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Abstract. We give necessary and sufficient conditions for the existence of spacelike maximal surfaces in 4-
dimensional space forms of index 2. We also discuss spacelike maximal surfaces with constant Gaussian curvature
or constant normal curvature, and a rigidity type problem.

1. Introduction.

Let N, (c) denote the n-dimensional simply connected semi-Riemannian space form of
constant curvature ¢ and index p, where we write N"(c) if p = 0. We are interested in
comparing the geometry of minimal surfaces in N*(c), spacelike minimal surfaces in N f‘ (o),
and spacelike maximal surfaces in N; (c).

In [2], Guadalupe and Tribuzy gave necessary and sufficient conditions for the existence
of minimal surfaces in N*(c), which are generalizations of the Ricci condition for minimal
surfaces in N3(c) (cf. [4]). In the previous paper [7], we obtained a Lorentzian version of
their result for spacelike minimal surfaces in N f(c). In this paper, we will discuss the case of
spacelike maximal surfaces in N; (c).

Let M be a spacelike maximal surface in N; (¢) with Gaussian curvature K and normal
curvature K,. Then K > ¢, where the equality holds at p if and only if p is a geodesic point.
Also we have (K —¢)> — K2 > 0, or K — ¢ > |K,|, where the equality holds at p if and only
if p is an isotropic point.

THEOREM 1. (i) Let M be a spacelike maximal surface in N;(c). We denote by
K, K, and A the Gaussian curvature, the normal curvature and the Laplacian of M, respec-
tively. Then

(1.1) Alog(K —c+ K,) =2QK + K,),

(1.2) Alog(K —c — K,) = 22K — K))

at non-isotropic points.
(i) Conversely, let M be a 2-dimensional simply connected Riemannian manifold with
Gaussian curvature K (> ¢) and Laplacian A. If K, is a function on M satisfying (K — c)* —
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KE > 0 and (1.1), (1.2), then there exists an isometric maximal immersion of M into N; (c)
with normal curvature K.

THEOREM 2. Letf: M — N;' (c) be a non-isotropic isometric maximal immersion of
a 2-dimensional simply connected Riemannian manifold M into N; (¢) with normal curvature
K. Then there exists a w-periodic family of isometric maximal immersions fo : M — Nf (o)
with the same normal curvature K,. Moreover, if f M — N; (¢) is another isometric
maximal immersion with the same normal curvature K, , then there exists 6 € [0, ] such
that f and fp coincide up to congruence.

THEOREM 3. (i) Let M be an isotropic spacelike maximal surface in N; (c) with
Gaussian curvature K and Laplacian A. Then

(1.3) Alog(K —c¢) =23K —c¢)

at non-geodesic points.

(ii)) Conversely, let M be a 2-dimensional simply connected Riemannian manifold with
Gaussian curvature K (> c) and Laplacian A. If M satisfies (1.3), then there exists an
isotropic isometric maximal immersion [ of M into N; (¢). Moreover, if f : M — N;‘ (c) is

another isotropic isometric maximal immersion, then f and f coincide up to congruence.

Next we discuss spacelike maximal surfaces with constant Gaussian curvature in N;1 (c).
By Theorem 3 (ii), we can see that for ¢ < 0, there exists an isotropic isometric maximal
immersion of the hyperbolic plane of constant curvature ¢/3 into N; (c).

We note that N 13 (c) is naturally included in N; (c). Let Rg = N;‘ (0) be the 4-dimensional
semi-Euclidean space with coordinate system (x1, x3, x3, X4) and metric

ds? = dx? + dx3 — dx? — dx}.
For ¢ < 0, set
H(c) = {(x1, x2, X3, x4) € R3|x} + x5 — x3 — x5 = 1/c},
whose universal covering space is N13 (¢). We define a map F : R* — Hl3(c) by
1
(sinh(v/—2c - u), sinh(+/—2c¢ - v), cosh(v/—2c - u), cosh(~/—2c¢ - v)) .

v =2c
Then the surface given by F is a unique flat spacelike maximal surface in H 13 (c). Let F :
R? — Nj(c) be the lift of F.

F(u,v) =

THEOREM 4. Let M be a spacelike maximal surface with constant Gaussian curvature
K in Nf(c). Then either (i) K = ¢ and M is totally geodesic, (i) c < 0, K = c¢/3 and M
is isotropic, or (iii) ¢ < 0, K = 0 and M is congruent to the surface given by F in a totally
geodesic N 13 (c).

REMARK 1. (i) Theorem 4 should be compared with the Riemannian case in [3].
(ii) The author does not know the explicit representation of the surface in the case (ii)
of Theorem 4.
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We also discuss spacelike maximal surfaces with constant normal curvature in N; (c).

THEOREM 5. Let M be a spacelike maximal surface with constant normal curvature
K, in N;(c). Then either (i) M lies in a totally geodesic N13 (¢), or (il) ¢ < 0 and M has
constant Gaussian curvature c/3.

Finally we give the following rigidity type theorem.

THEOREM 6. Let M be a spacelike maximal surface in N§ (¢). If M is locally isomet-
ric to a spacelike maximal surface in N13 (c), then M lies in a totally geodesic N13 (o).

REMARK 2. Theorem 6 should be compared with the Riemannian case in [6].

Our results suggest that the geometry of spacelike maximal surfaces in N; (c) is some-
what similar to that of minimal surfaces in N*(c¢). But it seems that the Lorentzian case is
different from these two cases (cf. [7]).

The author wishes to thank the referee for useful comments.

2. Preliminaries.

In this section, we recall the method of moving frames for spacelike surfaces in N;* (c).
Unless otherwise stated, we shall use the following convention on the ranges of indices:

l1<AB,---=4, 1=i,j,--=2, 3<5ap,---=4.

Let {e4} be a local orthonormal frame field in N; (¢), and {a)A} be the dual coframe.
Here the metric of N; (c) is given by

ds? = (M2 + ()2 — ()2 — ("2,

We can define the connection forms {a)g} by

dep = nge"‘ .
A

Then
@2.1) o+l =0, of+of =0, o=
The structure equations are given by
2.2) do® = — Za)g Aob
B
1
(2.3) dw;;‘:—zwéAwg+§ZR/}CchAwD,
c C.D
2.4) R'gcp = cep(8%85p — 8"850) |

where ¢ = 1l and g, = —1.
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Let M be a spacelike surface in Nﬁ (c), that is, the induced metric on M is Riemannian.
We choose the frame {e4} so that {e;} are tangent to M. Then ®* = 0 on M. In the following,
our argument will be restricted to M. By (2.2),

0=-— Z o Ao
i
So there is a symmetric tensor hf; such that

(2.5) of =) hfol,
j

where hf‘] are the components of the second fundamental form /4 of M. A point p on M is
called isotropic if (h(X, X), h(X, X)) is constant for any unit tangent vector X at p. We say
that M is isotropic if every point on M is isotropic.

The Gaussian curvature K and the normal curvature K, of M are given by

(2.6) da); =Koo' A a)z, da)i = Kva)1 N
Then by (2.1), (2.3), (2.4) and (2.5) we have

2.7) K =c —h}h3, + (h3,)? — h hi, + (h})?,
(2.8) Ky = —(hj ht, — hiyhty + hishsy — ).

The mean curvature vector H of M is given by
1
H = 5 Z h?‘iea .
i,a

The surface M is called maximal if H = 0 on M.
In the following we assume that M is maximal. Then by (2.7) and (2.8),
K =c+h3)?+ h)* + hip* + ()2, Ky = —2(h3,hty — h,ht) .
Thus we have K > ¢, where the equality holds at p if and only if p is a geodesic point. By
the computation we can show that
(K = o) = KJ = {(? + (h1)? = ()? = (i)'} + 40 by + b i)
= {(B})? + (hy)? = (W})? = (W)Y + 40h Ay + hiphi)? = 0,
where the equality holds at p if and only if p is an isotropic point.

Around a non-isotropic point where (K — ¢)? — Kf > 0, by (2.9), we may choose a
smooth function 8 so that

{(h3)* + (h3,)* — (W12 = (h},)?) sin20 + 2(h3 k) + h3yht,) cos26 = 0.

(2.9)

Set
e3 =e3c080 —e4sinf, e4 =e3sinf +eqcos,
and let ﬁf; be the components of & with respect to the frame {e;, ¢, }. Then we have

7374 734
hiyhiy + highi, = 0.
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By (2.9) we may assume that (fz?l)z + (fz?z)z > (ﬁ?l)z + (fz‘l‘z)z. Then we may choose the
frame {e;} so that fz?z = 0, and we have also fz‘h = 0. Therefore,

LEMMA 1. Around a non-isotropic point on a spacelike maximal surface M in N;1 (c),
we may choose the frame {e4} so that
(2.10) a)13=aa)1, a)gz—aa)z, a)‘f:ba)z, a)ﬁ:ba)l, a? > b2,
Here a and b are determined by K and K, through the equations:

1
a2+b2=K—c, ab:—EKv.

We assume that M is isotropic maximal and K > c¢. Then by (2.9) we have
() + (hip)? = (1) + (1) > 0, by iy + hihiy = 0.

So h?z # 0or h‘l‘2 # 0. Then we may choose the frame {e,} such that h?z = 0, and we have
also h‘f | = 0. Therefore,

LEMMA 2. On an isotropic spacelike maximal surface M with K > c in Nf(c), we
may choose the frame {e} so that

(2.11) w?:aa)l, w%:—aa}, a)?:aa)z, a)gzaa)l.

Here a satisfies 2a*> = K — c.

3. Proof of Theorems 1 and 2.

PROOF OF THEOREM 1. (i) Around a non-isotropic point, using (2.2), (2.3), (2.4)
and (2.10), we have

wy =adaNw —aw, \Nw
dfd/\1 ;/\2

= —w3 Ao} —w) Aot

=aa)2/\a)%—a)431 Abw? .
So, using the notation like

da=a0' + ww?®, db=bo'+bho?,
w) = (@10 + (@)0” = -0}, ©) = (@)1 + (@20 = -0,
we get
2a(wi)1 — b(w})1 = —ax.
Similarly, from the exterior derivative of a)g, a)‘l1 and a)g,
2a(@y)2 — b(@})2 = ar,
2b(@))2 — a(@})2 = bi

2b(w)1 — a(wy)1 = —by.
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Thus we have

2aw) — bwi = xda, 2bw) —awi = *db,
where * denotes the Hodge star operator on M. Noting that

K=c+a2+b2, K, = —-2ab,

(K —¢)* — K2 = (a* — b,

we get
1 1
(3.1) wé:z*dlogmz—bzlzg*dlog{(K—c)z—Kf},
bxda—axdb 1 K — K
(3.2) o) = 2HAATaxdD L log (2T )
a?—b? 4 K—c—K,
Taking the exterior derivative of these equations, together with (2.6), we have
(3.3) Alog{(K —c)? — K2} = 8K,
K—-—c+K,
34 Al — | =4K,.
3.4 0g < K —c_ KU> v

By (3.3) & (3.4), we obtain the equations (1.1) and (1.2).
(i) We may assume that M is a small neighborhood. Let ds? be the metric on M. By
1.1+ (1.2)

Alog{(K —c)? — K2} = 8K,
which implies that the metric

d§? = (K —¢)? — K}}Y44s?
is flat. So there exists a coordinate system (x!, x2) such that

ds®> = (K —¢)* — K7 V¥{(@dx")? + dx?)?}.

Set
(3.5) o = {(K —¢)? — K27 18ax!
so that {'} is an orthonormal coframe field with dual frame {¢;}. By

do' :—a);/\a)2, da)2=—a)12/\a)l,

we can find that the connection form wé = —w% is given by

1
0 = —wl = 3 s dlog{(K —¢)* — K?}.
As (K —¢)? — Kf > 0, we may choose smooth functions a and b so that

1
a2+b2=K—c, ab:—EKv, a’> b2,
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Let E be a 2-plane bundle over M with metric ( , ) and orthonormal sections {e,} such that
(eq, eg) = —8qp. Let h be a symmetric section of Hom(TM x T M, E) such that

(h%;)=(f) _Oa), (h;‘,->=<2 g)

and set
wf:wé:awl, wi:w%:—awz,
a)?:w}t:ba}, wé:wﬁ:bwl
We define a compatible connection -V of E so that
L 4 1 3
Vez = wseyq, Vey = wjes,
where
1 K—-—c+K
wi:—wg‘:—*dlog — 7).
4 K—-c—K,

Now, almost reversing the argument in (i), we can find that {a)g} satisfy the structure
equations:

dw%:—a);/\wg—wi/\wg—i—cwl Aa?,
da)?:—a)g/\w%—a)i/\a)f, dw%:—w?/\a);—a)i/\a);l,
dw?:—a)g/\w%—a)g‘/\w?, dw%:—wi‘Awé—wé‘/\a)g,
da)iz—a)f/\wi—wg/\wﬁ,

which are the integrability conditions. Therefore, by the fundamental theorem, there exists an
isometric immersion of M into N;‘ (¢), which is maximal and has normal curvature K,,.

Let us note the following fact.

PROPOSITION. Let M be a spacelike maximal surface in N; (c). If the normal curva-
ture K, of M is identically zero, then M lies in a totally geodesic N13 (o).

PROOF. When M is isotropic, by (2.9), K = ¢ and M is totally geodesic. When M is
non-isotropic, from the argument in the proof of Theorem 1, we have “)411 = a)ﬁ = a)i =0,

and we get the conclusion.

PROOF OF THEOREM 2. For f : M — N3(c), leta, b and w be as in the proof of
Theorem 1. For each 6 € [0, ], let ~(6) be a symmetric section of Hom(TM x TM, T+M)
such that

3 __facos20  asin20 4 __ (—bsin20 bcos20
(hif(e))_(asin29 —acos20 )’ (h;;(0)) = bcos20  bsin20 )’
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and set

w3 (0) = w3 (0) = (acos20)w' + (asin20)w? = ] cos20 — w3 sin 20,

03 (0) = w3(0) = (asin20)w' — (acos20)w? = w; sin 260 + w3 cos 20,

o} () = 0l(0) = —(bsin20)w' + (bcos 20)w® = ] cos 20 — w3 sin 26,

3(0) = w3(0) = (bcos20)o' + (bsin20)w* = o] sin20 + w} cos 26 .
Let a); ©0) = —a)lz(@) = a); and wi ©®) = —wg‘(@) = wi, for convenience. Then by the
computation, we can see that {wg (0)} satisfy the structure equations. Hence, for each 6 €

[0, ], there exists an isometric maximal immersion fy : M — N;‘ (¢) with the same normal
curvature K.

Let f M — N; (¢) be another isometric maximal immersion with the same normal
curvature K,,. By Lemma 1, we may choose the frame {e¢ 4} so that

& =ad', @ =-ad*, &} =bd>, @3=>bd".

Then as in (3.1) and (3.2), we have (I)é = wé and 5)2 = a)i. Also as in (3.5), there exists a
coordinate system {%!, ¥2} such that
& ={(K — o) — K278zl
Let 6 be the angle between 9/9x! and 8/8x'. Then using
ad 0 0 4 sing ] ad
— =cosf— +sinf—, —
0x! ax! ax2 0x2

together with [3/0x', 8/8%2] = 0, we find that 6 is constant. We note that

0
= —sinf— +cosf—,
dx! ax2

e1 = (cosB)e; — (sinf)er, ey = (sinfh)e; + (cosbh)e; .

By the computation, we can see that the connection forms along f with respect to the frame
{ei, eq} are the same as those along fy with respect to {e;, eq}. That is, with respect to those
frames, f and fy have the same second fundamental forms and normal connections. Therefore
f and fj coincide up to congruence.

4. Proof of Theorem 3.
(i) Asin Section 3, from the exterior derivative of (2.11), we can get
a(Za)é — a)i) =xda.
Noting that
4.1) K—c=—-K, =2a*,
we have

1
20} —wi = 5 *dlog(K —¢)
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at points where K > c. Taking the exterior derivative of this equation, together with (2.6) and
(4.1), we obtain the equation (1.3).

(i) We may assume that M is a small neighborhood. Let {w'} be an orthonormal
coframe field with dual frame {e;} and connection form a); = —a)lz. Let E be a 2-plane
bundle over M with metric (, ) and orthonormal sections {ey} such that (ey, eg) = —dup.

Seta = /(K — c)/2. Let h be a symmetric section of Hom(TM x T M, E) such that

wp=(5 %) tr=(0 %)

and set

a)? _a)é = aa)l, a)g = a)% = —aa)z,

a)‘f :wi =aw’, a); = a)ﬁ =aow'
We define a compatible connection -V of E so that

J‘V63 = a)ge4 , J‘Ve4 = a)ie3 ,
where
3 4 ]

4.2) wy = —w3 = 2w, — 3 xdlog(K —c¢).

By the computation, we can show that {a)g} satisfy the structure equations. Therefore, there
exists an isometric immersion f of M into N; (c), which is maximal and isotropic.

Let f M — Nf (c) be another isotropic isometric maximal immersion. By Lemma 2,
we may choose the frame {e,} so that, with respect to the frame {e;, ¢4},

& =aw', @ =-a0®, &}=a0’, @3 =a0".

Then as in (4.2), we have 5)2 = a)Z. With respect to the frames {e;, ¢, } and {e;, e}, f and f

have the same second fundamental forms and normal connections. Hence f and f coincide
up to congruence.

5. Proof of Theorem 4.

When M is isotropic, from the equation (1.3), we have either K = c,or K = ¢/3 (c <
0). In the following we consider the case that M is non-isotropic.
As K is constant, using the equations (1.1) and (1.2), we get

2K}
AKy =2(65K = oK, + = P(K.),
—C

IVK |2——4K(K—C)2+2(K+C)K2+2—K§—' O(Ky)
v - v K—C_' v/

where V is the Riemannian connection of M. By Lemma 3.3 of [1],on M| = {p € M|VK, #
0} we have

KQ+(P—0) <P—%Q’>+Q(P’—éQ”) o0,
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where the prime denotes the differentiation with respect to K,. By the computation, this

equation turns to

227K — 8c¢) K4
K —c v

which is a nontrivial equation of K,. Thus K, must be constant on M, and we have a

contradiction if M7 is nonempty. So M| is empty and K, is constant. Then by (1.1) and (1.2)

we have K = K, = 0 (¢ < 0). By the Proposition, M lies in a totally geodesic N13 (¢), and

—4K (9K — 4¢)(K — ¢)® + (90K? — 86¢K + 16c¢H) K2 — -0,

M is congruent to the surface given by F in the introduction. Thus the proof is complete.

6. Proof of Theorem 5.

Assume that M does not lie in any totally geodesic N 13 (¢). Then by the Proposition, K,
is a non-zero constant. When M is isotropic, K is also constant by (2.9). So by Theorem 4,
we have ¢ < 0 and K = ¢/3. In the following we consider the case that M is non-isotropic.
As K, is a non-zero constant, using the equations (1.1) and (1.2), we get
AK = 10K? — 12cK +2¢> +2K2 =: P(K),
IVK|)? =23K —o){(K —¢)* — K2} =: Q(K).
By Lemma 3.3 of [1], on M| = {p € M|VK # 0} we have

ko +r-0)(rP-30)+0(r-50)=0.

where the prime denotes the differentiation with respect to K. By the computation, this equa-
tion turns to

10(K? — ¢K +2¢* —4KH{(K — ) — K3} =0,

v

which is a nontrivial equation of K. Thus K must be constant on M1, and we have a contra-
diction if M is nonempty. So M| is empty and K is constant. But by Theorem 4, there are
no non-isotropic spacelike maximal surfaces with constant Gaussian curvature and non-zero
constant normal curvature in Nf (c). So we have a contradiction. Thus we have proved the
theorem.

7. Proof of Theorem 6.

Assume that M does not lie in any totally geodesic N 13 (c). Set
My ={peM|K >c, K, #0}(FY).

We note that every spacelike maximal surface in N 13 (c) may be seen as a spacelike maximal
surface with vanishing normal curvature in N; (¢). As M is locally isometric to a spacelike
maximal surface in N 13 (¢), from the above note and Theorem 1, we have

(7.1) Alog(K —c) =4K
on M.
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If M is isotropic, then the equation (1.3) is valid on M;. From (7.1) and (1.3) we have a
contradiction. So M is not isotropic.
Set

M>, ={pe MK > ¢, K, #0, p isnon-isotropic} .
Let F = K, /(K — c¢). Then by (1.1), (1.2) and (7.1) we get
(7.2) AF =2(K —¢)F(F%+ 1),

(7.3) IVF|? =2(K — o)F*(F* - 1)

on M>. Let K ,V, A denote the Gaussian curvature, the Riemannian connection and the
Laplacian of M> with respect to the metric ds? = (K — ¢)ds?, respectively. Then

~ K 1 K
on M>, where we use (7.1) for the second equality. The equations (7.2) and (7.3) can be
rewritten as

(7.5) AF =2F(F*+1) =: P(F),

(7.6) IVF|? = 2F*(F? — 1) =: Q(F)

on M. AsO < |F| < 1 on Ma, [VF|? # 0 on M by (7.6). Hence by Lemma 3.3 of [1], we
have

- 1 1
(1.7) KQ+(P-0) (P—EQ’>+Q<P/—§Q”>=O
on M3, where the prime denotes the differentiation with respect to F'. Noting that 0 < |F| < 1
on M», we have by (7.4)—~(7.7), K = 8c/9 on M>. As K > ¢ on M>, we find that ¢ < 0.
But by Theorem 4, there are no spacelike maximal surfaces with constant Gaussian curvature

8¢/9 in N;‘ (c) where ¢ < 0. So we have a contradiction.
Therefore, M lies in a totally geodesic N 13 (o).
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