i),j}t[-:t {t~,P;;(t)} +t¢;J(t) J. 

rPii (Q/QF) = , ~7r r- 7/_iJ/.J '(}t;__(Ql 
8ar,Z n1 Et-

(4-22) 

( 4. 23) 

( 4. 24) 

The model potentials (4-1)~(4·3) and the parameters used in this calculation g1ve 

the second Bohm-Staver term a values 28.5, the third term 38.0 and the fourth 

term a value -66.0 with C~,(O) =C7,(0) =0: the sum of these terms is 58.2. 

In the third term, ,lin and fi1e are negligible compared with the electron contribution 

,!lee· This result sho-vvs that the hard-sphere part of ion-ion potential has an 1m

portant contribution to the compressibility in liquid metals as well as the Bohm

Staver term and electron correlation. 

The RDF g1i (r) are shown in Fig. 2. At first sight it is surprising that 

there is no effective correlation between ion and electron in this model. As is 

yvell kno·wn in the Wigner-Seitz method for the calculation of band structures, 

an ion in a simple solid metal does not disturb the uniform electron density distribu

tion significantly except in the ion core region. The above result g,1 (r) =-= 1 shows 

that this situation also holds in liquid metals. The analysis in § ::l also supports 

this fact. Therefore, we may expect that in simple liquid metals the ions are 
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(A) 

2.0 

(B) 

-I.Ooo 10 20 30 40 50 6.0 70 80 90 100 101 

10~~--~----~----~~~~~~--~ 
0.0 1.0 2.0 3.0 40 50 

wl/2 VTQ 

Fig. :.;. The dynamic structure factor Su(Q, w) of wns, calculated from the 

one-component model (A) and that from the two-component model (B). 

Su(Q, w) in (A) has o-functwn-like peaks in the positions corresponding 

to peaks in (B) 

moving around in the homogeneous electron gas as though they had no interaction 

with the electrons, and thus the electron gas in the simple liquid metal is quite 

consistent ·with the jellium model; g,, (r) in Fig. 2 coincides with that calculated 

from the jellium model.w 

Curves of the dynamic structure factor of ions Sn(Q, ii!) calculated from Eq. 

(3-13) are shown in Fig. 3(B): curves in Fig. 3(A) are obtained on the basis of 

the one-component model (3 -17). The dynamic structure factor Su(Q, W) based 

on the two-component model differs from that based on the one-component model 

in that the former (Fig. 3 (B)) has the broader zero sound peaks than the latter 

(Fig. 3 (A)) at the small wa\·e-numbers. This difference is ascribed to the fact 

that the zero sound of ions in the two-component model subjects to the Landau 

damping due to individual motions of the electrons contrary to the one-component 

model. 

§ 5. Concluding remarks 

In the present work, we ha,-e shown a method of calculating the ionic and 

electronic correlations in liquid metals as coupled electron-ion systems. Since in 

a liquid metal the ions behaYe as a classical fluid and the electrons constitute a 

quantum fluid, theories to treat classical and quantum liquids in a unified manner 
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354 J. Chihara 

may be regarded as examined by applying them to liquid metals. In fact, the 

application of our theory to liquid metals reveals the importance of quantal DCF 

(\ (r) in dealing with classical and quantum fluids in a unified fashion: 

For example, the compressibility formula (2 · 21) for a quantal binary mixture 

is applicable to fused salts, liquid metals as well as classical neutral mixtures; the 

Bohm-Staver term in formula (3 · 30) for liquid metals could not be included vvith

out the use of the quanta] DCF. 

Without using the quantal DCF we may not construct also those integral 

equations for quantum mixtures which reduce to equations for classical mixtures 

in the limit h---'>0; as a simple example, the random-phase approximated equation 

for quantum mixtures is given by CuCr) = -/1vij(r), and not by cijCr) = -,'1vijCr). 

In § 4 we have used an integral equation for the ions 

(5 ·1) 

This equation is quite similar to that used preYiously for an ion liquid in the 

uniform negative charge background, except that the DCF is the quantal one: we 

must use this quantal form in liquid metals due to the presence of electrons which 

behave as a quantum fluid. 

Furthermore, the difference between our definition and that of l'vlan·h-Tosi'' 

concerning the effective ion-ion DCF also shows the significance of the quanta! 

DCF; this problem is closely concerned with establishing integral equations with 

the use of the quantal DCF as mentioned before. 

It should be noted that an ion constituting a liquid metal distorts the electron 

charge distribution so as to satisfy the sum rule J {n, (ri f) --- ile} dr = ZSn (0), which 

presents a contrast with the case of an impurity ion in the jellium model: J {ne 

X (rl I) - ne} dr = Z. That is, a constituent ion in the liquid metal displaces only 

about one-hundredth electrons from the uniform electron distribution compared with 

an impurity ion in the jellium model due to the factor Su(O) ,~ 1 o- 2• This fact 

gives an answer to the difference in the positron annihilation experiments between 

solids and liquids: a positron in a solid metal cannot push away ions surrounding 

it so that it behaves as if in the jellium model and satisfies the sum rule (3 · 37) 

with Z = 1 by accumulating electrons around it. On the other hand, a positron in 

the liquid metal can displace ions off from its surrounding and as a consequence 

electrons accumulate around it in a much smaller amount than in the solid metal. 

In the present calculation we haYe used model potentials for ion-ion and ion

electron interactions. In order to compare with experimental results of Sn(Q), 

we must use more realistic potentials. In particular, the quantal hypernetted 

chain equation should be used in attempting to investigate the conduction electron 

distribution in the core region of an ion, since in this approximation ne (rl I) can 

be given by solving the wave equation (2 ·15). Huwever, RDF, g,, (r) and q1e (r), 

in this calculation may not be altered essentially e\'Cn if \Ve proceed to the calcula

tion in a ref]ned manner as mentioned above. provided that Jcore{ne(r[J) --11,}dr=O 
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Liquid Metals as Electron-Ion Systems 355 

as IS the case in simple metals. 

In simple liquid metals the behaviour of the electron is quite similar to that 

m the jellium model and the ions are moYing through the electron gas without 

disturbing its uniform charge distribution on the average. This picture makes a 

strong contrast with Ziman's neutral pseudo-atom model21> of liquid metals, which 

states that each ion moves about in a liquid taking with it screening charges 

rigidly: His model is founded on the linear response theory to calculate the 

screemng charge distribution around each ion. 
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