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Abstract

For initial boundary value problems of linear parabolic partial differential equations with random
coefficients, we show analyticity of the solution with respect to the parameters and give an apriori
error analysis for sparse tensor, space-time discretizations. The problem is reduced to a parametric
family of deterministic initial boundary value problems on an infinite dimensional parameterspace
by Galerkin projection onto finitely supported polynomial systems in the parameterspace. Uniform
stability with respect to the support of the resulting coupled parabolic systems is established.

Analyticity of the solution with respect to the countably many parameters is established, and a
regularity result of the parametric solution is proved for both, compatible as well as incompatible
initial data and source terms. The present results will be used in [6] to obtain convergence rates and
stability of sparse space-time tensor product Galerkin discretizations in the parameter space.
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1 Introduction

The efficient numerical solution of parametric partial differential equations on high-dimensional parameter
spaces has attracted considerable attention recently. We mention only the recent works [2, 8, 3] and the
references there for elliptic problems and, with particular relevance to the present paper, the recent work
[7] for parabolic problems. In the present paper, the first in a series of two, we investigate the regularity
of a class of model parametric parabolic problems. Such problems arise, for example, in the context of
diffusion in random media when the medium’s permeability is a random field which is given, for example,
as Karhinen-Loéve expansion. Parametrizing the random input permeability in terms of the (countably
many) coefficients in the Karhinen-Loéve expansion, the solution becomes, in turn, a deterministic
function which depends, as we show here, analytically on these input variables. Accordingly, the solution
admits a so-called generalized polynomial chaos (gpc) expansion with respect to these input variables,
with deterministic coefficients which take values in the natural Lebesgue-Bochner spaces of deterministic
parabolic problems. We also prove, following the recent work [5, 4] for elliptic problems, p-summability
of the gpc coefficient sequences of the parametric solutions, in a scale of Lebesgue-Bochner spaces in the
space-time cylinder, given corresponding p-summability and regularity of the input’s Karhinen-Loeve
expansion coefficients.

We also indicate consequences of this p-summability of gpc coefficients for convergence rates of a class
of spectral approximations in the infinite dimensional stochastic parameter space: we show that this
results in large, coupled systems of deterministic parabolic equations which are well-posed independently
of the selection of active stochastic modes. [7, 6]

1.1 A Class of Random Parabolic Problems

For 0 < T' < oo, we consider in the bounded time interval I = (0,T) a class of parabolic initial boundary
value problems with random coefficients. Throughout, we will consider a bounded Lipschitz domain
D C R? and the associated space-time cylinder Q7 = I x D. In Q7, we consider the random parabolic
initial boundary value problem

0
a—;‘ — V- (a(z,w)Vu) = g(t,z), ulopxs =0, uli—o=h(). (1.1)

At this stage, we assume the coefficient a(z,w) to be a random field on the probability space (€2, %, P)
over L*°(D). We assume in particular a(z,w) to be independent of ¢ (additional structural assumptions
on the coefficient will be imposed shortly). The source term g and the initial data h are both assumed to
be deterministic (this assumption could be relaxed without additional essential technical complications;
for simplicity of exposition only we shall not pursue this here). We assume

Assumption 1.1 There exist constants 0 < amin < Gmax < 00 S0 that
Ve e D, YweQ: 0 < amin < a(z,w) < amax-

In view of the sparse tensor discretizations to be investigated, we consider a space-time variational
formulation of problem (1.1). To state it, we denote by V = H}(D) and H = L?*(D) and identify H
with its dual: H ~ H’. Then V C H ~ H C V' = H=}(D). For the variational formulation of (1.1) we
introduce the Bochner spaces

X=L*LV)nHY;V') and Y =L*(;V)x H. (1.2)

In X and Y norms || o ||x and || o ||y, respectively, are for u € X and v = (v1,v2) € ) given by

lullae = (ullZa oy + luln o) and oy = (lodllZegyy + lvalz) 2.

Given a realization w € §, a weak solution of problem (1.1) is a function u(-,-,w) € X such that

/I<Ccll—1:,v1>Hdt + /I /D a(z,w)Vu(t, z,w) - Vo (t, x)dzdt + (u(0, -, w),va) g
(1.3)

= /<g(t7 ), v1)dt + (hyve) m, Yo e ).

I

The following proposition from [9] guarantees its well-posedness for all w € €, under Assumption 1.1.



Proposition 1.1 Assume that g € L*(I,V'), h € L?>(D) and that Assumption 1.1 holds. Then, for every
w € Q, the parabolic operator B € L(X,)") induced by (1.1) in the weak form (1.83) is an isomorphism:
for given (g,h) € V' and every w € Q, problem (1.3) has a unique solution u(-,-,w) which satisfies the
a-priori estimate

lulle < C (lgllzaev + bl o) - (1.4)

where the constant C' is bounded uniformly for all realizations.

The proof of Proposition 1.1 is based on showing that the operator B € L(X,)’) satisfies an inf-sup
condition on X x ). Inspecting the proof in [9] one verifies that, under Assumption 1.1, the inf-sup
conditions hold uniformly with respect to w € Q. m|
In this paper, we assume that the coefficient a in (1.1) is characterized by a sequence of scalar random
variables (y;);>1, i.e.
a(z,w) = a(z) + Y y;(w);(@). (1.5)
j=1
We assume in addition that the ¢; are scaled in L>°(D) such that y; : @ — R, j = 1,2, ... are distributed
identically and uniformly, and that the ¢; are scaled in L*°(D) such that the range of the y; is [-1,1].
Then all realizations of the random vector y = (y1, ¥z, . . .) are supported in the cube U = [—1, 1]N. We
interpret U as unit ball in £°°(N). Via the corresponding norm ||y||ze (), open subsets of U are defined
in the usual way, and we denote the o-algebra of Borel subsets of U (in the topology of £>°(N)) by B(U).

Assumption 1.2 The functions a and 1, satisfy

K
Z 1Vl oo Dy < Gmin,
i>1 Lt
With Gmin = Mingep a(z) > 0 and k > 0.
Assumption 1.1 is then satisfied by choosing
K 1
min ‘= Omin — 7 Omin = = Gmin- 1.6
a a T ~a T ~a (1.6)

1.2 Probability Spaces

Using the structural assumption (1.5) on the random coefficient, the law of the random solution u of (1.1)
takes the form of a parametric deterministic function of the (in general countably many components of)
y € U. The variational problem can be cast in the form of a parametric family of deterministic problems
for y. In the next sections, we study sparse tensor discretizations of a variational problem for u as a
function of (t,z,y) in I x D x U. To do so, we need to define probability measures on U.

Let © be the o-algebra defined on U which is generated from the sets of the form Hj’;l S; where S}
are subintervals of [—1, 1] and only a finite number of them are proper subsets of [-1,1]. On ©, we define
the following measure

dp(y) := ®;>1dy; /2.

Then (U, ©, p) is a probability space. As y; are distributed uniformly, for S = H;’il Sj,
o(8) = [ Plw s wilw) € S5},
j=1

We introduce Bochner spaces X = L?(U, X,dp) and Y = L?(U,Y,dp) and note X ~ L*(U,dp) ® X,
Y~ LQ(U, dp) ® Y,



1.3 Parametric Deterministic Parabolic Problem

Consider the parametric family of deterministic parabolic problems: given a source term g(t, 2) and initial
data h(x), for y € U, find u(¢, x,y) such that

ou

a(tv'rvy) - VCE ' [a(z,y)vxu(t,x,y)] = g(tv'r) in QT; u(tazvy”aDXI = 07 u|t:0 = h’(x)v (17)

where, for every y = (y1,¥2,...) € U in L>°(D) holds

a(z,y) = a(@) + ) yy(x)
j=1
For the weak formulation of (1.7), we follow (1.3) and define for y € U the parametric family of bilinear
)

forms U 3 y — b(y; w, (v1,v2)) : X x Y — R by

b(y; w, (v1,v2)) = /I<Cfi—l;,v1(t, Ny mdt + /D/Ia(x,y)Vw(t,z) -V (¢, z)dzdt + (w(0),v2) g (1.8)

We also define the linear form
£0) = [ (o) or(Ohmde + hvau, = (1,02 € 9, (19)
I
The variational formulation for (1.7) reads: given f € ), find u(y) : U > y — & such that

b(y;u,v) = f(v), Vo= (v1,v2) €Y. (1.10)

Proposition 1.2 For each fized y € U, the operator B(y) € L(X,)Y’) defined by (B(y)w)(v) = by, w,v)
is boundedly invertible. The norms of B(y) and B(y)~! can be bounded uniformly by constants which
only depend on amin, Gmax, T and the spaces X and Y. In particular, the solution u of the problem (1.10)
is uniformly bounded in X for all y € U.

The proof of this theorem can be found in Appendix A of Schwab and Stevenson [9].
Proposition 1.3 There holds
u(t, z,y) —u(t,z,y)||x < Cllal-,y) — a(-,y')||L<py for every y,y € U.

Proof From the variational formulation (1.10), we find that the function w = w(z, t,y) —u(z,t,y") satisfies
the variational problem

/ d— , U1 dt+// a(z,y)Vw - Vo (¢, x)dacdt—i—/ w(zx, 0)va(z)dx
D

(1.11)
// a(x,y) x,y))Vu(t,z,y') - Vo (t, z)dzdt.

From this we deduce that for every y,3’ € U holds
||U(t,$,y) - U(t,x,yl)”)( S C||(a(z,y) - a(z,y’)) : vu(ta z7y)||L2(I;H) S Csup |a(x,y) - a’(xvylﬂ' (112)
O

Proposition 1.4 The map u(-,-,y) : U — X is measurable as a Bochner function.

Let h € X. We note the X-inner product

(u(y), h)x = (u(y), h)L2cr,vy + (uy), h) vy

To show that u is measureable as a Bochner function from U to X, it is sufficient to show that (u(y),h)
is measurable. Fixing a real number a, we then show that the set Y, = {y : (u(y),h) > a} is in the



o-algebra defined on U. From Proposition 1.3 if (u(y), h) > a then there is a positive number r such that
if
sup |a(z, y) — a(a,y")| <, (1.13)

then (u(y’),h) > a. We consider the set T; of vectors y € U such that for § = (y1,y2, .-, Ui, 21, 22, - - -),
(uw(y),h)x > afor all z; € [-1,1], 5 =1,2,.... For each y € U, from assumption (1.2),

|a(x,y) - a(x,g)| <,

if ¢ is large enough. Thus each vector y € Y, belongs to a set T; for some i. Let R; C [—1, 1]i be the set

of t = (t1,...,t;) such that (t1,...,%;,21,22,...) € T; for all z; € [-1,1] ( = 1,2,...). From (1.12) and

(1.13), R; is an open set and thus can be represented as a countable union of open cubes. Thus T; can

be represented as a countable union of cubes of the form [] j>19; where S; is an open interval in (—1,1)

and S; = (—1,1) when j is sufficiently large. Thus T} is measurable and so is Y. O
With the bilinear form B(-,-) : X x ) — R and the linear form F(-) : ) — R defined by

B(u,v) = / by, u,v)p(dy) and / flv (1.14)
U
we consider the variational problem:
find we X suchthat B(u,v)=F(v) forall ve). (1.15)

Proposition 1.5 The problem (1.15) has a unique solution in L*(U, X).

Proof The existence part is obvious. Moreover, from Proposition 1.2 the solution w of (1.10) belongs
to L>®(U,X) so u € L*(U,X,dp) is a solution of (1.15). Next we show the uniqueness of a solution
ue L*(U,X,dp).

Let v(t, z,y) = (vi(t, 2)w(y), v2 (t, z)w(y)) where w(y) € L*(U, p(dy)). Then

/ b(y; u, (vi,v2))w(y)p(dy) = / f((ve,v2))w(y)p(dy).

U

As this holds for all w(y) € L?(U, p(dy)), for p-almost all y in U the function u(y) satisfies
b(y;uv (UI;UQ)) :f((’Ul,’UQ)) Vo = (U15U2) € y

For each y € U, there is a unique function u(t, x,y) € X that satisfies this equation. This function is
uniformly bounded in X for all y € U. This completes the proof. m|
With this theorem in hand, we recover the random solution u(¢, z,w).

Theorem 1.1 Under Assumptions 1.1, 1.2, for given g € L*(I,V') and h € H, the variational problem:
find u € L?(Q, X) such that for every v(t,z,w) = (v1(t, 7, w),va(z,w)) € L?(Q,Y) it holds

E{/<%(t, o) it ) rdt) + E{/I/D a(z,w)Vu(t,z,w) - Vo (t, r,w)dzdt}
+ E{/ u(0, z,w)ve(z,w)dx} (1.16)
= E{f/ txvltxwdxdt}—i—E{/ x)vg(z,w)dx}

admits a unique solution which satisfies the apriori estimate

lullL2(e.2) < Cla) (llgllacvy + Ihlla) (1.17)

2 Semidiscrete Galerkin Approximation

We discretize the parametric parabolic problem (1.7) in the variational form (1.15) by Galerkin projection
onto linear combinations of NV polynomials of the parameters y € U with X-valued coefficients. We prove
that this results in a coupled parabolic system of size N and establish its well-posedness regardless of the
choice of particular N polynomials.



2.1 Polynomial Spaces in U

Let (Ly)n>0 be the univariate Legendre polynomials normalized according to

JIOE @)

-1

Note that in this normalization, Lo(t) = 1. Let F be the countable set of sequences v = (v;);>1 of
nonnegative integers such that only a finite number of v; are non-zero. For v € F, we introduce the
tensorized Legendre polynomials

ZHLVj(yj)a velF.

j>1
The family L, forms a complete orthonormal system of L?(U, dp). Therefore each function u € X can be

represented as
w=> u,L, (2.2)
veF

where the coefficients u,, € X are defined by

uuz/ u(ey - 9) Lo (y)pldy) €
U

the integral being understood as Bochner integral of X’-valued functions over U.

2.2 Well-posedness and quasioptimality

For every subset A C F of cardinality N = #A < oo we define space of X and )-valued polynomial
expansions

X\ ={ualt,z,y) = Zuytz Dou, €XPCAX,
vEA

and

={u(t,z,y) = Zvu(t,w)Ly(y) c v, eX}C).

vEA
In the Legendre basis (L, ),cr, we write

viA(t, z,y) = th,tac (y) and wap(z,y) ngy
veA vEA

respectively, where v, = (v1,,v9,) € Y for all v € F. We consider the Galerkin approximation: find
up € Xy e B(uA,UA) ZF(’UA) Y ua GXA. (23)

Theorem 2.1 For any subset A C F, the problem (2.3) corresponds to a coupled system of N = #A
many coupled, linear parabolic equations. Under Assumptions 1.1, 1.2, these systems are stable uniformly
with respect to A C F: for any A C F, problem (2.3) admits a unique solution uy € X, which satisfies

the apriori error bound
1/2
= ualle < (3 )

vEA
Here, u, € X are the Legendre coefficients of the solution of the parametric problem in (2.2) and ¢ is
independent of A.

Proof To prove the uniform well-posedness of the coupled parabolic system resulting from the Galerkin
discretization in U, we prove that the following inf-sup condition holds: there exist a, 3 > 0 such that



for any A C F holds

qp Bl (2.4)
uneXyvaey, lluallxllvally
mf sup  ABL g (2.5)
0£ur€X) 02uaey, lluallxlvally
VO#wva €Y, sup |B(ua,va))| >0, (2.6)
0Fup€X

where the constants «, § are independent of A C F (the proof is provided in the Appendix).

The projected parametric deterministic parabolic Problem (2.3) has a unique solution, and, in virtue
of the independence of «, 5 of A, is well-posed and stable with stability bounds which are independent
of the choice of A C F. Hence, the error incurred by this projection is quasioptimal:

le—ualle < (487 gllzv + Ihllzx)) inf flu—vallx
< clu=Y wlilz=c| Y ulx
veEA vEA

By the normalization (2.1) and Parseval’s equality,

1D wLullz = luli-

vEA vEA

The conclusion then follows with ¢ = 1+ 87 (||g||L2¢7,v+) + | Bl L2(p))- ]

3 Best N-term gpc approximations

Theorem 2.1 suggests we choose the set A C F as the set of the largest N terms |ju,|x. However, a
priori, only bounds for u, in X are known. Therefore, one strategy will be to choose the set A according
to these apriori bounds (this strategy was employed in [3] for the elliptic case). Alternatively, an optimal,
adaptive Galerkin method will yield iteratively quasioptimal sequences Ay of active indices. We now
determine such apriori bounds.

A best N-term convergence rate estimate in terms of N will result from these bounds using the
following lemma.

Lemma 3.1 Let o = (ay,)ver be a sequence in IP(F). Let ¢ > p > 0. If Ay C F is a set of indices

corresponding to a set of N largest |a,|, then

(3 10l < oo N7, where o=
veFn

K=
Q|

Therefore the convergence rate of spectral approximations such as (2.3) of the parabolic problem on
the infinite dimensional parameterspace U is determined by the summability of the Legendre coefficient
sequence (||uy||x)ver. We shall now prove that summability of this sequence is determined by that of
the sequence (1;(x))jen in the input’s fluctuation expansion (1.5). Throughout, Assumptions 1.1 and
1.2 will be required to hold. In addition, we shall require

Assumption 3.1 There exists 0 < p < 1 such that

S 51y < o0 (3.1)
j=1



3.1 Complex extension of the parametric problem

To estimate ||u,||x, we shall use tools from complex analysis and extend the parametric, deterministic
problem (1.7) to parameter vectors taking values in the complex domain. To establish its well-posedness,
we let K < 1 be a positive constant such that

= Amin
K> 1ill=p) < g
=1

We choose an integer Jy such that
a/minK
Z l¥ille=D) < 577 5
=, 24(1+ K)
Let E={1,2,...,Jo} and FF' =N\ E. We define
el =Y [yl.

j>Jo

For each v € F we define

—1 Gminm_ hen m > Jo, (3.2)

rym = K when m < Jy and r,, +
4vr|llvmllLe(p)

[v;
lvr|

where we make the convention that =0 if |[vp| = 0. We consider the open discs U,,, C C defined by

[—1,1) CUm ={2m € C: |z <141y} CC. (3.3)

We will extend the parametric deterministic problem (1.7) to parameter vector z in the polydiscs

U= Un,cC. (3.4)

m=1

To do so, we extend the parametric, deterministic coefficient function a(z,y) in (1.5) to z € U by

a(z, z) = a(z) + Z Ui (T) 2o«

This expression is meaningful for z € U: we have, for almost every x € D,

la(z,2)] < al@) + ) (@)L +rm)

IN

Jo
_ AminVm
esssup [a(@)] + 3 ooy (1+ K) + D (2 Mol ze(y
m=1

JF
z€D mJo 4|VF|||1/1mHL°°(D)

- - (min
< Nl +2 D 1emlloew) + 1

m=1
Now we consider the following deterministic, parametric, parabolic problem

ou(t,z, z)

9 — V- (a(z,z)Vu(t,z, z)) = g(t,z), ulop =0, u(0,z,2)=h(z). (3.5)

For simplicity, we denote by X the space L?(I; V)N H(I; V') of complex-valued functions. The solutions
of (3.5) will then be complex-valued functions of x and of ¢. Accordingly, we understand all Hilbert spaces
as spaces of complex valued functions and all innerproduct as sesquilinear forms.



Lemma 3.2 The problem (3.5) has a unique solution in X when z € U. There exists a positive constant
C independent of z € U such that for all z € U

[uCs - 2)llx < Cllgllz2ivey + 1Al L2(0))- (3.6)

Proof We note that for every z € U and every z € D holds

R . Koo
Ra > mina— Z |Ymll oo (Dy(1 + 1) > (mina) — H—H(mlna)

m=1

Jo
AminVm
= KD Wl = X Walle=m) = 3 go- Y @ll=(o)
m=1

e = Avellldmleo
With the choice ammin = mina(z)/(1 + k), we have
Gmin Gmin Gmin Gmin
> g — _ _
B2 tmin = =7 = S0p Ty 2
Problem (3.5) thus has a unique solution; the proof of the apriori bound (3.6) is standard. 0

For each index v € F, we denote by supp(v) its “support” and define the associated finite dimensional
polydiscs
Uy, = Djesupp)Uj, where supp(v) = {j € N:v; # 0} (3.7)

Proposition 3.1 Forv € F and z € U with fized zj, for all indices k ¢ supp(v), the map u : U, — X is
an analytic function taking values in the function space X .

Proof For an index m, we fix all the coordinates zj for k # m, and denote z € CY as z = (Zmy Zm). Let
6 € C. We show that there exists a function v € X such that

:0,
X

lim

lim H u(cs s 2m +0,2m) —u(,2) o(c, %)

0

for all z € U. For & > 0 sufficiently small, (2, + d,Zn) € U. For such ¢, the difference quotient
v =8N (ul(y -, 2m + 8, Zm) — ul-y -, Zm, Zm) is well-defined. The function v° satisfies

o s B
O V(0 )VY) = V- (Va2 40,50,

with the initial condition v°(0, -, 2y, + 6, Zn) = 0. Let v be the weak solution of the equation

v
o~ V(a5 2)V0) =V - (9 Vul:,+, 2)),

with v(0,-,2z) = 0. Then

o —v)

" —V - (a(-,2)V(@° =) = V- (b V(u(-, - 2m + 6, Zm) — ul-, -, 2))).

An argument similar to the proof of Proposition 1.3 shows that
Hu(a *y Zm + 0, Zm) - u('a ) Z)HX < C|5|

Therefore
IV @mV (ul s 2m + 0, 2m) = ul, - 2)ll 250y < ¢ld].
Standard estimations for parabolic equations show that

[0 = vllx < clé].

Thus v is the derivative of w with respect to z,, as a X-valued function. We conclude that u is analytic
as a function from U, to X. O



3.2 Coefficient estimates
Proposition 3.2 The following estimate holds
201+ K) _,
fode<c( T 2 ). (3.5
meéesupp(v)
where Ny, = Ty + /1 + 12, with vy, as in (3.2).

Proof The proof follows that of Lemma A.3 in Bieri, Andreev and Schwab [3]. For v € F, define u, € X
by
w = [ uo)Lowp(ay) (39)
U
where the integral is understood as Bochner integral of X-valued functions. Let S = supp(v) and
S = N\ S. We then denote by Us = @mestn and Us = ®,,c5Um, and by ys = {y;, ¢ € S} the

extraction from y. Let &, be the ellipse in U,, with foci at £1 and the sum of the semiaxes being 7,,;
and &5 =[] Em. We can then write (3.9) as

ZSvyS
U dz d
o= G G [, Ll 72 U dsdp(y).

For each m € N, let T, be a copy of [-1,1] and y,, € T',,. We denote by Us = []
Us = [I,,eg T'm- We then have

! L,(y)
v , 76[ dzsd
“ (2mi)lv \0/ e u(zs, ys /Us (zs — ys)t ps(ys)dzsdps(ys)-

To proceed further, we recall the definitions of the Legendre functions of the second kind

_ Ly (y)
Qn(z) = /[1,1] G-y dp(y).

mesupp(v)

mes I'm and

Let vg be the restriction of v to S. We define

Qus (ZS) = H Qum (Zm) .

mesupp(v)

Making the Joukovski transformation z,, = %(wm + w1, the Legendre polynomials of the second kind

are written as
oo

q’/m,k
Qum( (wm +w,')) = ok
k=v,;,+1 m

with |q,,, k| < m. Therefore

1

|Qus (25)| < H Z 717;1”7“:1.

meS k=v,, +1 meS TIm

We then have

[Juw ||

ﬁ/{]é u(257yS“)QyS(ZS)dZSdpg(yS)

X

1
= W/Uﬁ lu(zs, y5)||x Qus (25)dzsdps(ys)
1
= (27r)|l’\0 lu(2)]| oo s xvs,2) max|QVS| H Len(&n)
meS
1 =
= G ltE s as.x) [1~ Len(g )
meS
21+ K) _
< S )

mesS



as Len(&y) < 40, N > 14 K and wu(z) is uniformly bounded in X.
To show the [P (F) summability of |lu,||x, we use the following proposition from [5].

|
Proposition 3.3 For 0 < p < 1, (@b") L EUF) iff (1) s b < 1 and (i) (bn) € P(N).
V. ve -

Proposition 3.4 For 0 < p <1 as in Assumption 3.1, 3 r |lu, ||, is finite.

Proof We have from the previous proposition that

1+K _y
HUVHX < CH Tm) "
mesS
2(1+K) 21+ K) (Alvrll[ml L) v
< VUm
- C( H K " )( H K ( AminVm ) )
meE,vn,#0 meEF, vy, #0

where n =1/(1+ K). Let Fp ={v € F: supp(v) C E} and Fr = F \ E. From this, we have

> b < CApAR,
veF

Ap — Z H (2(1;;[())1777101%7

vEFE mEE v, #0

Ap = Z H (2(1;;1{))p<4|’/|||1/)m”L°°(D))pvm'

AminV,
vEFr mEF, v, #0 s

We now show that both Ap and A are finite. For Ag, we have

Ap = (1 + (2(17;;}())10 > np’")JO,

m>1

where

and

which is finite because n < 1. For Ar, we note that for v, # 0,

2(1;1{) - <2(1;K))um

Therefore

A< S 1 (|V|d )p”m

veFr meF

where

_ 80+ E)[[¢mll L)
" Kamin '

we make the convention that 0° = 1. We now proceed as in [4]: from the Stirling estimate

nle™ nle”
<n

)

%
7

2mn

we infer |v|¥l < |v|lel’l and obtain

H y vlelvl
vom .
- meFmaX{l,e‘/ym}

mekF

Hence

ar = 3 (S (] mostreimyy < 3 ()"

veEFF meF vEFF

10



where d,, = ed,, and where and we have used the estimate ey/n < e". From this, we have

Z Z 24(1 + K)|[vm |l (D) <1
Ka/mln

m>1 mekF

It is also obvious that -
ld|i» vy < 00.

From these estimates and from Proposition 3.3 we obtain the conclusion. O

3.3 Best N-term convergence rates
With Lemma 3.1, we have from Proposition 3.4 and Theorem 2.1 the following result:

Theorem 3.3 If Assumptions 1.1, 1.2 and 3.1 hold for some 0 < p < 1, there is a sequence (Ay)nen C
F of index sets with cardinality not exceeding N such that the solutions uy,, of the Galerkin semidiscretized
problems (2.3) satisfy

lu—uayllx <CN77, 0=

4 Regularity of the solutions

To get explicit error estimates for numerical schemes, we need regularity for the solution w of the problem
(1.15). We will establish this in the following sections.

4.1 Compatible initial conditions

In this section, we derive a regularity estimate for the parametric solution in the case of a compatible
initial condition h of the problem (1.1). In particular, we assume that

heVNH*D), geclLl*(I;H)nH (I;V'), g¢(0,-)€ H. (4.1)
Throughout this section, Assumptions 1.1, 1.2 and (4.1) are assumed to hold. Moreoever, we impose an
additional regularity assumption on the functions ;.

Assumption 4.1 We assume that a(x) € WH°(D) and that for 0 < p < 1 as in Assumption 3.1

Z ||1/’j||€v1,oo(p) < 0.

j=1

With Assumption 4.1, we establish regularity for the solution u of (1.10) and the functions u,. We will
show that under the compatibility conditions and Assumption 4.1, the solution u belongs to the space

Z=L*(I; H* (D)) N HY(I;V)n H*(I; V') (4.2)

equipped with the norm

/
[ollz = <|| °© ||2L2(I;H2(D)) + e H?Jl(l;v) + e H?{z(z;v')) :
Proposition 4.1 With the condition (4.1), under Assumption 4.1 it holds that u(-,-,y) € Z for ally € U
and ||u||z is uniformly bounded for ally € U.

Proof We note that

V- (a(x,y)Vh) =V - (a(x)Vh) + Y _y;(1h;Ah + Viy; - Vh) € H
j=1
The theorem follows from standard results on regularity of the solutions for parabolic equations (as, e.g.,
n [11] Theorem 27.4). a
The following existence and uniqueness results for « in the norm of Z are parametric analogues to those
in the norm of X in Section 1.3.

11



Proposition 4.2 There exists a constant C > 0 such that
Vya y/ eU: ||’lL(, ) y) - ’LL(', '7y/)||2 < C”a(a y) - a('vy/)“lew(D)-

Proof For y,y’ € U, we define w(t,x) = u(t,z,y) — u(t,x,y’). Since, by assumption, a(-,y) € W1>°(D)
for every y € U, the function w is the solution of the parabolic problem

a_w -V (a’(xvy)vw) - V(a(x,y) - a’(xvy/)) ’ VU(ZL',t,y/) + (a(z,y) - a’(xvy/))Au(ta zvy/)v

ot
w(t,z) = 0 when z € 9D,
w(0,z) = 0.

In particular, the data g and h of this problem satisfy (4.1). We observe that for every y’ € U we have
u(-,-,y') € Z, and it holds that

IV(a(,y) —a(y) - Vul,5y) + (aly) = aCy)AuC, - y) e mynm v
< Cllat,y) = a,y")lwre(p)
The conclusion then follows. m|
Proposition 4.3 The map u(-,-,y) : U — Z is measurable as a Bochner function.

Proof The proof of this proposition follows the lines of the proof of Proposition 1.4 except that here
we use Proposition 4.2. O
The above results show that u € L?(U, Z,dp(y)). Therefore

Uy, = /ULu(y)U(y)dp(y) €2z

Next we establish a priori bounds for |lu,|/z. Let K < 1 denote a positive number such that

= = Amin
KZ(H?/JJHLOO(D) + IVY;]l Lo (p)) < g

j=1
We again choose an integer Jy such that

aminK

2 lleo=o) + Vsl o) < 3777 75

i>Jo

Let £E={1,2,...,Jo} and ' = N\ E. We define

el = Ivl.

i>Jo

For each v € F we define as before 7, = K for m < Jy and for m > Jy

AminV:
T =1+ me (4.3)
4vp|([YmllLe(D) + IVYmllL=(D))

with the convention that % = 0if |vz| = 0. We then define the discs
Up ={2m €C: |z <1+ 7y} CC, méeN

and the polydisc



For z € U, let
a(x, z) = apx) + Z Y () 2,
m=1

The sum is well-defined: for z € i and a.e. z € D it holds

Gmin

4

ja(z, 2)| < maxa(@) + Y [bmllre(p) (L +7m) < lallLoy +2 D o) +

m=1 m=1
This is proved as the analogous inequality in Section 3.1. For z € U, we again consider the problem (3.5).

Proposition 4.4 The problem (3.5) admits a unique solution, which is uniformly bounded in Z for all
zelU.

Proof For z € U, by an argument analogous to what we did in Section 3.1, we estimate

Amin

=5

Ra > mina(x) — Z |Vl oo (D) (1 + )
m=1

The problem (3.5) thus has a unique solution under Assumptions 1.1, 1.2, 4.1 and (4.1). Furthermore for
every z € Y and a.e. z € D,

Va(z,2)| < [[Vallzem) + Y 0+ )l VmllLe(n)

m=1
< Val=my+ > IVemllremy(1+E)+ > (2 + 4#)HV?/};'HLW(D)
= —~ welllvll e p)
m i>Jo
— - Amin
< IVallesp) +2 3 [Vmlln=(o) + =3

m=1

Therefore
9(0,-) = V- (a(,2)Vh(:)) € H,

for all z € U and its H-norm is uniformly bounded. For z € U the solution of (3.5) is thus uniformly
bounded in Z. O
For each index v € F we define the polydiscs

- ®

j€supp(v)

=

(4.4)

Proposition 4.5 For v € F, fizing z where k ¢ supp(v), the map u : U, — Z is analytic as a Z-valued
function.

Proof For a fixed index m € supp(v), we fix all the coordinates z; when k # m, and denote z € CN as
2 = (Zm,Zm). Let § € C. We show that there exists a function v € Z such that

: u(~,~,(zm+5,2m))—u(~,~,z) _
Jim | 5 —ol2)], =0
for all z e U. Let - -
’U6 _ U(', y (Zm + 63 Zm)) - U(', Yy (Zm; Zm)) )
The function v? satisfies
8’06 Py _
E -V (a(" Z)VU ) =V (’L/vau(-, ) (Zm + 0, Zm)),
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with the initial condition v°(0, -, (2 + J, Zm)) = 0. Let v denote the solution of the equation

% —V-(a(-,2)Vv) =V - (¥, Vu(:, -, 2)),
with v(0,-,2z) = 0. Then
o —v)
ot

An argument similar to the proof of Proposition 4.2 shows that

||u(a ) (Zm + 6a Z’m)) - ’U,(-, ',Z)HZ S C|6|

-V (a('a Z)V(’l)6 - ’U)) =V (wmv(u(a " (Zm + 5a Zm)) - u('a " Z)))

Therefore
IV - @mV(ul - (zm +0,2m)) — w22 mynm (v < Cl)-
Further,
Ve (mV(ul, -, (zm 46, 2m)) —ul:, -, 2))) =0,
at t = 0. Thus

[v* =]z < Cl4].
This shows that v is the derivative of u as a Z-valued function. From Hartogs’ theorem, we conclude
that v is analytic as a function from U, to Z. ]

From the preceding arguments, we deduce the following result. Its proof is similar to those of Propo-
sitions 3.2 and 3.4.

Theorem 4.1 Under Assumptions 1.1, 1.2, 4.1, and for data g and h satisfying the compatibility con-
ditions (4.1), the coefficients u,, € Z satisfy the estimates

20+ K) __,
luv]|z < C H %ﬁm mo veF (4.5)

mesupp(v)

where fm = Tm + \/1+72,. Moreover, for the same constant 0 < p < 1 as in Assumption 4.1
Zue}‘ ||ul’||%a is finite.

4.2 Incompatible initial conditions

We now consider the case where the initial condition does not satisfy the compatible condition (4.1). We
define the following spaces by interpolation: for 0 < 6 < 1,

H® = (H,V)po, HYW =(V,VNH*D))go, H = (V' H)go.

We assume throughout this section that Assumption 4.1 holds. For each y € U, we consider the parametric
eigenvalue problem: find A\(y) € R and 0 # ¢(y) € V such that for all ) € V holds

/ alz, y)Vly) - Vibdz = A(y) / o(y)bde, W € V (4.6)
D D

oo

By the spectral theorem, for every y € U exists a countable family (A\;(y), #:(y))i2, of eigenpairs such
that ¢;(y) € V are an orthonormal basis of /. From the Poincaré inequality, \;(y) > A for a positive
constant A which only depends on the constants amax and api, in Assumption 1.1 and is independent of
Y.

For each ¢t € I and every y 2 U, we define the parametric evolution operator T'(y;t) in terms of the
eigenfunctions ¢;(y) by

oo

T(y;tyu ="y e O u,¢i(y)) ni(y). (4.7)

i=1
The solution of the problem (1.10) can be represented as

u(t,y) =T (y;t)h +/O T(y;t—s)g(s)ds, 0 <t <T. (4.8)

In this section, we assume that g : I — H is analytic on [0, T].

14



Proposition 4.6 For 0 <0 <1 and 0 < s <1, there exists ¢ > 0 such that for every y € U and every
0<t<T holds
ITO (s )l o e < et T2,

Proof For every y € U, we define on V the norm

16]2.5 = /D a(e,y)|Vo(x,y)Pde,  yeU.

As a(x,y) satisfies Assumption 1.1, this is an equivalent norm in V. Specifically, there are positive
constants ¢; and ¢y independent of y such that

allellv <llelle < el oflv. (4.9)

For v € H and i € N, define v;(y) = (v, ¢i(y)) . For all y € U, we have

ol = ()
From (4.7):

17O (s t)v]|2. 5 = ZA (y)? e (vi(y))?.

The maximum value of e =2 \2+1 is O(1)t~ !+, Thus

ITO s el < 7D 3 (0i(w))? = CO C D)ol

Therefore
HT(l)(y;t)HC(H,V) <et™!2, (4.10)
Forv eV,
vl =Y (vi)*Xi(y).
i=1

The maximum value of e=2*\? is C'(1)¢~2!. From this and (4.9) we get
1T (y; )l vy < COE (4.11)

Similarly, we obtain for every v € H the bound

IOl = 3 et

Therefore, we also have

ITD (s )| 2oy < CE (4.12)
Further -
1T (y; vl F =D A7 lem oA,
i=1

A similar argument shows that for every [ > 1
1T vy < CUEH2 (4.13)
We observe that for every y € U, the function w = T'(y; t)v is the solution of the Cauchy problem

ow
e V- (a(z,y)Vw) =0, w(0,-) = v.
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Therefore,
w(l-‘rl) (t, ) -V- (a([L‘, y)Vw(l) (t, )) = O,

ie.

1 1
—AwD(t,) = ==V (¢, ) + =Va - VwlD (¢, ).
a a

As the domain D is convex,
[ (&, a2y < e(llw™ Dt ) + 1w (¢ )]lv)
which is bounded by C(1)t=*+Y||v||g and C(1)t~F1/2) |||y, Therefore
1T (s ) e, 2 (pyy < COE Y, (4.14)

and
|\T(l)(y;t)||£(v,H2(D)) <oy, (4.15)

From interpolation of Hilbert spaces using the real method (see, e.g., [10]), we deduce from (4.10), (4.11),
(4.14) and (4.15) that for all y € U:

IIT(”(y;t)||£(He,H1+S) < ct—l=1/2+6/2—s/2 (4.16)

Now we consider || 7" (y; t)v|y,. We have (with (-,-) denoting the V x V’-duality pairing obtained by
extending the H-inner product by continuity)

TGy tyollv: = sup(TD (y; t)o, )/ 9]l
PYeV

=supa —1)le MWLy, =1y ;
= sup (;( D ) i) (v), 9) /lellv

= C(Z(/\i(y>)2l71(vi(y>)2€*2>\i(y)t)1/2.

i=1
Therefore for [ > 1 for all y € U
1T (s ) ey < COEH2. (4.17)
Similarly, we have that for [ > 1
1T s )l vy < OO (4.18)
From interpolation, we get from (4.12), (4.13), (4.17) and (4.18) that for [ > 1

1T (s )| £ (rro, pr-1+0) < C(1ETHH2TO/2=s/2, (4.19)

Proposition 4.7 Assume that h € H?, for some 0 < 6 < 1. Then for every s < 6
u(v,y) € L*(LHYWS) N H (I, H 1)
and there exists Cy > 0 independent of y such that
VyeU: Nu( - )Lz mresynm (m-1+9) < Ch.
Proof From Proposition 4.6, we have that
T (y; t)h| prrse < ct=1/2+0/2=5/2,

Furthermore as ||g(s)||z < c¢ for all s

t t
I / T(y;t — s)g(s)ds||m+s < c/ (t— )"V /27524 < ' /27512,
0 0
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Therefore for 0 <t <1,
lw(t, - )| gres < ct™1/240/2=5/2, (4.20)

From (4.8), .
u'(t, - y) =T (y;t)h + g(t) + /0 T'(y;t — s)g(s)ds.

From Proposition 4.6:
1T (s R rve < et V2007252,

We also have

t t
I / T (y;t — s)g(s)ds|| -1+ < c/ (t —s)"1/273/24s < ct'/273/2,
0 0

Therefore for 0 < ¢ < 1:
! (t, -, )| rorse < et /240727572, (4.21)

This completes the proof. O
Proposition 4.8 For s < 0, there exists a constant C' > 0 such that Vy,y' € U:

(- y) = ul, ) e mesynm (a9 < Clla(,y) —a(, ) lwie ()
Proof Define w(t,z,y,y’") = u(t,z,y) — u(t,z,y’) and

G(t,z) = V(a(z,y) — alz,y")) - Vulz, t,y') + (alz,y) — alz,y)) Au(t, z,y"). (4.22)
The function G € L?(I;V'). Therefore w is the weak solution of the problem

%_1: - V- (a(z,y)Vw) = G(t,z), w(t,z) =0 when z € 9D, w(0,x) = 0. (4.23)

From (4.20), we deduce that for all ¢ and for every y,y" € U holds
IG(t M-+ < cllaly) = aoy)lwrspyt =302/,
Note that G ¢ L?(I; H). However, for every 0 < to < t and for every y,y’ € U we have
t
w(t,y,y") =T(y;t —to)w(to) + / T(y;t — r)G(r)dr.
to

Therefore
lw(t, -y y M < IT (st —to)w(to)l e )
+ C||a(~, y) — a,(.7 yl)le,oo(D) / (t — T)_1/2_8/27’_1+9/2d?”.
0

Passing to the limit ¢ty — 0, as ||w(to)||x — 0, from Proposition 4.6 we obtain
lwt, -y, g M < cllal,y) = aly)llwrpyt /2027502,
Similarly,
'ty )z < 1T (3t = to)wito) | -vee + NGOl zr-2
+ c||a(-,y) o a(-, y/)||W1,<>o(D)/O (t - 7“)_1/2_8/27°_1+9/2dr
Letting ty — 0, we get

' (£, y, Y ) -1+ < cllaC,y) — al,y)lwrioe oyt ~H/2H0/275/2,

This completes the proof. O
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Proposition 4.9 The map u(-,-,y) : U — L*(I[; H'T%) N HY(I; H='*%) is strongly measurable as a
Bochner function.

Proof The proof is by exactly the same argument as the proof of Proposition 1.4. We use Proposition
4.8 in place of Proposition 1.3. O
Thus we conclude that u(-,-,y) € L>(U, L>(I; H'**) N H(I; H='*%),dp). Therefore the function

UV(~7 ) = /ULV(y)u(, ,y)dp(y) c L2(I;H1+s) mHl(I;HflJrS).

To describe the analyticity of the parametric solutions, we employ the complex domain ¢ € CV defined
in (4.4).

For z € U, we consider again problem (3.5). For each index v € F, we also recall the domain U,
defined in (3.7).

Proposition 4.10 Given v € F, for every z € CN with fized coordinates z; where i ¢ supp(v), the map
w:ly, — L2(I; HY5)y N HY(I; H=1F9) is analytic.

Proof For a fixed index m, we fix all the coordinates z;, when k # m, and denote z € CY as z = (2, Zm)-
Let 6 € C. We show that there exists a function v € Z such that

lim
§—0

for all z e Y. Let

[enm b I mulnz) )

=0
L2(L;HY )N H (I;H~1+2) ’

S5 u(-,-,zm+(5,2m)—u(-,-,zm,im)
v = 5 .

The function v° satisfies

5
aait ~ V- (a(-, z)VM) =V (YmVul, -, 2m + 6,2m)),

with the initial condition v°(0,, 2y + 6, Zn) = 0. Let v satisfy the equation

v

o = V@l 2) Vo) = V- ($n V(- 2)),
with v(0,-,2z) = 0. Then

6 _
8(vat vy, (a(-,2)V(@° = v)) = V- (@mV(ul-, -, 2m + 8, Zm) — ul-, -, 2))).

An argument similar to the proof of Proposition 4.8 shows that
Nt -, (zm + 6, 2m)) — ult, -, 2) || gres < c|d|t™1/2F0/2=3/2,
Therefore
IV - (Y V (ult, -, 2 + 6, Zm) — u(t, -, 2))) || g-r+e < c|d|t™1/2+0/2=5/2,
Thus
[o® — Ol L2(rmreoynm (ra-1+s) < cfd].
This shows that v is the derivative of u with respect to z,, as a L?(I; H'™*) N H'(I; H=1*%)-valued

function. From Hartogs’ theorem, we conclude that u is analytic as a function from U, to L?(I; H'**) N
HY(I; H=). ]

Proposition 4.11 For any interval (a,b) such that 0 < a <b < min(1,T) and for every y € U hold the
bounds

b
Hu(v '7y)|‘§{l((a,b);V) S C(l)/ t72l71+0dt5 (424)

and

b
||U(',',y)||§1l((a,b);w) < C(l)/ A, (4.25)

a

where C(l) does not depend on a, b and on y.

18



Proof From (4.10) and (4.11),
1T (s ) cgare,vy < COE2H02,

From (4.8) we obtain for every y € U

-1 t
ul(t,-,y) = TO(y;)h+ Y T (y;1)g"79(0) + / T(y;r)g" (t — r)dr.
i=0 0
Then
1T (y; )|y < O =1/24002,
Further - -
IS T (00D < ¢S < a2,
i=0 i=0
and

t t
II/ T(y;r) gV (t —r)dr|y < c/ 200 < et}/2
0 0

From these bounds we deduce
b
laCs - 9 apyvy < C(l)/ 2140 g

The proof for |ju(-, -, y)”%—]l((a,b);\/’) is similar.

Proposition 4.12 For all y, y' € U,
”u(a K y) - u('v K y/)HHl((a,b);V) < CHQ(, y) - a('a y/)HWL“’(D)'

Proof For tg < t, the solution w of (4.23) is written as

w(t, ) =T (y;t — to)w(te) + /0 o T(y;r)G(t — r)dr.

Therefore,

-1

t—to
wh(t, - y) =T (yst — to)w(to) + > T (gt — )G (to) + / T(y; )GV (t —r)dr.
0

=0

From (4.27) and (4.16) we get

-1 t
[ul®(t, - y)llv < ct 71722y Rt g c/ r 2dr < OO,
i=0 0
From (4.27) and (4.19)
-1 _ t
[ty < ™24 e c/ dr < C(1)t=+9/2,
i=0 0

From 1 1 1
—AuP(t,,y) = =gV (t) + =Va  Vul(t, -, y) — —uFV(t,-,y)
a a a

and the convexity of the domain D, we deduce that

lu® (- )=y < COEHH2,
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Thus for all i, |G (¢)|| g < C(i)t~ 192 |a(-,y) — a(-y" ) lwre(py. With tg = 0 we get from (4.28) the
bound

t
lo(t,- )l < ¢ / (t— 1) 2dr]a(, ) — a(oy)lwree () < et
0

From (4.29) we obtain for every y € U the estimate

-1
lo @ty < CO((E—to) 71202 + e 30— to) M2 T
=0

t—to
b [ R ) - o)l
0
Let to = t/2, we deduce that
[ (t, - y)llv < CQOEEH2a(, y) — aly) lwie (o).
This completes the proof. O

Proposition 4.13 The function u: U — H'((a,b); V) is measurable as a Bochner function.

Moreover, for every v € F, for z € CY with fived coordinates z; where i ¢ supp(v), the map u : U, —
H'((a,b); V) is analytic.

Proof The first assertion is proved similarly to Proposition 1.4: here, however, we use Proposition 4.12
in place of Proposition 1.3.

To show analyticity of the mapping u : U — H'((a,b); V), we fix all z; where k # m and show that
there exists a function v € H'((a,b); V') such that

lim
§—0

[t b En) mulnd) )
1) H((a,b);V)

for all z € U. Let

,06 _ u('v Zm + 57 Zm) - u(~, Yy Amy Zm)

The function v° satisfies

o s B
e V- (a(,2)V0°) =V - (Y Vu(-, - zm + 06, Zm)),

with the initial condition v°(0, -, 2, + 6, Z,,) = 0. Let v satisfy the equation

v
E -V (a('a ',Z)V’U) =V (’l/}mv’u(, .’Z))’

with v(0,-,z) = 0. Then

(v —
% -V (a’('v *y Z)V(’Ua - ’U)) =V (wmv(u(a 5 2m + 55 Zm) - u('v ) Z)))
An argument similar to the proof of Proposition 4.12; using (4.16) for s = 1 shows that
D, -, (2 + 6, Zm)) — ulD(t, -, 2) || g2y < ]St 71072,

Therefore _ _ _
||v ! (wmv(u(i) (tv 5 Zm + 55 Zm) - U(Z) (ta ) Z)))HH < C|5|t7171+6/2'

Thus using a formula similar to (4.29), we get
1(0* = )OOl < cloft=!=1/2+072,

This shows that v is the derivative of u as a H'((a,b); V)-valued function. From Hartogs’ theorem, we
conclude that u is analytic as a function from U, to H'((a,b); V). O

20



Proposition 4.14 There exists a constant ¢ > 0 such that for all constants k € (0,1) and for ally € U
holds

(- y) = ulk, - y) | L2omv)na (.myv < k.
Proof The result follows from estimates (4.20) and (4.21). O
Proposition 4.15 Fizing k € (0,1), u(k,,-) as a map from U to L*((0,k); V)N H((0,k); V') is mea-
surable.

Proof From Proposition 4.12 we obtain

lu(k, - y) —ulk, - y)llv < cllaC y) — al, y")wre(p)-
The remaining proof of this proposition is similar to that of Proposition 1.4. O
An argument analogous to the proof of Proposition 4.13 shows that
Proposition 4.16 Fizing the coordinates z; where i ¢ supp(v), the map u(-,-,-) — u(k,-,:) : U, —
L2((0,k); V)N HY((0,k); V') is analytic.

As u, € H'((a,b),V), u,(k,-) is uniquely determined and given by

wn(k, ) = /D ulk, )L (y)p(dy),

with the integral to be understood as a Bochner integral over U of X-valued functions. We then deduce
the following results.

Proposition 4.17 The coefficient sequences

||UV||LQ(I;H1+5)HH1(I;H*1+5)a ||UV||HL((a,b);V) and |uy (- y) — ww(k, - )| L2(0,.k);v)nE ((0.8):V7)
are in [P (F).
Proof A similar argument to the proof of Proposition 3.2 shows that for every v € F hold

luwll L2 meoynm (s-1+0) < BW)|ullpoo;p2(z;m+e)nm (;m-1+4)),

b
[ 1 ((a,pyvy < B(V)2C(l)/ =2,

a

and

() = o (k)| L2 0.0y nE (0,807 < CBW)EY2,

where we denote

Bw)= ] @ﬁﬂm (4.30)

m
mesupp(v)
with 7, as in (4.5). Proceeding similarly to the proof of Proposition 3.4, we obtain that for 0 < p < 1 as
in Assumption 4.1, > . ~(B(v))? is finite.

Appendix In this appendix, we prove the inf-sup conditions (2.4), (2.5) and (2.6) for the
semidiscretized parametric problems. Specifically, we show that under Assumptions 1.1, 1.2, there exist
constants 0 < 4 < a < oo such that for any subset A C F holds

B
(A) qp Bl
uneX,,oaey, lluallzllvally
B
(B) B= inf sup M25>0’

0FuneXy 0vpey, [luallxllvally

(C) Yo#wvpae),: sup [B(ua,va))|>0.
O#UAE&A
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We first note that

luallk = > lwwllZzcrvy + luwwllzn ), and Joally = D (w1 Ze vy + loali)-
veA vEA

First we show the continuity condition (A). We have

du
|B(ua,va)] < /{/(H A t, ’y)HV’|U1A(t"’y)||V+C||v“/\(tv'ay)|H||VU1A(t,-,y)||H)dt
+IIUA<0,-,y>||H||v2A<-,y>||H}dp<y>
du t7'7y
< {/ G ’w'“(t’"y)'V)””M”VdHMHuA(-,-,y>||x-||v2A<-,y>||H}dp<y>
U I \%
1/2
dUA(t,',y) )2
{/U/I<H dt HV [ua(t, - y)llv (v)
1/2
{//||U1A(t"’y)|‘2/dtdp(y)} + Mlluall2w;x) - llv2all 2w, m)
uJi
< Cluallx - llvlly,

where we have used that the “initial value trace operator” from X is bounded, i.e. the constant

0
e o 10Ol
0AwWEX H'LU”X

is finite. To show the inf-sup condition (B), we note that

and
/ // a(x,y)Vup (t,x,y) - Voia(t, z, y)dtdzdp(y)
UQAXEGA// (/ (y)Lu(y)dp(y))Vuy(t,x) - Vor, (t, 2)dwdt (431)
= Z A (2)Vuy (¢, ) - Vor, (¢, x)dzdt
veAuen /1D
where
A" () Z/a(w,y)Ly(y)Lu(y)dp(y),
U
and
] 3 002 mdoly) = 3 (0 0.) )i
Then

d l, .
B(ua,vn) Z/ - Oyt ) pdt

+ // AP (2)Vuy, (t, x) - Vo, (¢, z)dedt + Z Uy (0, ), Vo)

veEAN LEA veA

To show the ellipticity of A”#(x), we observe that for any array of vectors £ € R? and for any u,v € A
holds

ar@)eret = [ alo )LL)ty ) a3 S (€2

U i=1 vEA

22



(repeated indices indicate summation).
Now we follow the approach of Babuska and Janik [1]: we consider the operator

A VIV = VY
defined by (with convention of summation over repeated indices)
(Aw)” = =V(A™"(2)Vw,()),

for each vector w = {(w,(z)): v € A} € [VIN. Let A? (i =1,2,...) be the eigenvalues of this operator.
The corresponding eigenvectors are wy, wa, . ... For each ¢ € (V)V

/ AVEN W, (x) - Vo, (x)dr = /\i/ wy (x)¢y (z)dx
D D

where summation is taken over p and v. Denote the vector up = {(u,(¢,2))}. Then

Alt,x) = Z a;(t)w;(x)

We choose w; as an orthonormal base of [H]"Y. We denote by

vi(z) = {(vw(2)), v € A} = Zbi(t)w

Then _—
(amax)_l/o Z)‘ al dt < Hu||L2(I VN (amin)_l/o Z)\i(ai(t))th’
i=1
and .
o (ai(t))?
min =~ = Amax 7dt
o [ S [ o, [
Thus .
(2 ot
0 \“— i
=1
is equivalent to ||uH%X)N = H“AHQKA Let
va(z) = {(vav(2)), v € A}.
We write -
= Z CiW;

i=1

Then

T oo [e%s)
/0 S A0+

is equivalent to |[vsl|3, and we have

uA,UA /Z)\l/Q |:)\1/2) +)\1/2 ( ):| dt—i—Zai(O)Ci.
7 =1

We choose b;(t) € L?(0,T) such that

a;(t)
1/2

)\1/2[)1.@) - + )\3/2ai(t), and ¢; = a;(0).

K2
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The bilinear form then becomes

/Z{ 1/2 1/2ai(t)rdt+§ai(o)q _

>[(2) + e 4> (o)

/Iz_l )\z
= i (di(t))2+@”2 (1)) 2dt>0|\ I3
sl , )\1/2 i g = Ujjua X
=1 7

With the above choice of b;(t), we also have

HU1A||2L2(U,L2(1,V)) < (amln)_lz/)\i(bi(t)2dt

= (Gmin)~ i/{( 1/2) (A}/%i(t))?rdt

Col|ual%-

(4.32)

IN

We also have
lv2allZeqrimry = 1ua (0, - ey < M?[luallz-
Thus
[vall3 < (Co + M?)[ua -

Therefore, in this case
B(up,vp) = C1(Co + M?) 72 |up]|x[loa -

We now show condition (C). We again use

B(uA,vA)/I<i{iil(/t2) + M Zai()| A >dt+2az

i=1 i

For each vp, we choose a;(t) such that

)\1/2 + )‘1/2 i(t) = Abi(t), ai(0) = c;.

3

It then follows that B(ua,va) > 0.
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