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Abstract

Let I'y denote the fundamental group of a closed surface of genus g > 2. We show that every
geometric representation of I'y into the group of orientation-preserving homeomorphisms of the
circle is 7igid, meaning that its deformations form a single semi-conjugacy class.

As a consequence, we give a new lower bound on the number of topological components of
the space of representations of I'; into Homeo, (S'). Precisely, for each nontrivial divisor k of
2g — 2, there are at least k29 4+ 1 components containing representations with Euler number 222
Our methods apply to representations of surface groups into finite covers of PSL(2,R) and into
Diff , (S!) as well, in which case we recover theorems of W. Goldman and J. Bowden.

The key technique is an investigation of stability phenomena for rotation numbers of products
of circle homeomorphisms using techniques of Calegari-Walker. This is a new approach to
studying deformation classes of group actions on the circle, and may be of independent interest.

1 Introduction

Let I'; denote the fundamental group of the closed genus g surface X, and let G' be a group of
orientation-preserving homeomorphisms of the circle. The representation space Hom(T'y, G) is a
basic object in geometry and topology: it parametrizes flat circle bundles over ¥, with structure
group G, as well as actions of I'y on the circle with degree of regularity specified by G (e.g.
G = Diff"(S?) for C"-regularity). A fundamental question is to identify and characterize the
deformation classes of T j-actions on S'; equivalently, the deformation classes of flat S bundles
with a given structure group, or the connected components of Hom(T'y, G).

When G C Homeoy (S') is a transitive Lie group, the space Hom(T'y, G) is quite well
understood, and the Milnor-Wood inequality together with work of W. Goldman gives a complete
classification of its connected components using the Euler number. Far less is known when G is
not a Lie group, and the problem of classifying components of Hom(T'y, G) for G = Homeo, (S')
is essentially completely open. The purpose of this paper is to develop a new approach to
distinguish components of representation spaces, applicable to the G = Homeo, (S!) case.

Our approach also gives techniques to study rigidity of representations. We are particularly
interested in geometric representations, in the following sense.

Definition 1.1. Let M and X be manifolds. A representation p : m (M) — Homeo, (X) is
geometric if it is faithful and has discrete image contained in a finite-dimensional Lie group
G C Homeo, (X) acting transitively on X.

For example, any complete (G, X) structure on a manifold M (in the sense of Thurston) defines
a geometric representation p : m (M) — G C Homeo, (X).

We are interested in the case M = ¥, and X = S'. We will show that all geometric
representations I'y = 71(3,) — Homeo(S') are rigid, in the sense that they admit only trivial
deformations.

Theorem 1.2 (Rigidity of geometric representations). Let ¢ > 2, and let p be a ge-
ometric representation in Hom(I',, Homeo, (S')). Then the connected component of p in
Hom(T',, Homeo (S')) consists of a single semi-conjugacy class.



From here on, g > 2 will be a standing assumption.

Rigidity of geometric representations gives the following new lower bound on the number of
components of Hom(I',, Homeo (S')). In particular, we can show — in contrast to the classical
G = PSL(2,R) case — that components of Hom(I',, Homeo (S')) are not distinguished by the
Euler number.

Theorem 1.3 (Lower bound). Let k be a nontrivial divisor of 2g — 2. There are at least
k%9 4+ 1 components of Hom(I',, Homeo (S1)) consisting of representations with Euler number

The primary tool in the proofs of Theorems 1.3 and 1.2, suggested to the author by D.
Calegari, is the study of rotation numbers of elements in the image of a representation p.
(Rotation number is a classical invariant; we will recall the definition in Section 2.) For each
v € Ty, define rot., : Hom(I'y, Homeo, (S*)) — R/Z by rot.(p) = rot(p(7)), where rot(-) denotes
rotation number. We prove the following strong form of rigidity.

Theorem 1.4 (Rotation number rigidity). Let v € I'; and let X C Hom(I',, Homeo (S*))
be a connected component containing a geometric representation. Then rot, is constant on X.

1.1 Known results on representation spaces Hom(I'y, G)

To give context to our work, we briefly summarize known results describing the representation
spaces Hom(I',, G) for various G C Homeo, (S').

I. Lie group case

When G C Homeo(S') is a Lie group, Hom(I'y, G) has the structure of an affine variety and
hence has only finitely many components. The interesting case is when G acts transitively on
S' in which case G' must either be S or the k-fold cyclic cover PSL®¥) of PSL(2,R) for some
k > 1. Tt is easy to see that Hom(T',, S1) is connected, and the components of Hom(T',, PSL(X))
are completely classified by the following theorem.

Theorem 1.5 (Goldman [6], using also Milnor [7]). Let G be the k-fold cyclic cover PSL&) of
PSL(2,R), k > 1. The connected components of Hom(I'y, G) are completely classified by

a) The Euler number of the representation. This assumes each value between — LngiJ and
LQQIC;QJ and is constant on connected components. Each value of the Euler number is

assumed on a single connected component, with the sole exception of b) below.

b) In the case where 2g — 2 = nk for some integer n, there are k29 connected components of
representations with Euler number n, and k29 with Euler number —n. These components
are distinguished by the rotation numbers of a standard set of generators for I'.

In the Lie group case, geometric representations are precisely the discrete, faithful ones. It
follows from Goldman’s work that p € Hom(T',, PSL®)) is discrete and faithful if and only if the

£(29-2)
k

Euler number of p is . See Section 2.3 below.

II. Non-Lie groups
When G is not a Lie group (for instance, G = Homeo, (S?) or G = Diff ; (S!)), describing the
space Hom(I'y, G) and classifying its components is more challenging. Though there are still
only finitely many possible values for the Euler number (this is the Milnor-Wood inequality, see
Section 2.2), it is not known whether Hom(T'y, Homeo, (S')) has finitely many or infinitely many
components. On the other hand, it is possible a priori that Hom(I',, Homeo (S')) could be in
a sense “more connected” than Hom(T'y, PSL®)) — two representations into PSL®), both with
Euler number %, but lying in different components of Hom(I'y, PSL®¥), could potentially lie
in the same component of Hom(I'y, Homeo (S1)).

Bowden recently showed that this kind of additional connectedness does not hold for
Hom(T',, Diff ; (S')). He proves the following.



Theorem 1.6 (Bowden, see Theorem 9.5 in [1]). Let p; and ps : T'y — PSL®) be representations
that lie in different connected components of Hom(I'y, PSL®). Then they also lie in different
connected components of Hom(I'y, Diff  (S1)).

Bowden gives two proofs, one using invariants of contact structures associated to the transverse
foliation on a flat circle bundle, and the other using structural stability of Anosov flows. Both
proofs assume C'*° regularity of diffeomorphisms, although a similar strategy might work assuming
only C2. However, the question for representations into Homeo (S1) is essentially different, and
Bowden asks if his results hold in this case. Since representations with image in PSL® and
Euler number 29,; 2 are geometric, our Theorem 1.2 gives an affirmative answer to Bowden’s
question.

Translated back into the language of foliations, Theorem 1.2 says that the condition of
the transverse foliation on the flat circle bundle associated to a representation p being semi-
conjugate to an Anosov foliation is an open condition — any foliation C° close to such will still
be semi-conjugate to an Anosov foliation. Compare Theorem 9.5 in [1].

1.2 Outline

We begin with some background on rotation numbers and the work of Calegari and Walker in
[3]. This leads us to a definition of the Euler number in the language of rotation numbers, the
Milnor-Wood inequality, and a description of the dynamics of representations into PSL(2, R) and
PSL®¥ with maximal Euler number.

In Section 3 we outline our proof strategy for Theorem 1.4, motivating it by giving the
proof of a toy case. Section 4 consists of a detailed study of rotation numbers of products of
homeomorphisms, with the algorithm of Calegari-Walker as our main tool. We focus on examples
that will later play a role in the proof of Theorem 1.4.

The proof of Theorem 1.4 is carried out in Section 5. Section 5.1 is somewhat technical, and
a reader interested in only the broad flavor of the proof of our main theorems may wish to skip
the proofs here on a first reading. However, the reader with an interest in rotation numbers as a
tool for parametrizing or studying representation spaces should find that Section 5.1 contains
some interesting techniques. Section 5.2 also uses the techniques developed in Section 4 to study
rotation numbers of products of homeomorphisms, but the proofs here are much quicker.

In Section 5.3 we prove a narrower form of rotation rigidity. Extending this to the general
result requires an Fuclidean algorithm for rotation numbers of commutators, which we develop
in Section 5.4. The reader may (again) either find this “Euclidean algorithm” technique to be of
independent interest, or may choose to skip it on a first reading.

Finally, in Section 6 we deduce Theorem 1.3 from Theorem 1.4 using a trick of Matsumoto,
and in Section 7 we discuss semi-conjugacy and derive Theorem 1.2 from our earlier work using
results of Matsumoto and Ghys. Section 8 gives evidence for (as well as a conjecture on) the
sharpness of our main theorems.
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2 Background

2.1 Rotation numbers

Let Homeoz(R) denote the group of orientation-preserving homeomorphisms of R that commute
with integral translations.

Definition 2.1. Consider S* as R/Z, and let € S'. The R/Z-valued rotation number of an
element g € Homeo, (S?) is given by

@

rot(g) := lim (z) mod Z

n— 00 n

where g is any lift of g to Homeoz(R).

This limit always exists, and is independent of the choice of lift § and choice of point = € S*.
A good exposition of the basic theory can be found in [10] or [4]. One easy fact that we will
make use of is that a homeomorphism has a periodic point of period k if and only if it has a
rotation number of the form m/k for some m € Z.

One can define a Z-valued lifted rotation number (often also called “translation number”) for
elements of Homeoz(R) in the same way.

Definition 2.2. Let § € Homeoz(R) and = € R. The lifted rotation number Tot(g) is given by

~n

()

tot(g) :== lim

n— o0 n

Again, the limit always exists, is finite, and is independent of the choice of point z.

Lifted commutators

The rotation number and lifted rotation number are closely related. If g € Homeo, (S*), and
g is a lift of g to Homeoz(R), then rot(g) = Tot(g) mod Z, and different choices of lifts of g
change the value of Tot(§) by an integer. However, for a commutator g = [a,b] := aba=1b71,
the homeomorphism [a,b] € Homeoz(R) is independent of choice of lifts @ and b of a and b.
We will henceforth use the notation fot[a, b] := Tot([a, b]) to denote its lifted rotation number,
and refer to [a,b] as a lifted commutator. Similarly, for a product of commutators we define

tot ([][ai, bs]) := Tot(] [[d;, bi]); this also independent of the choice of lifts.

Both rot and fot are continuous with respect to the uniform norms on Homeoy (S') and
Homeoy(R), are invariant under (semi-)conjugacy, and are homomorphisms when restricted to
cyclic subgroups (i.e. Tot(¢g™) = ntot(g)). However, rot and ot are not homomorphisms in
general — in fact it is easy to produce examples of elements of Homeoz(R) with lifted rotation
number zero whose product has lifted rotation number 1.

In [3], Calegari and Walker develop an approach to studying the possible values of fot(w) for
a word w in the free semigroup generated by a and b. In particular, they give an algorithm to
determine the maximum value of fot(w) given the lifted rotation numbers of @ and b. We will
use an extension of this algorithm later in Sections 4 and 5. For now, the main result that we
need is the following.

Theorem 2.3 (Theorem 3.9 in [3]). Suppose that fot(a) = r and fot(b) = s for some 7,5 > 0.
Then the maximum possible value of Tot(ab) is given by

p1+p2+1
sup —_

p1/q<r, p2/q<s q

where p; > 0 and ¢ > 0 are integers.



Calegari and Walker also show that there are strong restrictions on the possible values of
the lifted rotation number of a commutator. The following result will play a crucial role in our
proofs.

Lemma 2.4 (Example 4.9 in [3]). Let a,b € Homeo (S*). The following hold.
i) If rot(a) ¢ Q or rot(b) ¢ Q, then Tot[a, b] = 0.
ii) If rot(a) = p/q or rot(b) = p/q, where p/q € Q is in lowest terms, then | Tot[a, ]| < 1/q.
We conclude this section with an elementary calculation that we will also use later.

Lemma 2.5. Let f and § € Homeoyz(R) satisfy fg = T", where T™ denotes the translation

T™(z) := x + n, for n € Z. Then Tot(f) + fot(g) = n.

Proof. If f =T™ 0 =1, then fot(f) = fot(T™ o g~ ). Since T™ is a translation commuting with

g1, it follows from the definition of rotation number that fot(T" o g=1) = fot(T™) + fot(g~ ) =
n —Tot(g), as claimed. O

2.2 The Euler number

Classically, the Euler number of a representation p : I'j — Homeo, (S') is defined in terms
of characteristic classes — it is the result of evaluating the pullback p*(ez) € H?*(I'y;Z) of
the canonical Euler class ez € H?(Homeo, (S');Z) on the fundamental class [['y] € Ha(I'y; Z).
However, we will use the following alternative definition which emphasizes the relationship of
the Euler number to the lifted rotation number. This idea is originally due to Milnor in [7], and
is made explicit in [12].

Definition 2.6 (Euler number). Let {a1,b1,...aq,b,} be a standard set of generators for T'g,
meaning that I'y has the presentation

Fg = <a1,b1, ...G,g,bg‘ [al,bl][ag,bg]...[ag,bg]>.

Let p: Iy — Homeo, (S') be a representation. We define the Euler number e(p) by

e(p) :=Ttot ([p(a1), p(b1)][p(az), p(b2)]...[p(ay), p(by)]) -

Continuity of fot implies that e is a continuous function on Hom(I'y, G) for any subgroup
G C Homeo, (S'). Furthermore, that [aq, b1][az, bo]...[ag, by] is the identity in I'; implies that the
product of the lifted commutators [p(a1), p(b1)]...[p(ag), A(by)] is an integer translation — a lift of
the identity on S* — hence e(p) is integer valued. It follows that e(p) is constant on connected
components of Hom(I'y, G).

A remark on notation is in order. Here, and in the sequel we use the notation p(a) rather

than p(a) to denote a lift of p(a) to Homeoz(R) — this is not to suggest that we have lifted the
representation p to some representation g, but only to avoid the cumbersome notation p(a).

The Milnor-Wood inequality
The Milnor-Wood inequality implies that e takes only finitely many values on Hom(I'y, G) for
any G C Homeo, (S*). We recall the statement here.

Theorem 2.7 (Milnor [7], Wood [12]). Let p : I'; — Homeo, (S') be a representation. Then
le(p)| < 2g —2. Furthermore, each integer value n € [-2g + 2,2¢g — 2] is realized as e(p) for some
representation p.

In fact, each integer n € [—2¢ + 2,29 — 2] is realized as e(p) for some representation
p: Ty — PSL(2,R). This gives a lower bound on the number of components of Hom(T'y, G)
whenever G is a subgroup of Homeo, (S!) containing PSL(2,R) — there are at least 4g — 3
connected components, one for each value of e(p).



2.3 Maximal representations, cyclic covers

The following theorem of Goldman states that representations p : I'y — PSL(2,R) with maximal
Euler number e(p) = £(2g — 2) are geometric in the sense of Definition 1.1.

Theorem 2.8 (Goldman, [6]). A representation p : I'y — PSL(2,R) has e(p) = £(2¢ — 2) if and
only if it is faithful and with image a Fuchsian group.

These representations have some nice additional properties, summarized below. We leave the
proofs to the reader — all are direct consequences of Theorem 2.8 and basic properties of Fuchsian
groups.

Proposition 2.9. Let p : Ty — PSL(2,R) satisfy e(p) = 2g — 2, and let {a1,b1,...aq,by} be a
standard generating set for I';. Then p has the following properties.

i) Every homeomorphism in the image of p has a fixed point.

ii) Each pair (a;,b;) of generators has Tot[p(a;), p(b;)] = 1. In fact, there exists z € R such
that the lifted commutator satisfies [p(a;), p(b;)](x) = = + 1.

iii) If z; € St is the repelling fixed point for the commutator [p(a;), p(b;)], then the cyclic order
of the points z; on S! is 71 < z2 < ... < z, (i.e. cyclically lexicographic).

An analogous result holds for representations p with Euler number —2¢g + 2. Here the cyclic
order of points will be reverse lexicographic, we will have Tot[p(a;), p(b;)] = —1 and the lifted
commutator [p(a;), p(b;)] will translate some point by —1.

Representations to PSL®) with Euler number % have similar dynamical properties to
those listed in Proposition 2.9. These are described in the following proposition, which will serve
as our starting point for the proof of Theorem 1.4.

Proposition 2.10. Let k > 0 divide 29 —2 and let p: 'y — PSL® be a representation with
Euler number %. Let {a1,b1,...aq, by} be a standard generating set for I'y. The following
properties hold.

i) For all v € T'y, there exists m., € Z such that rot(p(vy)) = m,/k .

ii) Each pair (a;,b;) of generators has rot[p(a;), p(b;)] = 1/k and Tot[p(a;), p(b;)] = 1/k.

iii) Let X; be a periodic orbit for [p(a;), p(b;)]. We may choose points z € X; such that if
a7 = [p(as), p(b;)]z? ™", then the order of the points 27 on S is cyclically lexicographic of
the form

i<y <..<zl<ai<ai<..<af <. <al

Proof. Recall that PSL(®) is defined via the central extension
0 — Z/kZ — PSL® 5 PSL(2,R) — 1
and the action of ¢ € PSLX on S is specified by

™o ¢(x) = ¢(projy(z)) (1)

where proj,, : S — S! is the degree-k regular covering map. In particular, for each vy € Iy, its
image p(v) € PSL® commutes with the order k rotation of S*.

Given a representation p : ', — PSL®) with e(p) = %, consider the representation
v : Ty — PSL(2,R) defined by v(y) = mo p(vy). In other words, for each v € T'y, the
homeomorphism p(7) is obtained from v(7) by choosing a particular lift of the action of v(7)
on S! to an action on the k-fold cover. Since e(v) = 2g — 2, Proposition 2.9 implies that /()
has a fixed point, and so p(y) has a point whose orbit is contained in the orbit of an order k
rotation (the covering transformation of the k-fold cover). It follows that rot(p(vy)) = m./k for
some integer m.,.



Now consider a pair of generators (a;,b;). We know from Proposition 2.9 that if 7(a;) and
(b;) are lifts of v(a;) and v(b;) to homeomorphisms of the infinite cyclic cover R of S!, then
there is some x such that [P(a;),7(b;)](x) = x + 1, i.e. [P(a;),7(b;)] acts on x by the covering
transformation of R — St. It follows that if we instead take the lifts p(a) and p(b) to the k-fold
cover of S', there will be a point 2’ in the cover such that [p(a), p(b)](z’) agrees with the action
of the covering transformation on z’, i.e. acts on 2’ (and its orbit) by an order k rotation. It
follows that rot[p(a), p(b)] = 1/k, tot[p(a), p(b)] = 1/k and that [5(a;), p(b;)] translates any lift
of ' by 1/k.

Finally, property iii) is an immediate consequence of Property iii) of Proposition 2.9 applied
to v and the fact that p is the lift of v to the k-fold cover.

O

As in Proposition 2.9, an analogous statement holds for k£ < 0.

Maximal PSL®¥ representations
Since representations to PSL®¥) arise from cyclic covers, they satisfy a stronger Milnor-Wood
type inequality. Namely, if p is any representation T'y — PSL®), then 7o p: T, — PSL(2,R)
has Euler number ke(p). By the Milnor-Wood inequality, we know that |e(m o p)| < 2g — 2, so
[e(p)] < 2572

We will refer to a representation p : I'; — PSL®) with |e(p)| = % as a mazimal PSLK)
representation. The following proposition shows that all geometric representations are of this
form.

Proposition 2.11 (Classification of geometric representations). A representation
p: Ty — Homeo, (S') is geometric if and only if it is conjugate to a maximal PSL®) representa-
tion.

Proof. Let p : I'; — Homeo (S 1) be a geometric representation. Then the image of p lies in
some transitive Lie subgroup of Homeo (S'), and hence (up to conjugacy) lies in either in S*
or PSL® for some k (for a proof that these are the only such Lie groups acting transitively on
S1, see Section 4 of [4]). No representation with image in S' can be faithful, so it follows that,
after conjugacy, p is a faithful representation to PSL®) with discrete image. Consider, as in
the proof of Proposition 2.9, the homomorphism v : I'y — PSL(2,R) defined by v(y) = 7o p(7).
This also has discrete image, and since I'y is torsion free, it must be faithful. It follows that
e(v) = £(2g — 2), and so e(p) = i(%).

The converse follows immediately from our description of maximal PSL®) representations as
lifts of Fuchsian representations. O

Remark 2.12 (New standing assumption). From now on, it will be convenient to only work
with representations such that e(p) > 0. We claim we lose no generality in doing so. Indeed, if
{a1,b1,...a4, by} is a standard generating set for I'y, and p : I’y — Homeo, (S*) a representation
such that

0> e(p) := tot ([p(a1), p(b1)][p(az), p(b2)]...[p(ay), p(by)])
then
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In other words, if o € Aut(I'y) is defined by permuting the generators

o(a;) = bgyr1-i, o(bi) = agy1-i,



then poo : Ty — Homeo, (S 1) is a representation with positive Euler number. Moreover, the
induced map p +— p oo on Hom(T', Homeo, (S')) is clearly a homeomorphism, so permutes
connected components.

Thus, for the remainder of this work it will be a standing assumption that e(p) > 0 for all

representations p : I'y — Homeo, (S'), and mazimal PSLY) representations are representations
to PSL®) with e(p) = 2¢-2.

3 Proof strategy for Theorem 1.4

We continue to use the language “maximal PSL®) representation” rather than “geometric
representation” as it will be convenient to refer to the number &k in our proofs. In these terms
the statement of Theorem 1.4 is as follows

Theorem 1.4. Let v € I',, and let py be a maximal PSL®) representation. Then rot(p(7)) is
constant on the component of Hom(T'y, Homeo (S')) containing po.

3.1 A toy case

In the special case of a maximal PSL® representation, and with an additional assumption on
the rotation numbers of some generators, we can already prove a version of rotation number
rigidity. We do this special case now to illustrate the proof strategy of Theorem 1.4 and to
motivate the technical work in Sections 4 and 5.1.

Proposition 3.1 (Rotation number rigidity, toy case). Let py : I'y — SL(2,R) = PSL(?)
be a maximal PSL® representation and let S = {a1,b1,...a4,b4} be a standard generating set
for T'y. Assume additionally that that rot(pg(a;)) = 1/2 for all ¢. Then rot(p(a;)) is constant on
the component containing pg.

Proof. Let pg be a maximal PSL® representation as in the statement of the Proposition. By
Proposition 2.10, Tot[pg(a;), po(b;)] = 1/2 for all i € {1,2, ..., g}. Suppose for contradiction that
for some j, rot(p(a;)) is not constant on the component of Hom(I';, Homeo, (S')) containing po.
By continuity of rot, there exists a representation p in this component such that

i) for all i € {1,2,...,9}, we have rot(p(a;)) # 0, and
ii) there exists j such that rot(p(a;)) is either irrational or of the form p/q with ¢ > 2.

It follows by Lemma 2.4 that rot[p(a;), p(b;)] < 1/2 for all ¢, and rot[p(a;), p(b;)] < 1/2. For
simplicity, assume that j = g. (This is no loss of generality as performing a cyclic permutation
of the generators will not affect our proof.)

We estimate the Euler number of p using the following lemma.

Lemma 3.2. Suppose that p: 'y — Homeo, (S') satisfies fot[p(a;), p(b;)] < 1/2 for each
i€{1,2,...,9—1}. Then

fot ([p(ar), p(b1)]- (g 1), plby 1)) < 222 (2)

Moreover, if equality holds in (2), then Tot[p(a;), p(b;)] = 1/2 for all i.

Proof of Lemma 3.2. Let p satisty Tot[p(a;), p(b;)] < 1/2 for all i € {1,2,...,g — 1}. Inductively,
assume that fot([a1, b1]...[as, b)) < 251 with equality implying that fot[p(a;), p(b;)] = 1/2 for
all i € {1,2,..n}. The base case n =1 is covered by Lemma 2.4. Define

f = [a1,b1]...[an, bn] and

g:= [&n+17bn+1]



and apply Theorem 2.3 to fg. The conclusion of the theorem states that

2n—1+1+1_2n+1
2 T2

fot(fg) = tot([a1,b1]...[an+1, bny1]) <

with equality only if Fot(f) = 221 and fot(§) = Fot([ani1,bns1]) = 1/2, completing the
inductive step. O

Returning to the proof of Proposition 3.1, by definition of Euler number we have

[B(ar), p(b1)]...[plag), p(bg)] = T

Lemma 2.5 implies that

tot ([p(ar), p(br)]---[p(ag—1), p(bg-1)]) + Tot[p(ag), p(by)] = e(p) = ;

2

and by Lemma 3.2 we have Tot([p(a1),p(b1)]...[p(ag—1)
p g)] < 1/2, giving the desired con-

tot[p(ag), p(by)] > 1/2. But by hypothesis, Tot[p(ay), p(
tradiction.

plbg—1)]) < 22, Tt follows that
b

O

3.2 Modifications for the general case

Our proof of Proposition 3.1 made essential use of two special assumptions. The first was that
we had a standard generating set {a1, b1, ...aq, by} such that rot(po(a;)) = 1/2 held for all 4. This
allowed us to conclude that a representation p nearby to pg satisfied Tot[p(a;), p(b;)] < 1/2 for
all ¢, using Lemma 2.4. Put otherwise, we needed the fact that py was a local mazimum for the
function
R; : Hom(T'y, Homeoy (S')) — R
p +— Tot[p(as), p(bi)]

for each of the pairs a;,b; in our standard generating set. (Of course, we could have reached
the same conclusion under the assumption that rot(pg(b;)) = 1/2, but Lemma 2.4 does not
imply anything in the case where, say, rot(pg(a1)) = rot(po(b1)) = 0). The meat of the proof
of Theorem 1.4 lies in treating the case where images of generators have rotation number zero.
This is the content of Section 5.1. (Reduction to this case is via the Euclidean algorithm for
commutators of diffeomorphisms, carried out in Section 5.4.)

The second key assumption in Proposition 3.1 was that our target group was PSL®). We
used this for the estimate on lifted rotation numbers in Lemma 3.2. To modify Lemma 3.2 for
representations to PSL®), we need to bound the lifted rotation number of the product of g — 1
homeomorphisms — the lifted commutators [p(a;), p(b;)] — each with lifted rotation number 1/k.
Unfortunately, the naive approach of just repeating the argument from Lemma 3.2 for these
lifted commutators gives the bound

ot ([p(ar), p(b1))-.o(ag—1), pby—1)]) < g — 2

independent of k. This is not strong enough for our purposes; we will need to take a fundamentally
different approach.

The groundwork required to solve these problems is the content of the next section. We will
undertake a detailed study of the behavior of lifted rotation numbers of products in Homeoz(R),
building on the work of Calegari and Walker in [3], and placing special emphasis on examples
that arise from maximal PSL( representations. In Section 5 we will use these examples to first
prove that R; does indeed have a local maximum at pgo (in fact we will prove something stronger,
characterizing other local maxima), and then to find a suitable replacement for Lemma 3.2.



4 Rotation numbers of products of homeomorphisms

In Section 3.2 of [3], Calegari and Walker give and algorithm for computing the maximum lifted
rotation number of a product ab € Homeoyz(R) given the lifted rotation numbers of @ and b.
(Their algorithm also works in the more general setting of arbitrary words in @ and b - but not
words with @~ and b=! ). Assuming that fot(a) and Tot(b) are rational, the algorithm takes as
input the combinatorial structure of periodic orbits for a and b on S! (where a and b are the
images of @ and b under the surjection Homeoz(R) — Homeo, (S')), and as output gives the
maximum possible value of fot(di)), given that combinatorial structure.

Calegari and Walker’s algorithm readily generalizes to words in a larger alphabet, and we will
use this generalization to prove Theorem 1.4. We find it convenient to describe the algorithm
using slightly different language than that in [3]; as this will also let us treat the case (not
examined in [3]) where periodic orbits of two homeomorphisms intersect nontrivially.

4.1 The Calegari—Walker algorithm

Let c1, ca, ..., ¢, be elements of Homeo (S') and let ¢y, ...¢,, be lifts to Homeoyz(R). Assume that
tot(c;) = pi/q; for some integers p; > 0 and ¢; > 0.

Let X; C S! be a periodic orbit for ¢;, and let X; C R be the pre-image of X; under the
projection R — R/Z = S*. If rot(c;) = 0, then one may take X; to be any finite subset of the
set of fixed points fix(¢;). Choose a pomt 29 € X;, and enumerate the points of X; by labeling
them x] in increasing order, i.e. with 27 < xﬁ'l Let X:={z! :1<i<n,jeZ} CR. We
will deﬁne a dynamical system with orblt space X that encodes the “maximum distance ¢; can
translate points to the right.”

This system is generated by the ¢; acting on X as follows. There is a natural left-to-right
order on the points z; € X induced by their order as a subset of R. Each ¢; acts by moving to
the right, skipping over p; points of X; (counting the one we start on, if we start on a pomt of

X;) and landing on the (p; + 1)th. See Example 4.2 for a helpful illustration. We use ¢; - 2}, to
denote the action of ¢; on a point zj, € X. Note that the action of ¢; is not in any sense an
action by a homeomorphism of X. When we want to consider ¢; as a homeomorphism of R, we
will use the notation ¢&;(z).

Say that an orbit of this dynamical system is an #-periodic orbit for a word w in the alphabet

{c1,ca,...,cpn } if there exists a point xf € X such that
wmmg :asg+l, for some [ € Z.

We claim that periodic points compute the maximum possible rotation number of the
homeomorphism w(é;...¢,). Precisely, we have the following.

Proposition 4.1. Suppose that w = w(cy, ¢, ...¢,) is %—periodic. The following hold.
1. Tot(w(éy,..6,)) < L.

2. Bach homeomorphism ¢ can be deformed to a homeomorphism d; € Homeoz(R) such
that fot(w(dy, ...d,)) = --. Moreover, the deformations can be carried out along a path of

homeomorphisms preserving the lifted periodic orbits X; pointwise.

Proof. This follows from the work in Section 3.2 of [3]; we sketch the proof here for the convenience
of the reader and to shed light on the meaning of the dynamical system in the algorithm. To begin,
we elaborate on how the dynamical system “computes the maximum possible rotation number”.
In fact, what the action of ¢; on X captures is the supremal distance the homeomoprhism ¢;
(acting on R) can translate a point to the right — that X; is a lift of a periodic orbit implies that
for any y < 2/ we have ¢;(y) < xj *Pi This is encoded in the dynamical system as ¢; “skipping
over” p; points of X; and landmg on the (p; + 1)th.
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Thus, that w(cy, ca, ...c, )™ ) = xf +1 € X implies that w(éy, éa, ...¢,) € Homeoyz(R) satisfies

. . ? .
w(é1,8,...6,)™(2]) <z} + 1. If 2 is an -L-periodic point for w, we have

W(Er, G2y )™ (2]) < ) +1
and using the fact that w(éy, ée, ...¢,) commutes with integer translations, this implies that
w(E1, Gy Cn) ™ (2)) < 2] + kI

for all k. Hence, Tot(w(¢1, ¢2,...Cn)) < 1/m.

We will not use the second part of Proposition 4.1 in the sequel, so our proof sketch will be
brief. Choose a small € > 0 and continuously deform the action of ¢; on R, preserving its action on
X;, to get a homeomorphlbm d; that contracts each interval (z7 ' + ¢,27] into (27— ¢, I 7]
and maps 27 to 27 P Tt is clear that this can be done equlvarlantly with respect to integer
translations (1 e. through a path in Homeoz(R)), and that the rotation number, which can be
read off of the action of ¢; on XZ, remains constant. If e is chosen close to zero, the action of d;
on R will approximate the action of d; (and hence of ¢;) on X given by the dynamical system
described in our algorithm. ; ' -

In particular, w(dy, ...d,,)™ (z]) will be close to z + 1. The fact that d; contracts the interval
(2] + e, 27T into (27— € as]'H] further implies that (d;...d, )" () approaches x) + ki as

k — oo. It follows from the definition of lifted rotation number that fot(w(dy, ...dy)) = I/m.
O

)

Let us illustrate the algorithm with an example.

Example 4.2. Let ¢, ¢z, c3 € Homeo, (S') satisfy rot(c¢;) = 1/2 for i = 1,2, 3, and let ¢; be a
lift with fot(¢;) = 1/2. Suppose the points =] have the following (lexicographic) order

j+1

1
Lxl <al <l <ol AR

< T

We use the algorithm to produce an upper bound for Tot(¢1¢2¢3).
Since rot(c;) = 1/2, we have I’J+2l =2/ 4+ for all ¢ and j and any [ € Z. The following
diagram depicts a 5/2-periodic orbzt of w = cyeacs acting on X.

Hence, by Proposition 4.1, Fot(¢1¢aé3) < 5/2.

The following example is a mild generalization of Example 4.2. It will play an important role
in Section 6.

Example 4.3. Let ¢, ¢, ..., ¢, € Homeo, (S') satisfy rot(c;) = 1/k, and let ¢; be the lift of ¢;
to Homeoz(R) with Fot(¢;) = 1/k. Suppose there are lifts X; = {27} of periodic orbits with
(lexicographic) order

j j 1
Lal <ah<<al <l

We use the Calegari-Walker algorithm to show that Tot(¢;¢a...¢p,) < 2",; L

j+kl

As in Example 4.2, since rot(c;) = 1/k, we have 2ItH = 7 41 for all i and j and any [ € Z.

We compute an orbit for cics...c,,, starting with z9.

Cn— Cn—1
x? —s xl — xi 1 Pk xi g ... N x%" L Cn, g;i” — xi"_'*f (3)
an—1 . . . .
In general, we have cics...cp, - ml = le+ "7, After iterating this k times, we have
k(2n—1
(crcp..cn)f -2l = o] @n=1) - ¥4+ 2n -1

2n—1
<T.

This gives a 2 —L_periodic orbit, and we conclude that tot(é162...6,) <

Note that the set-up of Example 4.3 mirrors the set-up of a maximal PSL®) representation as
described in Proposition 2.10, with ¢; = [p(a;), p(b;)] and ¢&; the lifted commutator [5(a;), p(b;)].
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4.2 Variations on Example 4.3

We now work through two variants of Example 4.3 in which Tot(¢;¢s...¢,) fails to attain its
maximal value of Q"T’l These will be used in the proof of Theorem 1.4 when we consider

deformations of maximal PSL") representations in Hom(I',, Homeo. (S1)).

Example 4.4 (Deforming the combinatorial structure). Let c1,ca, ...c, € Homeo, (S') satisfy
rot(c;) = 1/k, and let & be the lift of ¢; to Homeoz(R) with fot(¢;) = 1/k. Suppose for each i
there is a lift X; = {2} of a periodic orbit for ¢;, with the ordering

3;31 < x; <. < xﬁl < x{"'l...

and at least one instance of equality, say #{ = 9. We will show that Tot(¢;¢a...¢,) < Q"k L under
the additional assumption that 2n — 1 and k are relatively prime.

First, note that 29 = 2§ implies that 2¢¥ = 24" for all d € Z. Now for any instance where
xf = x],, (call this a double point) observe that the dynamical system exhibits the following
behavior

sy ] e

H—l:x '—7(E

whereas in the case where x] < x7,, we have

Cit1 j

Informally speaking, double points “decrease the distance that ¢; travels to the right.”

Let w = cy¢a...c,, and consider an orbit of the action of w on X. We claim that for any initial
point 27, we have w¥(x7)- = I7* for some s < k(2n — 1). Indeed, the computation in Example
4.3 together with the observation that “double points decrease distance travelled to the right”
shows that s < k(2n — 1), with equality only in the case where no double points are hit along
the way. In the case where no double points are hit, the orbit computation of Example 4.3 holds,
and we have ' 4

le x]1+2n 1 RN $J1+2(2n_1) NN RN x?—&-k(Qn—l)
However, that 2n — 1 and k are relatively prime implies that j + d(2n — 1) is divisible by k for
some d € {0,1,...k}, and by assumption this is a double point! Thus, equality cannot hold in
the inequality s < k(2n — 1).
Choose m such that k£ divides sm. Then w

% = g/ -periodic orbit for w, so

km o (29) = 2§™ = 29 + sm/k. This gives a

2n —1
Fot(10(318...8n)) < S/Tk < ”k

Remark 4.5. The reader may find it instructive to apply the algorithm in a simple case to see
what fails in example 4.4 when k and n — 1 are not relatively prime; we suggest k =3, n =4
and 3¢ = 23¢ the only instances of double points.

A condition for maximality

The Calegari-Walker algorithm produces an upper bound for the value of fot(w(éy, ...¢,)), given
some data on the homeomorphisms ¢;. It is interesting to ask under what further conditions on
¢; this maximum is achieved. As motivation, note that it is possible to have homeomorphisms ¢;
satisfying the conditions in Example 4.3, but with fot(¢;...¢,) = ¥ rather than the maximum
value 2 glven by the algorithm. Indeed, this will occur if we take each ¢; to be the translation
T T —|— , a lift of an order k rigid rotation of S'. Appropriate choice of lifted periodic orbits

will satisfy the condition on the points xi described in the example.

12



Our next proposition (4.6) gives a condition for homeomorphisms ¢; as in Example 4.3 to
satisfy Tot(¢y, ...é,) = 221, i.e. for the lifted rotation number to attain its maximal value. This
proposition and its corollaries will also play an important role in the proof of Theorem 1.4.

In what follows, when we say “suppose ci,cs, ...c, € Homeo, (S') are as in Example 4.3”
we mean that rot(¢;) = 1/k for all 4, that we have chosen lifts ¢; € Homeoz(R) such that

fot(¢;) = 1/k, and that we have lifts X; = {27} of periodic orbits for the ¢; with ordering

le < x% <. < xﬁz < a:{“...

Proposition 4.6. Suppose ci, o, ...c, € Homeo, (S') are as in Example 4.3, and assume k and
2n — 1 are relatively prime. If Tot(¢;és...¢,) attains its maximal value of 2",; L then for all j € Z
we have

él(x%) > )t
i(w], ) > wijlz for i #1,n

+1
n(z1) > 20

oD

Proof. Note that rotation the number of a word in ¢; is invariant under cyclic permutations of the
letters, meaning that Tot(¢i,...¢,) = Tot(¢,¢1...¢,—1), etc. The proofs of each of the inequalities
above are identical, after applying a cyclic permutation and re-indexing the z] appropriately. So
we will give a proof of just the third inequality. We prove the contrapositive via a straightforward
computation. ' 4

Suppose there exists j such that ¢, (27) < 271! . After relabeling, we may assume that j = 0,
so ¢, (z9) <l ;. Then

Cn—18n(2]) < G (@) = 251 (4)
Considering the action of the ¢; on X, we compute that
(c1co...Cp—2) - xi_l = :c%"_2
hence (¢16...¢,_2)(x2_;) < 22”72, Combining this inequality with (4) gives

(6189...8,)(2Y) < 22, (5)

Using the fact that 2n — 1 and k are relatively prime, take integers m > 0 and [ > 0 such

that m(2n — 1) — 1 = kl. Note that L = moid/m -l
The orbit computation from Example 4.3
shows that
(C1C2enCn)™ .‘T%n—2 _ x?nf2+(m71)(2n71) _ x;n(2n71)71 _ lecz
and so

(6162...8n)™ H (23" 72) < 2!

Together with (5), this implies that
(6189...80) " (2¥) < M =20 4+ 1.

< Q"k_ L which is what we needed to

This implies that Tot(¢1¢a...¢,)™ < I, so Tot(¢16z...¢,) < %

show.

O

The next two corollaries of Proposition 4.6 give strong constraints on the location of other
periodic points of the homeomorphisms c¢;.
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Corollary 4.7. Let ¢, ¢y, ...c, € Homeo, (S') be as in Example 4.3. Assume k and 2n — 1 are
relatively prime and that fot(é1¢és...¢,) attains its maximal value of Q”k_ L Let y; € S be any
periodic point for ¢;, then for any lift g; of y;, there exists j such that
U1 € (1'%7171'_%)
Ui € (x]_y,aly) fori#1n
Gn € (2}, 1,27)
Again, the three equations are all equivalent modulo cyclic permutations. One can interpret

each as saying that any lift 7; of a perlodlc point for ¢; is in the same connected component of

R\ (U X,.) as a lifted periodic point .
m#i

Proof. Again, we will Just prqve one of the inequalities, this time the second. Let y denote Ui
and suppose that y ¢ (z]_ 1, . ) for any j. Then there exists j such that 2], <y <z’
Then we have 4
&i(y) > &(al ) > /27
with the second inequality following from Proposition 4.6. Applying (&;)*~! to both sides, we
have ‘
(@)*(y) > (‘)’“‘%xi*?) ol =+ 12y 1
Furthermore, we know that y <z~ H < :c ! and applying (¢;)* to both sides gives
@)y <1<y +2

Thus, 1 < (&)*(y) —y < 2, so (&)*(y) — v is not an integer, and y is not a lift of a periodic point
for ¢;.

O

Corollary 4.8. Let ¢y, ¢z, ...c, € Homeo, (S!) be as in Example 4.3, assume k and 2n — 1 are
relatively prime and that fot(¢;¢s...¢,) attains its maximal value of 2",; L For each i, let Y; be

any periodic orbit of ¢;, and let Y; be its lift to R. Then the points of Y; may be enumerated yf
with (lexicographic) order

1
AR

w1 <y < <Y <
In other words, Corollary 4.8 state that all choices of periodic orbits for the homeomorphisms
¢; have the same combinatorial structure as the original choices Xj.

Proof. 1t suffices to prove that for any ¢ and any choice of periodic orbit Y; for ¢;, the sets
X1,..Xi—1,Y:, Xi11, ... X, have lifts that can be enumerated X = {2}, Yij = {xf}, with the
ordering 4 ' 4 ' 4

L] <y <<zl <yl <al, << <o)t (6)

So let Y; be a perlodlc orbit of ¢; with lift Y; C R, and let y € Y;. By Corollary 4.7, there
exists j such that z_; <y < Iz—i—l Let y = y/. We claim that &(y!) € (2], xf_tll) Indeed, we

know that &(y!) € (z7*, " mi1) for some m, and using the inequality above, we have

J Jj—1

] =¢(xl7) < &y ) < ¢ z_H) < ¢ ]H) = x{w

s0 it follows that m = j — 1. The same argument now shows that (&)%(y?) € (#7717, wfif ) for all

d € Z. Defining ygﬂl = (Ei)d(yf), we have a complete enumeration of the points of Y; satisfying
the condition (6).
O

Remark 4.9. We conclude this section by noting (for the experts) that Proposition 4.6 should
really be interpreted as a more general version of Matsumoto’s Theorem 2.2 in [9] regarding
“tame” elements of Homeoyz(R).
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ﬁX(Cl)

ﬁX(Cg)

Figure 1: k “alternating pairs” of fixed points for ¢; and co
Dark circles are fixed points of ¢y, white circles are fixed points of co

4.3 Homeomorphisms with fixed points

When describing the Calegari-Walker algorithm in Section 4.1, we mentioned that if rot(¢;) = 0,
then one can use any finite subset X; of fix(¢;) as input for the algorithm. The following example
shows that the resulting bound on Tot(w(éy, ...¢,)) may depend on the choice of the X;. We will
make use of this fact in the proof of Theorem 1.4.

Example 4.10. Let ¢; and ¢ be elements of Homeo, (S!) with rot(c;) = rot(cz) = 0. Choose
lifts ¢; of ¢; such that Tot(¢;) = 0. Suppose there exist subsets Xy C fix(c1) and X5 C fix(co)
each of cardinality k, and such that every two points of X; are separated by a point of X5 (as in
Figure 1). We call such an arrangement of fixed points k alternating pairs.

Then the lifts X; and X» can be ordered

Lal <al <al <ay<ad<as.
and we have a 1/k-periodic orbit

Hence, tot(é1é2) < 1/k.

Now we work through the algorithm with different choices of subsets of fix(c;) and fix(cg) as
input. Suppose, for instance, that we choose subsets X| C fix(¢;) that are singletons. Then the
lifts of points 2] € X/ are again ordered

Ll <ol <ap<al..

Jj+1

but now x; " = xf + 1, and

29 V2 29 gl
is a 1-periodic orbit. This gives the (weaker) bound Tot(¢;¢é2) < 1.
The computation in Example 4.10 above illustrates the following general phenomenon.

Proposition 4.11. Let X/ C X; be finite subsets of fix(¢;), and let w be any word in é1, ...¢é,.
Let r be the estimate Tot(w) < r produced by the Calegari-Walker algorithm with inputs X,
and let 7’ be the estimate fot(w) < r’ produced by the algorithm with input X!. Then r < /.

The proof is elementary and we leave it to the reader, as we will not use this proposition in
the sequel. However, we do make one instructive remark which will come into play later.

Remark 4.12. Note that the inequality in Proposition 4.11 may not be strict — in other words,
putting more information (a larger fixed set) into the Calegari-Walker algorithm does not always
give a better estimate. For example, suppose we modify Example 4.10 by giving each of the
k points of X; and X3 a nearby “double,” as in Figure 2, to create sets X and X} each of
cardinality 2k.
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ﬁX(Cl)

fix(co)

Figure 2: k doubled alternating pairs of fixed points.
Dark circles are fixed points of ¢1, white circles are fixed points of ¢,

The lifts X/ = {27} — excuse the abuse of notation— are now ordered
cal <ol <al <a)<at<at<al<ad.

with 277%% = 27 4 1. Then

C2 C1 C2 Cc2 2k—2 <1

is again a 1/k-periodic orbit, giving the estimate Tot(¢ié2) < 1/k.

With these examples as tools, we move on to the proof of Theorem 1.4.

5 Proof of Theorem 1.4

Fix a standard generating set S = {a1,b1,...aq, by} for I';. We will use this generating set until
the end of Section 5.4.
Define R; : Hom(T'y, Homeo, (S')) — R by

Ri(p) = tot[p(ai), p(bi)].

Recall from the proof outline in Section 3.2 that our first goal will be to identify show that maximal
PSL®) representations are local maxima for the functions R;. In other words, for any maximal
PSL® representation py, there is an open neighborhood U;(pg) € Hom(T',, Homeo, (S')) such
that R;(p) < R;(po) holds for all p € U;(pg). Our strategy — which will also give us extra
information that will be critical in later steps of the proof — is to define sets N; of representations
that share some characteristics of maximal PSL!) representations. In particular, our work in
Section 4 will imply that R;(p) < Ri(po) for all p € N; and any maximal PSLX) representation
po. We will then identify interior points of N; and show in particular that maximal PSL®)
representations are interior points.

5.1 Identifying local maxima of R;

Let po be a maximal PSL®) representation. We will work first under the assumption that
rot(po(a;)) = 0 holds for all 4. Then rot(pg(a;)~!) = rot(po(ba=1b~1)) = 0 as well. The reduction
to the case that rot(po(a;)) = 0 is carried out in Section 5.4.

Fix i € {1,2,...g}. Tt will be convenient to set up the following notation, consistent with the
notation in Section 4.

Notation 5.1. For p € Hom(I'y, Homeo (5')) define

c1(p) = p(a;), and ea(p) == p(bia; 'b; ).
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Figure 3: Dynamics of the images of standard generators under a Fuchsian representation v
Dotted arrows indicate the axes of hyperbolic elements acting on the disc

Note that, for any choice of lifts p(a;) and 5(b;) of p(a;) and p(b;) to Homeoyz(R), the lifts
a1(p) = plas), and é(p) := p(bi)p(ai) ™" p(bi) ™

of ¢1(p) and c2(p) satisty Tot(é1(p)é2(p)) = Ri(p).-

Our goal is to use the work of Section 4 to give bounds for Tot(é¢1(p)ca(p)), given certain
combinatorial data. We motivate this by examining the combinatorial structure of fix(c1(pg))
and fix(c2(po)), where pg is our maximal PSL®) representation.

Structure of fix(c1(po)) and fix(ca(po))-

Let X; = fix(c1(po)) and X = fix(c2(po)). We claim these sets are ordered in S! exactly as the
“doubled alternating pairs” in Figure 2. To see this, consider first the action of a pair of standard
generators (a;, b;) under an injective, Fuchsian representation v : Iy — PSL(2,R) with Euler
number 2g — 2. This is depicted in Figure 3.

The maximal PSL®) representation pg is a lift of such a representation v to the k-fold cover
of S, with X; and X, the lifts of fix(v(a;)) and fix(v(b;a; 'b; ")) respectively. The fact that the
points of fix(v(a;)) do not separate those of fix(v(b;a; *b;)) on S! implies that points of X;
and X5 on the k-fold cover appear in “doubled alternating pairs” exactly as in Figure 2 from
Remark 4.12. ' _

As in Example 4.10, the lifted fixed points X; = {z]} and X, = {2} may be ordered

...x(1)<x% <xg <x% <x% <x;13 <x% <ac§

We also know that go(b;)(X;) = Xo. Since fot(go(b;)) = % for some n, it follows from the

dynamics of the action of v(b;) in the Fuchsian case (as in Figure 3) that po(b;)(z3) = 23772~
and po(b;) (2271 = 22712 for all j. See Figure 4.
I S OO e B R T OO R S
—e O O L L O O *—

Figure 4: Order of points «} and po(b;)z]

Representations with good fixed sets.
For general p € Hom(T'y, Homeo, (S')), we say that c1(p) has a good fized set if it fixes a set of
points that “look like” the set X1 (pg) above.

Definition 5.2. For p € Hom(I',, Homeo (S5')), say that X;(p) C fix(ci(p)) is a good fized set
for ¢1(p) = p(a;) if the following hold:
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i) Xi(p) is of cardinality 2k.

ii) If we define X3(p) by X2(p) := p(bi)(X1(p)) C fix(c2(p)), then their lifts Xi1(p) = {2 (p)}
and Xo(p) = {z3(p)} C R can be indexed such that

~21(p) < z1(p) < 23(p) < x3(p) < x1(p) < x1(p) < x3(p) < x5(p)...
iii) With the indexing giving the order above, we have
pbi) (21 (p) = a3 (p) and p(b) (@77 (p)) = 25" (p).

Example 4.10 shows that if p(a;) has a good fixed set, then Tot[p(a;), p(b;)] = Ri(p) < 1/k.
Let N; be the closure in Hom(I',, Homeo (S*)) of the set

{p € Hom(T';, Homeo, (S)) | p(a;) has a good fixed set }.

Then R;(p) < 1/k holds for all p € N; as well. We claim that representations in N; where R;(p)
attains the maximum value are interior points of N;.

Proposition 5.3 (Interior points of N;). Let p € N; satisfy R;(p) = 1/k. Then N; contains
an open neighborhood of p in Hom(I',, Homeo (S1)).

Proof. Let p € N; be such that R;(p) = 1/k. Since p € N;, we may take a sequence of
representations p, approaching p such that each p,, has a good fixed set X1 (pn) C fix(c1(pn))-
Since the space of k-tuples in S' is compact, after passing to a subsequence, we may assume
that X1 (p,) converges to a 2k-tuple of (a priori not necessarily distinct) points X;(p) C S*. We
claim that

i) Xi(p) is a good fixed set for ¢;(p), and
il) Any p’ sufficiently close to p has a good fixed set.

i) Proof that X;(p) is a good fixed set

That p,, converges to p implies that X;(p) C fix(c1(p)). Let X1(p,) C R be the set of all lifts
of points in X1(p,). If we choose to enumerate X;(p,) so that the points 29 (p,) stay within a
compact set, then after passing to a further subsequence we may assume that for each j, the
sequence 27, (p,,) converges to a point - (p) € X;(p). Then x}(p,) converges to some point a7 (p).
These points are ordered

~21(p) < z1(p) < 25(p) < w3(p) < 21(p) < x1(p) < x5(p) < 25(p)... (7)

with
pb:) (@ (p)) = 232" (p), and (b)) (zF T (p)) = 237 (). ®)
We need only show that all the inequalities in (7) are strict. This is straightforward:
if 2(p) = 2b(p) for some [ and j, then fix(ci(p)) N fix(ca(p)) # 0, so Tot(é1(p)é2(p)) = 0,

contradicting our assumption. Furthermore, since 74 (p) # x3(p) for all [ and j, it follows from
Equation (8) that @) (p) # 2} (p) for all I # j as well.

ii) Proof that nearby representations have good fixed sets

As the proof of this is slightly technical, we start with an easy case for motivation. Suppose
that we knew that the points of X;(p) were stable fized points — meaning that for any e > 0,
there is a neighborhood U, of p in Hom(T'y, Homeo (S)) such that X (p) is contained within
the e-neighborhood of fix(¢q(p')) for each p’ € U,. (This is satisfied, for example, if each point
x € X1(p) is either a source or a sink for ¢1(p).) In this case, for each p’ € U,, we can pick a
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Figure 5: dynamics of ¢;(p)

subset X1 (p") C fix(c1(p')) of cardinality 2k that is of Hausdorff distance at most € from X (p).
Provided ¢ is sufficiently small, this will be a good fixed set for p’.

To treat the general case, we will first do some further analysis of the dynamics of p. Our
goal is to identify other “stable conditions” that imply that nearby representations p’ have good
fixed sets. To make the next few lemmas easier to read, we drop “p” from the notation, writing
x] for ! (p).

Lemma 5.4. &(p) is strictly increasing on each interval [z37, 2271,
Proof. We use the fact that R;(p) = Fot(¢1(p)c2(p)) = 1.

Suppose for contradiction that é(p) is not strictly increasing on some (227, &3], There
are three cases. First, suppose that é;(p) has a fixed point y in (a7 2 ?JH). Let 7 € S! be the
projection of y to S = R/Z and consider the sets

Y = Xa(p) U {5} C fix(cz(p)), and

Y1 = p(bi) " (Ya) C fix(ei(p))-

Then Y7 and Y5 contain k + 1 alternating pairs, so by Example 4.10, Tot(¢1(p)é2(p)) < 515. This
is a contradiction.
If instead é(p) fixes an endpoint of [#37, 227*'], then & (p) and é(p) have a common fixed

point, and so Tot(é;(p)éa(p)) = 0. Finally, if é&(p) is strictly decreasing on [x37, 237T"], then
e1(p)ea(p) (@YY < &1 (p) (2P ) = 231 and so Tot(¢1(p)ca(p)) < 0, again a contradiction. [J

Essentially the same argument can be used to prove the following lemma (we omit the proof).

Lemma 5.5. & (p) is strictly increasing on each interval 237, 237 1].

2_]+2n 2]+2n+1}
Ty

Since é(p) is strictly increasing on [z] , its inverse p(b;)~1p(a;)p(b;) is strictly

decreasing on [z7 72" 222" “and so & (p) = p(a;) is strictly decreasing on
~ 2j+2n  2j+2n+1 2 2j+1
pb) T, 27T C (2, ).

The content of Lemmas 5.4 and 5.5 is summarized in Figure 5, with arrows indicating where
¢1(p) is increasing and decreasing.
The next two lemmas give a refinement of this picture.

Lemma 5.6. Let
y? ! = min (x(e1(p) 0 [5(00) 7 @P ), aF])

and let _ _ _
22 = max (fix(@ () 0 [(b) 7 @72, 23]
Then j(b;)y2it! > z2it+2n+1,

The indexing of points in Lemma 5.6 is designed so that 427! and 22/*1 are close to 371,
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Figure 6: A more precise picture of the dynamics of é (p) after Lemma 5.7

Proof. As in Lemma, 5.4, this follows from the fact that R;(p) = fot(¢1(p)c2(p)) = 1. Suppose
for contradiction that p(b;)y?/ 1 < 229+27+1 holds for some j. If equality holds, then ¢;(p) and
¢2(p) have a common fixed point, so R;(p) = 0, a contradiction. Otherwise, let § denote the
projection of %11 to S! and Z the projection of 22/+2"*1 and define

Y1 = Xi1(p) U{y, 2z} C fix(p(c1)), and

Ys == p(b1)Y1 C fix(c2(p)).

Because 227 72" < 5(b;)y2 Tl < 22042041 < 2727 the sets Y and Ya contain k41 alternating

pairs. By example 4.10, Tot(¢1(p)c2(p)) < k,%_l, a contradiction. O

The same type of argument also shows the following.

Lemma 5.7. Let

y¥ = max (ﬁx(él(p)) N [xgj’ ﬁ(bi)—l(x?jJr?n)D and

221 = min (fix(@1(p) N[22, 7(b) " (@2+2")])

Then p(b;)y*> < 227+,

[1Peb

Figure 6 summarizes what we now know about the dynamics of ¢;(p). (To avoid too many “;”s
in the superscripts, the figure starts with z9 rather than the general z73.)

Now we can show that any representation p’ sufficiently close to p has a good fixed set. It
follows from Lemmas 5.6 and 5.7 that for all sufficiently small € > 0, there exists a neighborhood
U. of p in Hom(T'y, Homeo, (S1)) such that, for each p’ € U, there are lifts ¢1(p’) of ¢1(p’) and
7' (b;) of p’(b;) satisfying the following:

i) ¢1(p)(x) <z forz ey +e y? =1 —¢,

ii) é1(p')(x) > for z € [(2¥ 71 +e), 2% — )],
ili) p/(b;)(y? I+ —€) > 2T 4 ¢ and
iv) p'(bi)(y¥ +¢€) > 25T — ¢ for all j.
We may take e independent of j because ¢;(p’) and p'(b;) are lifts of homeomorphisms of St.

It follows that ¢;(p’) has a fixed point in each interval (y2 1 — e, 22! 4 ¢), as well as in
each interval (227 — ¢, y? +¢€). The reader may find it helpful to refer to Figure 6. Choose a
point ‘ . .

27T (') € fix(@(p) N (¥ =€, 2 o),
and a point

22 (p) € fix(@(0) N (2% — €, y¥ +¢)

for each j, and do so equivariantly with respect to integer translation so that their union
X1(p') == {z" | m € Z} is the lift of a subset X;(p') C fix(p/(a;)) C S* with |X;(p')| = 2k. Our
next goal is to show that X;(p’) is a good fixed set for p’.

As in the definition of good fixed set, define 237 72"~ (p/) == 5 (b;) (237 (p')) and 237 2" (p') :=
7 ()@ (p')). Tt remains only to show that the points 27 and 3" are ordered as in condition
ii) in the definition of good fixed set.
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By construction, 2" < z]"*! holds for all m € Z, and therefore 3* < x3"*!

Moreover, our choice of points x7* gives, for all j,

holds as well.

w32 () = H )@ () > B )P =€) > PR e > 2 T ()
and similarly
2PN = H )@ () < BB + ) < 2 —e <2l ().

These two inequalities together imply that

2

= (p') < ar(p) < a9(p') < ws(p)) < 2i(p') < ai(p)) < 23(p") < a3(p)...

so X1(p') is a good fixed set for p'.

This concludes the proof of Proposition 5.3.

5.2 Rotation numbers of products of commutators

Similar to what we did in Section 5.1, our strategy here is to define a good representation to be
one that “looks like” a maximal PSL(®¥) representation (at least on the level of the combinatorial
data of some periodic points for certain elements), determine the possible values of R(p) for
“good” representations p, and then find interior points of the set of good representations. It will
be convenient to introduce a little more notation.

Notation 5.8. Given any p € Hom(I'y, Homeo, (S1), let ¢;(p) denote the lifted commuta-
tor [p(a;), p(b;)] € Homeoz(R), and let R(p) denote the rotation number of the product

fot(c1(p)ea(p)-..cg-1(p))-

Definition 5.9. Say that a representation p € Hom(I'y, Homeo, (S')) is good if the following
two conditions hold.

i) Tot(¢;(p)) =1/k for alli € {1,2,...g — 1}, and
ii) For each 4, there is a periodic orbit X;(p) of ¢;(p) such that the lifts X;(p) can be ordered

xl(p) <xd(p) <. < x;_l(p) <27 (p)...

Let Ny be the closure of the set of good representations in Hom(T'y, Homeoy (S')). Note
that our maximal PSL(® representation py is a good representation, and that for any good
representation p Example 4.3 implies that

29 -3
2

tot(¢1(p)e2(p)---g-1(p)) = Fot([p(ar), p(br)]...[p(ag-1), p(bg-1)]) < (9)

Moreover, (9) holds not only for good representations but for all p € Ny. Finally, for i = 1,2, ...g
g

let N; be the set defined in Section 5.1 and define N = (] N;.
i=0

Proposition 5.10 (Interior points of N). Let p € N. If Tot (¢ (p)éa(p)...c4—1(p)) = 29,9—_3 holds,
then p is an interior point of S.

Proof. Suppose that p € N satisfies Tot(¢1(p)éa2(p)...¢q—1(p)) = %. Let p;,, be a sequence of

g
representations in (] NN; approaching p. Then p,, € Ny, so we may choose periodic orbits X;(p,)
i=0
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for ¢;(pn) as in the definition of “good”. After passing to a subsequence, we may assume that
each X;(p,) converges to a k-tuple of points X;(p) with lifts ordered

- @](p) < @h(p) < .. < ad(p) < 21 ().

If equality holds in any of these inequalities, then Tot(é;(p)é2(p)...¢4—1(p)) < 29—;)’ holds by
Example 4.4. This contradicts our assumption, so all points xz (p) must be distinct.

Since Tot(¢;(p)) = 1/k, by Proposition 5.3 there is an open neighborhood U; of p in
Hom(Ty, Homeo, (S')) contained in N;. The intersection U of the sets U; is an open neighbor-

g

hood of p contained in (] N;. We claim that there is an open neighborhood of p contained in
i=1

Ny as well.

To see this, suppose for contradiction that we can find a sequence of representations 7, in
Hom(T'y, Homeo, (S1)) \ Ny approaching p. Without loss of generality, we may assume all 7,, lie
in U. Then each ¢;(n,) has a periodic orbit X;(n,) and after passing to a subsequence we may
assume that each X;(n,) converges to a k-tuple Y;, which will be a periodic orbit for ¢;(p). Now
Corollary 4.8 implies that the periodic orbits Y; have the same combinatorial structure as the
X;(p) in the definition of “good”, and hence so do the sets X;(n,) for n sufficiently large. Thus,
for large n, the representation 7, is good, contradicting our assumption.

O

5.3 Rotation rigidity for generators

We return to work with the maximal PSL®) representation po from Section 5.1, and will show
that the rotation number of a single element of our standard generating set is constant on the
connected component of pg.

Proposition 5.11 (Rotation rigidity for a single generator). Let N be the set defined in
Section 5.2, and let N’ be the connected component of N containing pg. Then N’ is a connected
component of Hom(I'y, Homeo, (S')) and rot(p(a,)) = 0 for all p € N'.

Proof. By definition, N is an intersection of closed sets, so N’ is closed. To show that N’ is also
open, consider any p € N'. Since p lies in the same component of Hom(I'y, Homeo (S 1)) as po,

we have e(p) = e(pg) = %. Tt follows from Lemma 3.1 and the definition of Euler number that

fot ([p(ar), p(01)]--lp(ag1), p(by 1)) + Fotlp(ag), plby)] = 22—

From this and the inequalities R;(p) < 1/k for p € N;, and R(p) < 22=2 for p € Ny, we can
conclude that Tot[p(ay), p(by)] = 1/k and Tot ([p(a1), p(b1)]--.[p(ag—1), p(bg—1)]) = ng;?’. Thus,
by Propositions 5.3 and 5.10, there is an open neighborhood of p contained in N and hence
also in N’. This proves that N’ is a connected component of Hom(I',, Homeo, (S')). Moreover,
we have also just shown that Tot[p(ag), p(bgy)] = 1/k holds for all p € N’. Assume now for
contradiction that rot(p(ag)) # rot(po(ay)) for some p € N'. By continuity of rot, there exists
a representation p’ € N’ such that rot(p’(ay)) is either irrational or is rational of the form p/q
with ¢ > k. In either case, Lemma 2.4 implies that Tot[p’(ag), p'(bg)] < 1/k, a contradiction.

O

5.4 Reduction to the case rot(py(a;)) = 0: a Euclidean algorithm trick

m;

Assuming now that rot(po(a;)) = %+ for some m # 0, we show how to define a continuous map
® : Hom(T;, Homeo, (S')) — Hom(T',, Homeo, (S')) such that ®(po(a;)) is a maximal PSL*)
representation with rot(®(pg(a;))) = 0. Since rot(®(po(a;))) = 0, the results of Section 5.3 apply
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Figure 7: A pair of crossed homeomorphisms

to ®(pg), showing that the rotation number of the image of a; is constant on the connected
component of ®(pg). Additional properties of ® will let us conclude that the rotation number of
the image of a; is constant on the component containing py as well.

We start with a characterization of pairs (f,g) € PSL®) x PSL®) such that f = p(a;) and
g = p(b;) for a pair (a;,b;) in a standard generating set and a maximal PSL®) representation p.

Definition 5.12 (crossed pair). Call a pair (f,g) € PSL® x PSL®) crossed if the projections
f and g of f and g to PSL(2,R) are hyperbolic elements with intersecting (i.e. crossed) axes,
with intersection number —1.

In particular, for any maximal PSL®) representation p, the images of a pair of standard generators
(p(a;), p(b;)) form a crossed pair.
One crossed pair can be used to build another:

Lemma 5.13. Let (f,g) be a crossed pair. Then (fg,g) and (f, gf) are crossed pairs also.

Proof. Let f and g be crossed, with projections f and § € PSL(2,R). The dynamics of the
action of f and g on S! is as in Figure 7 below. Let I C S' be the closed interval bounded
by the attracting fixed points of f and g, and J the closed interval bounded by the repelling
fixed points, as in the figure. Then fg(I) C I and (fg)~'(J) C J. It follows that fg has an
attracting fixed point in I and a repelling fixed point in J, so its axis crosses the axis of g. The
same argument shows that the axis of gf crosses the axis of g. O

The next lemma is an elementary result on rotation numbers of positive words. Recall that
we use the terminology word in a and b to mean a word w(a,b) in the letters a and b, (and not
a~! or b=1), in other words, w(a, b) is an element of the positive semigroup generated by a and b.

Lemma 5.14. Let (f, g) be a crossed pair, with rot(f) = rot(g) = 0. Then any word w = w(f, g)
has rot(w) = 0.

Proof. Let (f,g) be a crossed pair with projections f and g € PSL(2,R). Let I ¢ S! be an
interval as in Figure 7, so f(I) C I and g(I) C I. Let I’ be a single connected interval in the
k-fold cover of S that is a lift of I. Since rot(f) = rot(g) = 0, it follows that f(I') C I’ and
g(I") c I, Thus, w(f,g)(I') C I' and so w has a fixed point in I’.

O

Now we can prove the main result of this section.

Proposition 5.15 (Euclidean algorithm for rotation numbers). Let (a,b) € PSL®) x PSLK)
be a crossed pair. There exist words u = u(a,b) and v = v(a,b) such that

i) [u,v] = [a,b]
ii) rot(u) =0
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iii) w and v are a crossed pair.

Proof. We will make repeated use of the following elementary algebraic computation, which
applies to any commutator.

[fs9l =1[f,9f"] =[fg",g] for any n € Z (10)

Let m = krot(a) and n = krot(b). Let r : S — S denote the order k rigid rotation with
rotation number 1, which commutes with a and b. Let a’ = ar*~™ and b’ = br*~". Note that
rot(a’) = rot(b') = 0, and that (a’,b’) is a crossed pair in PSL®).

As a warm up for the rest of the proof, we do a simple computation. Let a1, 81, ...a, 35 be
integers. Then

a1 P g pBs — (a/)al(b/)ﬁl.“(a/)@s(b/)ﬁsr(m(al+~--+as)+n(5l+~--+ﬁs))
By Lemma 5.14, rot((a’)* (¥)51...(a")* (b)) = 0, so

rot(a®i b ety = MLt - O‘S);”(ﬂl Tt Be) (11)

This kind of computation lets us reduce the rotation number of a while preserving the
commutator [a,b], as follows. First, use the (standard) Euclidean algorithm to produce a
sequence of pairs of integers

(m,n) = (mg,ng), (Mo, n1), (Mm1,n1), (M1,n2), ...

with n; = n;_1 — ¢;m;—1 and m; = m;_1 — p;n;, terminating after d steps with a pair either of
the form (mg,0) or (0,n4). Choose g; > 0 and p; > 0 such that §; = —¢; mod k, and p; = —p;
mod k, and consider the sequence of pairs of elements of PSLX)

(fo,90), (fo,91), (f1,91), (f1,g2)--.

defined recursively by setting (fo,90) = (a,b) and

9 =gi1f,
fi = fic1g;"

The sequence terminates at step d with a pair of words (u, v) = (u(a,b),v(a,b)). The reader may
find it instructive to look at the first few terms of the sequence:

(a,b), (a,ba®), (a(ba?)P* ba™), ...

The recursive definition of f; and g; together with Equation (10) implies that for each ¢ we
have

[fiagi] = [fz‘>gi+1] = [fi+1,9i+1]'

It follows that [u,v] = [a,b]. Moreover, Lemma 5.13 implies inductively that each pair in the
sequence is a crossed pair. Finally, the calculation in our warm-up (equation (11)) shows that
rot(f;) = m;/k and rot(g;) = n;/k (recall that rotation numbers take values in R/Z). Thus,
the final pair (u,v) satisfies either rot(u) = 0 or rot(v) = 0. If rot(u) = 0, we are done. If
instead rot(v) = 0, replace (u,v) with the pair (uvvu*~!,vu*~!). Lemma 5.13 implies first
that (u,vuf~1) is a crossed pair, and then so is (uvvu*~! vuf~1). The commutators satisfy
[uvub—1 vuF~1] = [u,v] = [a, b] and now we have rot(uvu*~1!) = rot(v) = 0, as desired.

O
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We can now carry out the reduction to the case rot(pg(a;)) = 0, justifying this assumption
in Sections 5.1 through 5.3. Let py be any maximal PSL®) representation. Then each pair
(po(as), po(b;)) is a crossed pair. Use Proposition 5.15 to produce words u;(a, b) and v;(a, b) in the
letters a and b such that — letting w;(p) denote u;(p(a;), p(b;)) and v;(p) denote v;(p(a;), p(b;)) —
we have

i) [ui(p),vi(p)] = [p(as), p(b;)] for any p, and
ii) rot(u;(po)) = 0.

Define a function ® : Hom(I'y, Homeo (S')) — Hom(T'y, Homeo (S')) by ®(p)(a;) = ui(p)
and @(p)(b;) = vi(p), for each a; and b; in a standard generating set. This function is continuous,
and the property i) above implies that it is well defined on I';. Let 19 = ®(pg). Then the
image of 7y lies in PSLX). Moreover, one can deduce from property i) and the fact that
fot[po(ai), po(bs)] = 1/k that [@i(p),7;(p)] = [Fo(as), o(bi)], so e(no) = e(pg) = 24=2. Since
rot(no(a;)) = rot(u;(po)) = 0 for all ¢, the results of Sections 5.1 through 5.3 above apply here to
show that fot[n(ay),n(by)] = 1/k for all n in the connected component of 7.

Suppose that p is a representation in the same component as pg. Since ® is continuous, ®(p)
lies in the same component as 7, so

Fot[p(ay), p(by)] = Fot[®(p)(ay), B(p)(b,)] = Fot[n(as),m(b,)] = L/k.

Since Tot[p(ay), p(bg)] = 1/k for all p in the connected component of py, the argument from
the end of Proposition 5.11 now applies to show that rot(p(ay)) = rot(po(ay)) for all p in the
connected component of py in Hom(T'y, Homeo, (S')).

In summary, we have just shown the following.

Proposition 5.16 (Rotation rigidity for generators, general version). Let py be a
maximal PSL®) representation, and {a1,b1,...a4,by} a standard generating set for I';. Let
X C Hom(T',, Homeo (S*)) be a connected component containing a maximal PSL®¥) represen-
tation pg. Then rot(p(ay)) = rot(po(ay)) for all p € X.

5.5 Finishing the proof of Theorem 1.4

Theorem 1.4 will follow from Proposition 5.16 using a covering trick due to Matsumoto in [9].
Let X be a component of Hom(I',, Homeo (S!)) that contains a maximal PSL®) representation
po, and let p € X. Let v € I'y, and let a be a curve on X, representing 7. If o is a nonseparating
simple closed curve, then we may include v into a standard generating set for I'y, in which case
Proposition 5.16 implies that rot(p(y)) = rot(po(7y))-

If o is not a simple closed curve, we may take a finite cover ¥, of ¥, such that « lifts to a
nonseparating simple closed curve 3 (such a cover always exists — Scott’s theorem in [11] implies
that a can be lifted to a simple closed curve in some finite cover, and taking a further cover we
can ensure that the lift is nonseparating). Let ay € m(3,/) represent this lift, and include a4
in a standard generating set {a1,b;...ay, by} for ¥'. If the degree of the cover X, = %, is m,
then ¢ =m(g—1) + 1.

Consider now the (continuous) function 7* : Hom(I',, Homeo (S')) — Hom(T',/, Homeo (S'))
defined by p +— p o m,. The Euler number is multiplicative with respect to covers, so we have

o(w* () = me(p) = "EI=2 _ 29 22

In particular, 7*(pg) is also a maximal PSL® representation. Since 7*(p) lies in the same
component of Hom(T'y/, Homeo (S')) as 7*(po), Proposition 5.16 implies that

rot(r (polag))) = rot(n* (plag ))).
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Since m,(ay) = a, we conclude that rot(pg(a)) = rot(p(a)) as desired. This concludes the proof
of Theorem 1.4.
O

6 Proof of Theorem 1.3

Theorem 1.3 will now follow from Theorem 1.4. We recall the statement here.

Theorem 1.3. For each nontrivial divisor k of 2g — 2, there are at least k29 4+ 1 components of
Hom(T',, Homeo (S')) consisting of representations with Euler number 29,; 2,
In particular, two representations into PSL®¥) that lie in different components of Hom(T'y, PSL®)

necessarily lie in different components of Hom(I',, Homeo, (S1)).

Proof. Let k be a nontrivial divisor of 2g — 2. As explained in the proof of Proposition 2.10,
representations p : ', — PSL®) with Euler number e(p) = % are precisely the lifts of faithful
Fuchsian representations v : I'; — PSL(2,R). Each representation v has k29 lifts; these can be
distinguished by reading the rotation numbers of each of a standard set of generators, which
may take any value in {0, 1, ..., %}

Goldman’s theorem (Theorem 1.5) states that the rotation numbers of the generators are a
complete invariant of connected components of Hom(I'y, PSL(k)) — there are k29 components of
Hom(T', PSL®), distinguished by the rotation numbers of a standard set of generators. Thus,
if p1 and p, are representations that lie in different components of Hom(T', PSL®), then the
rotation number of some generator differs under p; and ps, and so by Theorem 1.4, p; and ps
must lie in different components of Hom(T'y, Homeo (S')).

Finally, to conclude that Hom(T'y, Homeo (S')) has at least k9 + 1 connected components

consisting of representations with Fuler number 29,; 2 it suffices to exhibit a representation
p: Ty — Homeo, (S') with e(p) = 25,;2 and p(ag) # 7§ for any integer m. Such a representation

can be constructed as follows. Take a representation y : I'y_; — Homeo (S') with e(u) = %

and extend this to a representation p : I'y — Homeo (S') as follows: If {ay,b1,...ag_1,bs—1} is
a standard generating set for I';_;, then we can take {aq,b1,...a4,b,} a standard generating set
for I'y, and define p on generators by

p(a’i) = V(ai)v p(b’t) = V(bi)7 for i = 1) 27 g 1

where r, and rg are rigid rotations by arbitrary angles a and 3, with 27kS ¢ Z. Since
[ra, 7] = id, we have

[p(ar), p(br)]--[p(ag—1), plbg—1)][Fas Tp] = [p(a1), p(b1)]..[p(ag—1), A(bg—1)],

2g—2

a translation by %. Thus, p is a representation and has Euler number e(p) = =%

7 Semi-conjugate representations: Theorem 1.2

In this section we recall the notion of semi-conjugacy and prove Theorem 1.2. The reader should
note that use of the term “semi-conjugacy” for representations to Homeo, (S!) in the existing
literature is inconsistent. We will use the following definition, which appears in [4].

Definition 7.1 (Degree 1 monotone map). A map h : S — Slis called a degree 1 monotone map
if it is continuous and admits a lift & : R — R, equivariant with respect to integer translations,
and nondecreasing on R.
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Definition 7.2 (Semi-conjugacy of representations). Let I' be any group. Two representations
p1 and pe in Hom(T', Homeo, (S1)) are semi-conjugate if there is a degree one monotone map
h: St — S such that p1(y) o h = ho py(y) for all v € T.

Semi-conjugacy is not an equivalence relation because it is not symmetric. However, there is
a relatively simple description of representations that lie in the same class under the equivalence
relation generated by semi-conjugacy. This description is due to Calegari and Dunfield.

Proposition 7.3 (Definition 6.5 and Lemma 6.6 of [2]). Two representations p; and ps in
Hom (T, Homeo (S1)) lie in the same semi-conjugacy class if and only if there is a third rep-
resentation p : I' — Homeo, (S') and degree one monotone maps hy and hy of S* such that
pioh; = h;op.

In [5], Ghys showed that two representations in Hom(I", Homeo, (S1)) lie in the same semi-
conjugacy class if and only if they have the same bounded integer Euler class in HZ(T';Z).
Matsumoto later translated this into a condition defined purely in terms of (lifted) rotation
numbers. Before we state this condition, note that for any two elements a, b € Homeo (S!) with
lifts @ and b in Homeogz(R), the number

7(a, b) := fot(ab) — fot(a) — rot(b)

does not depend on the choice of lifts @ and b.

Proposition 7.4 (Matsumoto, [8]). Let I" be a group with generating set {7;}. Two representa-
tions p; and ps in Hom(I", Homeo, (S*)) lie in the same semi-conjugacy class if and only if the
following two conditions hold

i) Each generator +; of T satisfies rot(p1 (7)) = rot(p2(7)).
ii) Each pair of elements v and 7/ in T satisfies 7(p1(7), p1(7')) = 7(p2(7), p2(7))-

As a corollary of Matsumoto’s condition we have the following. Recall that for v € T, we let
rot., : Hom(I', Homeo, (S')) — R/Z be defined by rot.(p) = rot(p(v)).

Corollary 7.5. Let I' be any group and U C Hom(T", Homeo (S')) a connected set. If for all
v € I' the function rot.,, is constant on U, then U consists of a singe semi-conjugacy class.

Proof. By assumption, condition i) of Proposition 7.4 is automatically satisfied for any two
representations in U. To see that ii) is satisfied, fix any v and 4/ in I, and define a function
E,,:UxU—Rby

Fyqi(p,v) = 7(p()p(y") = 7(v(7), v ()

Then F, ./ is clearly continuous. We will show it is integer valued, hence constant. Since
F, - (p,p) =0, it will follow that condition ii) is satisfied.

That F, . is constant comes from the fact that rot, and rot, are constant on U. By
definition,

Fyy(p,v) = Tot(p(7)p(7)) — Tot(@(7)7(v")) — Tot(A(7)) + Tot(p(v)) — Tot(p(')) + Tot(P(+"))

Taken mod Z, this expression becomes

rot(p(7)p(7')) — rot(v(v)r(v')) — rot(p(v)) 4 rot(p(r)) — rot(p(y')) + rot(v(v')),

which is zero, since rot, and rot, are constant on U.
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Combining Theorem 1.4 with Corollary 7.5, we conclude that if X is a connected component of
Hom(T',, Homeo (S')) that contains a maximal PSL®) representation (equivalently, a geometric
representation by Proposition 2.11), then all representations in X lie in the same semi-conjugacy
class. Thus, to finish the proof of Theorem 1.2, it suffices to prove that representations in the
same semi-conjugacy class always lie in the same component of Hom(I'y, Homeo, (S1)). In fact,
they always lie in the same path-component.

Proposition 7.6. If p; and ps lie in the same semi-conjugacy class, then there is a continuous
path p; in Hom(T',, Homeo, (S1)) from po to ps.

Proof. Let p:T'y — Homeo (S') and let h; : S' — S! be monotone maps as in Proposition 7.3
with h; o p = p; o h;. We will construct a path from p; to p (and the same procedure will work
to build a path from py to p).

First, for ¢ € [1/2,1) let h; be a path of homeomorphisms of S such that ,}E hi = h. Then

fll/g is isotopic to the identity, so for ¢ € [0,1/2] define h; to be a path from id to i?,l/g. Now, for
all t € [0,1) we may define p; by

pe(y) = hep(y)hi!

Note that py = p, and p:(y) — p1(7y) as t — 1 (using the fact that h is surjective). Thus, p;
gives a continuous path from p; to p, and the same kind of construction will clearly work for ps.
O

This concludes our proof of Theorem 1.2.

8 Rigidity and Flexibility

Say that a representation p € Hom(T',, Homeo (S')) is rigid if the connected component of
Hom(T';, Homeo (S')) containing p consists of a single semi-conjugacy class. (Proposition 7.4 and
Corollary 7.5 imply that this is equivalent to the functions rot, being constant on the component
containing p, for each v € I'y.) Theorem 1.2 states that geometric representations are rigid. We
conjecture that these are effectively the only rigid representations in Hom(I'y, Homeo, (S ).

Conjecture 8.1. Suppose that p € Hom(I',, Homeo, (S1)) is rigid. Then e(p) = % for some

k, and p lies in the semi-conjugacy class of a representation with image in PSL®¥).
One can make an analogous statement for Hom(T'y, Diff ;. (S1)):

Conjecture 8.2. Suppose that p € Hom(T'y, Diff ; (S')) is rigid, meaning that the connected
component of Hom(T'y, Diff ; (S')) containing p consists of a single semi-conjugacy class. Then
e(p) = % for some k, and p lies in the semi-conjugacy class of a representation with image in
PSL®),

Progress on these conjectures, as well as related work on flexibility and rigidity of repre-
sentations to Hom(I'y, Diff { (S1)) is the subject of a forthcoming paper. For now, we note the
following theorem of Goldman, which gives a quick answer to Conjecture 8.1 in the special case
where p has image in PSL®).

Proposition 8.3 (Goldman, see the proof of Lemma 10.5 in [6].). Let p: T’y — PSL®) satisfy
le(p)| < 29167_2. Then there is a representation v in the same path component of Hom(T', PSL(!))
as p, and an element v € I'y such that rot(p(v)) # rot(v(7)).
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