{: SCISPACE

formerly Typeset

@ Open access - Journal Article = DOI:10.1007/S00211-003-0455-Z

Sparse finite elements for elliptic problems with stochastic loading
— Source link (4

Christoph Schwab, Radu-Alexandru Todor

Published on: 01 Oct 2003 - Numerische Mathematik (Springer-Verlag)

Topics: Domain (mathematical analysis), Sobolev space, Partial differential equation, Elliptic curve and
Boundary value problem

Related papers:

» Galerkin finite element approximations of stochastic elliptic partial differential equations

+ Stochastic Finite Elements: A Spectral Approach

« A Stochastic Collocation Method for Elliptic Partial Differential Equations with Random Input Data
« Sparse finite elements for stochastic elliptic problems: higher order moments

« Finite elements for elliptic problems with stochastic coefficients

Share thispaper: @ ¥ M ™

View more about this paper here: https:/typeset.io/papers/sparse-finite-elements-for-elliptic-problems-with-stochastic-
4esu23wsrv


https://typeset.io/
https://www.doi.org/10.1007/S00211-003-0455-Z
https://typeset.io/papers/sparse-finite-elements-for-elliptic-problems-with-stochastic-4esu23wsrv
https://typeset.io/authors/christoph-schwab-2jpgtdeys7
https://typeset.io/authors/radu-alexandru-todor-44csz7ahke
https://typeset.io/journals/numerische-mathematik-360901m2
https://typeset.io/topics/domain-mathematical-analysis-1tg1x8e6
https://typeset.io/topics/sobolev-space-2g4kgsk5
https://typeset.io/topics/partial-differential-equation-2pkjzvri
https://typeset.io/topics/elliptic-curve-2k716h3k
https://typeset.io/topics/boundary-value-problem-3tdxfygq
https://typeset.io/papers/galerkin-finite-element-approximations-of-stochastic-12qkx1i2qw
https://typeset.io/papers/stochastic-finite-elements-a-spectral-approach-17naqfops3
https://typeset.io/papers/a-stochastic-collocation-method-for-elliptic-partial-343yn60obr
https://typeset.io/papers/sparse-finite-elements-for-stochastic-elliptic-problems-813wtsdkyf
https://typeset.io/papers/finite-elements-for-elliptic-problems-with-stochastic-3p1rixe2hu
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/sparse-finite-elements-for-elliptic-problems-with-stochastic-4esu23wsrv
https://twitter.com/intent/tweet?text=Sparse%20finite%20elements%20for%20elliptic%20problems%20with%20stochastic%20loading&url=https://typeset.io/papers/sparse-finite-elements-for-elliptic-problems-with-stochastic-4esu23wsrv
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/sparse-finite-elements-for-elliptic-problems-with-stochastic-4esu23wsrv
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/sparse-finite-elements-for-elliptic-problems-with-stochastic-4esu23wsrv
https://typeset.io/papers/sparse-finite-elements-for-elliptic-problems-with-stochastic-4esu23wsrv

E’"ZUfiCh ETH Library

Sparse finite elements for elliptic
problems with stochastic loading

Journal Article

Author(s):
Schwab, Christoph; Todor, Radu Alexandru

Publication date:
2003-10

Permanent link:
https://doi.org/10.3929/ethz-b-000053177

Rights / license:
In Copyright - Non-Commercial Use Permitted

Originally published in:
Numerische Mathematik 95(4), https://doi.org/10.1007/s00211-003-0455-z

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.



https://doi.org/10.3929/ethz-b-000053177
http://rightsstatements.org/page/InC-NC/1.0/
https://doi.org/10.1007/s00211-003-0455-z
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use

Numer. Math. (2003) 95: 707-734 .
Digital Object Identifier (DOI) 10.1007/s00211-003-0455-z NumerISChe

Mathematik

Sparse finite elements for elliptic problems
with stochastic loading*

Christoph Schwab, Radu-Alexandru Todor

Seminar for Applied Mathematics, ETH-Zentrum, 8092 Ziirich, Switzerland;
e-mail: schwab@math.ethz.ch

Received September 5, 2001 / Revised version received October 31, 2002 /
Published online April 17, 2003 — (©) Springer-Verlag 2003

Summary. We formulate elliptic boundary value problems with stochastic
loading in a bounded domain D C R?. We show well-posedness of the prob-
lem in stochastic Sobolev spaces and we derive a deterministic elliptic PDE
in D x D for the spatial correlation of the random solution. We show well-
posedness and regularity results for this PDE in a scale of weighted Sobolev
spaces with mixed highest order derivatives. Discretization with sparse ten-
sor products of any hierarchic finite element (FE) spaces in D yields optimal
asymptotic rates of convergence for the spatial correlation even in the pres-
ence of singularities or for spatially completely uncorrelated data. Multilevel
preconditioning in D x D allows iterative solution of the discrete equation
for the correlation kernel in essentially the same complexity as the solution
of the mean field equation.

Mathematics Subject Classification (2000): 65N30

1 Introduction

Due to the rapid development of scientific computing in recent years, accu-
rate numerical solution of boundary value problems for partial differential
equations is now possible in many applications. For given problem data, such
as domains, coefficients and boundary data, the solution can be computed to
high accuracy. Often, however, the problem data is either incompletely known
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or uncertain which implies that highly accurate numerical solutions are of
limited use. One way to deal with such uncertainty is to describe the problem
data as random fields which turns the problem into a stochastic differential
equation. The formulation and numerical solution of stochastic differential
equations has received increasing interest in recent years. We mention here
only [18], [19], [16] and the references there on stochastic ordinary differen-
tial equations and [12], [13], [7] on stochastic partial differential equations.
In engineering simulations, uncertainty in coefficients and loadings has been
dealt with by means of the stochastic finite element method in structural
mechanics (see [15] and the references there) and by the related first order,
second moment perturbation technique in subsurface flow models, introduced
in [6].

The solution of a stochastic differential equation is, in general, a random
field which takes values in a suitable function space. Complete description
of this random field requires knowledge of its joint probability densities. In
applications, however, one is often only interested in the first moments of the
random solution. These moments can be computed e.g. by the Monte-Carlo
(MC) Method, where numerous ‘samples’ of the random input data are gen-
erated according to prescribed, often empirical, distributions and each MC
sample entails the solution of a deterministic boundary value problem. From
the computed solutions, the mean and covariance then give estimates for the
first moments of the random solution. This approach is costly — due to the
generally slow convergence of MC methods, numerous samples must be tak-
en until a satisfactory accuracy of the computed solution has been reached.
Nevertheless, in the context of stochastic ordinary differential equations, this
technique is frequently employed (e.g. [16]) with good success. For partial
differential equations, one could discretize in the spatial variables first, e.g.
by the Finite Element Method (FEM). This will then lead to large linear sys-
tems with random stiffness and mass matrices, the so-called stochastic FEM
[15]. The cost of this approach is often prohibitive, particularly in 3-d.

Alternatively one can directly compute the moments of interest for the ran-
dom solution and this is the approach which we follow here. This
approach consists in deriving deterministic partial differential equations for
the moments of the random solution, thereby eliminating the need for MC
simulations. This advantage is bought, however, at a price: if the differential
equation is posed in the physical domain D C R?, the 2nd moment of the
solution, the spatial correlation, is a function in D x D C R??. We show
in the present paper for elliptic partial differential equations with stochastic
input data that the deterministic equation for the correlation has a very special
structure. We exploit this structure for anisotropic regularity estimates which
in turn show that finite element approximations of the correlation can be com-
puted in essentially the same complexity as FE solutions of the deterministic
problem in D by sparse tensor products of FE spaces.
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We now specify the problems to be considered. Let (2, X, P) beao-finite
probability space and D C R“ a bounded open set with Lipschitz boundary
oD.Let A e L*(D, ]Rfyff) be also positive definite, i.e. for some «, 8 > 0
there holds

(1.1)  «all’ <eTAW)E < BlE)*> VEeRYand A —a.e. x € D.

We define a random field on a submanifold M of R? (it will be always D
or some part of its boundary) as a jointly measurable function from M x
to R. Suppose dD = I'g U T is a disjoint union of closed subsets, where I'y
has positive surface measure and let f, g and /& be random fields on D, I'p and
I} respectively. We consider the following model problem, with stochastic
r.h.s.,

LO0)u —div(A(x)Vu(x, w)) f(x,w) in D
(1.2) Yo(u) ¢ :== ux, ) Iry ¢ =1 8, w) only,
V(1) nTA(x)Vu(x, o) Ir, h(x,w) onT

where the operators involved in the boundary conditions should be thought of
as stochastic counterparts of the classical trace on Iy or I'; and distributional
conormal derivative operators, ¥y, y1 and y;, respectively.

We mention that in practice, one is also interested in solving a problem
with stochastic coefficient A(x, @), where usually A (x, w) is an e-small per-
turbation of its mean field w.r.t. w. The Keller method [14] represents the
stochastic solution as an exponentially convergent series, in which each term
solves a stochastic problem with the same deterministic coefficient but dif-
ferent stochastic loadings. Clearly then, a rigorous study of (1.2), which is
the purpose of this work, is a key step towards efficient numerical methods
for the more general case of a stochastic coefficient.

The present paper is organized as follows. In Section 2, we first introduce
appropriate function spaces of data (f, g, #) and solutions « in such a way that
(1.2) becomes a well-posed problem. In Section 3 we define the ‘statistics
of u’, and we derive deterministic partial differential equations which de-
scribe them. The ‘statistics of #’ that we are interested in here are the moments
of first and second order of the random solution u(x, w) to (1.2), sometimes
referred to as the mean field (or expectation) E,, and correlation C,, of u(x, w).
They are defined by

E,(x) :=/u(x,a))dP(a)), C,(x,y) :=/u(x,a))u(y,a))dP(a)),
Q Q

whenever these quantities exist. Section 4 addresses the regularity of the cor-
relation equation, in particular also in polygonal domains. Section 5 discusses
the finite element approximation of the correlation equation. We describe a
sparse FE space which allows to achieve, in terms of the number of degrees



710 C. Schwab, R.-A. Todor

of freedom, the same convergence rates as for the mean field problem in the
domain D. Section 6 addresses the preconditioning and the iterative solution
of the linear system of equations for the correlation problem. Also, a detailed
complexity analysis is given and logarithmic linear complexity of the algo-
rithm is established. Finally, Section 7 presents numerical experiments which
confirm the theoretical estimates.

2 Preliminaries
2.1 Stochastic Sobolev spaces

The most appropriate tools for the study of (1.2) are the stochastic Sobolev
spaces, which we shall define as tensor products of usual function spac-
es. Within the setting of the previous section, we consider L?(Q2, d P), the
Hilbert space of all real random variables on €2 with finite second moments,
equipped with the usual inner product

2.1) (u, v) == / u(w)v(w)d P(w).
Q

Our convention will be that whenever H is a Sobolev space, H will denote
its stochastic counterpart, that is, the tensor product of H and L*(Q,dP).
For instance, we shall use

H¥(D) := H*(D) ® L*(2,dP), L*(D)¢ :=L*(D)? ® L*(L,dP)
HY2(Ty) := HY*(Iy) ® L*(Q,dP), etc.

The stochastic Sobolev spaces are equipped with natural Hilbert structures
induced from the tensor product factors. Embedding and trace theorems sim-
ilar to the usual ones hold also true on account of the fact that bounded linear
operators between Hilbert spaces can be tensorised. Hence we shall use the
following operators,

V e B(HY(D), L*(D)") V®Id e B(H (D), £L*(D)%)
div e B(L>*(D)¢, H~'(D)) div®1d € B(L*(D)¢, H~' (D))
y; € BLHY(D), HV*(T';)) y; ® 1d € B(HY(D), H'/*(T';)), j=0,1

Further notations will be
H(lo)(D) :=Keryy ={u e H(D)|yu =0}

H oy (D) := Ker (o ® Id)
H™(D) := (H (D) ® L*(Q,dP))* ~ H (D) ® L*(Q,dP),

where B denotes the space of bounded linear operators between two Hilbert
spaces, and we have used the usual notation X* for the dual space of a Hilbert
space K. We always identify L2(D) with its dual, via the Riesz isomorphism.
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As for the coefficient A(x), (1.1) ensures the positivity of the associated
multiplication operator, that is, for all # € £2(D)? it holds

(2.2) al|ll o pya < (A @Td)u, ) p2pya < Bllutl| 7o pya-

Regarding the stochastic Sobolev spaces, we remark that the norm on H(lo) (D)
is given by

(2.3) -1 s= 1V @ Id) - [l 2(pye

since the scalar product in H(lo)(D) is obtained by tensorizing the scalar
products (V-, V) 12(pya in Hg (D) and (2.1) in L*(2, d P).

The following result justifies the terminology ‘random fields’ for the elements
of the tensor product spaces introduced above (see, e. g. [23]).

Proposition 1 We have the canonical isomorphisms

(2.4) HY(D; L*(Q, dP)) ~ H*(D) ~ L*(Q, d P; H*(D)).

2.2 Random solutions

We give next a variational formulation of problem (1.2).

Proposition 2 Assume that f e H~'(D), g H'/*>(Ty) and he H™'/*(I')).
Then there exists a unique random solutionu € H' (D) such that (yo®Id)u =
g and

(ARID(V @ Id)u, (V@ Id)v) £2(pya
(2.5) =(/ U>H*1(D),HEO)(D) + (h, (1 @ Id)v)-112(r), 1172(ry)

forallv e H(IO)(D).

Proof. Since H‘(D)/H(IO)(D) ~ H'Y>(I'y) as topological spaces, there
exists u; € H'(D) such that (yp ® Id)(u;) = g. The result follows then
from the Lax-Milgram Lemma applied in Hgo)(D), since on account of
(2.1) and (2.2), the bilinear form defined by the L.h.s. of (2.5) is bounded and
coercive on HEO)(D), while the r.h.s. of the problem for u — u; defines a
bounded linear functional on the same space. O

Remark 1 1f we choose (e);>; tobe an ONB in L?(S2; d P) and if we expand
f=Y,/i®e with) ”fi”iZ(D) < oo, as well as g and & accordingly,
then the solution of (1.2) can be written as a series u = ), u; @ e¢; which
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converges absolutely in H'(D) and whose coefficient functions u; solve the
deterministic mixed boundary value problems

L(9,)u; fiin D
(2.6) P(u;): = volu;) ¢ =3 gonlgyg, i=1,2,...
Yo (u;) hi onT'

This can be seen by choosing the test function in (2.5) of the form v = w®e;,
with w € H(lo)(D). Note that the deterministic character of A is essential in
this decomposition.

3 Statistics of u

In this section we obtain deterministic equations for the expectation and the
correlation of the random solution . While the expectation E,, (x) of the ran-
dom solution u(x, w) at x € D is obviously of interest, its spatial correlation
C,(x, x") allows, for instance, to obtain the variance of the random solution
u(x,w) atx € D via

Var(u(x, -)) = C,(x, x) — (E,(x))?, x € D.

3.1 Second order moments

We shall first give the definition of the correlation of a pair (u, v) when
u, v € H'(D) and we shall then introduce the expectation of u as the corre-
lation of the pair (1, 1) where 1 € H'(D) is the tensor product of constant
functions equal to 1 on D and €2 respectively. It is easy to prove that

Proposition 3 Let u and v be elements of H'(D) and let (ei)i>1 be an
ONB in L*(Q;dP), so thatu = Y ; u; ® e;, where u; € H'(D) Vi > 1
and ), ||lu; ||?{1(D) < 00. Define v; similarly. Then ) ; u; ® v; converges in
H'(D) ® H'(D) and the limit does not depend on the choice of the basis
(€i)ix1-

The previous result motivates the following

Definition 1 Ifu and v are elements of H' (D), then the series C,., defined
in Proposition 3 is called the correlation of the pair (u, v). If u = v we write
C, instead of C,,, and speak about the correlation of u.

Remark 2 From the proof it follows also that if H, H,, H, are separable
Hilbert spaces, and u € Hy ® H,v € H, ® H, the correlation C, , can
be defined as an element of H; ® H,. We shall use this for H, = H~'(D)
and H, = L*(S;dm) where (S, Y, m) is a o-finite measure space, or for
H; = H, = H~'(D). In this way one can construct the correlations of the
pairs (f, h) and (f, f) with f and h as in Proposition 2.
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3.2 Equation for C,

We define the expectation, or mean field, of u by E, := C, | = f u(x, w)

d P (w). The expectation E, of the random solution u(x, w) satisﬁesg a deter-
ministic boundary value problem which is easily derived. We choose an ONB
(e;)i>11n L?(2; d P) with e; = 1 (the constant function equal to 1 on £2), so
that £, = u, is the unique solution of a mixed boundary value problem with
data f| = Cf.,l = Ef, g1 = Cg,l = Eg, h, = Ch,l =: E,, as follows
from Remark 1

L(3,)E, E;in D,
3.1 P(E,) = Yo(E,) ¢ =1 Eg on T,
Vn(Eu) EponTy.

For future reference, we recall here also the variational formulation.
Find E, € {E,} + H (D) such that
(3.2) q(E.,v) =1(v) Vv € Hy (D),
where
qu,v) :=(AVu, Vv)2py,
[(v) .= (Ey, v)H*I(D),HJO)(D) + (En V) r2ry)-

To give a weak deterministic equation for the correlation function, we intro-
duce, following [1], anisotropic Sobolev spaces on D x D by

H*(D x D) := H*(D) ® H(D)
k,l .
Hg (D x D) := H{y (D) ® H, (D)

for all integers k, [ > 1. Using also the notation L>(D x D)*? for L>(D)? ®
L?(D)“, we consider the following operators acting on the anisotropic spaces,

Viy =V, ®V, €BH"'(Dx D), L*(D x D))
Viay = Vix ® ¥y € B(H"' (D x D), L*(T'; x T)) for j =0, 1
Avy =A, ®A, €B(L*D x D)),

The correlation of u given by (2.5) satisfies a fourth-order elliptic equation in
D x D and that the bilinear form involved is coercive (see also [5]). As it can
be easily seen, if u solves (2.5), then C, satifies also the following boundary
conditions

(33) ()/0 ® Id)Cu = Cg,u and (Id ® VO)CM = Cu,g

on 'y x D and D x I'y respectively. We shall assume homogeneous Dirichlet
boundary condition on I'y, g = 0. In view of the fact that the trace operator
of D x Don (Fy x D)U (D x I'y) is (¥ @ Id) ® (Id ® ), (3.3) means, if
g=0,thatC, € H(B)I(D x D). Moreover, it holds
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Proposition 4 Assume that u is the solution of (2.5) with h € L>(Ty), f €
L*(D) and g = 0. Then the correlation C, of the random solution u(x, )
is the unique solution in H(IO’)I(D x D) of

(34) C,eHg (DxD): Q(C,, C)=L(C) YC e Hy' (D x D),

where the bilinear form Q is given by
(35) Q(Cu, C) = (Ax’ny,yCu, VX,)’C)LZ(DXD)dXd
and the load functional is

L(C) :=(Cs,C)r2(pxpy + (Ch s V1 IDC) 121, %)
(3.6) +(Crp, WA Y)C)2(pxry) + (Chs (V1 @ YDC) 20, <)

Proof. Expand C = ), w; ® v; where (v;);>; is an ONB in H(lo)(D) and
(w;)i>1 C H(O)(D) with ), [Jw; ”H' ) < 00. Then
Q(Cm C) = Z(Axvxui & Ayvyuiv vij &® vyvj>
ij
= Z (A Ve, Vow ) (A, Vyug, Vyv))

Zf, ®f,,Zw] ®v;)
Zh ®f,,ZV1w] ®v))

+<Zﬁ®hi,2wj®ylvj>

+() hi ®h,~,z]:y1wj ® 1))
i J

where all scalar products are L? on appropriate domains and all series con-
verge absolutely. As (3.6) defines a continuous linear functional on H(lo’)1 (D x
D), we have to check, in order to ensure the uniqueness of a solution for (3.4),
only the boundedness and coercivity in the same space of the sesquilinear
form (3.5). But this follows at once from the boundedness and the strict po-
sitivity of the operator A, , in L?*(D x D)?*4 (with lower and upper bounds
a? and B respectively), and from the fact that || - ||; := 1 Vay - 22D x pyaxa
is a norm on H(IO’)1 (D x D). ]

Remark 3 The proof of Proposition 4 can be easily modified in order to cov-
er also the more general situation f € H~!(D). Note that in this case one
should replace in the definition (3.6) of the functional £ the L?(D) scalar
product by the duality pairing H(lo) (D) x H~'(D).



Sparse finite elements for elliptic problems with stochastic loading 715

Remark 4 If Cy, # Ef ® Ep, f and h are said to be correlated. As it is
readily seen, the superposition principle does not hold for (3.4) due to the
non-linearity of the correlations C¢, Cyj, Cy 5.

4 Regularity
4.1 Shift theorem

Here we derive a regularity result for the weak solution of the correlation
equation (3.4). As we shall see, this follows from elliptic regularity, applied
in a suitable fashion. We therefore collect first standard results for the mean
field problem (3.2).

Definition 2 The problem (3.2) admits a shift theorem at order s > 0if Ey €
H*"Y(D), E, € H*Y*(T) and E}, € H*~V/*("y) imply E,, € H*"'(D) and
the dependence of the solution on data is continuous in these spaces.
Sufficient conditions for a shift theorem at order s > 0 are given e.g. in
[8].
Proposition 5 Assume that D € C, and that the entries of A are of class
C*1(D) with s > 0. Then the problem (3.2) admits a shift theorem at order s.
A shift theorem for the mean field equation (3.2) carries over to the corre-
lation problem (3.4), as follows. We assume, again for convenience, g = 0.

Proposition 6 Suppose that (3.2) satisfies the shift theorem at order s. Then
the correlation problem (3.4) admits a shift theorem at order s in spaces of
mixed highest derivatives. More precisely, if

Cre H'5"Y(Dx D), C,eHV25"VXT) xTIY)
Crpe HS"VX(D xTy), Cpp e HV/2571T x D),

then C, € H**5t1(D).

A.1)

Proof. In the case g = 0 the operator P~! which associates to each element
of H*~1(D) @ H*~'/*(I'}) the corresponding solution of the problem (3.2)
is a homeomorphism on H*T!(D) N H(]O)(D). We deduce that P~! @ P!
is a homeomorphism from H := (H*~'(D) ® H*~'(D)) ® (H* (D) ®
HV2(M) @ (HV2(M) @ H~Y(D)) @ (H*~'/2(T1) @ H*~/3(T"))) on-
to its range in H*+1*1(D) N H' (D x D). We still have to check that
P~'® P! sends the quadruple (Cy, Cyp, Cy, s, Cp) into the solution C,
of the corresponding problem (3.4). It is enough to prove this for (f1, 1) ®
(f2, hy), in view of the density of the span of such elements in H. To this
end, we note that (P~!' ® P~V ((fi, h1) ® (f, h2)) = u1 ® u, where u,
and u, solve the classical boundary value problem (2.6) with data (f1, 0, /)
and (f2, 0, hy) respectively. Upon multiplying the variational formulations
of these two problems we obtain the desired conclusion. O
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4.2 Nonsmooth domains

If 9 D is not smooth, the problem (3.2) admits a shift theorem at order s only
for 0 < s < s* with a small s* > 0 (depending on the smoothness of d D
and A). In such situations we also have a shift theorem at order s > s* in
weighted Sobolev spaces. We exemplify this in dimensiond = 2.Let D C R?
be a bounded polygon with M vertices A;, i = 1, ..., M and straight sides
I, i=1,..., M connecting A; and A; 1| (we set Ay+1 = Ay). Denote by
w; the size of the interior angle at vertex A;. For x € D, r;(x) is the distance
from x to A; and we associate with each A; an exponent 8; € (0, 1). We write
é = (B, B2, ..., Bu)and,fork € Z, é+k = (B1+k, Ba+k, ..., Bu+k).
We define further the weight functions by

M
(42) wp(x) = [ [T,

i=1

The weighted Sobolev spaces Hg’l(D) are defined as closures of C*®(D)
under the norms

k

2 . 2 2
@3l g, = Ml + D NleopiaD ul o),
la|=l

if kK > [ > 0. Then it holds (see e.g. [2])

Proposition 7 Assume that D C R? is a polygon with M straight sides and
that A;j(x) € C (D). Assume further that the boundary data E o En in
(3.2) admit liftings Eg € H;H’Z(D), Ey € Hg’l(D) for some s > 0. Then
there exist numbers B; € [0,1),i = 1,..., M such that for any k € Ny
and E; € Hg‘O(D) the solution E, of (3.2) belongs to H§+2’2(D). Moreover,
denoting s := k+1, there holds a shift theorem at order s in weighted spaces,

(44) ”E””Hgﬂ’z(D) S ”Ef”H/;_l‘O(D) + ”EGHHE‘H«Z(D) + ”EH”H;](D)'

Since solution singularities can only appear on a measure zero subset of 9 D
(i.e. at vertices), a trace operator Tr on I'; can be defined as an L°(I";)-valued
linear operator on H /_;,1 (D), where by L°(I";) we denote the space of measur-
able functions on I';y. It is trivial to see that the kernel of this trace operator

is closed in Hg’l(D). This enables us to define further ng/z,uz(rl) =

H 2,1 (D) / Ker(Tr) as a Banach-space, with the usual inf-norm. Passing in

(4.4) to the infimum over all H € Hg’l(D) with the same trace /&, we ob-
tain that the operator which associates to each pair (f, #) the solution u of
(3.2) with g = 0 is a homeomorphism from Hg_l’o(D) ® Hg_l/z’l/z(Fl)
to H g+1’2(D) N H(]O)(D). In view of the fact that a tensor product of linear
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homeomorphisms between Hilbert spaces is again a homeomorphism, we
obtain, using the same argument as in Proposition 6, the following regularity
result.

Proposition 8 Assume that D C R? is a polygon with straight sides and that
the problem (3.2) admits a shift estimate (4.4) at order s > 0 in weighted
spaces. Assume further that the data are sufficently regular, namely that for
some positive s € R holds

Cryp € Hy "(D)® Hy (D), Chy € Hy ATy @ Hy />0
Cra € Hy (D)@ Hy AT, Cop e Hy V22T © HH(D).
Then

C. € Hy"(D) ® Hy (D).

We apply the basic regularity result Proposition 6 to two frequently used
examples of spatial correlation functions.

4.3 Exponential correlation

We consider a second order process f with correlation function
(4.5) Crx,y)=e " (x,y) e Dx D,

where ¢ > 0is a parameter and the bounded domain D C R is smooth. Note
that this correlation kernel can be used to characterize the well-known Marko-
vian processes. For various examples of such processes we refer to [22].

To deduce the regularity of Cy given by (4.5), we use the following two
auxiliary results (see also [20]).

Lemmal Let u : R? — R be defined by u(x) = exp(—|x|). Then u €
H*RY), fors <d/2+ 1.

Lemma2 Ifs = p +q with p,q > 0 and f € H*(RY), then the function
u R4 x RY — R defined by

(4.6) ulx,y) = f(x—y) ae (x,y)€ R? x R4
belongs to HY'? (R4 x RY).

Proof. We have to show thatif ¢, ¢ € C§° (R%), the function v : RY x RY —
R defined a.e. by v(x, y) := ¢ (x)¥(y) f (x — y) belongs to H?4(RY x RY).
We remark that it suffices to show that the function w : RY x R — R
defined a.e. by w(x, y) := ¥ (y) f(x — y) belongs to H”4(R? x R?), since
the multiplication operator by ¢ is bounded in H”(R?) and tensorizing it
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by the identity of H?(R?) produces again a bounded operator, this time in
HP4 (R4 x RY). In view of the fact that the Fourier transform and tensor
product commute, all we have to check is ((£) := (1 + |£]*)!/?)

(4.7) (€)P(m?w(E, ) € L, (R x RY).

Explicit computation of the Fourier transform of w in terms of those of f
and i shows that

(4.8) B(E, n) =y &+ fE).
Using (4.8), (4.7) can be then written

Erm*+
(& +mag)
But this follows if we note that, by assumption on f, the last of the three factors
in (4.9) belongs to L? (R?), the second one belongs to L% (R%), uniformly in &

(1& e S(RY)), while the first is bounded uniformly in £ and n, since s = p+g¢
and the inequality V2(x) (y) > (x + y) holds for all x, y € R¢. O

(4.9) E+n)TPE+n) - (E) fE) e L, R xRY).

As a direct consequence of the previous two lemmas and the boundedness
of the restriction operator from Hj, . (R%) to H*(D) forall s > 0, d € N*, the
correlation kernel (4.5) satisfies

Cr(x,y) = e I g gUtD/A—edid/i=¢(D » D), Ve > 0.
We can therefore apply Proposition 6 with I'y = @, and deduce

Proposition 9 If (3.2) admits a shift theorem at level s > 0 in H**'(D) and
if the correlation of the data f is Cr(x,y) = e~ ¥ for some ¢ > 0, then
the solution C, of (3.4) with g = 0 and 'y = 0 belongs, for any € > 0, to
H"'(D x D), where

t = min((d + 10)/4 — €, s + 1),
and
(4.10) ICulltr(pxpy S NC sl p—20-2(Dx Dy
with a constant depending only on t and d.
This result shows that the regularity of C, in a polygon D C R?, mea-

sured in H*(D), with Cy = e~y is determined by corner singularities,
since s < 2 for a reentrant corner.
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4.4 Vanishing spatial correlation

Here we consider that D is a bounded Lipschitz domain in R4, withd < 3
and I'y = ¥ which ensures H(lo’)1 (Dx D)= HOI’1 (D x D). We denote further
by Ap the diagonal set of D x D, and we consider also an arbitrary function
k € L>(Ap). We let then k - §(x — y) be the distribution defined by

411 (k-8(x—y),¢) = / k(x)p(x,x)dx Y ¢ € Ci°(D x D).

Ap

Note that one can view the correlation kernel §(x — y) as a limiting case of
exponential-type correlations described in the previous section, due to

-1
¢! (f e'Zdz> e~ X s(x — y) in D' (R? x RY)
Rd

Vanishing spatial correlations lead formally to the problem of finding C,, €
H(ﬁ)’)l(D x D) such that

(4.12) Q(Cy. C) = (k- 8(x — ), C,) ¥YC, € Hg (D x D).

The solvability of (4.12) depends on the admissibility of the data (4.11), and
this follows for d < 3 from

Lemma 3 ([21]) If D is a bounded Lipschitz domain in RY, the trace oper-
ator R : C*®(D x D) — L%*(Ap),

(4.13) R(@)(x) =¢(x,x) VYxe D

has a unique linear continuous extension from H**(D x D) to L*(Ap),
provided that s > d /4.

Lemma 3 and Proposition 6 imply

Proposition 10 [f a shift theorem at level s > 0 holds for problem (3.2) in

D C R4, d < 3, then there exists a unique weak solution C, solution of

(4.12) and it belongs, for any € > 0, to H"' (D x D), where
t=min(2—-d/4—¢€,s+1).

Moreover, the following a-priori estimate holds, with a constant depending
onlyont and d,

(4.14) ICulluripxpy S Ikl z2ca) - IR B2t (Dx D), L2(A))-
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5 Discretization
5.1 FE spaces and approximation properties

We investigate the Finite Element approximation of the statistics of u. Let
{(vLy L>0 be a dense, hierarchical sequence of finite dimensional subspaces
of H(IO)(D), that is,

(5.1) vicVvic...cVFC...C Hy(D),

where N1 = dim(V%) < oo for all L (here L stands for the level). We
assume also that the following approximation property holds,
(5.2) min [lu — vl p) < @NE, $)llull gss1p),

vevl o
forallu € H**'(D)NH (D), with ®(N, s) — Ofors > Oas N — oo. For
regular solutions the usual FE spaces based on quasiuniform, shape regular
meshes are suitable.

Example 1 Let {T'}cn be a nested sequence of regular, simplicial triangu-

lations of the domain D of meshwidth 1% = ht=1/2, VL > 1 and let p > 1
be a polynomial degree. Then

(53) Vi.=5P(D, 7Y :={ueC®D):ulx € PP(K) VK eTh)

satisfies (5.1), as well as (5.2), with ®(N,s) = O(N~?), for fixed p and
L — o0, where 6 := min{p, s}/d.

Remark 5 If D C R? is a polygon, problem (3.2) admits a shift theorem at
order s in the spaces H**! (D) only for small values of s (often 1/2 < s < 1).
In this case, however, for smooth data in (3.2), we still have a shift theorem
at order s > 0 in the weighted spaces Hg“*z(D) with some B € (0, DM,
i.e. the weight function wg,«(x) introduced in Section 4.1 compensates for
the corner singularities of the solution u. To the weighted spaces H g’l(D)

correspond FE approximations on sequences of graded meshes {7;” }» with
shape-regular elements which satisfy in dimension 2

|7, := # of triangles in 7' = 0(n?),
VT eT!:hr:= diam (T) < Co(x)'"""n7",

for y > 1. Clearly, y = 1 corresponds to quasiuniform triangulations of
meshwidth h = O(n~'), whereas y > 1 corresponds to strong refinement

near the vertices. Then, for any u € H é“’z(D) we have, asn — oo

1 -5
inf )||M — gy SN leell 1452

veSl’(D,TV"
with § := min{p, s}/d, provided that y > min{p, s}/ReA, where ReA > 0
denotes the real part of the smallest singularity exponent of the solution u in
the polygon D.
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5.2 Rate of convergence for C,

The standard approximation result for the mean field problem (3.2) with the
FE spaces of Example 1 reads,

Proposition 11 Assume that the mixed boundary value problem (3.2) for E,
satisfies the shift theorem at order s > 0. Then the FE approximation EL €
VE of E,, the solution of (3.2) with data E; € H*~'(D), E, € H*"V/2(T'y),
Ej, € HV2(I")), reads

(54) ELesr(p, 7Y, q(EE E)=I1(E,) VE,eS(D,T").

Then, with 5 = min{p, s}/d, we have the following error estimate, asymp-
totically as N* — oo,

)
(5.5) IE. — EElgpy S (NB)Y T NEL gs+1 (-

We investigate next the FE approximation of the correlation kernel C,, in
the deterministic elliptic equation (3.4). Since C,, solves an elliptic problem
on D x D, we construct FE spaces in this product domain, starting from
{VL} =0 in (5.1). Full tensor product spaces {VE ® V)~ present them-
selves as natural candidates. We next prove that, for the regularity (4.1) of
C,, the sparse tensor product FE spaces, defined by (see [24])

(56)  Vi:=Span {VI®@V/ | 0<i+j<L}CHg(DxD)

allow to approximate C, at essentially the same rate. Sparse tensor product
spaces can be described in terms of a hierarchic excess of the scale (5.1), that
is, of an algebraic summand WLof VE=lin VL,

(5.7 wh.=vtevitt L>o,
where we set V! := {0}. It follows that VX decomposes as a direct sum
(5.8) vi= @ w',

0<i<L

while the similar decomposition of the full tensor product FE spacesin D x D
reads

59 Vi=vigvVt= @ W'® W/ C Hg) (D x D),
0<i,j<L

for all L € N. The sparse tensor product spaces (5.6) are then given by

(5.10) VL= @ wWie W/,

0<i+j<L
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For an arbitrary C,, € H(ld)l (D x D) we define be, the sparse interpolant of

C, in VL, as the H(lo’)1 (D x D) projection of C,, on VL. With these notations,
the following result (see also [11], [17]) shows that the approximation prop-
erty of the scale {VL}Lzo carries over to the sparse scale {VL}LZQ (®(N_y,s)
is defined as the embedding constant of H'(D) in H**!(D)).

Proposition 12 Assume that the sequence (5.1) of FE spaces {V } >0 has the

approximation property (5.2). Then for C,, € H(lo’)1 (D x D) N HTLHH(D x

D) with s, t > O the sparse interpolant CE approximates C, with the error
L L

e, =C,—Cy,

L+1 1/2
el gt oy = [Z XN, ) PPNV, t)} ICull 11Dy
i=0
00 1/2
(5.11) + |:Z ¢2(Niss)i| |Cull 5411 (D x D) -
i=L+1

Proof. Let us denote by P* the H g, (D) orthogonal projection onto V. We

choose W to be the orthogonal complement of VZ~!in V£ (VL > 0) and
use (5.10) to orthogonally decompose C,, and CE as

(512)  Cu=>(0'®0HC,. Ci= ) (©0'®0))C.,
0<i,j O<itj<L
where Q' denotes the orthogonal projection P/ — Pi=! on W'. (5.12) implies

then, all norms being evaluated in H(i)’)l (D x D),

lefI> =1 > (@'® @)Cul?

i+j>L+1

=1>. > (©@ee)Hal’

i=0 j>max{L-+1—i,0}

L+1 00
5.13) =1 0" ®@Ud—P"HCIP+I Y, 0'®MC,I
i=0 i=L+2

Since for all u € H(IO)(D) N H**1 (D) we have

(5.14) 10"l yy by = 10d = PNl gy )
(5.15) I0d = PYyull 1, ) = N 9l s -

the estimate (5.11) follows by using (5.15) and (5.14) in (5.13). ]
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Specializing the FE spaces VL asin Example 1, we obtain that the FE ap-
proximation C- € VI of C, requires, for a prescribed accuracy, essentially
O(NF) degrees of freedom.

Proposition 13 Assume that the mean field problem (3.1) satisfies the shift
theorem at order s > 0 and that the correlation functions of the data
satisfy Cy € H "D x D), Cpy € H V2D xTy), Chy €
H* Y251y x D) and Cy, € HV/25~VX( x Iy).

Then the sparse FE approximation C L of the correlation function C, which
is defined by

(5.16) CLevt, QCE C)=cL(C) vCeVt,
converges, as L. — 0o, with the rate

5.17) IC, — éuL”H('O')l(DxD) < (logNL)l/2(NL)—5 |Cull frs+15+1 (D x D)

where § = min{p, s}/d.

Proof. The coercivity of the sesquilinear form Q defined in (3.5) has been
proved in Proposition 4. A direct consequence of this fact is the quasi-opti-
mality of the FE solution be (Il - I| is here the norm in H(IO’)I(D x D)),

(5.18) ICu — CE|l < min [|C, — C|| = [|Cy — CEII.
Cevel

with a constant depending only on the bounds « and S. The quadruple
(Cr, Cyn, Cp g, Cp) satisfies the regularity assumptions that enable us to
apply Proposition 6 and to deduce that C,, € H**1**1(D x D). Since N/ =
0(2%), (5.11) with s = ¢ shows that

ICy = Ci Nl g1 S (ogN")' (NI [ICull o541 (px Dy

(‘d> (DxD) ~

From this and (5.18) follows then the claimed estimate. Note also, for later
use, that, due to (5.10), it holds, asymptotically as L — oo,

(5.19) NE:=dim(VF) = 0(L2%") = O((log N*)N"),

which allows us to express the convergence rate (5.17) in terms of the number
of degrees of freedom NL in D x D,

(520) ICu = Cyll g oy S (0gNH) P WE) I Cull et px)-
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Remark 6 The FE approximation CL of C,,
(5.21) CkeVE QECE C)y=L(C) YCeVE

based on the full tensor product space V% in (5.9) satisfies, under the regu-
larity assumptions in Proposition 13,

(5.22) |C, — Ck ||H11 < (NEYT2Cull st () -

(DxD) r~
We see that for a given regularity of the data, the rate (5.22) in terms of the
number of degrees of freedom is essentially half of (5.17).

Remark 7 If D is nonsmooth, it follows from Proposition 8 and Remark 5
that the influence of corner singularities in D x D can be compensated by
forming sparse tensor-products of FE spaces in D with judicious mesh refine-
ment towards the vertices of D. Once good meshes for the solution E,, of (3.2)
have been determined, the sparse FE space for C,, based on these meshes will
also give optimal rates of convergence for C ML, provided C¢, Cyp, Cp r, Cy
in Proposition 8 are sufficiently regular.

6 Implementation aspects and complexity
The discretized correlation equation consists in solving a linear system
(6.1) Atch =ct,

where AL denotes the stiffness matrix of (5 16) with respect to some basis of
the sparse tensor product space VL c H((Ol) (D x D). Asitis well-known, the
conjugate gradient method generates an approximating sequence {C* Catn=0
satisfying

—1\"
(6.2) ||g§—g5,n||252-(£+1) ICE —Clola, n=0,1,2...,

where k = condz(AL) and || - ||, denotes the Euclidian norm (see e.g. [9]).
The efficiency of this method relies on the well-conditioning (or boundedness
of k as L — oo) and the sparsity of the matrix involved, AL We shall see that
a wavelet preconditioning procedure can be used to ensure the well-condi-
tioning, while the sparsity, which fails to hold, can be replaced by a systematic
use of the tensor product structure of the correlation equation. We derive an
algorithm which employs this special structure to perform the multiplication
of a vector by AL (as required by one step of CG) in a logarithmic-linear
complexity without building the entire matrix AL,
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6.1 Multilevel FE space in D and preconditioning

The first question to be addressed is therefore the choice of a basis in the
sparse tensor space such that cond, (A”) remains bounded as L — oc.

Assumption 1 There exists a family {W,-l}leNo, iemt C Hol(D) such that each
u e HOI(D) can be expanded as a convergent series in HOl (D)

(6.3) u=>y > cyl,

1eNo jeT!
and the following ‘stability condition’ is fulfilled

(64) 22T~ 10 Y v oy

leNg ieT! leNg ieT!
We present some examples of families satisfying Assumption 1.

Example 2 For D =]0, 1[, let us consider ¢ the hat function on R, piecewise
linear, taking values (0, 1, 0) at (0, 1/2, 1) and vanishing outside D. We set
Th:={1,2,...,2" and ¥/ (x) := 27/2¢(2'x —i + 1), x € D. The family
thus obtained satisfies then Assumption 1.

Example 3 With D, T! and ¢ as above, we define on R the function 1,
piecewise linear, taking values (0, 1, —6, 10, —6, 1, 0) in consecutive points
(0,1/2,1,3/2,2,5/2,3) and vanishing outside ]0, 3[. Similarly, ¢* take
0,9, —-6,1,0) at (0,1/2,1,3/2,2) and y, assumes values (0, 1, —6, 9, 0)
at (0,1/2,1,3/2,2). Further, we define W? := ¢ (scaling function) and
Yi(x) = 272y (2x), Yy o= 2722 — 2 + 1), x € D, forl > 1
(boundary wavelets). Analogously, wil (x) =272y Qx —i+2),xeD
for2 <i < 2! —1and! > 2 (interior wavelets). The family thus obtained
satisfies Assumption 1.

Remark 8 Higher order functions satisfying Assumption 1 exist as well (see,
e.g. [3]). In the case D is an arbitrary polygon, bases satisfying Assumption
1 can also be constructed. See [4] for examples.

Example 4 1If D =)0, 1[¢, we consider the index set Z' := {(j, k) € Ng X
N¢ | maxi<4<q jo =1, 1 < kg < 2/'7}. Then, starting from the family in
Example 3, we put ¥/(x) = []I_, V() Vx = (x)izg=a € D, with
i = (J, k), to obtain (after rescaling) a family which satisfies Assumption 1
(see [10)).

Returning to the family {1//1.1 }1eNg.iezt provided by Assumption 1, an in-
creasing sequence of FE spaces in D can be defined in terms of these functions
by

(6.5) VE:= Span{y! |0<I<L,ieT}.
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An algebraic complement W% of VE~!in VI is explicitly given by
(6.6) Wh = Span{y’ |i e Th).
We define the index set

(6.7) It .= U Th x I~

Li+h=L

as a direct union, and for i := (i1, i») € I" x I? c I'"*2 we consider the
functions

(6.8) Y=yl @y, withl =1 + 1.

i°
Since they are linearly independent, we obtain, via (5.10), the following
explicit description of the sparse tensor space V' through a basis,

(6.9) Vi = Span{y! |0<I <L, iell}.

An algebraic excess WL of the sparse tensor scale (viy r>0 can be defined
by

(6.10) Wh = Span{y! |ie 1%},
and this space can be further decomposed as

611)  Wh=EPW' with W':= Span{y" |ieI" x 1"},
=L

where |l] := 1, + 1, forl = (I1, ) € Né.

For further reference, let us collect, for L > 0, in a column vector denoted
WE, the basis functions in the definition (6.6) of WE. Similarly, for 1 € Nj
let W! be the column vector containing the basis functions of W', as defined
in (6.11). By nnz we denote the number of nonzero entries of a matrix.

Proposition 14 i) The matrix AL has uniformly bounded condition number,
as L — oo.

1) The matrix AL is not sparse, in the sense that IlIlZ(AL) > O((N%)?)
(compare (5.19))

Proof. 1) (6.4) means that

(6.12) w=3" "yl — qul? =YY ()’

120 jeT! 120 jeT!

defines an equivalent norm on HOI(D). The same holds then for the basis
{wil 1 No.icT! introduced in (6.8) w.r.t. the space H(IO’)l (D x D). It follows that
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for C := (C});; € RV (recall that N- := dim V1), C := S s Civd
is an element of V£ and

<ﬂggw=gao|mm@m~22k%—wwL

=0 jefu

As for ii), one can easily see that for all the examples we considered before,
the entries of A corresponding to the basis functions wl.lll ® wg and 1//2 ® z//llj
for all admissible indices ji, j», i1, i2, i3, i4 are in general nonzero, implying
the desired lower bound. O

6.2 Matrix-vector multiplication

The nonsparsity makes the storage and use of AL rather costly. Taking into
account the structure of AL, one should store only the matrix AL correspond-
ing to the discrete mean field problem (5.4) and relate AL to AL to perform
one step of the CG algorithm.

Elementary considerations show that for every C, = (C L)T -yl e
VE, c= (T - vl e VE,

(6.13) Q@n—zzwfw, AppCt,

LI'=0 =t

W=t
where Aﬁw = q(\If’, \Ill/), V0O < [,!I” < L are the blocks of the stiffness
matrix AL of the mean field problem (5.4) in D describing the interactions
between levels / and I’. This shows that the stiffness matrix AL of the corre-
lation problem computed w.r.t. the hierarchical basis (6.9) of VL has a block
structure and each block is a tensor product of certain blocks of the stiffness
matrix AL of (5.4).
We assume A’ to be sparse in the following sense.

Assumption 2 The number of nonzero entries of the block AF L admits the
upper bound

(6.14)  nnz(AF,) < (min(Z, ) + D' 290 w0 <11 < L,

for some d € N and with a constant depending only on d.

We remark that for each of the previously mentioned examples, as well
as for similar wavelet constructions, Assumption 2 holds.

Under Assumption 2, and using (6.13), the following algorithm realizes
the multiplication C — ALC in log-linear complexity. Here Id; ; stands for
the identity matrix of size dlm(Wl).
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Algorithm 3 Assume (6.14).
store AL = (AILJ,)OSZ,;/SL and x = (x1);,+1,<1, O (L4 2%%) numbers

for 1= (Iy, ) satisfying [y + 1, < L
initialize (ALx)l = 0;
for I' = (1}, 1}) satistying I + 1, < L
= (Id,, ® AILZ’IQ)((AILI,“ Q Idyy 1) xr);

else
n = (A @1d1) ((Ady g ® A )
end % if
update (ALx); := (ALx) + yi;
end % for
end % for

We emphasize that the order in the block multiplication of Algorithm 3 is
essential for the following bound on its complexity.

6.3 Complexity

Theorem 4 Under Assumption 2, Algorithm 3 performs the matrix-vector
multiplication x — Alxin O ((log NY)?4+2 NLY floating point operations.
Besides, it requires only storage of x and of the stiffness matrix A* of the
mean field problem (5.4) in a hierarchical basis, that is O (L 2¢L) memory.

Proof. Due to (6.13), we can write

(6.15) (At =) (A, @ AL ,) -,

=L
To perform the multiplication under the summation above, we note that

L L L L
(6.16) Ay ®AL = (A, ®1dy, ) - Ay i @ A )
(6.17) = (Idll,ll & Ale,lé) ’ (AlLl,li ® Idl&!lé)'

To multiply the Lh.s. of (6.16) by xy, we have two possibilities: we can use
either the r.h.s. of (6.16), or the r.h.s. of (6.17) (explicit building of the ten-
sor block has been already ruled out, cf. Proposition 14 ii.). We choose the
cheapest of the two, in terms of floating point operations, and that is what
Algorithm 3 actually does through its selection statement.

Suppose therefore that /; + [, < [} + [, so that we choose (6.17) over
(6.16), as indicated in the algorithm. On account of (6.14), we deduce that



Sparse finite elements for elliptic problems with stochastic loading 729

the number #; of floating point operations required by the first multiplication
in the computation of y; can be estimated by

# < mnz(Af , ®1dy, ) < (min(y, 1) + DT @ + DY pdmax{ll+l)

Using the same argument, the subsequent multiplication requires an addi-
tional amount of floating point operations, #,, for which it holds

#y < nnz(Idy, ;, ® AL ) S (min(la, ) + D' (1) + 1 24maxtiz bt

lz,lé
We note that [, + I}, <[} + [, implies
(6.18) max({ly, [} + Iy, max{ly, b} + [} < max {l; + L, I} +1}}

Itis easily seen then, using (6.18), that the multiplication under the summation
in (6.15) can be performed using (for L > 1)

(6.19)  #1+# < (max {l + b, [+ 5))* " om0

flops, with a constant which depends only on d.

Note that in the case /; + [, > [} + [, one should use (6.16) to perform
the multiplication in (6.15). Symetrically, the computational cost admits also
in this case the upper bound (6.19). From (6.15) and (6.19) follows that the
number of operations needed to perform x — ALx (collect all blocks (ALx)l
forl = (I1,1,) € Ng subject to |l = I; 4+ [, < L) is bounded from above by

> Y (max{l +1, [ 4 1)) gdmax{int i)

h+LSL I+ <L

Since for a given [ > 0 the equation /; 4 [, = [ has exactly / + 1 solutions
(1, 1) € N(z), we conclude that the total number of flops # required by the

multiplication x — Alx satisfies

L
# 5 213 l2d—l 2dl — 0(L2d+2 2dL) — O(UOg NL)2d+2NL). O
=0

Since the number of steps required by the CG algorithm to compute the
discrete solution up to a prescribed accuracy is bounded provided that the
stiffness matrix is well-conditioned (ensured here via Proposition 14) and
that we use the FE solution at level L — 1 as initial guess for the level L, we
obtain

Theorem S The deterministic problem (3.4) for the correlation function
C, € H"'"*(D x D)N H(B)l (D x D) of the random solution u to (2.5) is
numerically solvable at a cost of

(6.20) O((log NE)?+2 N Ly
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floating point operations, with

(6.21) O((log NFy4 N1y
memory, for a relative accuracy in H"'(D x D) of
(6.22) O((log N2 (N")™%),

where § = min{p, s}/d and N denotes the number of degrees of freedom
for the mean field problem.

Up to logarithmic terms, the estimates (6.20), (6.21), (6.22) are similar to
those of the mean field problem (3.2).

Remark 9 If the domain D C R has itself a product structure, for instance
D = D, x D,or D =] — a, a[?, sparse grids w.r.t. this product structure
can be used to further reduce the complexity of the correlation problem (3.4)
(see e.g. [11]). Note, however, that this requires regularity of the correlation
kernel C, on the corresponding anisotropic Sobolev scale in D, which can in
turn be ensured only by a much higher, even unrealistic regularity of C, (or
of u(-, w)) on the scale naturally associated to the Laplace operator acting in
D, the isotropic Sobolev scale.

7 Numerical experiments

We present here elementary numerical results that are to be compared with
the theoretical ones we have obtained in Sections 5 and 6. We include the two
examples introduced in Section 4, involving exponential and Dirac correla-
tion (for simplicity we assume that D = (—1, 1) and A = 1). We investigate
then a third situation in which the coefficient A is non-constant. We mention
that each figure presents two curves: the one corresponding to the theoretical
result (dashed) and the one obtained numerically (solid). We also mention
that in all these cases, the hat-function basis from Example 2 has been used
to perform numerical algorithms.
The first example to be considered is therefore the Dirichlet problem

L@3)L®,)C, = e in L2((—1,1)%)
Y(Cy) = 0 on d(—1, 1)2,

with A(x) = Idg, Vx € D = (—1, 1), thatis, L(dy) = —A,.

Figure 1 shows the convergence of the FE solution in this simple case,
with non-singular (but also non-smooth) data and constant coefficient A.
From Theorem 5 follows that for this particular choice of data the rate of
convergence equals (log N)3/> N~!, where throughout this section N stands
for the number of degrees of freedom.
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C(xy) = exp(-Ix-yl), A(x) =1,V (xy) € ]-1, 12

Errorin H"'=norm

10~ i i i
10 10’ 10° 10° 10
Number of degrees of freedom (sparse grid)

Fig. 1. Convergence in the case of exponential r.h.s. and constant coefficient A = 1 (solid)
and the bound (6.22), with § = 1 (dashed)

Our next example is the one-dimensional white noise (see (4.12)), with
the singular r.h.s. Cy = 8(x — y). Thus the problem reads

L(3,)L(3,)C, = 8(x —y) in the dual space of H,' ((—1, 1)?)
Y(C) = 0 ond(—1, )%,

where L(0,) = —A,. Figure 2 shows the convergence of the FE-solution.
The theoretical convergence rate is here (log N)>/* N~3/4, again as a conse-
quence of Theorem 5.

We conclude this section with a new example, in which all data are again
smooth but the coefficient A is no longer constant. More precisely, we choose
the coefficent A and the solution C, as follows:

(7.1) A(x) =2 +sin(mx), Cu(x,y) =1 —xH)(1 —y?)e™

forall x, y € D = (—1, 1). The numerical results are shown in Figure 3. As
in the first example, the error decays as (log N)*> N~! when N — oo. This
curve, as well as those we have plotted before, does not have the appearance
of a straight line and this is due to the logarithmic terms arising in the error
estimates by sparse grids. Of course, asymptotically as N — oo, these terms
do not play an essential role, but it turns out that their influence is rather
strong, within the computational range.
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Cilxy) = 8(x ), A =1,V (xy) € I-1,11°

T T

Errorin H""'-norm

10 i i i
10° 10’ 10° 10° 10" 10°
Number of degrees of freedom (sparse grid)

Fig. 2. Convergence in the case of singular r.h.s. and constant coefficient A = 1 (solid)
and the bound (6.22), with § = 3/4 (dashed)

C,(xy) = (1 =31 = yP)exp(x y), AlX) = (2 + sin( X)), ¥ (xy) € I-1,11°
10 T

T T T

Error in H""-norm

107 : -

i
10° 10’ 10° 10° 10" 10°
Number of degrees of freedom (sparse grid)

Fig. 3. Convergence in the case of non-constant coefficient A (solid) and the bound (6.22),
again with 6 = 1 (dashed)
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Computational effort
10 T T T T

o
N

(=]
o

Number of floating point operations

10 i i i i
10 10 10° 10° 10 10°
Number of degrees of freedom (sparse grid)

Fig. 4. Comparison between the effort required by the standard CG method based on
Algorithm 3 (solid) and its theoretical estimate given in Theorem 5 by (6.20) (dashed)

Finally, Figure 4 shows the performance of Algorithm 3 matching the

theoretical estimate concerning the computational effort given by (6.20),
namely #flops ~ (log N¥)> - NX. We mention that this analysis has been
done for the same example (7.1), and that the solution at each level L has
been computed directly, without using the solution at level L — 1 as initial
guess.
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