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 Abstract.  If the scalar normal curvature of a spacelike maximal surface in a 5-dimensional normal 
contact Lorentzian manifold with constant φ-sectional curvature is constant, then the surface is 
totally geodesic or nonpositively curved. 

 
 
1. Introduction 
 
On some odd dimensional manifolds, the normal contact Riemannian metric structure (or 
Sasakian structure) can be defined.  The study of manifolds with this structure has a long 
history. 
 If we change the Riemannian metric of the Sasakian structure to a Lorentzian one, 
we can define the normal contact Lorentzian structure.  This definition was given at the 
starting time of the study of the Sasakian structure.  But practical study of it has not been 
given sufficiently yet ( cf. [5], [7] ).  In [3], [4], we study the fundamental properties of 
manifolds with the normal contact Lorentzian structure. 
 In this paper, we shall study the scalar normal curvature for spacelike maximal 
surfaces in a 5-dimensional normal contact Lorentzian manifold of constant φ-sectional 
curvature and prove. 
 
Theorem. Let M 5 be a 5-dimensional normal contact Lorentzian manifold with 
constant φ-sectional curvature  k and M 2  a spacelike maximal surface with vector  field  
ξ  normal to M 2 .  Assume that the scalar normal curvature K N   of M 2  in M 5 is 
constant.  Then M 2  is totally geodesic with Gauss curvature K k= −3

4  or a nonpositive 
curved surface. 
 
 
2. Spacelike Submanifold 
 
Let M  be a ( )2 1n + -dimensional ( )n ≥ 2  manifold.  The normal contact Lorentzian 
structure ( , , , )φ ξ η g of M  is given by a ( , )1 1 -type skew-symmetric tensor field φ , a 
vector field ξ , a 1-form η  and a Lorentzian metric g as 
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where X is a vector field of M  and ∇ is the covariant derivative with respect to g ( [3], 
[4] ).  When the curvature tensor field of K X Y Z( , )  of M  has the following form 
 
    4 3K X Y Z k g Y Z X g X Z Y( , ) ( ) ( ( , ) ( , ) )  = − −  

    (+ + −   ( ) ( ) ( ) ( ) ( )k Y Z X X Z Y1 η η η η + g X Z Y( , ) ( )η ξ                       (2.2) 

       )− + + −       g Y Z X g Y Z X g X Z Y g X Y Z( , ) ( ) ( , ) ( , ) ( , )η ξ φ φ φ φ φ φ2 ,     
 
M  is called a space of constant  φ-sectional curvature k. 
 Let M be an n-dimensional submanifold of M .  By ∇  we denote the covariant 
derivative of M determined by the induced metric on M.  Let X  X( ) ( ( ) )M M resp. be 
the Lie algebra of vector fields on M M resp.  ( )  and  X⊥ ( )M  the set of all vector fields 
normal to M. 
 The Gauss-Weingarten formulas are given by 
 

∇ = ∇ + ∇ = − +X X X N XY Y B X Y N A X D N           ( , ), ( ) ,  (2.3) 

               X Y M N M, ( ), ( )∈ ∈ ⊥X X     ,   
 

where D is the normal connection [6].  B is called the second fundamental form tensor 
and A the shape operator, and they satisfy 
 

g A X Y g B X Y NN( ( ), ) ( ( , ), )    = .  (2.4) 
 

 If the induced metric on M is positive-definite, then M is called a spacelike 
submanifold. 
 Let M be a spacelike submanifold of M  with the vector field ξ  normal to M, then 
from (2.1), (2.3) and (2.4), M satisfies following properties. 
 
Proposition. Let M be an m-dimensional spacelike submanifold in a normal contact 
Lorentzian manifold M n2 1+  with structure ( , , , )φ ξ η g .  Then 
 
 (i) The dimension m of M satisfies m n≤ . 
 (ii) The shape operator of  ξ  direction is identically zero. 
 (iii) If  X M∈ X ( )   then  φX M∈ ⊥X ( ) . 
 (iv) If m n=  , then A Y A X X Y MX Yφ φ( ) ( ), , ( )= ∈  for  X . 
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3. Local Formulas 
 
We consider a spacelike surface M 2  in a 5-dimensional normal contact Lorentzian 
manifold M .  Let { , , , , }e e e e1 2 3 4 ξ  be an orthonormal frame field on M 5 so that  
 

e e M e e e e e e1 2 1 1 3 2 2 4, ( ), : , :* *           ∈ = = = =X φ φ . 
 

 We shall make use of the following convention on the ranges of indices: 
 

1 5 2

3 4 3 5

           1      

            

  

  

≤ ≤ ≤ ≤

≤ ≤ ≤ ≤∗ ∗

A B i j

i j

, , , , , ,

, , , , .α β
 

 
Let { , , , , }w w w w w1 2 1 2 5∗ ∗  be the field of dual frames.  Then the structure equations of  
M  are given by 
 

dw w w w wA B B
A B B

A
A
B           = − ∧ + =∑ ε , 0, 

         dw w wB
A

C C
A

B
C

B
A    = − ∧ +∑ ε Φ , 

                ΦB
A

C D BCD
A C DK w w   = ∧∑1

2 ε ε , 
              K KBCD

A
BDC
A    + = 0 . 

 
Restricting these forms to M 2 , we have wα = 0.  Since 0 = = −∑ ∧dw w wi

iα α   , by 
Cartan’s lemma we may write 
 

w h w h hi ij j ij ji
α α α α         = =∑ , . 

 
From these formulas we obtain 
 
    dw w w w wi

j
i j

j
i

i
j           = − ∧ + =∑ , 0 , 

    dw w wj
i

k
i

j
k

j
i    = ∧ +∑ Ω , 

       Ω j
i

jk
i kR w w  1

2= ∧∑ ,   

        ( )R K h h h hjk
i

jk
i

ik j i jk    = + −∑ εα
α α α α . 

 
    dw w wβ

α
γ γ

α
β
γ

β
αε     ,= − ∧ +∑ Ω  

       Ωβ
α

β
α  1

2= ∧∑R w wk
k ,      

       ( )R K h h h hk k ik i i ikβ
α

β
α α β α β    = + −∑ . 

 
 An immersion is said to be maximal if  hiii

α∑ = 0 for all α. 
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We define h a hijk ijk
α α  nd   by 

 
 h w dh h w h w h wijk

k
ij i j j i ij

α α α α
β

β
β
αε            = − − +∑ ∑ ∑∑ ,                         (3.1) 

  h w dh h w h wijk ijk jk i i k j
kα α α α       = − −∑ ∑∑ − +∑ ∑   h w h wij k ijk

α
β

β
β
αε . 

  
The Laplacian Δhij

α   is given by  

Δh hij ijkk
α α  = ∑ . 

 
When M 2  is maximal in M 5, that is hkk

α∑ = 0  for all α, Δhij
α  can be written as 

( )Δh K h K h K hij ki jk k k ij kj ki
α

β
α β

β
α β

β
α β      = − +∑ 2 2 ( )+ + +∑     K h K h K hmik

m
mj kjk

m
mi ijk

m
mk

α α α2  

  ( )+ − − −∑     2h h h h h h h h h h h hkm ki mj mk km ij mi mk kj mj ki mk
α β β α β β α β β α β β .                        (3.2) 

 
 The scalar normal curvature K N  of  M 2  is defined by 
 

( )K S S S h h h hN ij ij ij ik jk jk ik           = = −∑∑ ε εα β β
α

β
α

β
α α β α β, . 

 
The covariant derivative of  S ijβ

α   is defined by 
 

( )S h h h h h h h hij ik jk ik jk jk ik jk ikβ
α α β α β α β α β       = + − −∑ . 

 
Then for the Laplacian of K N , we have the following formula 
 

( )1
2

2Δ K S S h h h hN ijk ij ik ji ik jk        = + −∑ ∑ε εα β β
α

β
α α β β α( )  

                              + ∑ 4 ε εα β β
α α βS h hij ik jk( )Δ . 

 
 
4. Proof of Theorem 
 
Let M 2  be a spacelike maximal surface in a normal contact Lorentzian manifold M 5 of 
constant φ-sectional curvature k.   Then, from Proposition, we obtain 
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From (3.2), it follows that 
 
   Δ Δ Δh k a a h h11
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   Δ Δ Δh k a a h h22
1 3 11
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4 6 0∗ ∗ ∗= − − + = =             , , 

   Δ Δh h k a a12
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   Δ Δ Δ Δh h h h11
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by virtue of (2.2). 
 From (3.1), we have 
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by virtue of (4.1), we obtain 
 
  ( )     2  2

0S S Sijk m ijk ijkβ
α

βε∑ ∑ ∑= +∗
∗( ) ( )2 0 2  

              ( )=  4 ((2   ((2    2 2a a a2
1
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  ( )S h h h hij ik jk ik jkβ
α α β β α   =  −∑ ( )2 ((2   ((22 2a a2

1
2

2), ) ), )+ , 

 

  ( )S h h a k aij jk jkβ
α α β( )Δ∑ − − =  8 3 5

4 64 2 , 

 
so that 
 

( ) ( )1
2 8 2 2 32 3 9

4 62
1

2 2
2

2 4 2Δ K a a a k aN       = + + − −( ( ), ) ( ( ), ) . 
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 If we assume K constantN ≡ , then since a is continuous, this equation reduces to 
a ≡ 0 or  a k2 3

8≥ −  everywhere.  On the other hand, the Gauss curvature K of M 2  is 
given by K ak= −−3

4
22 .  Hence if  a k2 3

8≥ −  then K ≤ 0 .  This completes the proof. 
Acknowledgement:  The author is grateful to  the referee for his valuable suggestions. 
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