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Spatially Piecewise Fuzzy Control Design for
Sampled-Data Exponential Stabilization of
Semi-linear Parabolic PDE Systems

Jun-Wei Wang, Shun-Hung Tsai, Han-Xiong Li, and Hak-Keung Lam

Abstract—This paper employs a Takagi-Sugeno (T-S) fuzzy
partial differential equation (PDE) model to solve the problem
of sampled-data exponential stabilization in the sense of spatial
L®° norm || - || for a class of nonlinear parabolic distributed
parameter systems (DPSs), where only a few actuators and
sensors are discretely distributed in space. Initially, a T-S fuzzy
PDE model is assumed to be derived by the sector nonlinearity
method to accurately describe complex spatiotemporal dynamics
of the nonlinear DPSs. Subsequently, a static sampled-data fuzzy
local state feedback controller is constructed based on the T-S
fuzzy PDE model. By constructing an appropriate Lyapunov—
Krasovskii functional candidate and employing vector-valued
Wirtinger’s inequalities, a variation of vector-valued Poincaré—
Wirtinger inequality in 1D spatial domain, as well as a vector-
valued Agmon’s inequality, it is shown that the suggested
sampled-data fuzzy controller exponentially stabilizes the nonlin-
ear DPSs in the sense of |||, if sufficient conditions presented in
term of standard linear matrix inequalities (LMIs) are fulfilled.
Moreover, an LMI relaxation technique is utilized to enhance
exponential stabilization ability of the suggested sampled-data
fuzzy controller. Finally, the satisfactory and better performance
of the suggested sampled-data fuzzy controller are demonstrated
by numerical simulation results of two examples.

Index Terms—Sampled-data control, exponential stability, dis-
tributed parameter systems, Agmon’s inequality, Takagi-Sugeno
fuzzy partial differential equation model.
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UCH research has been done concerned with sampled-

data control systems over the past few decades, leading
to considerable results for analysis and synthesis of sampled-
data control systems (e.g., [1]- [13] and the references therein).
Note that the aforementioned results are mainly developed
for dynamic systems whose behavior only depends on time
and mathematical models take the form of ordinary/delay
differential equations (O/DDEs). In real industrial applications,
however, most processes are spatiotemporal in nature so that
their behavior must depend on time as well as spatial position,
for example, thermal diffusion processes, pipe flow, chemical
processes, and flexible mechanical structure, etc [14]- [17].
These spatiotemporal processes are modeled as distributed
parameter systems (DPSs) described by partial differential
equations (PDEs). By the model reduction techniques (e.g.,
Galerkin’s method), a finite-dimensional sampled-data bound-
ary control design was developed in [18] for a linear parabolic
DPS and a finite-dimensional observer-based active fault-
tolerant control design was reported in [19] for nonlinear
DPSs with sampled-data measurements in time. But an exact
performance of closed-loop DPSs is difficultly achieved due to
truncation before control design. To achieve exact and better
control performance, some infinite-dimensional robust design
results have been developed in [20]- [23] for linear sampled-
data controllers of nonlinear parabolic DPSs directly on the
basis of their original semi-linear PDE model.

On the other hand, fuzzy control based on the Takagi-
Sugeno (T-S) fuzzy model [24] offers a conceptually sim-
ple, systematic and effective framework to support nonlinear
control design of complex dynamic systems and has be-
come increasingly popular during the past few decades (see,
e.g., [25]- [27]). In the last decade, many fruitful results
of fuzzy-model-based sampled-data control design have been
reported for nonlinear O/DDE systems [28]- [38]. With the
help of the Galerkin’s method with the singular perturbation
approach, finite-dimensional guaranteed cost and H, fuzzy-
model-based sampled-data control designs have been recently
proposed in [39] and [40] for semi-linear parabolic PDE (SLP-
PDE) systems. Although fuzzy-model-based control approach
has been successfully extended in [41]- [46] for infinite-
dimensional nonlinear control design of SLPPDE systems by
proposing T-S fuzzy PDE model, the suggested results mainly
focus on exponential stabilization of SLPPDE systems via
continuous-time fuzzy controllers. To the best of authors’
knowledge, the result on infinite-dimensional fuzzy-model-
based control design has not been reported yet for sampled-



data exponential stabilization of SLPPDE systems with a finite
number of actuators and sensors, which motivates this study.

This paper discusses the problem of infinite-dimensional
fuzzy-model-based sampled-data control design in the sense
of spatial L norm ||- || for a class of SLPPDE systems with
a finite number of actuators and sensors discretely distributed
over the spatial domain. The objective of this paper is to de-
velop a conceptually simple but effective infinite-dimensional
design method of a sampled-data fuzzy controller only using
state information taken from sensors located at some known
local areas of the spatial domain (i.e., local piecewise state
information), such that the resulting closed-loop PDE system
is exponentially stable in the sense of || - ||o. In the proposed
design method, a T-S fuzzy PDE model is first assumed to
be constructed [45], [46] to accurately describe the complex
spatiotemporal dynamics of the SLPPDE system. Based on
the fuzzy PDE model, a sampled-data fuzzy controller is then
constructed only using local piecewise state information. It
is shown by constructing an appropriate Lyapunov-Krasovskii
functional candidate and using vector-valued Wirtinger’s in-
equalities, a variation of vector-valued Poincaré—Wirtinger
inequality in 1D spatial domain, as well as a vector-valued
Agmon’s inequality that the suggested sampled-data fuzzy
controller exponentially stabilizes the SLPPDE system in the
sense of || - ||o. Moreover, exponential stabilization ability of
the suggested sampled-data fuzzy controller is enhanced by
providing an LMI relaxation technique. The main results of
this paper are presented in terms of standard LMIs, which
are directly solved by the solvers in MATLAB’s LMI Control
Toolbox [47]. Finally, the effectiveness and merit of the
suggested sampled-data fuzzy controller are demonstrated by
numerical simulation results of two examples.

Main contribution and novelty of this paper are summarized
as follows: (i) A variation of vector-valued Poincaré—Wirtinger
inequality in 1D spatial domain is provided by first mean value
theorem for definite integrals; (ii) A vector-valued Agmon’s
inequality is introduced from the scalar one; (iii) An LMI-
based infinite-dimensional design method of static sampled-
data fuzzy controller is developed for exponential stabilization
of the SLPPDE system in the sense of || ||. In comparison to
existing finite-dimensional fuzzy sampled-data control designs
in [39] and [40] for the SLPPDE systems, the main difference
of the proposed design method of this paper lies in that
finite-dimensional fuzzy sampled-data control designs in [39]
and [40] only ensure exponential stabilization in the sense of
spatial L? norm || - ||2, while the infinite-dimensional sampled-
data fuzzy control design of this paper guarantees exponential
stabilization in the sense of || - || oo-

The organization of the rest of this paper is given as follows.
Section II provides preliminaries and problem formulation.
Section III gives a static sampled-data fuzzy control design.
Numerical simulation results are provided in Section IV to
show satisfactory and better performance of the suggested
sampled-data fuzzy controller than the existing ones. Finally,
Section V offers some brief concluding remarks.

Notation: The set of all real numbers, n-dimensional Eu-
clidean space with the norm || - || and the set of all m x n
matrices are denoted by R, R" and R™*", respectively. ¢

denotes absolute value of any real number <. I stands for
an identity matrix of appropriate dimension. For a matrix
M € R M > (<,<)0 means that it is symmetric
and positive definite (negative definite, negative semi-definite,
respectively). For a square matrix A, its minimum and max-
imum eigenvalues are denoted by Apnin(A) and Apax(A),
respectively. For a given scalar L > 0, £2([0,L])
L£2([0, L]; R™) is a Hilbert space of square integrable vector
functions w( ) : [0,L] — R™ with the norm [w()|s £

\/ fo wT(z)w(x)dz. This norm is also referred to as spa-
tial 12 norm leen an integer k and a constant L > 0,
HE((0,L)) £ WF2((0,L); R") is a Sobolev space of abso-
lutely continuous vector functions w(z) : (0,L) — R with

d*w ()

- of the order k and with

square integrable derivatives

the norm [lw()lns 0.0y 2 v fy T L L.
For any y(-,t) € ’Hl(( L)), spatial L>° norm is defined
as [[y(-,t)]loo £ max,ep 1) |ly(z,t)||. The subscripts  and
t of y(x,t) are partial derivatives with respect to x and
t, ie., y,(z,t) = Oy(z,t)/0t, y, (x,t) = Oy(x,t)/0zx, and
Yoo (z,t) = 0%y(x,t)/02?%, respectively. The transpose of a
vector or a matrix is denoted by the superscript *1”. The
symbol ’x’ in matrix expressions denotes an ellipsis induced
by symmetry.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. System description

The class of nonlinear DPSs under consideration is de-
scribed by the following SLPPDE in 1D spatial domain

yilz,t) = @ym(l‘,t) +f(y(x t)
+G(2)u(t), z € (0,L), t >0, 0
¥(0,t) =0, y,(z t)\x =0, t>0,
y(2,0) = yo(x), x € [0, L],
where y(z,t) £ [y1(z,t) y2(z,1) yn(ﬂtj )" €D

A

is state D £ {y(-t) € 112 (10, ZD] llyi (- ) lloo < i i €

{1,2,---,n}} < £2([0,L]) is a given local domain con-
taining the equilibrium profile y(-,t) = 0, ¢; > 0, i €
{1,2,--- ,n} are real known scalars), z € [0,L] C

and t > 0 are spatial position and time variables, respec-
tively. 0 < ©@ € R™™ is a known diffusivity coefficient
matrix and controls how fast the masses can spread in the
media, the term @y, (z,t) describes diffusion phenomenon
and that is a spontaneous dispersion of mass in the spatial
domain from the higher density/concentration/temperature area
to the lower density/concentration/temperature area, f(y(z,t))
is sufficiently smooth in y(x,t) and satisfies f(0) = 0.
u(t) £ [ui(t) wuso(t) um (t)]T € R™ is control input
provided by m actuators, which are discretely distributed
over the spatial domain (0,L). G(x) is a known square
integrable matrix function of x, in which the ¢-th column
describes the i-th actuator’s distribution. Here, G(x) is chosen
as G(x) 2 [g,(2) gy () g, ()] € ™™, where
N 8, TE [Ivazv-‘ﬂ)
gu(z) = { 0 otherwise,

v E M, 2)



u,(t) u, (1)
I
[ I

0, ()
L]

Fig. 1: Spatial piecewise control form [46]

with [z,,%,41) is the v-th actuator coverage area and M =
{1,2,---,m}. This form G(z) will produce m zones of
spatial piecewise control over the intervals [x,, Zy+1), v € M
[46], which is illustrated in Fig. 1. It is easily seen from Fig.
lthat 0 =21 <23 < -+ < Ty < Typt1 = L.

We introduce the following definitions of exponential sta-
bility in the sense of || - |2 and || - ||oo:

Definition 1: (Exponential stability in the sense of || - ||2,
[46]) The SLPPDE system (1) with u(t) = 0 is said to be expo-
nentially stable in the sense of ||-||2, if there exist two constants
o> 1and p > 0 such that (- D)ll> < ollyo ()2 exp(—pt)
is fulfilled for any ¢ > 0.

Definition 2: (Exponential stability in the sense of || - ||co)
The SLPPDE system (1) with u(t) = 0 is said to be
exponentially stable in the sense of || - ||, if there exist two
constants & > 1 and 8 > 0 such that ||y(-,?)||cc < aexp(—pt)
is fulfilled for any ¢ > 0.

Remark 1: Clearly, Definitions 1 and 2 are not equivalent
and Definition 2 is stronger than Definition 1 as if the system
(1) is exponentially stable in the sense of || - ||o0, it must be
exponentially stable in the sense of || - ||2, but not vice versa.

B. T-S fuzzy PDE model and problem formulation

For the convenience of fuzzy control design, by following
the main idea of the sector nonlinearity method for semi-linear
PDE systems [45] and [46], we assume that the following T-
S fuzzy PDE model is constructed by the sector nonlinearity
method to exactly describe complex spatiotemporal dynamics
for the SLPPDE of (1) in a given operating domain &:

Plant Rule i:

IF & (x,t) is Fy; and - - -

yt(xat) = Gyzz(xvt) +Aiy($>t)
+G(x)u(t), € (0,L), t>0,i€8S 3)

where Fi;, i € S£{1,2,--- 7}, j € {1,2,---,1} are fuzzy
sets, A; € R™*" 4§ € S are known matrices, and r = 2! is
the number of IF-THEN fuzzy rules. The premise variables
&1(x,t), &a(x,t), -+, &(x,t) are assumed to be functions of
y(z,t). The overall dynamics of the fuzzy parabolic PDE (3)
is expressed as

and &(x,t) is F;, THEN

=0y, (z,t)+ Z hi(&(z,t))Ay(z,t)

+G(2)u(t), z € (0,L), t >0, 4)
where &(z,t) = [¢ ( ) &z, t)

[T, P (€ (o)
hil€(:0) = S o

ye(z,t)

&(z,t)]" and
i €8, F;(&(x,1)) is

grade of the membership of §; (x t) in F; for i € S. In

this paper, it is assumed that H Fi;(&(z,t) >0,i €S

and >, HFI Fi;(&(z,t)) >0 for x € (0,L) and ¢t > 0.

Hence, h;(&(x,t)), @ € S have the following property for
€ (0,L) and t > 0:

hi(&(z,t)) >0, i€ Sand Y hi(&(x
i=1
From above analysis, we know that the SLPPDE in (1) is
equivalent to the fuzzy PDE (4) in the operating domain &.
Generally, the operating domain & is chosen as D C & to
guarantee the robustness of the fuzzy PDE model (4).
This study considers a static sampled-data fuzzy local state
feedback controller of the following form by the fuzzy PDE

,t)=1. (5

model (4):
Tav
th (tr) A% /jzvly(x,tk)dx, vEM,
te [tk,tk+1), kep={0,1,2,---}, (6)
where
1 [T
i) £ 5 / el ),

Aiv £ ‘%21) - ‘%211717 v E Ma (7)

and k,; € R™, v € M, i € S are control gain parameters to
be determined, and ¢, k € g are sampling instants and satisfy
tkr1 —te < Th, k € p (T, > 0 is the maximum sampling
step in time given in advance). From (5) and (7), we get

hoi(te) >0, i € Sand Y hyi(ty) =1, (8)
i=1

for any sampling instants ¢y, k € o and v € M. Clearly, the
sampled-data fuzzy control law (6) with (7T) is a weighted aver-
age of sampled-data linear control laws ﬁg’v f;jil y(z, tg)dz,
v € M,i € S, k € g, where the mean value of the
sampled-data state y(x, i), k € p is utilized and the weights
are determined by the functions h,;(tx), v € M, i € S,
k € @ (i.e., the mean value of fuzzy membership functions
h;(&(x,t)), i € S on the subintervals [Zo,-1,%2,], v € M at
the sampling instants ti, k € p).

By substituting the sampled-data fuzzy controller (6) into
the fuzzy PDE (4), considering the boundary conditions and
the initial condition in (1), and using the definition of G(z)
given in (2), the resulting closed-loop sampled-data fuzzy PDE

system is given as follows:
+ 8y 2 i1 hm(tk) xe fonl y(st)da,
kegp, x€lry,tos1), t>0, veM, O
y(07t) =0, yz($7t)|z:L =0, t>0,
y(.’L‘,O) :J’O(l’)> T € [0’ L}'

The fuzzy-model-based sampled-data control design ad-
dressed in this paper is formally defined as follows:

For the SLPPDE system (1), the objective of this study
is to develop an LMI-based design of the static sampled-
data fuzzy controller (6) such that the resulting closed-loop
SLPPDE system is exponentially stable in the sense of || - |-

hi(§(x,1))Aiy (2, t)




C. Important lemmas

Lemma 1 (Vector-valued Wirtinger’s inequalities): Let
y(-,t) € HL((0,L)) be a vector function with y(0,¢) = 0
or y(L,t) =0, t > 0. Then, for any matrix 0 < § € R"*",
we have for any ¢t > 0

L 4L% (-
/ y7 (z,t)Sy(x, t)dz < — / yX(x, )8y, (z,t)dz. (10)
0 0

Moreover, for a vector function y(-,t) € H2((0,L)) with
y,(0,t) =0 ory,(L,t) =0,t >0, we have the following
inequality for any matrix 0 < § € R"*"

L
/ yf(:c, t)Sy,(z,t)dx
0
4132

T2

L
< Yo (2, 18y, (z, t)dz, t > 0. (11)
0
Proof: The proof of this lemma is easily done by Theorem
2 in [48] and thus omitted here. [ |
Lemma 2 (A variation of vector-valued Poincaré—Wirtinger
inequality in 1D spatial domain): Let y(-,t) € HL((0,L)),
t > 0 be a vector function. Then, for any matrix 0 < § €
R™*" we have

/ () — 3, (0) TS, 1) — yi(t))d

L
< 4¢m*2/ yE(x, )8y, (x,t)dx, t >0 (12)
0

where y;(t) £ (I — 1)~ fl (z,t)dz, [l1,15) C [0, L], and
¢ = max{i3, (L — 11)*}.

Proof: See the Appendix A [ |

Lemma 3 (Vector-valued Agmon’s inequality): Let y(-,t) €

HL((0, L)) be a vector function with y(0,t) = 0 or y(L,t)
0, t > 0. The following inequality is fulfilled:
(05 < 2w Oll2lya(t)ll2 < ly(,t
Proof: See the Appendix B ]
Note that the membership functions h.;(t;), v € M, i €
S, k € p in the sampled-data fuzzy controller (6) are different
from the ones h;(&(x,t)), @ € S in the fuzzy PDE model (4).
This characteristic prevents direct use of the parameterized
LMI technique [41] to reduce control design conservativeness.
To overcome this drawback, this paper will provide an LMI
relaxation technique. By considering (5) and (8), we get
|hi(E(z,t)) — hyi(te)] < 1, x € [Xy, Tpy1), v E M (14)
for any ¢t € [tg,tx+1), kK € p, and 7 € S. Using (14), the
following lemma provides an LMI relaxation technique:
Lemma 4: Consider n X n matrices A,(z,t,t)
Dict 2t Di(€(@, 1) hoj(tk) Avijs @ € [T, Toq1), v €M,
t € [tk,tk+1), k € p. The matrix inequalities A, (x,¢,t;) < 0,
v € M are fulfilled for « € [x,, 2y11), v € M, t € [t,trt1),
k € g, if there exist matrices 0 > I'y;; € "%, 0 > Y5 €

L

)||3—L}1((0,L))7 t>0.
(13

nxXn . T
R, Qi = Dy €

REX" oy e M, i,j €S such that

%nxn’ and Qvi(j+r) = QT

v(j+r)i €

Ayij+Ayji Qi +Qyji, vEM, 3,5 €S

- Z(A:_zk + Avk:j)
k=1
< Qvi(jJrr) + Qv(jJrr)ia v e M7 1,7 € S

Yvé[Yvu lez},vej\/(
* Y,

15)

Ayij — 20445

(16)
a7

where Avij £ Fvij — Tvi]a A+ £ T

v,1j

vij + Yoyijs 1,5 €S,
Qvll Qvlr

A
Yv,ll =

, VEM,

erl er'r

Qvl(r-&-l) Qvl(Qr)
: : , vE M.

A
Y 12 =

Qm‘(r—&-l) Qv7‘(2r)

Proof: The proof of this lemma is easily done via Lemma
2 in [46] and thus omitted here. |
Remark 2: LMI relaxation techniques have been proposed
in [45] and [46] by making assumptions on fuzzy membership
functions to reduce the fuzzy control design conservativeness.
These assumptions to some extent restrict the application of
the control design in [45] and [46]. In this paper, an LMI
relaxation technique is developed in Lemma 4 by removing
these assumptions made in [45] and [46]. Lemma 4 is a
special case of the LMI relaxation technique in [46], where
the positive parameters ¢, ; are chosen as 1.

III. STATIC SAMPLED-DATA FUZZY CONTROL DESIGN

Let us consider a Lyapunov—Krasovskii functional candidate
of the following form for the system (9):

V(t) = Vl(t) + ‘/Q(t) + ‘/3<t)7 te [tkatk+1)a k € £2, (18)
where

L

V() = / V7 (2, )Py (. 1) dar, (19)
0
L

Va(t) = / ¥ (2, t)Pay, (2, t)d, 20)
0

L t
Valt) = Th / / (s — t + Tn)y (2, 5)Pay, (x, s)dsda,
’ @1

with 0 < Py € ™", 0 < Py, € R™*", and 0 < P3 €
R™*™ are Lyapunov matrices to be determined. Obviously,
the function V' (¢) given in (18) is continuous in time from
the right for y(z,t) satisfying the system (9) and absolutely
continuous for ¢ # ti, kK € . Along the jumps te, K €S
V (t) satisfies V(t) < V(t;) = limtﬁt V(t), k € & since
Va(ty) = limtﬁt; V3(t) > 0 and Vg(tk) = 0 after the jumps



because y(z,t)|,_, = y(z,tx). Moreover, V() satisfies the
following inequality for any t € [ty,tr11), k € p:

L
Py O 0,0y S V(1) < Amax(lﬁ)/o y' (@, t)y(z, t)d

L

Fhuas(P2) [ (o0 )
0

+ )\mdx PS)Th

/ /yG (z, )y (x, s)dsdz, (22)
tr
where p1 £ min{Auin(P1), Amin(P2)}. For t = 0, the
following inequality can be obtained from (22)
V(0) < p2llyoO)ll322 (0,2 (23)

where py £ max{Amax(P1), Amax (P2)}.

Note that the proposed Lyapunov-Krasovskii functional
candidate of the form (18)-(21) is different from that reported
in [3]- [6], [9]- [11], and [28]- [38] for the sampled-data
control design of the systems which are modeled by O/DDEs,
due to that the system (1) is spatiotemporal and includes the
term Oy, (z,t). Although the problem of sampled-data fuzzy
control design of nonlinear parabolic DPSs has been addressed
in [39] and [40], the proposed Lyapunov-Krasovskii functional
candidate is constructed based on the low-dimensional ODE
approximations obtained from the singular perturbation formu-
lation of Galerkin’s method. On the other hand, the Lyapunov-
Krasovskii functional candidate of the form (18)-(21) is also
different from the ones used in [20]- [22] for sampled-data
control design of semi-linear parabolic PDE systems, where
an exponential term exp(2a(s — t)) (« is a given positive
constant) is introduced in construction of Lyapunov-Krasovskii
functional candidates.

Theorem 1: Consider the SLPPDE system (1) and the T-
S fuzzy PDE model (4). For given constants L > 0, T}, >
0, an integer m > 0, and parameters Zo,_1, To,, U € M,
T, T3, ,Tm, if there exist matrices 0 < X; € =", 0 <
X, e R, 0 < X3 € R™*™ and vectors z,,; € R”, v € M,
j € S such that the following LMIs are fulfilled:

'y (I)lvij ¢2m'j ;g
b, 2 { .\ Doy, <0,veM,ijesS (24
where
[ 14, _ 2 T
Dy, & S R TR A ‘I’;+g1’z1’j ] ;
L * 744’17 1
By 2 [ -Xx1A] xA] —g77 ]
/ L —Zngf ZngyT 0 ’
I 7[@X2 + *} X2® 8,2 v%_
@3'01’]’ £ * TI%X3 -2Xy —8,% vj )
i * * Aw”Xs
in which
@1 é [®X1 + *]7
©p = max{(F2, — )%, (Tp41 — T20-1)>},

Ax, £ Ty+1 — Ty, UV E M, (25)

then there exists a static sampled-data fuzzy controller (6) such
that the resulting closed-loop system is exponentially stable in
the sense of || - ||, where the control gain parameters k.,,;,
v €M, j €S are given by

ki =zl X', veM, jeS. (26)

Proof: See the Appendix C. [ ]

By the Lyapunov-Krasovskii functional candidate (18) with
(19)-(21) and making use of integration by parts and Lem-
mas 1-3, Theorem 1 provides an LMI-based design of static
sampled-data fuzzy controller (6) exponentially stabilizing the
SLPPDE system (1) in the sense of || - ||. The corresponding
control gains k,;, v € M, ¢ € S are constructed as (26) from
feasible solutions to the LMIs (24), which are directly solved
by feasp solver in Matlab’s LMI Control Toolbox [47].

Based on Theorem 1 and Lemma 4, we will give a less
conservative LMI-based design for static sampled-data fuzzy
controller (6).

Theorem 2: For given constants L > 0, T}, > 0, an integer
m > 0, and parameters To,_1, Tay, U € M, To, 23, , Ty,
consider the SLPPDE system (1) and the T-S fuzzy PDE model
(4). If there exist matrices 0 < X7 € R"*", 0 < X5 € >,
0 < X3 € R™*™, vectors z,,; € R", and matrices 0 > IT,;; €
§R5n><5n’ 0 > ij c §R5n><5n, Evz] — 2 m5n><5n’

’UjZ

Si(i4r) = EZ(HW € RN v e M, i,j € S such that
the following LMIs hold:
Xoij + Xpji < Boij + Zoji, vEM, i,j €S (27)
o &+ o+
Pyij — 2Xypij — Z(X'uik + Xoks)
k=1
< z)vi(j+7") + Ev(jJrr)ia v e M7 1,j € S (28)
Uyi1 Upi2
<0, veM 29
[ * Uon1 (29)
where X’Uij £ HUZJ Nuzya X»U” - Hvij +N'uija q:.’uij (given
in Theorem 1), v € M, i,j € S,
21)11 Evlr
lel é : , U € Ma
z:'1)7'1 EUT’!'
E1)1(7”Jr1) 21)1(27”)
Uv12 = , VE M7
Evr(rJrl) 21}7’(27’)

then there exists a static sampled-data fuzzy controller (6) for
the SLPPDE system (1) guaranteeing exponential stability of
the resulting closed-loop system in the sense of || - ||, Where
the control gains k,;, v € M, j € S are given by (26).
Proof: The proof of this theorem is easily done with the
aid of Theorem 1 and Lemma 4 and thus omitted. ]
By Lemma 4, the exponential stabilization ability of static
sampled-data fuzzy controller (6) designed by Theorem 2 is
enhanced, which will be verified by Example 1 in Section IV.
Remark 3: The main results (i.e., Theorems 1 and 2) are also
applicable for the case of mixed Neumann-Dirichlet boundary
conditions y,(z,t)[,_, = y(L,t) = 0. This is because
both the inequality (11) (it requires y,(z,t)|,_, = 0 or



Y. (x,t)|,_;, = 0)in Lemma I and the vector-valued Agmon’s
inequality (it requires y(0,¢) = 0 or y(L,t) = 0) in Lemma 3
are employed in the development of these main results.

Remark 4: By Remark 1, the main results (i.e., Theorems 1
and 2) are also directly employed to solve static sampled-data
fuzzy control design for the SLPPDE system (1) in the sense
of || ||2- In this situation, these main results are also applicable
for the case of Neumann boundary conditions y,(z,t)|,_, =
¥, (x,t)|,_, = 0 due to that they can be derived in the absence
of the vector-valued Agmon’s inequality given in Lemma 3.

Remark 5: Although the main results (i.e., Theorems 1 and
2) only address the case of single input for each actuator’s
active area (see Eq. (2)), they are also revised for the case of
multi-input for this active area. On the other hand, by using
the technique of spatial differential linear matrix inequality
(SDLMI) reported in [41] and [42], the main results of this
paper can be revised to address the problem of sampled-
data fuzzy control design of the SLPPDE system (1) where
Jy(x,t)) is replaced by f(y(z,t),x).

Remark 6: In comparison to most recent results in [44]-
[46] for fuzzy control design of nonlinear DPSs whose control
input is continuous in time, one of the main differences of
this paper lies in that fuzzy control design is developed in
this paper for semi-linear parabolic PDE systems, where the
control input is sampled-data and discontinuous in time. Apart
from the sampled-data case, another main difference is that
by a variation of vector-valued Poincar-Wirtinger inequality
in 1D space (i.e., Lemma 2) and a vector-valued Agmon’s
inequality (i.e., Lemma 3), the suggested fuzzy control design
proposed in this paper is addressed in the sense of || - ||co»
which is stronger than the control design results in [44]- [46]
discussed in the sense of || - ||2 by Remark 1. Moreover,
the implementation of the proposed fuzzy controller of this
paper requires the sensors only active over some partial areas
of the spatial domain, while the sensors are required to be
distributed continuously over the entire spatial domain for the
implementation of the fuzzy controller proposed in [44] and
located at some specified points of the spatial domain for the
fuzzy controllers reported in [45] and [46].

IV. NUMERICAL SIMULATION

To illustrate the satisfactory and better performance of the
proposed design method, this section considers two semi-linear
parabolic PDE systems: the first one is a scalar one subject
to mixed Dirichlet-Neumann boundary conditions and the
second one is a multi-variable one subject to mixed Neumann-
Dirichlet boundary conditions.

Example 1: Consider a semi-linear parabolic PDE system:

{ ye (2, t) = Yo, ) + fy(2,t) +g" (x)u(t)
y(07t) = ym(x7t)‘x:1 = 07 y(xﬂo) = yO(I)a

where y(z,t) is state, u(t) £ [u1(t) uo(t)]T € R? is manip-
ulated control input, g(z) £ [g1(z) g2(z)]” is control influ-
ence function describing distribution of piecewise actuators.

Set J(y(2.0) = sy, ne) = { g 5 10
2 x2€]05,1)
g2(z) = {

(30)

0 otherwise »u(t) = 0 and yo(z) =

[l )l oo

0.7

0.5

(b)

Fig. 2: Open-loop numerical simulation results: (a) profile of
evolution of y(-,¢) and (b) trajectory of ||y(-,t)|lco

0.5sin(0.57z), = € [0, 1], Fig. 2 provides open-loop numerical
simulation results: profile of evolution of y(-,¢) and trajectory
of ||ly(-,t)|lo- It is obvious from Fig. 2 that the equilibrium
profile y(-,t) = 0 of the open-loop system of (30) is unstable
in the sense of || - || co-

According to Example 1 in [46], when y(z,t) € (—m, ),
x € [0, 1], the semi-linear system (30) is exactly represented
by the following T-S fuzzy PDE system of two rules:

Plant Rule 1:

IF y(x,t) is “about 07, THEN

{ Ye(2,t) = Yoo (7, 1) + ary(z, t) + g7 (z)u(t)
y(ovt) = yw(xat”m:l = Oa y(x,O) = Yo Qf)
Plant Rule 2:
IF y(z,t) is “about —7 or 7”7, THEN
{ Y (2, 1) = Yoo (2, 1) + agy(x, t) + g" (x)u(t)
y(ovt) = yaf(xat”m:l = Oa y(x,O) = yo(J?)

where a; = 3 and as = 3w. The overall fuzzy PDE system
is written as

Yi(7,t) = Yua(z,1)

+ 30 hily (. t)agy(x,t) + g7 (x)u(t)  (B1)
y(0,t) = yu(x,t)|,—; =0, y(z,0) = yo(x),
where
sin(y(z,t)) —wy(z,t)
_ ] T e @) #0
hg(y(l',t)) =1- hl(y(xvt))v (32)

with @ £ 0.01/7.

Set &1 = 0.2, & = 0.3, 23 = 0.7, and T, = 0.8, we
thus have ¢; = ¢o = 0.09. Let T), = 0.1360, ® = 1,
g1 =18, =2 and A; = a;, i € {1,2}. By Theorem 2,
solving the LMIs (27)-(29) by feasp solver [47] and using
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Fig. 3: Closed-loop numerical simulation results: (a) profile
of evolution of y(z,t), (b) trajectory of ||y(-,t)|l0, and (c)
trajectory of sampled-data fuzzy control input w(t)

(26), we obtain control parameters k,;, v € {1,2}, i € {1,2}
as ki1 = —3.4965, k1o = —3.4935, koy = —1.7482, and
koo = —1.7467. Applying the sampled-data fuzzy controller
(6) with the aforementioned control parameters to the system
(30), the resulting closed-loop numerical simulation results:
profile of evolution of y(z,t), trajectory of ||y(-,)|/cc, and
the corresponding trajectory of the sampled-data fuzzy control
input u(t) are shown in Fig. 3. What is apparent from Fig. 3 is
that the suggested sampled-data fuzzy controller (6) stabilizes
the system (30) in the sense of || - ||oo. On the other hand,
by Theorem 1, when 7} = 0.1360, it has been verified
that the LMIs (24) are infeasible. Setting 7, = 0.03654,
solving the LMIs (24) and using (26), we can get the control
parameters k,;, v € {1,2}, i € {1,2} as ky; = —3.2784 and
ko; = —1.6392, i € {1,2}. In this situation, the sampled-data
fuzzy controller (6) will be reduced to a linear one. Obviously,
the exponential stabilization ability of the sampled-data fuzzy
controller (6) designed by Theorem 2 is significantly enhanced
by Lemma 4 for this example.

Next, we will provide a comparison study for the system
(30) between the sampled-data fuzzy controller (6) and a
sampled-data fuzzy modal-feedback controller from [39] and
[40]. By following the main idea of the control design in [39]
and [40], we construct a sampled-data fuzzy modal-feedback

0.39

Sampled-data fuzzy controller (6
= = = Sampled-data fuzzy controller (3:

0.261

IlyC. )l

0.131

0 0.3 0.6 0.9

0

Fig. 4: Closed-loop trajectory of ||y(-,t)||2 using sampled-data
fuzzy controllers (6) and (33)

controller as follows:

2
uv(t) = Z hi(xs(tk))kvixs(tk);
=1
ve{l,2}, t€ [t ter1), k€S, (33)

where v(z) = V2sin(0.57z), z4(t) = fol v(z)y(x,t)de,
kll = —5.1, klg = —5.2, k21 = —2.4, k22 = —2.3, and

wars ()= f(zs() (t) £0
hi(zs(t)) = (w2 —w1)z: (1) s
o zs(t) =0

ha(xs(t)) =1 = ha(xs(1)),

with  f(zs(t)) = [ v(x) sin(z(t)v(x))d
df (z4(t)) = fol v2(x) cos(zs(t)v(z))de,
minxs(t)e[f(].él,lﬂ]{df(xs(t>)}’ and w2

max,, (1)e[—o.4,1.2) {df (x5(t))}.

Applying the sampled-data fuzzy modal-feedback controller
(33) to the system (30), the closed-loop trajectory of ||y(-,)]|2
is shown in Fig. 4. According to Remark 4, the sampled-data
fuzzy controller (6) can also exponentially stabilize the system
(30) in the sense of ||y(+,t)||2. The closed-loop trajectory of
[ly(-,t)||2 is also given in Fig. 4 for the system (30) driven by
the sampled-data fuzzy controller (6). It is clear from Fig. 4
that in comparison to the sampled-data fuzzy modal-feedback
controller from [39] and [40], the suggested sampled-data
fuzzy controller (6) provides a better control performance.

> (> &

To further illustrate the improvement of Lemma 4, we
provide a numerical comparison among Lemma 2 in [45],
Lemma 2 in [46] and Lemma 4. It is easily observed from
the fuzzy membership functions h(y(z,t)) and ha(y(z,t))
defined in (32) that Lemma 2 in [45] cannot be utilized to
reduce the conservativeness of the fuzzy control design due
to that he(y(x,t)) = 0 when y(x,t) = 0. By Theorem 1 and
Lemma 2 in [46] with g, ; = 1.2, v,7 € {1,2}, it has been
verified that the corresponding LMI conditions are infeasible
for T), = 0.1360. That is, the improvement of Lemma 4
is better than that of Lemma 2 in [46] with ¢,; = 1.2,
v,i € {1,2}.

Example 2: Consider piecewise sampled-data control of
multi-variable parabolic PDE systems with piecewise control
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Fig. 5: Open-loop numerical simulation results: (a) profiles
of evolution of yi(-,t) and ya(-,t), and (b) trajectories of
[92(5 8)lloc and [ly2(-;)loo

inputs and mixed Neumann-Dirichlet boundary conditions

Z/l,t(x, t) = yl,xaf(‘rv t) + 3y1(.13, t)

_yQ(CCa t) - y%(z7 t) +gT(I)u(t)a
Y2.4(2,t) = Yo 20 (2, t) + 0.45y1 (2, t) — 0.1y (2, )
Yie (2, t)] g = y:(1,t) =0, i € {1,2}
yZ(x70) = yi,0($)7 1€ {172}

(34)
where y;(x,t), i € {1,2} are state variables, u(t) =
[up(t) u2(t)]’ € N2 is manipulated input, g(z)
[g1(z) ga2(x)]T is influence function describing distribution

of piecewise actuators, where g;(z) = é xotehe[?\’x/(l)s?
2 z€]05,1)

0 otherwise vio(), © € {1,2} are
initial conditions. The PDE in the system (34) is a FitzHugh-
Nagumo (FHN) equation that is widely applied to model
wavy behavior in excitable media in biology [49] and chem-
istry [50], where the state variables y;(x,t), i € {1,2}
are usually termed as the concentrations of “activator” and
“inhibitor”, respectively. The initial conditions in (34) are
assumed to be y10(xz) = 0.4cos(0.57z) and yao(z) =
0.2 cos(0.57mx) sin(mz). Fig. 5 shows open-loop profiles of
evolution of y;(x,t) and y2(z,t), and open-loop trajectories
of |y1(yt)||e and |ly2(-,t)||cc- It is easily seen from Fig. 5
that operating steady profiles y;(-,t) = 0, ¢ € {1,2} of the
system (34) are unstable in the sense of || - ||oo-

Lety(z,t) = [y1(z,t) 22, 0)]". gy =[1 0]", andg, =
[2 0]T, the system (34) is rewritten as the form (1), where
O=I,m=22,=0,2,=0.5, 23 =1, and

3yi(z,t) — ya(z,t) — yi (2, 1)
@) = | i) — 019a(a )

1> 11

and ga(z) =

It is clear from Fig. 5 that y1(-,¢t) € [—0.6,0.6], ¢ > 0. The
operating domain & is chosen as & = [—1.2,1.2]. By the
T-S fuzzy PDE modeling approach in Section IV [41], when
y1(-,t) € G, the system (34) can be exactly represented by
the following T-S fuzzy PDE system of two rules:

Plant Rule 1:

IF &(z,t) is “Big”, THEN

{ yi(2,1) = Oy, (z,t) + Ary(z,t) + G(z)u(t)
ym(x, t)|m:0 :y(17 t) =0, y(w, 0) :J’o(x)
Plant Rule 2:

IF 5(1‘,25) is “Small”’, THEN

{ yi(@,t) = Oy, (z,t) + Agy(x,t) + G(z)u(t)
Yo (@, t)] o = ¥(1,1) =0, y(z,0) = y,(z)

where {(z,t) = i (x,1),

A1:[3—q9 -1

3 -1
045 —0.1 ] and Az = [ 0.45 —0.1 }

with ¥ £ max,, (. yee ¥i(-,t) = 1.44. The overall fuzzy

model is written as follows:

yt(mvt) = G)ngc(z7t)
+ Z?:l hz(é(xv t))Aiy(ma t) + G(:v)u(t)
y1($7t)|x:() :y(lat) =0, y(m,O) :y(]($)7

where the fuzzy membership functions hq(¢(x,t)) and
ho(&(z,t)) are chosen as

hi(€(z, 1) = 97'E(x,t) and ho(E(x,t)) =1 — hi((x,1)).

For more details, please refer to [41].

Set 1 = 0.2, 2o = 0.3, 23 = 0.7, and 7, = 0.8, we
thus have ¢; = ¢ = 0.09. Let T}, = 0.14. By solving LMIs
(27)-(29) and using (26), the control gain parameters kgi, v E
{1,2}, i € {1,2} are given as:

kI, 1 [ —3.4059 0.2105

KL ]| -1.7029 0.1053 |
and

kL, 1 [ —3.4073 0.2104

kL, |~ | —1.7036 0.1052 |

By applying the suggested sampled-data fuzzy controller
(6) with above control gain parameters, closed-loop numer-
ical simulation results: profiles of evolution of y;(x,t) and
ya(z, t), trajectories of ||y1(-,t)||co and ||y2(-,?)||o0, and tra-
jectory of sampled-data fuzzy control input u(t) are shown
in Fig. 6. What is apparent from Fig. 6 is that the suggested
sampled-data fuzzy controller (6) can stabilize the system (34)
in the sense of || - || co-

V. CONCLUSIONS

This paper has proposed an LMlI-based static sampled-
data fuzzy local state feedback control design for a class of
SLPPDE systems in the sense of || || In the proposed design
development, three types of spatial integral inequalities are
utilized, i.e., vector-valued Wirtinger’s inequalities, a variation
of vector-valued Poincaré—Wirtinger inequality in 1D spatial
domain, and a vector-valued Agmon’s inequality, respectively.
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Fig. 6: Closed-loop numerical simulation results: (a) pro-
files of evolution of y(x,t) and ys(x,t), (b) trajectories of
ly1 (-, t)]|oo and ||y2(-,t)|lco, (c) trajectory of sampled-data
fuzzy control input u(t)

It has been shown by constructing an appropriate Lyapunov—
Krasovskii functional candidate and utilizing integration by
parts and these three integral inequalities that the suggested
sampled-data fuzzy controller exponentially stabilizes the PDE
system in the sense of || - ||, if the LMI-based sufficient
conditions are satisfied. Moreover, the exponential stabiliza-
tion ability of the suggested sampled-data fuzzy controller
is enhanced by proposing an LMI relaxation technique. Fi-
nally, the satisfactory and better performance of the suggested
sampled-data fuzzy controller are demonstrated by numerical
simulation results of two examples.

Note that main results of this paper are developed by Lemma
2. To utilize this lemma, we assume 0 < ® € R™*" in the
SLPPDE system (1) such that the inequality [P;©®+] > 0 (see
Eq. (49)) is fulfilled for any P; > 0. Indeed, this assumption
limits the scope of the application of the main results. In the
further study, we will study the problem of sampled-data fuzzy
control design for the SLPPDE system (1) with any general
matrix ®@ € R"*"™,
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APPENDIX A
PROOF OF LEMMA 2

Proof: In the light of the eigendecomposition for the
matrix § > 0, we get

S = UAU", (35)

where U is an orthogonal matrix and 0 < A £
diag{\1, A2, -+, A} whose entries are eigenvalues of S. By
using (35) and setting

Z(x,t) 2 UTy(x,t) and 7, (t) £ UTy,(t), (36)

where Z(z,t)
z(t) = [za(?)

21 (2, 1)
Z12(t)

Zo(x,t) Zp(z,t)]T and

Za(8)]T, with

l2
() = — /Zi(x,t)dx,ie{l,Q,...’n}. a7

A

By first mean value theorem for definite integrals [51], for
any y(-,t) € HL((0,L)) @(-.t) € HL((0,L)), obviously),
there exists scalars I; ; € [l1,02], ¢ € {1,2,--- ,n} such that

Iy B
/ 21($7t)d$ = (ZQ — ll)gi(li’t,t% 1€ {172, v ,n} (38)
1

where Z;(l; ¢, t) is called mean value of Z;(x,t) on [l1,l2]. The
scalars l_i,t’ 1€ {1,2,--- n} such that the Eq. (38) is fulfilled
are not unique and their accurate value is unknown in general.
From (36)-(38), we get

L
/0 3, t) -3, () TSz, 1) — y, (1)) dx
L
_ /O (1) — 20(1)TAG (1) — 2(1)da

n L
=> | NGi(a,t) = Zi(lig, 1) dz,  (39)
i=1"0

For each i € {1,2,---,n}, by applying extended scalar
Wirtinger’s inequality [48] and considering I;; € [l1,[2], the
following inequality is easily derived

L —
/ (i, )2, 1)) 2d
0

dmax{l?, (L —1;,)?} (&
< {t5e i) }/ sz(x,t)dx
0

< —
L
_de [t

<= zZ: o (z, t)dx. (40)
™ Jo '



It is deduced from (36), (40) and X\; > 0, ¢ € {1,2,---
that

4 L
=290 7 )8y, (2,

=3 @1)

The inequality (12) is directly derived from (39) and (41). &

APPENDIX B
PROOF OF LEMMA 3

Proof: Using integration by parts and considering
¥(0,t) = 0, we have for any ¢ > 0

/0 V(6 (s, s = y7 (z, )y (e 1)

- / Yoy, ds. (42)
0

In the light of Cauchy—Schwarz inequality, the expression (42)
is rewritten as for any « € [0, L] and ¢ > 0

y' (z, t)y(x,t) =2 / xyT(@t)yg(@t)ck

0
< ¢ ||y<<,t>||2d<\/ / (s, £)|12ds
0 0

< G Oll2ly. ()2 43)

As it is fulfilled for any = € [0, L], the inequality (43) is fur-
ther written as max,¢o.z) [v(z,t)||> < 2|y (-, ¢)[|2]y, (-, O)]l2,
t > 0, which implies the first inequality in (13) for the case of
¥(0,t) = 0. By using the triangle inequality and considering
the definition of |-zt (o,z))» we have 2y (-, ) ally, ()2 <
Hy(~,t)||§_[1((0_L)), t > 0, which is the second inequality in
(13). Theninéquality (13) is easily derived for the case of
y(L,t) =0 in a similar manner. [ |

APPENDIX C
PROOF OF THEOREM 1

Proof: Assume that the LMIs (24) are fulfilled for matri-
ces 0 < X; e R, 0< Xy € R, 0 < X3 € R™*™ and
vectors z,; € RN", v € M, j € S. By applying integration by
parts and considering the boundary conditions in (1), we get
for any Py, P> and ©

L L
/ y'(x,t)P1®y, (z,t)dx = 7/ yE(x,t)P, @y, (x,t)dx,

0 0
(44)

L L
| AP s =~ [ 5L (@ 0Py o, t)d
0 0
(45)

Define

1 T2y
j’v('rat) éy('rat) - Afi’v /i

2v—1

T2y t
¥, (t,tr) é/ / yo(x,8)dsdz, ve M, ke p, (47)
Toy—1 Jtg

y(z, t)de, ve M, (46)

where AZ,, v € M are defined by (7). Using (44) and (47),
the time derivative of V1 (¢) in (19) along the solution to the
system (9), we get for any t € [ty,tx11), kK € p

. L
Vi(t) = / Y (2, 0)[P1© + <y, (x, )de

L T
+ [ et T @ 0P+ D s

=1
m Toy41
+23° / y' (z,t)Pg,dx
v=1"%v
r k;{] T2y
X Zhvj(tk)Aﬂfy /j y(z,t)dx
j=1 20—1
m Ty+1
-2 Z/ y' (z,t)P1g, dx
v=1"Tv
T kT»
Pj (t) =7, (t, tr). 48
X; J(k)Ajva( k) (48)
It can be obtained from P; > 0 and ® > 0 that
U2 [PO+x]>0. (49)

By using the inequality (12) in Lemma 2 and considering (49)
and [Zoy—1,T2y] C [Ty, Ty41], We get for any v € M,

Ty41
- / Y (. t) By, (2, t)de
71_2
<

Toy41
- / yf(l‘7t)‘1’yv($,t)dl‘, (50)
4801} Ty

where ¢,, v € M are defined by (25). Substituting (50) into
(48) and considering |J!"_, [y, zy41] = [0, L], we get

T T

AUED S I $) SR 0

Ty i=1j=1

X o (2, )W 1059, (x,t)dx

T

. kv' —
X Z hvj (tk)ﬁyv(tv tk)’
=1 !

(S

(Az) ™ [

ZT2v—1

where y, (z,t) = [y”(z,t) y7(z,t)dz]T and

2 2 T
[P1Ai + *] - E‘I’ m‘I’ +2P1gvk7jj

T 4,
veM, ijeS.

ST A
Wi =
*




Similarly, using (45), (47), and ], [zy, 20+1] = [0, L],
for ¢ € [tg,tr+1), k € @, the time derivative of Va(¢) defined
in (20) along the solution to the system (9) is given as follows:

) L
Va(t) = / YT (2 [P2® + . (2, )

_2/ Zh €@ T (2, ) PrAy (x, t)dz

m Toyt1
2y / T, (. )P, d
v=1" v
r kgj Tay
th,,j(tk) Ar ) y(x,t)dx
j=1 20—1
m Tyt1
+ 22/ Vo (@, t)Pag dx
v=1"7Tv
kT
X Zhw t) 3a Uy (t, ). (52)
j=1

Based on the Jensen’s inequality [52], we get for any ¢ €
(tkathrl), P; >0and x € [O7 L]

t
- / VT (. 8)Pay. (2, 5)ds

ty

t t
< fTh_l/ yZ(x,s)dng/ ys(z,s)ds. (53)

tr tr
When t = ¢, the inequality (53) is also fulfilled obviously
due to that for any z € [0, L],

lim

1 t
Bl — / vyl (x, 5)dsPs /tk S(x,8)ds

¢
yl(x,5)dsPsy,(z,t) = 0.

=2 lim
t—ty th
Utilizing )", (24, 2v+1] = [0, L] and (53), for t € [tg, tg41),
k € g, the time derivative of V3(t) defined in (21) is obtained
as follows

m Topt1

)< TﬁZ/
Ty+1
fz / / y7 (z, 5)dsPs / (z,5)dsdz. (54)

v=1

(z,t)P3y,(x,t)dx

With the help of the Jensen’s inequality again and
Uit [F20-1,T20) C [0,L] = Ui [@vs Tot1], we know for
any v € M and t € [tg,tr11), K Ep

Ty41 t t
_/ /ysT(x,s)dsP3/ yi(x, s)dsdz
Ty ty tr
<

_(A@;)*ly;—’;(t,tk)P&yU(t’tk). (55)
Substitution of (55) into (54), we rewrite (54) as
) < T} Z/ v (2, t)Psy,(z, t)dx
vob )
B UZ:; m /$ Vo (& te)Pay, (t, tr)dz,  (56)

v

where Az,, v € M are defined by (25).
On the other hand, by considering | ", [y, Zy41] =
from (9) and (47), it is clearly seen for any ¢ > 0 that

[0, L],

0= QZ /Iu+1y3(x7t)P1®yI$(x,t)dx
S hilg(@. )] (@, OP1AY (x, t)da

ytT(x, t)P1g, dx
T T

kv' T2y
x Zhvj(tk)Aj]v/i

2v—1

y(z,t)dx

T

" k
v (@, P1g,dxy  h(t)

Az, ¥, (k)

v=1 j=1

yi(x,t)P1y,(z, t)dz. (57)
By using (51), (52), (56), and (57), for t € [tg,tr+1), k € p,
the time derivative of V(¢) defined in (18) along the solution
to the system (9) is given as follows:

) < z / S el 0

i=1 j=1
XCU(I75

k) UijCU(xvt;tk)dx7 (58)

where

_ T

Gt 2 [T Gt) SLGot) St P

\ilvij £ [ lp}kmj gzmj ] , VEM, 1,7 €S
3vij
in which
‘i’g B é |: 7AZTP2 A?Pl 7P1g'uk{j :|
v —kyigl Py kyigl Py 0 ’
_ _[P2® + *] G')Pl P2gv v%
‘I’3vij £ * T}?PS — 2P Plg’ukU]
* * A Pg
Let

X1 :P;l, X, =Pyt X3 =P;'PsP!

le,ueM jeS. (59
By pre- and post-multiplying the LMIs (24) with a block-
diagonal matrix P £ diag{P;,P;,Ps,P;, P}, respectively,
and using (59), we obtain

W, <0, veEM, ijeES. (60)
One can find an appropriate scalar p > 0 such that
Wi +pl <0, vEM, ij€ES. (61)



Substituting (61) into (58) and considering (5) and (8), we
obtain for ¢ € [tg,tp+1), k € o

L
V() < —p /0 VT (2, )y (x, t)da

L
—p / VL () e (2, )z — /
0 0

L
yi (@, )y, (x, t)dz.
(62)

By applying the inequality (11) in Lemma 1 and considering
Y. (x,t)|,_, =0, we get for any ¢ > 0

L 412 (L
| Aty ande < 25 [ 5h ey o,
0 0 63)
By following proofs of Theorem 3 in [48] and Theorem 1
in [53], it is easily shown from the inequalities (62) and (63)
that for any ¢y > O there exists a constant £ > 0 such that

V(ty) < V(0)exp(—rty). (64)

By (22) and (23), the inequality (64) is written as

|‘J’('7tf)||3-¢31((o,L)) < P2P1_1||y0(')||3,¢31((o}L))eXp(_“tf)-
Based on Lemma 3, we further get |y(:,¢f)|lcc <

P2P171||J’0(')HH711((07L)) exp(—0.5xt ). Hence, we conclude
from the above inequality and Definition 2 that the system (9)
is exponentially stable in the sense of || - ||. Consider D C &
and the equivalence between the SLPPDE in (1) and the fuzzy
PDE (4) in the operating domain &, the suggested sampled-
data fuzzy controller (6) can locally exponentially stabilize the
system (1) in the sense of || - ||oo. From (59), we obtain (26).

|
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