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SPARSE-GRID POLYNOMIAL INTERPOLATION APPROXIMATION AND
INTEGRATION FOR PARAMETRIC AND STOCHASTIC ELLIPTIC PDES
WITH LOGNORMAL INPUTS

DiN"H DUNG

Abstract. By combining a certain approximation property in the spatial domain, and weighted
{2-summability of the Hermite polynomial expansion coefficients in the parametric domain obtained in
Bachmayr et al. [ESAIM: M2AN 51 (2017) 341-363] and Bachmayr et al. [SIAM J. Numer. Anal. 55
(2017) 2151-2186], we investigate linear non-adaptive methods of fully discrete polynomial interpola-
tion approximation as well as fully discrete weighted quadrature methods of integration for parametric
and stochastic elliptic PDEs with lognormal inputs. We construct such methods and prove convergence
rates of the approximations by them. The linear non-adaptive methods of fully discrete polynomial
interpolation approximation are sparse-grid collocation methods which are certain sums taken over fi-
nite nested Smolyak-type indices sets of mixed tensor products of dyadic scale successive differences of
spatial approximations of particular solvers, and of successive differences of their parametric Lagrange
interpolating polynomials. The Smolyak-type sparse interpolation grids in the parametric domain are
constructed from the roots of Hermite polynomials or their improved modifications. Moreover, they
generate in a natural way fully discrete weighted quadrature formulas for integration of the solution to
parametric and stochastic elliptic PDEs and its linear functionals, and the error of the corresponding
integration can be estimated via the error in the Bochner space L1(R°°,V,v) norm of the generating
methods where 7 is the Gaussian probability measure on R> and V is the energy space. We also briefly
consider similar problems for parametric and stochastic elliptic PDEs with affine inputs, and problems
of non-fully discrete polynomial interpolation approximation and integration. In particular, the con-
vergence rates of non-fully discrete polynomial interpolation approximation and integration obtained
in this paper significantly improve the known ones.
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1. INTRODUCTION

One of basic problems in Uncertainty Quantification are approximation and numerical integration for para-
metric and stochastic PDEs. Since the number of parametric variables may be very large or even infinite, they
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are treated as high-dimensional or infinite-dimensional approximation problems. Let D € R? be a bounded
Lipschitz domain. Consider the diffusion elliptic equation

—div(aVu) = f in D, ulsp =0, (1.1)

for a given fixed right-hand side f and spatially variable scalar diffusion coefficient a. Denote by V := H} (D)
the energy space and let V/ = H~!(D) be the conjungate space of V. If a satisfies the ellipticity assumption

0<amin§a§amax<oov

by the well-known Lax—Milgram lemma, for any f € V', there exists a unique solution v € V in weak form
which satisfies the variational equation

/ aVu-Vode = (f,v), YveW.
D

We consider diffusion coefficients having a parametrized form a = a(y), where y = (y;);jen is a sequence of

real-valued parameters ranging in the set U which is either R* or I*° := [—1, 1]°°. In this case, the solution
u(y) to the parametrized diffusion elliptic equation
—div(a(y)Vu(y)) =f in D, u(y)lep =0, (1.2)

can be considered as a map y — u(y) from U to the space V. The objective is to achieve numerical approx-
imation of this complex map by a small number of parameters with some guaranteed error in a given norm.
Depending on the nature of the modeled object, the parameter y may be either deterministic or random. In the
present paper, we consider the so-called lognormal case when U = R*° and the diffusion coefficient a is of the
form

a(y) = exp(b(y)), bly) =Y _ v, (1.3)
j=1

where the y; are i.i.d. standard Gaussian random variables and ¢; € Lo (D). We also briefly consider the affine
case when U = I°*° and the diffusion coefficient a is of the form

aly) =a+ > _yib. (1.4)
j=1

In order to study fully discrete approximations of the solution u(y) to the parametrized elliptic PDEs (1.1),
we assume that f € Ly(D) and a(y) € W2 (D), and hence we obtain that u(y) has the second higher regularity,
i.e., u(y) € W where W is the space

W:={veV:AveL*D)}
equipped with the norm
[ollw == |Av]|2(p),

which coincides with the Sobolev space V N H?(D) with equivalent norms if the domain D has C''! smoothness,
see Theorem 2.5.1.1 of [19]. Moreover, we assume that there holds the following approximation property for the
spaces V and W.

Assumption 1.1. There are a sequence (Vyp)nen, of subspaces Vi, C V' of dimension < m, and a sequence
(Pn)nen, of linear operators from V into Vy,, and a number a > 0 such that

[1Pa(w)llv < Cllvflv, o= Pu(v)lly < Cn™*|v]lw, VneNo, VveW. (1.5)
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A basic role in the approximation and numerical integration for parametric and stochastic PDEs are general-
ized polynomial chaos (gpc) expansions for the dependence on the parametric variables. We refer the reader to
[9,12,20,28,29] and references there for different aspects in approximation for parametric and stochastic PDEs.
In [5-11], based on the conditions (||¢j||W§c(D))jeN € £,(N) for some 0 < p < 1 on the affine expansion (1.4),
the authors have proven the ¢,-summability of the coefficients in a Taylor or Legendre polynomials expansion
and hence proposed best adaptive n-term methods of Galerkin and collocation approximations in energy norm
by choosing the set of the n most useful terms in these expansions. To derive a fully discrete approximation the
best n-term approximants are then approximated by finite element methods. Similar results have been received
in [24] for Galerkin approximation in the lognormal case based on the conditions (j|1;[lw1 ( D))j oy € Lp(N) for
some 0 < p < 1. In these papers, they did not take into account support properties of the functions ;.

A different approach to studying summability that takes into account the support properties has been recently
proposed in [2] for the affine case and [3] for the lognormal case. This approach leads to significant improvements
on the results on ¢,-summability when the functions ¢; have limited overlap, such as splines, finite elements or
wavelet bases. These results by themselves do not imply practical applications, because they do not cover the
approximation of the expansion coefficients which are functions of the spatial variable.

In the recent paper [1], the rates of fully discrete adaptive best n-term Taylor, Jacobi and Hermite polynomial
approximations for elliptic PDEs with affine or lognormal parametrizations of the diffusion coefficients have
been obtained based on combining a certain approximation property on the spatial domain, and extensions
of the results on ¢,-summability of [2,3] to higher-order Sobolev norms of corresponding Taylor, Jacobi and
Hermite expansion coefficients. These results providing a benchmark for convergence rates, are not constructive.
In the case when £,-summable sequences of Sobolev norms of expansion coefficients have an ¢,-summable
majorant sequence, these convergence rates can be achieved by linear methods of gpc expansion and collocation
approximations in the affine case [9,14-16,32,34]. However, this non-adaptive approach is not applicable for the
improvement of ¢,-summability in [1-3] since the weakened ¢,-assumption leads only to the £,-summability of
expansion coefficients, but not to an £,-summable majorant sequence. Non-adaptive non-fully discrete methods
have been considered in [18] for polynomial collocation approximation, and in [4] for weighted integration (see
also Rem. 3.2 of [2] and Rem. 5.1 of [3] for briefly considering non-adaptive non-fully discrete approximations
by truncated gpc expansions).

Let us briefly describe the main contribution of the present paper. By combining spatial and parametric
approximability, namely, the approximation property in Assumption 1.1 in the spatial domain and weighted
ly-summability of the V' and W norms of Hermite polynomial expansion coefficients obtained in [1,3], we inves-
tigate linear non-adaptive methods of fully discrete approximation by truncated Hermite gpc expansion and
polynomial interpolation approximation as well as fully discrete weighted quadrature methods of integration
for parametric and stochastic elliptic PDEs with lognormal inputs (1.3). We construct such methods and prove
convergence rates of the approximations by them. We show that the convergence rate in terms of the dimen-
sion of the approximation space of adaptive fully discrete approximation by truncated Hermite gpc expansion
obtained in [1], is achieved by linear non-adaptive methods of fully discrete approximation by truncated Her-
mite gpc expansion approximation. The linear non-adaptive methods of fully discrete polynomial interpolation
approximation are sparse-grid collocation methods which are certain sums taken over finite nested Smolyak-
type indices sets of tensor products of dyadic scale successive differences of spatial approximations of particular
solvers, and of successive differences of their parametric Lagrange interpolating polynomials. The Smolyak-type
sparse interpolation grids in the parametric domain are constructed from the roots of Hermite polynomials or
their improved modifications. Moreover, these methods generate in a natural way fully discrete weighted quadra-
ture formulas for integration of the solution u(y) and its linear functionals, and the error of the corresponding
integration can be estimated via the error in the space L1 (R, V,~) norm of the generating methods where ~
is the Gaussian probability measure on R*>°. The convergence rate of fully discrete integration is better than
the convergence rate of the generating fully discrete polynomial interpolation approximation due to the simple
but useful observation that the integral [, v(y)dy(y) is zero if v(y) is an odd function and + is the Gaussian
probability measure on R. (This property has been used in [32-34] for improving convergence rate of integration
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in the affine case.) We also briefly consider similar problems for parametric and stochastic elliptic PDEs with
affine inputs (1.4) by using counterparts-results in [1, 2], and problems of non-fully discrete polynomial inter-
polation approximation and integration similar to those treated in [4,18]. In particular, the convergence rates
of non-fully discrete interpolation approximation and integration in terms of number of the evaluation points
obtained in this paper, are significantly better than those which have been proven in [4,18].

Finally, let us notice that the aim of this paper is to establish approximation results which should show
possibilities of non-adaptive approximation methods and convergence rates of approximation by such methods
for the parametrized diffusion elliptic equation (1.2) with lognormal inputs. The two most popular numerical
methods are Galerkin projection and collocation. Since in the lognormal case, the diffusion coefficient a(y)(x) is
not uniformly bounded in y € R*, there is no a well-posed linear variational problem on the space Ly(R*>,V,~)
for Galerkin approximation. Some best n-term Galerkin approximations with respect to a “stronger” Gaussian
measure v, were considered in [24]. Collocation methods will be discussed in a forthcoming paper which extends
the results in the affine case [33,34].

The paper is organized as follows. In Sections 2—4, we construct general linear fully discrete and non-fully
discrete methods of Hermite gpc expansion and polynomial interpolation approximations in the Bochner space
L,(R>, X1 ~), and quadrature of functions taking values in X? and having a weighted f5-summability of Her-
mite expansion coefficients for Hilbert spaces X' and X? satisfying a certain “spatial” approximation property
(see (2.3)). In particular, in Section 2, we prove convergence rates of general linear fully discrete methods of
approximation approximation by truncated Hermite gpc expansion; in Section 3, we prove convergence rates
of general linear fully discrete and non-fully discrete polynomial interpolation methods of approximation; in
Section 4, we prove convergence rates of general linear fully discrete and non-fully discrete quadrature for inte-
gration. In Section 5, we apply the results of Sections 2—4 to obtain the main results of this paper on convergence
rates of linear non-adaptive methods of fully discrete approximation by truncated Hermite gpc expansion, and
fully discrete and non-fully discrete polynomial interpolation approximation and weighted quadrature methods
of integration for parametric and stochastic elliptic PDEs with lognormal inputs. In Section 6, by extending the
theory in Sections 2—4, we briefly consider similar problems for parametric and stochastic elliptic PDEs with
affine inputs.

2. LINEAR APPROXIMATION BY TRUNCATED HERMITE GPC EXPANSION

In this section, we treat a general linear fully discrete approximation by truncated Hermite gpc series of
functions from the Bochner space Lo(R%, X2,7). The approximation error is measured in the Bochner space
L,(R>®, X! ) with 0 < p < 2. Here, X! and X? are Hilbert spaces, and 7 is the infinite tensor product Gaussian
probability measure. We construct linear (non-adaptive) methods of this approximation and prove convergence
rates for the approximation error.

We first recall a concept of infinite tensor product of probability measures. (For details see, e.g., [23], pp. 429—
435.) Let p(y) be a probability measure on U, where U is either R or I:= [—1, 1]. We introduce the probability
measure p(y) on U as the infinite tensor product of probability measures pu(y;):

n(y) = Q) uly;), y=(y;)jen € U
JEN

The sigma algebra for u(y) is generated by the set of cylinders A := ] jen 4, where A; C U are univariate
p-measurable sets and only a finite number of A; are different from U. For such a set A, we have p(A) =

[Tjen 1(A;j). If o(y) is the density of u(y), i.e., du(y) = o(y)dy, then we write
du(y) == Q) o(y)d(y;), y = (y;)jen € U™,
jEN

Let X be a Hilbert space and 0 < p < oo. The probability measure u(y) induces the Bochner space
L,(U>, X, u) of strongly pi-measurable mappings v from U to X which are p-summable. The (quasi-)norm in
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L,(U>, X, p) is defined by
1/p
ol = ([ TGl anm)

Notice that if X is separable, Lo(U%, X, ) is the tensor product of the Hilbert spaces Lo(U*, R, u) and X.
In the present paper, we focus our attention mainly to the lognormal case with U*® = R* and p(y) = v(y),
the infinite tensor product Gaussian probability measure. Let v(y) be the probability measure on R with the

standard Gaussian density:
1 .
dy(y) = g(w)dy,  g(y) = =2 (2.1)

ﬁ

Then the infinite tensor product Gaussian probability measure y(y) on R* can be defined by

dy(y) = @ 9(w;)d(y;), Y= (y;)jen € R™.
jeN

A powerful strategy for the approximation of functions v in Lo(R*°, X, ) is based on the truncation of the
Hermite gpc expansion

v(y) = s Ha(y), vs€X. (2.2)
scF

Here F is the set of all sequences of non-negative integers s = (s;),en such that their support supp(s) := {j €
N:s; > 0} is a finite set, and

Hy(y) = Q) He, (53), vs = / o(y) Ha(y) do(y), s €T,

jEN o

with (Hy)r>o being the Hermite polynomials normalized according to [, [Hk(y)? g(y) dy = 1. It is well-known
that (Hs)ser is an orthonormal basis of Ly(R*, R, v). Moreover, for every v € Ly(R*°, X, v) represented by the
series (2.2) it holds Parseval’s identity

017, e x) = D sl
sclF

We make use of the abbreviations: L,(R>, u) := L,(R*®, R, u); L,(X) := L,(R*>, X,~) for 0 < p < oco. We
use letter C' to denote a general positive constant which may take different values, and C}, 4.o,p,... & constant
depending on p,q,a, D, ...

To construct general linear fully discrete methods of approximation in the Bochner space £,(X') and of
integration of functions taking values in X2, we need the following assumption on approximation property for
X' and X2, which is a generalization of Assumption 1.1.

Assumption 2.1. The Hilbert space X? is a linear subspace of the Hilbert space X1 and that ||-||x1 < C||-|x=-
There are a sequence (Vi )nen, of subspaces V,, C X1 of dimension < n, and a sequence (Py)nen, of linear
operators from X' into V,,, and a number o > 0 such that

IP(0)|lxt < Cllvllx1, |[v—Pu(v)|x1 <Cn~|v|x2, VYne€Ny, Vve X2 (2.3)
For k € Ny, we define
0k (v) := Py (v) — Por-1(v), k €N,  d(v) := Py(v).

We can represent every v € X2 by the series

v = Z 0k (v)
k=0
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converging in X' and satisfying the estimate
186(@)llx: < C27F [lollxz, k€ Ny, (2.4)
For a finite subset G in Ny x F, denote by V(G) the subspace in Lo(X!) of all functions v of the form

V= Z v Hg, v € V.
(k,8)eG

Let Assumption 2.1 hold for Hilbert spaces X! and X?2. We define the linear operator Sg : L2(X?) — V(G) by

Sgv = Z 5k(vs)Hs
(k,8)eG

for v € L5(X?) represented by the series

v:szHs, vs € X2, (2.5)
EIS

Lemma 2.2. Let Assumption 2.1 hold for Hilbert spaces X' and X2. Then for every v € La(X?),
A o —=Secvlle,(xn) =0, (2.6)

where G = {(k,8) e Ng xF: 0<k < K}.

Proof. Obviously, by the definition,

K
Sav=>_> 0k(vs) He =Y Pyic(vs) Ha.

seF k=0 sclF

From Parseval’s identity and (2.3) it follows that

IScicvlZaxy = Do NP (ws)lzr <2 lloslFn +2) llvs = Poxc (vs) 13

seF selF selF
< 2 lus|%n + 207275 " s |32 < oo
selF sclF

This means that Sg, v € Lo(X1). Hence, by Parseval’s identity and (2.3) we deduce that

lo = SarcvlZzyxny = D llvs = Paxc(vs)l[3: < C* 27295 jug[[fa = C? 272K 0|12, x2)
selF selF

which proves the lemma.
|

Theorem 2.3. Let 0 < p < 2. Let Assumption 2.1 hold for Hilbert spaces X' and X2. Let v € L2(X?) be

represented by the series (2.5). Assume that for r = 1,2 there exist sequences (0y,s)scr of numbers strictly
larger than 1 such that
D (v

selF

[0l x7)* < o0
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and (O’;;)se]}? € L, (F) for some 0 < q1 < g2 < 00. Define for § >0
k No x F: 2kq2 < if o<1/q;
G(f) - {( 73)6 0 X q02,376} y 1 a = /QZ7 (2'7)
{(k,s) eNg x F: ofl, <¢, 200kl < ¢} if o> 1/go.
Then for each n € N there exists a number &, such that dim(V(G(&,)) < n and
||11 — SG(ﬁn)UHLP(Xl) < Cn~ min(o"ﬁ). (2.8)
The rate a corresponds to the approzimation of a single function in X? as given by (2.3), and the rate 3 is
given by
1 « 1 1

0i=——-— (2.9)

pi=——:
qGroa+d Q@

The constant C' in (2.8) is independent of v and n.

Proof. Due to the inequality [ - ||z, (x1) < || - ||z, (x1), it is sufficient to prove the theorem for p = 2.

We first consider the case v < 1/go. Let £ > 0 be given and take arbitrary positive number e. Since G(§) is
finite, from the definition of Gx and Lemma 2.2 it follows that there exists K = K(§,¢) such that G(§) C Gk
and

lv = Sarvlle,x1y < €. (2.10)

By the triangle inequality,
[v = Saeyvllc.xry < v —Sarvllcoxry + [1Sarv — Saeyvllcaxr)- (2.11)

We have by Parseval’s identity and (2.4) that

K
1Seicv = SaervlZaen = [ DD o) Ho =32 >0 bulvs) He

s€F k=0 s€F 2k g2 <¢

= Z Z 6}<;(U3)Hs ’ N :Z Z (5k(Us)
La(X1)
selF I3

2
La(X1)

2

Xl
SEF ¢4, 92 <ok oK 0,2 <ok <aK
2 2
<2 X Il | <DL Y C2Mjullxe
selF EU;g2<QkS2K sefF 50;32<2k§2K
2
< CY sl | DD 27| <O vallxe (€052) 7

sclF 2k>50;gz sclF
Hence, by the inequalities goae <1 and 09,5 > 1 we derive that

IS0 = SaevllZ,(x1y < CET2 Y (onsllvsllx2)? = CE72

seclF

Since e > 0 is arbitrary, from the last estimates and (2.10) and (2.11) we derive that

||U_SG(£)UHL‘2(X1) < Cf_a. (2.12)
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For the dimension of the space V(G(§)) we have that

dmV(G(E) < > dimVup < Y 2

(k,s)EG(E) (k,s)EG(E)
(2.13)
<D ) 2 S2) Lo =Me
selF ok S{UQ_ZQ selr
where M := 2“ (02_;) HZ; )’ For any n € N, letting &, be a number satisfying the inequalities
M¢E, <n<2ME,, (2.14)

we derive that dim V(G(&,)) < n. On the other hand, from (2.14) it follows that £, * < (2M)*n~“. This
together with (2.12) proves that

[lv = SG(gn)'UHEZ(Xl) <Cn™%, a<1/g. (2.15)

We now consider the case o > 1/g». Putting

Ve 1= Z veHg,

ot <e
we get
lv—Sae)vllcoxty < v —vellzox1) + lve — Sae)vll co(xy-

The norms in the right hand side can be estimated using Parseval’s identity and the hypothesis of the theorem.
Thus, for the norm ||v — ve| £, (x1) we have that

||U—v5||3:2(x1) = Z ||US||§(1 = Z (Ul;snvsnXl)QUIj
o1,s>EM 01 o1,s>EM 01
(2.16)
< Y (oualvllx)? < 0g7e,
01;s>51/‘“

For the norm |[ve — Sg(¢)vllz,(x1), with N = N(&, s) := gllog> (€105 ] e obtain

2 2
lve = Saeyolzaxy = Y ‘ va— Y, Ok(vs) o S > ‘ vs = Pn(vs)]|
01,5 >EM/ 01 20a1kgll <¢ seF
< Y ONTHugle < CE20 Y (onallusllx2)? < CETH

selF seclF

These estimates yield that

v = Saevlle,(x1y < CE, (2.17)
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For the dimension of the space V(G(§)), with ¢ := goa > 1 and 1/¢’ + 1/q = 1 we have that
dmV(G(E) < > dimVu < Y do ok

(k,8)EG(E) ofl<g  20mkgfl <¢
1/q 1/q'
< 2 Z 51/(111a)027;/a§2€1/(<ha) Z 02—;32 Z 1
oila <€ o1 <€ ol <€
1/q 1/q'
< 2¢1/(@e) (230222) (Z&ﬁ;?) = Mgl
selF seF

where M := 2“ (02_;” Z;ZF) || (01_;) HZ;/ZIH;)' For any n € N, letting £,, be a number satisfying the inequalities

Meitole <p < oM el+o/e (2.18)
we derive that dim V(G(,)) < n. On the other hand, by (2.18),
e-V/a < (M) " ats,
This together with (2.17) proves that
v = Saevlleaxy < Cn™P, a>1/g.
By combining the last estimate and (2.15) we obtain (2.8). O

Remark 2.4. Let us compare the non-adaptive fully discrete method constructed in Theorem 2.3 with adaptive
one considered in Theorem 3.1 of [1]. Both the methods give the same convergence rate min(a, ). However,
the ways to form them are different. Let us explain this.

In Theorem 3.1 of [1] for the lognormal case, for a given v € X?, a preliminary polynomial approximation
Uy, 1= ZseAm vsHs is taken by truncation of the Hermite gpc expansion (2.5), where A,, C F is a set corre-
sponding to m largest ||vs| x1. The coefficients vs € X? then is approximated by vs,, = P, (vs), and v is
approximated by the resulting approximant vy, := ) . A, Us;moHs. An optimal choice of (ms)s AL, give the
rate min(a, 3) in terms of n where n = >°__, m, is the dimension of the space V,, C X2 of all functions
of the form ___ A, VsHs, vs € Vi, This is an adaptive approximation method, since the choice of m largest
|lvs|lx: essentially depends of v.

In Theorem 2.3, the approximant Sg(e,)v belongs to the space V(G(&,)) C V(X?). The convergence rate
min(a, ) of approximation by Sg(e,)v is given in terms of n where the thresholding parameter &, is chosen
such that dim(V(G(&,)) < n. Notice that Sge,)v = > ca Vs,m, Hs and the space V(G(&,)) consists of all
functions of the form ZseA vsHg, Vs € Vi, for a certain set A depending on n, i.e., formally they are similar
to those in Theorem 3.1 of [1]. The difference here is that the set A is defined independently of v. Hence, our
approximation methods are non-adaptive provided that there is a sequence (P,)nen, of linear operators from
X! into n-dimensional subspaces V;, C X! satisfying (2.3) for all v € X? (Assumption 2.1). See also Remark 3.2
of [1].

3. POLYNOMIAL INTERPOLATION APPROXIMATION

In this section, we construct general linear fully discrete polynomial interpolation methods of approximation
in the Bochner space £,(X?') of functions taking values in X? and having a weighted fs-summability of Hermite
expansion coefficients for Hilbert spaces X! and X? satisfying a certain “spatial” approximation property. In
particular, we prove convergence rates for these methods of approximation. We also briefly consider linear
non-fully discrete polynomial interpolation methods of approximation.
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3.1. Auxiliary results

Let w = exp(—Q), where @ is an even function on R and y@’(y) is positive and increasing in (0, 00), with
limits 0 and oo at 0 and oco. Notice that for the standard Gaussian density g defined in (2.1), \/g is such a
function. For m € N, the nth Mhaskar-Rakhmanov—Saff number a,, = a,,(w) is defined as the positive root of
the equation
2 (! amyQ (amy)

T Jo W
am(\/3) = V. (3.1)

m =

dy.

From Page 11 of [25] we have for w = /g,

For 0 < p,q < oo, we introduce the quantity

1
6(p,q) == 2‘p—q“

Lemma 3.1. Let 0 < p,q < oo. Then there exists a positive constant Cp 4 such that for every polynomial ¢ of
degree < m, the Nikol’skii-type inequality holds

lev/allz,® < Coam®®? [ov/3llL, @)

Proof. This lemma is an immediate consequence of (3.1) and the inequality

1oVl @) < CpgNem(:9) llo VI, @)

which follows from Theorem 9.1 and p. 61 of [25], where

ap P, p<gq
Nin(p, @) = § ¢, \Ma-1/p
(E) , D > q.
O
Lemma 3.2. We have
| Hnv9llLo®) <1, m € No. (3.2)

Proof. From Cramér’s bound (see, e.g., [17], Page 208, (19)) we have for every m € Ny and every z € R,
|H,, (2)y/g9(x)| < K(2m)~ /4, where K := 1.086435. This implies (3.2).
(]

For our application the estimate (3.2) is sufficient, see [13] for an improvement.
For 6, A > 0, we define the sequence

ps(0,)) == [J(1+Xs;)?, seF. (3.3)
JjeEN

Lemma 3.3. Let 0 < p <2 and X be a Hilbert space. Let v € La(R™, X,~y) be represented by the series (2.2).
Assume that there exists a sequence o = (05)ser of positive numbers such that

S (@ullvs]lx)? < oo,

selF



SPARSE-GRID POLYNOMIAL INTERPOLATION APPROXIMATION 1173

We have the following.

i) If (ps(é,A)agl)seF € Ly(F) for some 0 < ¢ <2 and 6, > 0, then (ps(0,)||vs||x)er € £q(F) for q such
that 1/G=1/2+1/q.
(ii) If (0;1)S€F € £y(F) for some 0 < g < 2, then the series (2.2) converges absulutely in L,(X) to v.

Proof. Since 7:=2/G > 1, with 1/7 4+ 1/7" = 1 and ps = ps(6, \) by the Holder inequality we have that

> eelall)” < ((S(elualer) UT(Z sy e

selF selF sefF
a/2 . 1-q/2
—(Sedule?) (Twet)) <o
selF seF

This proves the assersion (i).
We have by the inequality ¢ < 1 and (i) for § = A =0,

> vsHalleoxy = D Ivsllx 1 Hall Lo )

scF selr
1/q
< Sl < (Z(Hvsnx)q) o
selr sclF

This yields that the series (2.2) absolutely converges in £5(X) to v, since by the assumption this series converges
in L2(X) to v. The assertion (ii) is proven for the case p = 2. The case 0 < p < 2 is derived from the case p = 2
and the inequality | - ||, o) < | - lles00)-

O

Lemma 3.4. Let 0 < p < 2. Let Assumption 2.1 hold for Hilbert spaces X' and X2, and let the assumptions
of Lemma 3.3(ii) hold for the space X*'. Then every v € L2(X?) can be represented as the series

v=" Y &(ve) Ha (3.4)

(k,8)€Ng xF
converging absolutely in L,(X') to v.

Proof. This lemma can be proven in a way similar to the proof of Lemma 2.1 in [16]. For completeness, let us
give a detailed proof. As in the proof of Lemma 3.3, it is sufficient to prove the lemma for the case p = 2. Put
Vk,s(Y)(x) = 0x(vs)(x) Hs(y). It is well known that the unconditional convergence in a Banach space follows
from the absolute convergence. Using this fact, from Lemma 3.3(ii) and Assumption 2.1 we derive that on one
hand, the series Y, p vk s(y)(x) converges unconditionally in £o(X"'), and uniformly for k € Ny, and on the
other hand, the series Y . Vk,s(¥)(2) converges absolutely in L5(X"), and uniformly for s € F to vs(x) Hs(y).
Hence, since the series (2.5) converges unconditionally in L£2(X1), we have that

v(y)(@) =D vs(@)He(y) =Y > wrs(@)(@) = D wops(y)(x), ®mED, yeR™,

selF s€F keNg (k,s8)ENg xF

where the last series converges unconditionally in £2(X1). This means that the series in (3.4) converges abso-
lutely to v, since by Lemma 2.6 the sum Sg, converges in Lo(X') to v when K — oo.
O
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We will need the following two lemmata for application in estimating the convergence rate of the fully discrete
polynomial interpolation approximation in this section and of integration in Section 4.

Lemma 3.5. Under the hypothesis of Theorem 2.3, assume in addition that ¢u < 2. Define for € > 0

Gle) = {(k,s)ENoxIF: 2kagf3§§} if a<1l/go—1/2; (3.5)
T {(k,s) ENg x F:oofl, <& 204/ Dkgy <) if a>1/¢p—1/2, '
where
=1/ + (/a1 — 1/q2)/ (2cx). (3.6)
Then for each & > 0,
£ it a<l1l/qg—1/2;
— 1y < .
[l SG(&)”Hﬁp(X ) < Ox {5(1/@1/2) if a>1/g—1/2. (37)

The rate « is given by (2.3). The constant C in (3.7) is independent of v and €.

Proof. Similarly to the proof of Lemma 3.3, it is sufficient to prove the lemma for p = 2. Since in the case
a < 1/ga —1/2, the formulas (2.7) and (3.5) define the same set G(§) for £ > 0, from (2.12) follows the lemma
for this case. Let us consider the case o > 1/go — 1/2. Putting

Ve 1= Z vsHg,

ol <
we get
v = Saevllcoxty < v —vellgyxry + lve — Saeyvll coxy- (3.8)

As in the proof of Lemma 3.4, by Lemma 3.3(ii) the series (2.2) converges unconditionally in Lo(X!) to v.
Hence the norm [[v — v¢||z,(x1) can be estimated by

o =velleaxy < Y osllxt [Hslpa@emy = D llosllxs
gl;s>§1/‘11 gl;s>£1/‘11
1/2 1/2
< Y (onsllvslx)? > o
01;s>§1/q1 Ul;s>fl/ql
1 (3.9)

IN

}: —q1 _—(2—q1)
C gl;s Ul;s

01;5>51/41

IA

1/2
ce~Wa=1/2) <Z 0'1_-.,:1> <ceWa=1/2),

sclF
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—(at1/2)71 Lo (a -t
For the norm |[ve — Sg(¢)vl 2, (x1), With N = N(§, s) := 2{10& (oagm it/ g™ | we have that

lve — Seeyvllcaxy <Y ‘vs— S (v

o1l <¢ 20kl <€

o Hsllzo @ )

= 0 Y [ee-Prtoal|, <€ 3 Nl
a;& X O’Ef
1;8 = 1is—=
<03 (€00, ) uglxe S CEVTST oo vs e
ot <€ 7S
1/2 1/2
< oV 3 (ozslluslixe)? > 1
a’f;lsgf a-;l;l.\aSg
1/2 1/2
< 05*1/41 Z 0.1—;;115 < 05*(1/%*1/2) <Z Ul_;.gl> < 057(1/%—1/2).
o;‘}sgg sclF

This, (3.8) and (3.9) prove the lemma for the case a > 1/¢go — 1/2.
O

We make use the notation: Fe, := {s € F : s, even, j € N}. The following lemma can be proven in a similar
way.

Lemma 3.6. Let 0 < p < 2. Let Assumption 2.1 hold for Hilbert spaces X' and X2. Let v € Lo(X?) be
represented by the series

v=Y vsHs vs€X" (3.10)

s€EFey

Assume that for r = 1,2 there exist sequences (0rs)ser., of numbers strictly larger than 1 such that

Z (UT;SHUSHX")2 <0

s€F.,

and (U;;)seﬁrev €Uy, (Fey) for some 0 < q1 < g2 < 0o with ¢1 < 2. Define for £ > 0,

k,s) € Ng x Fey : 2802 < ¢} if @ <1/g2—1/2;
ev = Fev) = {( ’ 28 ’ A1
Gor©) = GO0 xFer) {{(k,s) € No x Fey 1 ofly <&, 2007/ Dhoy o <P} it a>1/g, — 1/2, (3.1)
where ¥ is as in (3.6). Then for each & >0 ,
&« if a<1l/¢g—1/2;
[ = Saevenlle,x < Cx {5_ Va1 i 0o /g 1/ (3.12)

The rate « is given by (2.3). The constant C in (3.12) is independent of v and &.
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3.2. Interpolation approximation

For every m € Ny, let Y, = (ym;x)jo be a sequence of points in R such that
—00 < Ym0 < < Ymem—1 < Ymym < +00;  Yo,0 = 0. (3.13)

If v is a function on R taking value in a Hilbert space X and m € Ny, we define the function I,,,(v) on R taking
value in X by

- u Y= Ym;j
Ln@)®) = S 0lmi)bos o) = [[ —0m yeR, (3.14)

k=0 §=0, j#k ym;k: ym;j
interpolating v at Ym.k, i€, I (V) (Ym:k) = v(Ym:x). Notice that for a function v : R — R, the function I, (v)
is the Lagrange polynomial having degree < m, and that I,,,(¢) = ¢ for every polynomial ¢ of degree < m.

Let
An(Yim) = sup [ Ln(v)V/0ll Lo (®)
v/l L oo () <1

be the Lebesgue constant, see, e.g., Page 78 of [25]. We want to choose a sequence (Y,,)5°_ so that for some
positive numbers 7 and C, there holds the inequlity

Am(Yin) < (Cm+1)7,  Vm € Ny. (3.15)

We present two examples of (Y;,)p7—¢ satisfying (3.15). The first example is (Y,;)7%, where Y5 = (y);, )i
are the strictly increasing sequences of the roots of H,,41. Indeed, it was proven by Matjila and Szabados
[26,27,30] that

A (V) < C(m+1)Y%, meN,

for some positive constant C' independent of n (with the obvious inequality Ao(Yy) < 1). Hence, for every € > 0,
there exists a positive constant C. independent of n such that

A (V) < (Com 4+ 1)V ¥m e Ny, (3.16)
The minimum distance between consecutive roots d,,11 satisfies the inequalities \/TQFT?H& < dpt1 < \/%,

see pp. 130-131 of [31]. The sequences Y,: have been used in [4] for sparse quadrature for non-fully discrete
integration with the measure 7, and in [18] non-fully discrete polynomial interpolation approximation with the
measure .

The inequality (3.16) can be improved if Y’ _, is slightly modified by the “method of adding points” suggested
by Szabados [30] (for details, see also [25], Sect. 11). More precisely, for n > 2, he added to Y, _, two points
+(n—1, near £a,,—1(g), which are defined by the condition |H,,—11/g|(¢n-1) = [[Hm—1/9l| L. ). By this way,

he obtained the strictly increasing sequences

Yr;kz = {_Cmv y;knf2;07 cee Vy:m72,m72a Cm}

for which the sequence (Y;)%O:O satisfies the inequality
An(V) < Clog(m — 1) (m > 2)

which yields that for every € > 0, there exists a positive constant C. independent of n such that

Am(Y5) < (Com +1)%,  Vm e Ny.

For a given sequence (Y,,,)S_,, we define the univariate operator Al for m € Ny by

m=0>
I ._
Am = Im —4im-—1,

with the convention I_; = 0.
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Lemma 3.7. Assume that (Yn,)20_, is a sequence satisfying the condition (3.15) for some positive numbers T
and C. Then for every € > 0, there exists a positive constant C. independent of m such that for every function

v on R,
1A% (VG L) < (Com+ 1) |lv/gll L), ¥m € No, (3.17)
whenever the norm in the right-hand side is finite.

Proof. From the assumptions we have that

1A% @)Vl L@ < 2(Cm+1)70y/gllr. @), Ym €N,

which similarly to (3.16) gives (3.17).
]

We are interested in sparse-grid interpolation approximation and integration of functions v from the space
Lo(X). In order to have a correct definition of interpolation operator let us impose some necessary restrictions
on v. Let £ be a y-measurable subset in R such that v(£) = 1 and £ contains all y € R*® with |yl < oo,
where |y|o denotes the number of nonzero components y; of y. For a given £ and Hilbert space X, we define
L5(X) as the subspace in £2(X) of all elements v such that the point value v(y) (of a representative of v) is
well-defined for all y € £. In what folllows, & is fixed.

For v € £5(X), we introduce the tensor product operator Al for s € F by

I I
AL(v) = Q)AL (v),
JjeN
where the univariate operator Agj is applied to the univariate function v by considering v as a function of
variable y; with the other variables held fixed. From the definition of £§(X) one can see that the operators AZ

are well-defined for all s € F.
Next, we introduce the interpolation operator I for a given finite set A C F by

Ip = ZAg

seA

Let Assumption 2.1 hold for Hilbert spaces X' and X2. We introduce the interpolation operator Zg :
L5(X?) — V(G) for a given finite set G C Ny x F by

Tegv:= Z SpAL(w).
(k,s)eG

Notice that Zgv is a linear (non-adaptive) method of fully discrete polynomial interpolation approximation
which is the sum taken over the indices set G, of mixed tensor products of dyadic scale successive differences
of “spatial” approximations to v, and of successive differences of their parametric Lagrange interpolating poly-
nomials. It has been introduced in [14] (see also [16]). A similar construction for the multi-index stochastic
collocation method for computing the expected value of a functional of the solution to elliptic PDEs with
random data has been introduced in [21,22] by using Clenshaw—Curtis points for quadrature.

A set A C F is called downward closed if the inclusion s € A yields the inclusion s’ € A for every s’ € F
such that s’ < s. The inequality s’ < s means that s;» < 's;, j € N. A sequence (05)ser is called increasing if
g < o0g for 8 <s.Put Rg:={s' €F:¢ <s}.

Theorem 3.8. Let 0 < p < 2. Let Assumption 2.1 hold for Hilbert spaces X' and X?. Assume that (Yo )men,
is a sequence satisfying the condition (3.15) for some positive numbers T and C. Let v € L5(X?) be represented
by the series (2.5). Assume that for r = 1,2 there exist increasing sequences (0,.s)ser of numbers strictly larger
than 1 such that

(o

selF

|vs]|x)? < o0
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and (ps(26, A)a;i)sem € £y, (F) for some 0 < q1 < g2 < 0o with q1 < 2, where

0:=7+e+5/4, A=max(Cxyz2,(2,C:, 1), (3.18)
Coo2, Co.00 are as in Lemma 3.1, € is arbitrary positive number and C; is as in Lemma 3.7. For £ > 0, let G(§)
be the set defined as in (3.5).

Then for each n € N there exists a number &, such that for the interpolation operator Zge,) : L£5(X?) —
V(G(&,)), we have that dim V(G(E,)) < n and

||’U — IG(EH)UHLP(Xl) < Cn~ min{e,8) (3.19)

The rate o corresponds to the approzimation of a single function in X2 as given by (2.3). The rate 3 is given
by

1 1 «a 1 1
=(—-2) -2 5= 3.20
’ <Q1 2) a+0 AR (3.20)
The constant C' in (3.19) is independent of v and n.
Proof. Clearly, by the inequality || - ||z, (x1) < || - [[z,(x1) it is sufficient to prove the theorem for p = 2.

By Lemmata 3.3 and 3.4 the series (2.5) and (3.4) converge absolutely, and therefore, unconditionally in the
Hilbert space L£2(X1) to v. We have that ALH, = 0 for every s £ s’. Moreover, if A C F is downward closed
set, InHs = H, for every s € A, and hence we can write

Iy = IA<sz H) =S e hHy =Y v Ho+ > vsIap, He. (3.21)

s€F s€F seA sgA
Let us first consider the case o < 1/g2 — 1/2. Let £ > 0 be given. For k € Ny, put
Ap={s€F: (k,s) €GE)}={seF: 0P, <277}
Observe that Ax = () for all k > k* := [log, €], and consequently, we have that

k* k*
IG(é)v = 25k< Z Aﬁ)v = Z(SkIAk’U. (3.22)
k=0 k=0

SEAL

Since the sequence (02.s)scr is increasing, Ay are downward closed sets, and consequently, the sequence {Ak }:;0
is nested in the inverse order, i.e., Apr C Ay if & > k, and Ag is the largest and Ag~ = {Op}. Therefore, from
the unconditional convergence of the series (3.4) to v, (3.22) and (3.21) we derive that

k* k*
Toev = Y. Y 0k(ve) Ha+ > > 6k(va) In,nr, He
k=0 s€A k=0 sgAs
&
= S(;(g)’u + Z Z 5k(’US) IAkﬂRS Hs.
k=0 s¢Ay
This implies that
&
v — Ig(é)’l):’l) - S(;(g)’l) - Z Z 5k(vs)IAkas HS.
k=0 s¢Ag
Hence,
v _ZG(OUH[:Z(XI) < |- SG(f)UHLJQ(Xl) + Z 10k (vs) [+ [ Tan, HSHLQ(ROO,«,)' (3.23)

(k,8)ZG(8)
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Lemma 3.5 gives

<cge. 3.24
o S €€ (3.24)

HU —SG(@U‘

Let us estimate the sum in the right-hand side of (3.23). We have that

||IAkﬂRS HSHLQ(ROO,’Y) < Z ||A£/(H5)HL2(ROO’A{)' (325)
s'eANyNRs

We estimate the norm in the sum in the right-hand side. Assuming s € F to be such that supp(s) C {1,...,J}, we
have AL, (Hg) = szl A% (H,,). Since A% (Hs,) is a polynomial of degree < s in variable y;, from Lemma 3.1

we obtain that

<

JALHD | ey = HIIA Ho)ll o) = Hw IVl Lo

J
< po(0,)) H||A Hy )Vl Lo ()

where 0 = 1/4, X := Cs o and Cs o is the constant in Lemma 3.1. Due to the assumption (3.15), we have by
Lemmata 3.7 and 3.2 that

IAG (He )Vl < (14 Cesh) T 1 Hy /ol (r)
< (14 Ces)) (1 + Coo2,257)* | Hoy /9l Lo ()
= (1+ Cgs;-)”'s(l + Coo2.255) /4
and consequently,
1AL (Hs)|| , zoe ) < P (0,2) < ps(6, ), (3.26)
where
0:=7+e+1/4, X:=max(Cu2,C2.00,Cc). (3.27)

Substituting || AL (Hs)

s ||L2(]R°° ) (3.25) with the right-hand side of (3.26) gives that

||IAkﬁRS Hs||L2(Roc < Z ps(0,A) < |Rs|ps(6,A) < ps(1,1) ps(6, ),

)
s’€ALNRs
where 6 and A are as in (3.27). Hence,
||IAkﬁRS HSHLQ(ROO,’Y) < ps(97 )‘)7 (328)

where 6 and A are as in (3.18). Denote by ¥(&) the sum in the right-hand side of (3.23). By using (3.28) and
(2.4) we estimate () as

) < C Y 27%ps(0 M) |vsllxz = C Y ps(O: Mvsllx= D 27

(k,8)£G(€) sef 2% >0y 72

IN

CD ps(0,M|vsllx> (€05.8)7" < CE* D pa(B, Nk s x>

selF selF
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By the inequalities 2(1 — gaar) > ¢2 and 02,5 > 1 and the assumptions we have that

1/2 1/2
D ps(0, M08 vs|l x> < (Z(Uz;sllvsllx2)2> (ZPS (0, M52 ‘W))

sclF selF selF

IA

1/2 1/2
(Z(02;3||US||X2)2> (Zps (20, \)03,2 ) =C < oo.

seF selF

Thus, we obtain the estimate

2© = 3 k)l [aeom, Holl e, < CE
(k,8)€G(€)

This together with (3.23) and (3.24) implies that
v = Za@yullzyxry < CE2
Hence, similarly to (2.13)—(2.15), for each n € N we can find a number &, such that dim V(G(&,)) < n and
lv—Zae)vlle,x1y Cn~%,  a<1/¢g—1/2. (3.29)

We now consider the case o > 1/g2 —1/2. Observe that the unconditional convergence of the series (2.5) and
the uniform boundedness of the operators P, in X! imply that

ALy = Alw =" 6k (va) AL(He) (3.30)
s’eF
and
Pow=> P,(va)H
sclF
with convergence of the series in Lo(X'). Put A(§) := {s € F : ofl, < ¢} and B(¢,s) := {k € No : 2F <

_(QH/Q) 1519 at1/2)” } for £ > 0 with ¥ as in (3 6). By using of these equalities and the unconditional

|_log2 (U;§a+1/2)*1£g(a+1/2)—1)J

convergence of the series (2.5) and (3.4), with N(¢,s) := 2 we derive the equalities

Toev =y, wllv= > ALl > 6w

(k,8)€G(&) sEA(E) keB(E,s)
= Y Pnies)(Ws)Hs+ Y Pres)(vs)ae)nm, (Hs)
SEA(E) SsZA(E)

= > Y. ok | Ho+ Y Puies)(vs)aenm, (Hs)

seA(&) \keB(&,s) sZA(§)

= Saev+ Y, Py (0s)Ia@nr, (Hs)-
SEA(E)
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Hence,

v _IG(é)”||z:2(x1) <|lv- SG(S)UHLQ(Xl) + Z PN e,s) (v8) | x1 [ ace)nr, H3’|L2(R°°,y)' (3.31)
sZA(E)

Lemma 3.5 gives

||1078G(5)UHL2(X1) < cgWa=1/2), (3.32)

The sum in the right-hand side of (3.31) can be estimated by

> I1Pvew )l Ma@nr, Hsll e oy < C D lvslie [a@nr, Hsll e -
SZA(£) SZA(E)

Similarly to (3.28), we have

||IA(§)0RS HS ||L2(Roc7,y) S DPs (9, )\)

with the same 6 and A as in (3.18). This gives the estimate

Z [P e, (0s) I x1 || 1ace)nr, HsHLQ(Rmm < C Z lvs|lx1 ps (O, A). (3.33)
SZA(£) SZA(E)

We have by the Holder inequality and the hypothesis of the theorem,

1/2 1/2
S dwsllxepe®0) < | Y (Grsllvslx)? R
sEA() o1 >EL/01 o€l /0
1/2
<c| > oMo Lo (3.34)

01;8>§1/Q1

IA

1/2
ce~Ha=1/2) (Z ps (20, )\)01;31> < g Wa=1/2),
sclF

Combining (3.31)—(3.34) leads to the estimate
||1} _ZG’(g)U”ﬁz(Xl) < 067(1/‘1171/2), (335)

For the dimension of the space V(G(§)), with ¢ := (o +1/2)g2 > 1 and 1/¢’ + 1/q = 1 we have that

dmV(G(E) < > dimVau < > > 2
(k,8)EG(£) oil<e 20041/ Dkgy g
1/q 1/q
<2 Y e g g (S ] (3
o<t oS¢ ofls€
1/a 1/d
< g7t/ (Z ) (Z soyzl)
sclF 7 seF 7

_ Mfﬁ(a+1/2)*1+1/q’ _ 1\4514-5/047
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where M := 2”( HZQ/(IIF) H( )HZI/ZF For any n € N, letting £,, be a number satisfying the inequalities
Q2

Mol <p < oM el+o/e (3.36)
we derive that dim V(G(&,)) < n. On the other hand, by (3.36),
¢-(/n=1/2) < (apr)ats (/0 —1/2) a8y
This together with (3.35) proves that
v = Zae)vlle,x1) < Cn=P, a>1/¢p—1/2

By combining the last estimate and (3.29) we derive (3.19).
(]

Denote by T'y and T'(A) the set of interpolation points in the operators Al and I, respectively. We have that
Fs ={Ys_em : € €Es; mj =0,...,8; —ej, j € N} and I'(A) = Useal's, where E is the subset in F of all e
such that e; is 1 or 0 if s; > 0, and e; is 0 if s; = 0, and Y., = (Ys,:m; ) jen-

Remark 3.9. (i) Observe that the operator Zg(,) in Theorem 3.8 can be represented in the form of a multilevel
approximation method with &, levels:

kn
Tote) = D Oelanien):
k=0
where k,, := |log, &, ] and for k € Ny and & > 0,
Ar(E) = {seF:of <2’€5} if o <1/g—1/2
{s€F: ofl, <& 0o <27OFUDRIL if 0> 1/gp —1/2.

Moreover, A (&) are downward closed sets, and consequently, the sequence {Ak (&) }:’;O is nested in the inverse
order, i.e., A (&) C Ax(&n) if K > k, and Ag(&,) is the largest and Ay, (§,) = {Op}.

(ii) Theorem 3.8 is a non-adaptive “collocation” extension of Theorem 3.1 in [1] for the lognormal case. The
approximant Zg e, yv belongs to the space V(G(&,)) € V(X?). The convergence rate min(c,/3) of the
approximation by Zg e, )v is given in terms of n where the thresholding parameter &, is chosen such that
dim(V(G(&,)) < n. This rate is the same as the rate of the approximation by the truncated Hermite gpc
expansion Sg(g,,)v- The fully discrete polynomial interpolation approximation of v € L5(X?) by operators
Tce,) is based on the finite point-wise information in 4, more precisely, on [T'(Ag(£,))| of particular values
of v at the interpolation points y € I'(Ag(&,,)) and the approximations of v(y), y € I'(Ao(&n)), by Parv(y)
for k=0,...,k,. Moreover, we have that

IT(Aom) < Y ps(1,2) = O(n).

s€Ao(n)

(iii) Under the assumptions of Theorem 3.8, by (3.30) we have that for every v € L2(X?) and every G C Ng x I,

Igv: Z Ai(ékv)
(k,s)eG
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Theorem 3.10. Let 0 < p < 2. Let Assumption 2.1 hold for Hilbert spaces X' and X?. Let v € L5(X?) be
represented by the series (3.10). Assume that (Yi,)men, S @ sequence satisfying the condition (3.15) for some
positive numbers T and C. Assume that for r = 1,2 there exist increasing sequences (0r.s)scr., 0f numbers
strictly larger than 1 such that

Z (UT;SHUSHX")2 <0

sEF.,

and (ps(20,N)0,.3)sek., € lq, (Fev) for some 0 < q1 < qa < 00 with q1 < 2, where § and X\ are as in (3.18). For
£>0, let Gey(§) be the set defined as in (3.11).

Then for each n € N there exists a number &, such that for the interpolation operator I, (¢, : L£5(X?) —
V(Gev(£r)), we have that dim V(Gey(€,)) < n and

|lv 71Gev(5n)v‘|£p(xl) < Cpin(es8) (3.37)

The rate o corresponds to the approzimation of a single function in X2 as given by (2.3). The rate 3 is given
by (3.20). The constant C in (3.37) is independent of v and n.

Proof. The proof of this theorem is similar to the proof of Theorem 3.8 with some modification. For example,
all the indices sets are taken from the sets Fe, and Ny x F., instead F and Ny x F; estimates similar to (3.24)
and (3.32) are given by Lemma 3.6 instead Lemma 3.5.

|

Corollary 3.11. Let 0 < p < 2. Let v € L5(X) be represented by the series (2.2) for a Hilbert space X . Assume
that (Yin)men, 8 a sequence satisfying the condition (3.15) for some positive numbers 7 and C. Assume that
there exists an increasing sequence (0s)ser of numbers strictly larger than 1 such that

S (oallvellx)? < oo

s€F
and (ps(20, max(2,\))o5 ) ser € £4(F) for some 0 < q < 2, where § and X are as in (3.18). For & > 0, define
A(§) ={seF: ol <} (3.38)
Then for each n € N there exists a number &, such that |[T'(A(,))] < n and
v = Inge,yolle, (x) < Cn~ /1712, (3.39)
The constant C' in (3.39) is independent of v and n.

Proof. Similarly to the proof of Theorem 3.8 it is sufficient to prove (3.39) for p = 2. In the same way as in
proving (3.31), we can show that

[v = Iayll 2yxn) < 10 = Savll gyxeny + D Mosllxr[Ia@nr. Hall g -
M (E)

where

Sa)v = Z veHsg.
seA(E)

By estimating [[v — Sxe)v| 1, x1y and Yagnce) 1vsllxr||[Ia@nr, Hsll,, e -, similarly to (2.16), (3.33) and
(3.34), respectively, we derive

Hv — IA(@UHLz(Xl) < Cf—(l/q—l/z)_
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Since |I's| < [[;en(2s; +1) = ps(1,2), we have from the definition

CA@)] < D I0sl < ) pa(l,2) < M€, (3.40)

s€A() o7 9>1

where M := 3% pps(1,2)0;7 < oo by the assumption. For any n € N, by choosing a number &, satisfying the
inequalities M¢&,, <n < 2M¢&,, we derive (3.39). O

Similarly to Corollary 3.11 we have the following

Corollary 3.12. Let v € L5(X) be represented by the series (3.10) for a Hilbert space X. Assume that
(Yin)men, 8 a sequence satisfying the condition (3.15) for some positive numbers T and C. Assume that there
exists an increasing sequence (0s)ser,, of numbers strictly larger than 1 such that

Z (0s]lvsllx)? < 00

s€F.,

and (ps(20, max(2, \))o; ) ser,, € ly(Fey) for some 0 < g < 2, where § and \ are as in (3.18). For £ > 0, define

Aev(§) == A(§) NFey = {s € Foy : 0 <&} (3.41)
Then for each m € N there exists a number &, such that |I'(Aev(&n))| < n and

H’U_IAev(En)'Uuﬁp(X) < Cn_(l/q_l/Q). (3.42)
The constant C in (3.42) is independent of v and n.

Remark 3.13. (i) Theorem 3.10 and Corollary 3.12 will be applied in proving the convergence rates of fully
and non-fully discrete integration in the next section.

(i) The bound |[v — I, ||, @ 7,y) < Cn~(1/971/2) has been obtained in Theorem 3.14 of [18] for a Hilbert
space ‘H, where A,, is the set of s corresponding to the n largest elements of an £,-summable majorant of
the sequence (051 ps(0,)\))scr-

(iii) The operators Iy and Iy, (¢) represent non-adaptive collocation methods of approximation of v € X !
based on the particular values v(y) at the points y in the grids T'(A(£)) and I'(Aey(€)), respectively.
Moreover, the sparsity of I'(Aey(€)) is much higher than that of I'(A(§)): the generating set Ay (€) contains
only even indices of A(£). This remarkable property, in particular, plays an important role in improving
the rate of quadrature of the solution to the parametrized elliptic PDEs with lognormal inputs (1.1), see
Corollary 5.11 and its proof as well as Remark 5.12.

4. INTEGRATION

In this section, we construct general linear fully discrete methods for integration of functions taking values
in X2 and having a weighted fy-summability of Hermite expansion coefficients for Hilbert spaces X' and X2
satisfying a certain “spatial” approximation property, and their bounded linear functionals. In particular, we
give convergence rates for these methods of integration which are derived from results on convergence rate of
polynomial interpolation approximation in V;(X?!) in Theorem 3.10. We also briefly consider linear non-fully
discrete methods for integration.

If v is a function defined on R taking values in a Hilbert space X, the function I,,(v) in (3.14) generates the
quadrature formula defined as

%W:A%M@M@=;MMMML
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where
e = [ o) ),
Notice that

Qm(p) = /R e(y) dvy(y)

for every polynomial ¢ of degree < m, due to the identity I,,(¢) = .
For integration purpose, we additionally assume that the sequence Y, as in (3.13) is symmetric for every

m € No, %€, Ymim—k = Ym:k forﬁk‘ =0,...,m. The sequences Y} of the of the roots of the Hermite polynomials
H,,+1 and their modifications Y} are symmetric. Also, for the sequence Y,!, it is well-known that
1
Wm;k = :

T (mA DHE ()
For a given sequence (Y,,,)S_,, we define the univariate operator A? for m € Ny by
A% = Qm - Qm—la

with the convention Q_; := 0.
For a function v € £5(X), we introduce the interpolation operator A9 defined for s € F by

AQ(v) = QAL (v),
jJEN

where the univariate operator ASQJ_ is applied to the univariate function v by considering v as a function of
variable y; with the other variables held fixed. As AL the operators A are well-defined for all s € F. For a
finite set A C IF, we introduce the quadrature operator Q5 which is generated by the interpolation operator I

as follows
Qav = Z AQ(v) = /

Ixv(y) dy(y).
sEA Ree

Further, if ¢ € X’ is a bounded linear functional on X, denote by (¢, v) the value of ¢ in v. For a finite set
A C F, the quadrature formula Qav generates the quadrature formula Qx (¢, v) for integration of (¢, v) by

oo

Qn(6,0) = (6,Qn) = / (& Inoly)) dy(w).

Let Assumption 2.1 hold for Hilbert spaces X' and X2, and v € £§(X?). For a finite set G C Ny x F, we
introduce the quadrature operator Qg which is generated by the interpolation operator Zg : £§(X?) — V(G),
and which is defined for v by

Quvi= 30 5ad0) = [ Zovlw)drty). (a.1)

(k,8)eG

Further, if ¢ € (X!) is a bounded linear functional on X*, for a finite set G C Ny x F, the quadrature formula
Qav generates the quadrature formula Qg (¢, v) for integration of (¢, v) by

Qu(6.1) = (6, Qar) = [ (6. Zav(w) dv(w)

For a function v € £§(X) and is represented by the series (2.2), consider the function ve, € £5(X) defined

by
Vey 1= Z vsHg.

SEFe
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From the obvious equality [, v(y)dy(y) = 0 for every odd function v, we have that
i Hs(y)dy(y) =0, s ¢ Fey,
and hence,

/ _u(y)d(y) = / _ev(y) dy(y). (4.2)

Moreover, if Y, is symmetric for every m € Ny,
A%H,(y) =0, s¢TF,, s cF. (4.3)

The equalities (4.2) and (4.3) allow us to remove redundant non-even parametric points in the grid T'(A) for
polynomial interpolation and use instead it the grid I'(Aey) with higher sparsity for constructing a quadrature
formula, where Aoy := ANFey, see Theorem 4.1 and Corollary 4.2 and their proofs below. This reduces the cost
of computation in numerical implementation.

Theorem 4.1. Under the hypothesis of Theorem 3.8, assume additionally that the sequences Y,,, m € Ny, are
symmetric. For & > 0, let Gey(€) be the set defined as in (3.11). Then for the quadrature operator Qg ()
generated by the interpolation operator Ig, (¢) : £5(X?) — V(Gev(£)), we have the following.

(i) For each n € N there exists a number &, such that dimV(Gey (&) < n and

(i) Let ¢ € (X1)" be a bounded linear functional on X'. Then for each n € N there exists a number &, such
that dim V(Geyv(&y)) < n and

< Cp~ min(f), (4.4)
Xl

/ @) dr(y) - Qv

< Cp~ min(@f), (4.5)

|6 ) - Qo.eo.0)

The rate a corresponds to the approzimation of a single function in X2 as given by (2.3). The rate 3 is given
by (3.20). The constants C in (4.4) and (4.5) are independent of v and n.

Proof. For a given n € N, we approximate the integral in the right-hand side of (4.2) by Qg (¢,) Where &,
is as in Theorem 3.10. By Lemmata 3.3 and 3.4 the series (2.5) and (3.4) converge absolutely, and therefore,
unconditionally in the Hilbert space L3(X") to v. Hence, by (4.3) we derive that Qg (¢,)0 = Qg.. (£.)Vev- Due
to (4.1) and (4.2) there holds the equality

/ vy dr(y) - Qaenr = / (vev (¥) — Tz, (60) Ve (¥)) Ay (). (4.6)

oo

Hence, applying (3.37) in Theorem 3.10 for p = 1, we obtain (i):

For a given n € N, we approximate the integral [,..(¢,v(y)) dy(y) by Qa..(e.)(®,v) where &, is as in
Corollary 3.12. Similarly to (4.6), there holds the equality

< ||vcv — IGev(En)Uchﬁl(Xl) < O~ min(aB)

/ v(y) dy(y) — Qa., (e)V
oo X1

oo

[ 16.00®) 61(0) = Qo) (60 (w)) = | (6,00 ®) ~ Towcpin ) dr(w).
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Hence, applying (3.37) in Theorem 3.10 for p = 1, we prove (ii):

/ w<¢,vev(y)> dy(y) — Qe (@ 0)] < / _ (6, vev (¥) — Lo, (6 Vev ()| dY(w)

IN

/R 16l l1vew (¥) — To qenyves ()1 x1 dy(w)

< Cllvey = Zaou(ga)Vevllcy(xy < Cn” min(a,f),
(]

Similarly to the proof of Theorem 4.1, applying (3.42) in Corollary 3.12 for p = 1, we can derive the following

Corollary 4.2. Under the hypothesis of Corollary 3.11, assume additionally that the sequences Y,,, m € Ny,
are symmetric. For € > 0, let Aoy (€) be the set defined as in (3.41). Then we have the following.

(i) For each n € N there exists a number &, such that |T'(Aev(&n))| < n and

(ii) Let ¢ € X' be a bounded linear functional on X. Then for each n € N there exists a number &, such that
IT(Aev(&n))| < n and

< Cn~(/a=1/2), (4.7)
X

/ () dY(Y) ~ Quenv

< Cop~/a=1/2), (4.8)

/Rm (¢,0(y)) dY(Y) = Qa.u(en) (85 v)

The constants C in (4.7) and (4.8) are independent of v and n.

5. ELruiptic PDES WITH LOGNORMAL INPUTS

In this section, we apply the results in Sections 2—4 to Hermite gpc expansion and polynomial interpolation
approximations as well as integration for the parametrized diffusion elliptic equation (1.2) with lognormal inputs
(1.3).

We approximate the solution u(y) to this equation by truncation of the Hermite series

u(y) =Y us He(y), us €V

sclF

For convenience, we introduce the conventions: W' := V: W2 := W; H%(D) := Ly(D); W%>(D) := L (D).
Constructions of fully discrete approximations and integration are based on the approximation property (1.5)
in Assumption 1.1 and the weighted fo-summability of the series (||us||wr)ser, 7 = 1,2 in the following lemma
which has been proven in [3] for r =1 and in [1] for r = 2.

Lemma 5.1. Let r = 1,2. Assume that the right side f in (1.2) belongs to H"=2(D), that the domain D has
C™=21 smoothness, that all functions ; belong to Wr=12(D). Assume that there exist a number 0 < g, < 00
and a sequence p, = (pr.j)jen of positive numbers such that (p;jl-)jeN € 4,.(N) and

sup || pri D01 <oo.
|O“S7n_1 ]GN
Lo (D)
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Then we have that for any n € N,

. S s
S (onallu? <00 with at,i= ¥ (5)e (1)

scF 18"l oo vy <n
We need two auxiliary lemmata.

Lemma 5.2. Let the assumptions of Lemma 5.1 hold for the space W' with 0 < q; < 2. Then the solution map
y — u(y) is y-measurable and u € Lo(W?'). Moreover, u € LE(W?) where

£ = {y e R*>: supp;}|yj| < oo}
jEN

having v(€) =1 and containing all y € R with |y|o < oo.

Proof. The proof of this lemma already is in [3]. Indeed, under the assumptions of Lemma 5.1 for the space W1
with 0 < ¢1 < 2, by Remark 2.5 of [3] Assumption A in Page 349 of [3] holds for the sequence p; = (p1,5)jen.
Hence, by Corollary 2.3 of [3] the solution map y +— u(y) is y-measurable and u € Lo(W*). Moreover, v(€) = 1
(2.23) of [3] and, obviously, £ contains all y € R with |y|g < oo. For a point y € R, by the Lax—Milgram
lemma the solution u(y) is well-defined if b(y) € Lo (D). This inclusion holds true if y € £ (2.26) of [3]. This
means that u € £§(W1). O

We make use the following notation: for v € N,
F,:={seF:s5;eNy,, jeN}; Ny, ={neNy:n=0,v,v+1,...}.

The set IF,, has been introduced in [33]. The set Fy plays an important role in establishing improved convergence
rates for sparse-grid Smolyak quadrature in [33,34].
The following lemma is a generalization of Lemma 5.1 in [3].

Lemma 5.3. Let 0 < g < 00, n € N, p = (p;)jen of positive numbers such the sequence (pj_l)jeN belongs
to L4(N). Let 0, be arbitrary positive numbers and (ps(0,\))scr the sequence given in (3.3). Let for numbers
n € N the sequence (0s)secr be defined by

S ’
2. __ 2s
0; = E (s’)p .
18" lleoo ) <n

2y(9+1)

Then for any n > , we have

Z ps(0, N " < 0.
sclF,

Proof. With 0’ := 20v/q, we have that

2 pel0: o =3 1 (Z (2) (1+Xs;)” 2k> I

selF, s€F, jeN \k=0
n —q/2v
n
I E (S oewrs) -~
JjEN neNo,, 0 JEN
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and

8% 5 (i) 05 278™)

n€Np

< ¥ ((Z) (1 +An)9'p§"> o +3 ( (1+ An)? 2’7)

n€Np,,, n<n n>n
n\ "9/
Z (1 + )\TL) 7“1/’/ + pj_Uq/V Z < ) (1 —+ )\n)e =:Dj1 —+ Bj72.
n€Ny ., n<n n>n n

We estimate B; 1 and Bj,. We have

q/2v

IN

n—1 n—1
le<1+2 1+ 2n)% 0" <1+ 1+ (=N p ",

n
From the inequalities (%) < (Z) and ng/2v — 6 > 1 we derive that

—nq/2v
Bja<p;"" N <”> (1+ )’ < Cp; """ = a/20=0) < ol

nzn

Summing up we obtain that

n
By <Bji+Bja<1+C Y p"".

n=v
Since the sequence (p}l)jeN belongs to ¢4(N), there exists j* large enough such that p; > 1 for all j > j*.
Hence, there exists a constant C' independent of j such that B; <1+ Cp;q for all j € N, and consequently,

> pel0. N0 < [ B, < [T +Cp") < exp (Y 0oy ) < oo

s€F, jEN jEN jEN

O
In the present paper, as noticed in Introduction we want to show possibilities of non-adaptive approxima-
tion methods and convergence rates of approximation by such methods for the parametrized diffusion elliptic
equation (1.2) with lognormal inputs. Here we do not consider Galerkin approximations. To treat fully discrete
approximations we assume that f € Lo(D) and that it holds the approximation property (1.5) in Assump-
tion 1.1 for all v € W, see, for instance, Theorem 3.2.1 of [8] for the case when D is a polygonal set. Notice that
classical error estimates yield the convergence rate o = 1/d by using Lagrange finite elements of order at least
1 on quasi-uniform partitions. Also, the spaces W do not always coincide with H?(D). For example, for d = 2,
we know that W is strictly larger than H?(D) when D is a polygon with re-entrant corner. In this case, it is
well known that the optimal rate « = 1/2 is yet attained, when using spaces V,, associated to meshes (7, )n>0

with proper refinement near the re-entrant corners where the functions v € W might have singularities.

Theorem 5.4. Let 0 < p < 2. Let Assumption 1.1 hold. Let the assumptions of Lemma 5.1 hold for the spaces
W=V and W? =W with some 0 < ¢1 < ga < 00. For £ >0, let G(&) be the set defined by (2.7) for 0,5 as
n (5.1), r=1,2.

Then for each n € N there exists a number &, such that dim(V(G(&,)) < n and

lu — Saenullc,vy < Cn” min(a,8) (5.2)

The rate « corresponds to the spatial approzimation of a single function in W as given by (1.5), and the rate 3
is given by (2.9). The constant C in (5.2) is independent of u and n.
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Proof. To prove the theorem it is sufficient to notice that the assumptions of Theorem 2.3 are satisfied for
X! =V and X? = W. This can be done by using Lemmata 5.1-5.3. (By multiplying the sequences p, in
Lemma 5.1 with a positive constant we can get 0,5 > 1 for s € F.) (I

Remark 5.5. (i) The rate min(a, 3) in (5.2) is the rate of best adaptive n-term Hermite gpc expansion approx-
imation in L£5(V) based on £,,-summability of (||us||v)ser and €,,-summability of (||us||w)ser proven in [1],
where 1/p, = 1/q, +1/2 for r =1, 2.

(i) Observe that Sg(e, ) can be represented in the form of a multilevel approximation method with &, levels:

kn
Sc(en) = D 0kSa(en):

k=0

where Sau:=3Y_ 5 us for ACF, k, := |log, &, ] and for k € Ny and £ > 1,

EISN
{sEIF‘: UngSQ_kf} if o <1/gs;

5.3
{seF:ofl, <¢ of, <2700k} if o >1/g. (5:3)

Ag(§) = {

Remark 5.6. Since the index set G/(§) defined as in (2.7) plays a key role in determining the operator S¢ ¢y, we
give an algorithm for constructing it, for instance, for the case a > 1/g2. The case a < 1/g2 can be done similarly.
We additionally assume that the sequences p,.s, 7 = 1,2, are monotonically increasing. This assumption yields
that if s € F and ¢ < j are such that s; = s; = 0, than 0,.51e, < 0p.s1e;, 7 = 1,2, where e; := (0i,j)ien € F.
Observe that
ke
G = {(ks) eNgxF: s € A(§)},

k=0
where k¢ := La%h log, fJ and A (&) is defined as in (5.3), £ > 1. Moreover, Ax(£) are downward closed sets, and

consequently, the sequence {Ak(f)}:io is nested in the inverse order, i.e., Ap (§) C Ag(€) if &/ > k, and Ag(€)
is the largest and Ay, (§) is the smallest. Hence, the index set G/(£) can be constructed as in Algorithm 1.

Let us estimate the computational complexity of Algorithm 1, by using some results from Lemmata 3.1.12
and 3.1.13 of [32]. Each from 1st to 5th lines and 10th to 21st lines in this algorithm is executed at most
4)Ao(€)] + 1 times. For every multiindex s € Ag(§) we store {(j,s;) : s; # 0}. Each multiindex therefore
occupies a memory of size O(d(Ag(§))), where d(A) := sup,c, | supp s|. Assuming elementary operations such
as multiplications and divisions to be of complexity O(1), we can deduce that the computational complexity
executing each from 1st to 5th lines and 10th to 21st lines in Algorithm 1 is bounded by O(m (Ao (€))+d(Ag(€))),
where m(A) 1= supgep | Do ey Sjl- Algorithm 1 terminates and gives G(§) before k > k. Hence the overall
computational complexity and memory consumption of Algorithm 1 behave like

O (kelAo(€)|(m(Ao(€)) + d(Ao(€)))) = 0<10g2€ > ps(171)> = O(£log; §).
s€Mo(E)

(I1<

S

In the last step we used the equality > J<gl/a = O(€) which follows from the inequality ), r ps(1, 1)o7
oo (cf. (3.40)).

We now consider the problem of sparse-grid interpolation approximation and intergration of the solution u(y)
to the parametrized diffusion elliptic equation (1.2) with lognormal inputs. By using Lemmata 5.1-5.3, in the
same way as the proof of Theorem 5.4, from Theorems 2.3 and 3.8 and Corollary 3.11 we derive the following
two theorems and two corollaries.
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Algorithm 1: Constructing G(&).

1s=0
2 G =0
3 ifo1s < {1/‘11 and o2 < 51/‘“ then
4 | G —{(0s)}
5 k—1
6 while o3, < 27%F¢1/91 do
7 L G(§) — G U{(k,s)}
8 k—k+1
9 while True do
10 d—1
11 while 01 s1e, > §1/q1 Or 02 stey > fl/ql do
12 if sq # 0 then
13 L 54 <0
14 d—d+1
15 else if s # 0 then
16 | d=min{j e N: s; #0}
17 else
18 L break
19 S+ 8+ eq
20 | G(§) < G U{(0,s)}
21 k<1
22 while oy . < 27%F¢l/01 do
23 L G(§) «— G(§) U{(k,s)}
24 k—k+1

25 return G(§)

Theorem 5.7. Let 0 < p < 2. Let Assumption 1.1 hold. Let the assumptions of Lemma 5.1 hold for the spaces
W=V and W2 =W with some 0 < g1 < g2 < 00 with g1 < 2. Assume that (Yo )men, i a sequence satisfying
the condition (3.15) for some positive numbers T and C. For £ > 0, let G(§) be the set defined by (3.5) for o,.s
asin (5.1), r=1,2.

Then for each n € N there exists a number &, such that for the interpolation operator Lg,) : LE(W) —
V(G(&,)), we have that dim V(G (&,)) < n and

Ju — Zae,yulle, vy < Cn~mnl@s), (5.4)

The rate v corresponds to the spatial approximation of a single function in W as given by (1.5). The rate (3 is
given by (3.20). The constant C in (5.4) is independent of u and n.

Remark 5.8. (i) Observe that Zg(c,) can be represented in the form of a multilevel approximation method,
see Remark 3.9(i) for details.

(ii) The fully discrete polynomial interpolation approximation by operators Zg ¢, ) is a collocation approximation
based on the finite number [I'(Ao(&n))] < > geny(e,) Ps(1,2) of the particular solvers u(y), y € T'(Ao(&n)),
where, we recall, T'(Ag(£n)) = Useng(e,)l's and T's = {Yg e, - € € Eg; my =0,...,5; —¢;, j € N}. (Es

denotes the subset in I of all e such that e; is 1 or 0 if s; > 0, and e; is 0 if 5; = 0, and Y., := (Ys,:m; )jen-)

Corollary 5.9. Let 0 < p < 2. Under the hypothesis of Lemma 5.1 for the spaces W1 =V with some 0 < q; =
q < 2. For & >0, let A(§) be the set defined by (3.38) for o5 = 01,5 as in (5.1). Then for each n € N there
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exists a number &, such that |I'(A(&,))] < n and
= Ine,yulle, vy < Cn~ /9712, (5.5)
The constant C in (5.5) is independent of u and n.

The rate 1/¢ — 1/2 in Corollary 5.9 is much better than the rate 3(1/¢ — 1/2) which has been obtained in
Theorem 3.18 of [18] for a similar approximation in Lo(V).

Similarly to Zg(e, ), the approximation to u by the operator I, is a collocation approximation based on
the finite number [['(A(&n))[ < D sen(e,) Ps(1,2) of the particular solvers u(y), y € I'(A(&n)).

Theorem 5.10. Let Assumption 1.1 hold. Let the assumptions of Lemma 5.1 hold for the spaces W' =V and
W2 =W with some 0 < q1 < g2 < 00 with g1 < 4. Assume that (Y., )men, 5 a sequence satisfying the condition
(3.15) for some positive numbers T and C, and such that Y, is summetric for every m € Ng. For £ > 0, let
Gev(§) be the set defined by (3.11) for o, as in (5.1), » = 1,2. Then for the quadrature operator Q.. (¢)
generated by the interpolation operator Ig, ey : L5 (W) — V(Gey(€)), we have the following.

(i) For each n € N there exists a number &, such that dim V(Gey (&) < n and

(ii) Let ¢ € V' be a bounded linear functional on V. Then for each n € N there exists a number &, such that
dim V(Gev(&r)) < n and

< O~ min(ef), (5.6)
\4

/m v(y) dy(y) — Qa., (€.)V

< O~ min(@f), (5.7)

[ (6.0 d1) - Qageny (010)

The rate o corresponds to the spatial approzimation of a single function in W as given by (1.5). The rate 3

is given by
2 1 2 2
(2N a2
@ 2)a+d /D)
The constants C in (5.6) and (5.7) are independent of u and n.

Proof. Observe that F., C Fs. From Lemmata 5.1 and 5.3 we can see that the assumptions of Theorem 3.8
hold for X! =V and X% = W with 0 < q1/2 < ¢2/2 < 0o and ¢q;/2 < 2. Hence, by applying Theorem 4.1 we
prove the theorem. (I

Observe that the rate in (5.6) and (5.7) can be improved as min(a, q%a%_&) if the sequences (||lus||v)ser
and (|lus|lwr)ser have £,,- and ¢, -summable majorant sequences, respectively, where 1/p; = 1/¢1 + 1/2 and
1/pr = 1/q, 4+ 1/2. Similarly to Zge, ), the quadrature operator Qg (¢,) can be represented in the form of a

multilevel integration method with k,, levels:

k

QGev(ﬁn) = Z (;k’QASV;k(gn)’
k=0

where k,, := |log, &, ] and for k € Ny and £ > 0,

Aok (€) = {s €Fey: o2, <27F¢} it a<1/g—1/2;
RSN {8 € Pyt 0T, <€, 0np < 27HUDEEIY if 0> 1/gy —1/2.

In the same way, from Corollary 4.2 we derive the following
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Corollary 5.11. Let the assumptions of Lemma 5.1 hold for the spaces W' =V with some 0 < q; = q < 4.
Assume that (Yo )men, @ a sequence satisfying the condition (3.15) for some positive numbers T and C, and
such that Y, is summetric for every m € Ny. For € > 0, let Aoy (§) be the set defined by (3.41) for 05 = 01,5 as
n (5.1). Then we have the following.

(i) For each n € N there exists a number &, such that |I'(Aey(&n))| < n and

(ii) Let ¢ € V' a bounded linear functional on V. For each n € N there exists a number &, such that
IT(Aev(&n))] < n and

< On~(2/a=1/2), (5.8)

/ u(y) dy(y) — Qa., e)U
oo 174

< On~(%/a=1/2), (5.9)

[_G.utw) v - Qnien (o)

The constants C in (5.8) and (5.9) are independent of v and n.

Remark 5.12. (i) As noticed in Section 4, the sparsity of the grids I'(Aey.0(€)) and I'(Aey (§)) of the evaluation
points in the quadrature operators Qg (¢) and Qa_, (¢) are much higher than the sparsity of the grids I'(Ag(€))
and I'(A(§)) of the evaluation points in the generating interpolation operators Zg ey and Iy g).

(ii) The rate 2/q —1/2 in Corollary 5.11 is a significant improvement of the rate 1(1/¢q — 1/2) which has been
recently obtained in Corollary 3.12 of [4].

(iii) Since the use and analysis of non-adaptive construction methods for sparse-grid interpolation are important,
let us compare in details our methods in Corollary 5.11 with those which has been also discussed in [4]. To
construct a quadrature of the form 5, the author of the last work used the set A,, C F of all indices s
(including non-even) corresponding to the m smallest values of os. The number n = n(m) of quadrature
points in A,, C F is estimated as n < C'm? Proposition 3.16 of [18]. This lead to the rate (1/q — 1/2).
In the present paper, we used the set Ae, () C Foy of all only even indices s by thresholding o5 < ¢ /a,
Formally, this is similar to choosing all even indices s corresponding to the smallest values of o4 satisfying
0s < &Y4. Then for a given n € N, we selected a number &, such that the number of quadrature points
in the grid I'(Aey (&) does not exceed n. Hence, due to the evenness of the indices in the set Aey(&,) we
obtained the improved rate 2/q —1/2 and that the sparsity of Acy (&) is much higher then that of A, ).

6. ELrLipTic PDES WITH AFFINE INPUTS

The theory of non-adaptive approximation and integration of functions in Bochner spaces with infinite tensor
product Gaussian measure in Sections 2—4 can be generalized and extended to other situations. In this section,
we present some results on similar problems for the parametrized diffusion elliptic equation (1.2) with the affine
inputs (1.4).

In the affine case, for given a,b > —1, we consider the orthogonal Jacobi expansion of the solution u(y) of
the form

S uadu(y), o) = Qo (), s = / W) (3)dvas(y),

seF JEN I

where

dva(y) = ) dap(y5) dy;,

JEN

T(a+b+2)
= 1—y)*(1 b =
5a7b(y) ca,b( y) ( + y) I Ca7b 2a+b+11—\(a + ].)F(b + 1) I
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and (Ji)k>o is the sequence of Jacobi polynomials on I := [—1,1] normalized with respect to the Jacobi
probability measure [} |Ji(y)|*6a,(y)dy = 1. One has the Rodrigues’ formula

Cab k
T0) = £ =)0+ ) g (07~ DML )+ ))

where ¢4 := 1 and

b |@ktatb+ DET(k+a+b+ DI(e+ DI +1)
L F(k+a+1)(k+b+1)(a+b+2)

Examples corresponding to the values a = b = 0 is the family of the Legendre polynomials, and to the values
a = b= —1/2 the family of the Chebyshev polynomials.

We introduce the space W" := {v € V : Av € H"2(D)} for r > 2 with the convention W1 := V. This space
is equipped with the norm ||v||w~ = ~2(p), and coincides with the Sobolev space V N H"2(D) with
equivalent norms if the domain D has C"~1! smoothness, see Theorem 2.5.1.1 of [19]. The following lemma has
been proven in [2] for 7 = 1 and in [1] for r > 1.

, ke N.

Lemma 6.1. For a given r € N, assume that a € L (D) is such that essinfa > 0, and that there ezists a
sequence p, = (pr;j)jen of positive numbers such that

H > jen LYl

<1.

Le(D)

Assume that the right side f in (1.2) belongs to H"2(D), that the domain D has C™=2%1 smoothness, that a
and all functions ; belong to Wr=12(D) and that

sup (Y prg| D0 <o0.
la|<r—1 jeN
Lo (D)
Then
N (orallualwe)? < oo, Brai=pf [ o (6.1)
scF JEN

Lemma 6.2. Let 0 < ¢ < 00, p = (pj)jen of numbers larger than 1 such the sequence (p{l)jeN belongs to
04(N), (ps(8,X))ser is a sequence of the form (3.3) with arbitrary nonnegative 0, X. Then for every v € Ny, we
have

Zpse)\ _SQ/”<oo

sclF,

S re =T X o s = [ 4

sefF, JjEN s;€Np,, JjeN

Proof. We have

Since p = (p;)jen of numbers larger than one, and such the sequens (p}l)jeN belongs to ¢4(N), we have
minjen p; > 1. Hence, there exists a constant C' independent of j such that

A =143 p M1+ k) <14 Cpy
k=v

> ps(0. M) () < T+ Cp; %) < exp (ZCp;q) < 0.

sclF, jEN jEeN

and consequently,
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We assume that there holds the following approximation property for V and W" with r > 1.

Assumption 6.3. There are a sequence (Vi)nen, of subspaces Vi, C V' of dimension < n, and a sequence
(Pp)nen, of linear operators from V into V,,, and a number o > 0 such that

I1Pn()lv < Clollv, |lv—Po(v)|lv <Cn~%v|lwr, YneNy, VYveW". (6.2)

In this section, we make use the abbreviations: £,(V) := L,(I*,V,ves) and L,(W7) := LI, W7, vy)
and assume that » > 1. From Lemmata 6.1 and 6.2 we can prove the following results on non-adaptive fully
and non-fully discrete Jacobi gpc expansion and polynomial interpolation approximations and integration for
the affine case.

Theorem 6.4. Let 0 < p < 2. Let Assumption 6.3 hold. Let the assumptions of Lemma 6.1 hold for the spaces
Wt =V and W" with some 0 < q; < q, < 00. For &€ > 0, let G(£) be the set defined by (2.7) for o1.s == B1.s
and o9.s 1= Br.s as in (6.1). Then for each n € N there exists a number &, such that dim(V(G(§,)) < n and

Hu — SG(gn)U”ﬁp(V) < Cn~ min(a’ﬂ). (63)

The rate « corresponds to the spatial approzimation of a single function in W" as given by (6.2), and the rate
B is given by (2.9). The constant C in (6.3) is independent of u and n.

The rate min(a, 3) in (6.3) is the same rate of fully discrete best adaptive n-term approximation in Ly(V)
based on ¢, -summability of (||us||v)ser and €, -summability of (||us||wr)ser proven in [1], where 1/p; =
1/¢1+1/2 and 1/p, = 1/q, +1/2. This rate can be achieved by linear fully discrete non-adaptive approximation
when (|lus||v)ser and (||us||wr)ser have £, -summable and £, -summable majorant sequences, respectively [34].

Theorem 6.5. Let 1 < p < oo. Let Assumption 6.3 hold. Let the assumptions of Lemma 6.1 hold for the
spaces WY =V and W™ with some 0 < q1 < g, < oo with q1 < 2. For & > 0, let G(§) be the set defined by
in (3.5) for 01,6 := P1.s and 02,5 1= Bris as in (6.1). Then for each n € N there exists a number &, such that
dim(V(G(&,)) < n and

lu = Sae.ull e, vy < Cn~ Mm@, (6.4)

The rate a corresponds to the spatial approzimation of a single function in W" as given by (6.2). The rate (3 is
given by (3.20). The constant C in (6.4) is independent of u and n.

For polynomial interpolation approximation and integration, we keep all definitions and notations in Section 3
with a proper modification for the affine case. For example, for univariate interpolation and integration we take
a sequence of points Y, = (Ym;k)j, in I such that

—00 < Ym0 < < Ymim—1 < Ymym < +00;  Yo,0 = 0.

Sequences of points Yy, = (Ymk)j, satisfying the inequality (3.15), are the symmetric sequences of the
Chebyshev points, the symmetric sequences of the Gauss—Lobatto (Clenshaw—Curtis) points and the nested
sequence of the R-Leja points, see [9] for details.

Theorem 6.6. Let 1 < p < oco. Let Assumption 6.3 hold. Let the assumptions of Lemma 6.1 hold for the spaces
Wt =V and W" with some 0 < q1 < q. < oo with q1 < 2. Assume that (Y,)men, 8 a sequence satisfying
the condition (3.15) for some positive numbers T and C. For & > 0, let G(§) be the set defined by (3.5) for
o1,5 = P15 and 02,5 1= Brs as in (6.1). Then for each n € N there exists a number &, such that for the
interpolation operator L,y : L2(W") — V(G (&n), we have that dim V(G (E,)) < n and

||u — IG(&,L)UHEP(V) <Cn~ min(e, ) (6.5)

The rate v corresponds to the spatial approzimation of a single function in W” as given by (6.2). The rate (3 is
given by (3.20). The constant C in (6.5) is independent of u and n.
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The rates in (6.3)—(6.5) for some non-adaptive approximations have been proven in the case when (||us||v)ser
and (||us||wr)ser have £,, -summable and ¢,, -summable majorant sequences, respectively, which are derived from
the analyticity of the solution w, where 1/p; = 1/¢1 +1/2 and 1/p, = 1/q, + 1/2, see [34].

Theorem 6.7. Let Assumption 6.8 hold. Let a = b for the Jacobi probability measure v, 4(y), and the assump-
tions of Lemma 6.1 hold for the spaces W' =V and W™ with some 0 < ¢ < q, < oo with g1 < 4. Assume
that (Yin)men, S a sequence satisfying the condition (3.15) for some positive numbers T and C, and such
that Y, is summetric for every m € Ny. For & > 0, let Gev(§) be the set defined by (3.11) for 01,5 = [Pi;s
and 03,5 := Brs as in (6.1). Then for the quadrature operator Qg (¢) generated by the interpolation operator
Tao o)+ L2WT) = V(Gev(§)), we have the following.

(i) For each n € N there exists a number &, such that dimV(Gey(§)) < n and

(ii) Let ¢ € V' be a bounded linear functional on V. For each n € N there erists a number &, such that
dim V(Gev(€r)) < n and

< O~ min(ef) (6.6)
1%

/H u(y) dvap(y) — Qe (e, v

< O~ min(@f), (6.7)

[ 6utw) () = Qe (0r0)

The rate a corresponds to the spatial approzimation of a single function in W” as given by (6.2). The rate (3 is

given by
2 1 2 2
pe(ZD) o s 2
@ 2)a+d @ ar
The constants C' in (6.6) and (6.7) are independent of v and n.

2
7 a+d
¢,,-summable majorant sequences, respectively, where 1/p; =1/¢1 +1/2 and 1/p, = 1/q, + 1/2, see [34].

The rate in (6.6) and (6.7) can be improved as min ( « > if (Jlus||v)ser and (||us||wr)scr have €, - and

Corollary 6.8. Let a = b for the Jacobi probability measure v, p(y), and the assumptions of Lemma 6.1 hold
for the spaces W1 =V with some 0 < q1 = q < 4. Assume that (Y, )men, s a sequence satisfying the condition
(3.15) for some positive numbers 7 and C, and such that Y,, is symmetric for every m € Ng. For £ > 0, let
Aeyv(€) be the set defined by (3.41) for os := (1,5 as in (6.1). Then we have the following.

(i) For each n € N there exists a number &, such that |T'(Aey(&r))| < n and

(ii) Let ¢ € V' be a bounded linear functional on V. For each n € N there exists a number &, such that
|F(Aev(§n))| <n and

/H w(y) dvas(y) — Qu.. e,y

< On~(/a=1/2) (6.8)
1%

< On~(@/a=1/2), (6.9)

[ (0u)) () = Qi (00)

The constants C' in (6.8) and (6.9) are independent of v and n.

The rate 2/¢ —1/2 in (6.8) in Corollary 6.8 improves the rate 2/q — 1/2 — € with arbitrary & > 0, which has
been obtained in Corollary 3.13 of [33].



SPARSE-GRID POLYNOMIAL INTERPOLATION APPROXIMATION 1197

Acknowledgements. This work is funded by Vietnam National Foundation for Science and Technology Development
(NAFOSTED) under Grant No. 102.01-2020.03. It was partially supported by a grant from the Simon Foundation and
EPSRC Grant Number EP/R014604/1. The author would like to thank the Isaac Newton Institute for Mathematical
Sciences for partial support and hospitality during the programme Approximation, sampling and compression in data
science when work on this paper was partially undertaken. He is grateful to the referees for their comments and suggestions
which helped him to tremendously improve the presentation of the paper. He expresses special thanks to Christoph
Schwab and Nguyen Van Kien for valuable remarks and comments.

(1]
2]
(3]

(4]
(5]

6
7
g
9

[10]

[11]

(12]
(13]

(14]
(15]
[16]
[17]
(18]
(19]
20]
(21]
(22]

23]
[24]

25]

[26]
27]

28]

(29]

REFERENCES

M. Bachmayr, A. Cohen, D. Ding and C. Schwab, Fully discrete approximation of parametric and stochastic elliptic PDEs.
SIAM J. Numer. Anal. 55 (2017) 2151-2186.

M. Bachmayr, A. Cohen and G. Migliorati, Sparse polynomial approximation of parametric elliptic PDEs. Part I: affine
coefficients. ESAIM: M2AN 51 (2017) 321-339.

M. Bachmayr, A. Cohen, R. DeVore and G. Migliorati, Sparse polynomial approximation of parametric elliptic PDEs. Part II:
lognormal coefficients. ESAIM: M2AN 51 (2017) 341-363.

P. Chen, Sparse quadrature for high-dimensional integration with Gaussian measure. ESAIM: M2AN 52 (2018) 631-657.

A. Chkifa, A. Cohen, R. DeVore and C. Schwab, Sparse adaptive Taylor approximation algorithms for parametric and stochastic
elliptic PDEs. ESAIM: M2AN 47 (2013) 253-280.

A. Chkifa, A. Cohen and C. Schwab, High-dimensional adaptive sparse polynomial interpolation and applications to parametric
PDEs. Found. Comput. Math. 14 (2014) 601-633.

A. Chkifa, A. Cohen and C. Schwab, Breaking the curse of dimensionality in sparse polynomial approximation of parametric
PDEs. J. Math. Pures Appl. 103 (2015) 400-428.

P. Ciarlet, The Finite Element Method for Elliptic Problems. North Holland Publ. (1978).

A. Cohen and R. DeVore, Approximation of high-dimensional parametric PDEs. Acta Numer. 24 (2015) 1-159.

A. Cohen, R. DeVore and C. Schwab, Convergence rates of best N-term Galerkin approximations for a class of elliptic sSPDEs.
Found. Comput. Math. 10 (2010) 615-646.

A. Cohen, R. DeVore and C. Schwab, Analytic regularity and polynomial approximation of parametric and stochastic PDEs.
Anal. Appl. 9 (2011) 11-47.

J. Dick, F. Kuo and I. Sloan, High-dimensional integration: the quasi-Monte Carlo way. Acta Numer. 22 (2013) 133-288.

J. Dick, C. Irrgeher, G. Leobacher and F. Pillichshammer, On the optimal order of integration in Hermite spaces with finite
smoothness. STAM J. Numer. Anal. 56 (2018) 684-707.

D. Dung, Linear collective collocation and Galerkin approximations for parametric and stochastic elliptic PDEs. Preprint
arXiv:1511.03377v5 [math.NA] (2015).

D. Ding, Galerkin approximation for parametric and stochastic elliptic PDEs. Bull. L.N. Gumilyov Furasian Nat. Univ. Math.
Comput. Sci. Mech. Ser. 1 (2018) 76-89.

D. Diing, Linear collocation approximation for parametric and stochastic elliptic PDEs. Sb. Math. 210 (2019) 103-227.

A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Transcendental Functions, Vol. II. McGraw-Hill (1955).

O. Ernst, B. Sprungk and L. Tamellini, Convergence of sparse collocation for functions of countably many Gaussian random
variables — with application to lognormal elliptic diffusion problems. SIAM J. Numer. Anal. 56 (2018) 887-905.

P. Grisvard, Elliptic Problems in Nonsmooth Domains. In: Vol. 24 of Monographs and Studies in Mathematics. Pitman
(Advanced Publishing Program), Boston (1985).

M. Gunzburger, C. Webster and G. Zang, Stochastic finite element methods for partial diferential equations with random input
data. Acta Numer. 23 (2014) 521-650.

A.-L. Haji-Ali, F. Nobile, L. Tamellini and R. Tempone, Multi-index stochastic collocation convergence rates for random PDEs
with parametric regularity. Found. Comput. Math. 16 (2016) 1555-1605.

A.-L. Haji-Ali, F. Nobile, L. Tamellini and R. Tempone, Multi-index stochastic collocation for random PDEs. Comput. Methods
Appl. Mech. Eng. 306 (2016) 95-122.

E. Hewitt and K. Stromberg, Real and Abstract Analysis. Springer (1965).

V.H. Hoang and C. Schwab, N-term Wiener chaos approximation rate for elliptic PDEs with lognormal Gaussian random
inputs. Math. Models Methods Appl. Sci. 24 (2014) 796-826.

D.S. Lubinsky, A survey of weighted polynomial approximation with exponential weights. Surv. Approz. Theory 3 (2007)
1-105.

D.M. Matjila, Bounds for the weighted Lebesgue functions for Freud weights. J. Approz. Theory 79 (1994) 385-406.

D.M. Matjila, Convergence of Lagrange interpolation for Freud weights in weighted Lp, 0 < p < 1. In: Nonlinear Numerical
Methods and Rational Approximation. Kluwer, Dordrecht (1994) 25-35.

F. Nobile, R. Tempone and C.G. Webster, An anisotropic sparse grid stochastic collocation method for elliptic partial differential
equations with random input data. SIAM J. Numer. Anal. 46 (2008) 2411-2442.

C. Schwab and C. Gittelson, Sparse tensor discretizations high-dimensional parametric and stochastic PDEs. Acta Numer. 20
(2011) 291-467.


https://arxiv.org/abs/1511.03377

1198 D. DUNG

[30] J. Szabados, Weighted Lagrange and Hermite—-Fejér interpolation on the real line. J. Inequal. Appl. 1 (1997) 99-123.

[31] G. Szego, Orthogonal Polynomials. In: Vol. 23 of American Mathematical Society Colloguium Publications. American Mathe-
matical Society, Providence, RI (1939).

[32] J. Zech, Sparse-grid approzimation of high-dimensional parametric PDEs, Dissertation 25683, ETH Zurich (2018).

[33] J. Zech and C. Schwab, Convergence rates of high dimensional Smolyak quadrature. ESAIM: M2AN 54 (2020) 1259-1307.

[34] J. Zech, D. Diing and C. Schwab, Multilevel approximation of parametric and stochastic PDEs. Math. Models Methods Appl.
Sci. 29 (2019) 1753-1817.



	Introduction
	Linear approximation by truncated Hermite gpc expansion
	Polynomial interpolation approximation
	Auxiliary results
	Interpolation approximation

	Integration
	Elliptic PDEs with lognormal inputs
	Elliptic PDEs with affine inputs
	References

