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Recently Ashtekar found a new canonical formalism of general relativity in which the constraints
and the dynamical equations are all written formally as polynomials of canonical variables. In this
paper we apply his formalism to the Bianchi cosmology and write down the constraints and the
dynamical equations explicitly in terms of Ashtekar-type canonical variables which depend only on
time. In particular we prove that for the vacuum Bianchi IX model the gauge freedom is decoupled
from the dynamics and the canonical variables reduce to three diagonal components of the metric and
their Ashtekar-type conjugate momentum, preserving the polynomial nature of the equations.
Further we discuss the quantization of this model and show that the quantized hamiltonian constraint
takes a quite simple and beautiful form. To illustrate the tractability of this equation, we present
an explicit non-frivial solution to it.

§1. Introduction

Recently Ashtekar proposed a new canonical formalism of general relativity."”?

In his formalism the constraint equations and the dynamical equations become
polynomials when they are expressed in terms of the new complex canonical vari-
. ables, the Ashtekar variables. Hence the severe nonlinearity, which has been thought

to be an inevitable nature of general relativity and has bothered us so far, disappears.

In spite of this fascinating aspect, Ashtekar’s formalism has various problems yet
to be solved. First the role of the newly introduced gauge freedom which corre-
sponds to rotation of triad is not clear. Second the complex nature of the canonical
variables brings about new problems when one tries to quantize the theory, such as
the structure of state space, interpretation and the correspondence with the Wheeler-

-DeWitt theory based on the conventional ADM formalism. In order to solve these
problems and also to check the power of the formalism, it is desirable to see how the
Ashtekar formalism works in simple systems.

From this point of view, in the present paper, we examine how the canonical
dynamics of spatially homogeneous spacetime is described in terms of the Ashtekar
variables. In particular, as an application we study the vacuum Bianchi IX model in
detail. We show that in this model the gauge freedom is decoupled from the
dynamics and the canonical variables reduce to the three diagonal components of the
spatial metric and their Ashtekar-type conjugate momentum, preserving the

- polynomial nature of the equations. This implies that there is a direct correspond-
ence between the Ashtekar formalism and the ADM formalism in this case. Further
we show that when the theory is quantized it leads to an equation for the wavefunc-
tion which is much more tractable than the Wheeler-DeWitt equation in the conven-
tional ADM formalism. In order to illustrate the tractability of the equation, we give
an example of non-trivial exact solutions, though it is unphysical. The relation
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Specialization of Ashtekar’s Formalism to Bianchi Cosmology 1025

between wavefunctions in the Ashtekar formalism and those in the ADM formalism
is also discussed.

The organization of the rest of the paper is as follows. First in § 2 we briefly
summarize the fundamental definitions and equations of the Ashtekar formalism
partly because the notations used in the present paper are different from those
adopted by Ashtekar’s original paper. Then in § 3 we specialize the formalism to
Bianchi models. The main job is to reduce the formalism to a canonical theory of
finite degrees of freedom by separating space-coordinate dependence from the general
Ashtekar variables. In § 4 the reduced formalism is applied to the vacuum Bianchi

IX model and the decoupling of the gauge freedom and the off-diagonal components

of the metric are proved by examining the canonical structure of the reduced theory.
Finally in §5 quantization of the vacuum Bianchi IX model is briefly discussed.
Section 6 is devoted to conclus1on Throughout the paper the units c=167G=%=1
are used. '

§2. Summary of Ashtekar’s formalism

In this section we briefly summarize Ashtekar’s formalism to fix the notations
used in this paper some of which are slightly different from Ashtekar’s.”?

There are two approaches to reach the Ashtekar formalism. One is to start from
the ADM formalism and extend it."””? The other is to start directly from the action
principle.¥”® We adopt the former approach in this paper.

On the basis of the (3+1)-decomposition of the spacetime metric

ds*=—N>dt*+ q(N'dt + dx*)(N’dt + dx’) (2-1)

the ADM formalism takes, as the fundamental variables, ¢; and its conJugate
momentum p” defined by

p7:=Val(¢"K—K¥),
1 .
K wa(DiM+DJM_ di), (2-2)

where |¢| denotes the determinant of ¢, D: the covariant derivative defined by ¢:; and
the latin indices , j, **- running from 1 through 3 are raised and lowered by ¢“ and g4,
respectively.

In order to reach the Ashtekar formalism starting from the ADM formalism, one

must pass through two steps. The first step is to extend the fundamental variables g;

and p¥ to the triad e.’ or the soldering form ¢’ and its conjugate momentum M;. The
second step is the introduction of new variables which are complex combinations of
o' and M i )

_Triad is introduced as a square root decomposition of the spatial metric ¢;;. To
be precise, letting {e.}={(e.")} be a triad on a three-dimensional ¢#=const hypersurface
M? and {0} ={(v%)} be its dual 1-form

eaa)j._‘a_;z:, ea(l) z.:é‘a, . . (2.3)
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1026 : H. Kodama
g and ¥ are expressed as
gi=0%0%, q =edled . (2-4)

In the present paper a, b, ¢, *- represent the internal indices of the tangent vector

space to a ¢=const hypersurface and 7, /, &, :-- the spatial coordinate indices both of

which run from 1 through 3.
In terms of the triad and a set of matrices satisfying the conditions

0.'=0a,

[0a, ab]=f 1€abcOc |

Ta0s+ 6s0a= Sas , (2-5)
the soldering form is defined as

oi=w%0., 0'=edds. : (2+6)

Here note that the hermitian conjugation T in this paper is defined to take the ordinary
hermitian conjugation of matrices, unlike the definition adopted in Ashtekar’s paper.?
The metric tensor is represented in terms of the soldering form as

q;=Tr(o:0;), g?=Tr(o'¢’). ' 27

Decomposing the metric g; into triad introduces three additional freedoms into
the theory. For a given ¢ any triad e, is always related to a fixed triad &, by a
rotation in the tangent vector space e.= Oa &5, where O=(0ys) is a three-dimensional
orthogonal matrix. On the other hand, there is a three-dimensional freedom in the
choice of a set of matrices satisfying the conditions (2-5). Any set of matrices
satisfying these conditions is related to the Pauli matrix or. with some appropriate
three-dimensional orthogonal matrix 0" as 6.=(1/v2)0rs0%.. When the triad and the
sigma matrix are combined to form the soldering form, O and O always go in the
combination O’0. Thus the s'oldering form is expressed in terms of ¢g; and a three-
dimensional orthogonal matrix. In order to parametrize the latter gauge freedom,
one can use either the freedom of the triad or the freedom of the sigma matrix. The

latter approach will be used in the following section. Equatlons in the rest of this

section hold for either approach.
The first step is completed by defining the momentum variable M; conjugate to ¢°

as

M :=/lql[T;~ o Tr(IT,0")], , . (2-8)
1I; ::%I( di;Di]\fjdj+eab;m“be°i) s : . (29)

where - denotes the time derivative and m? is an arbitrary function representing the
gauge freedom parameter. The momentum p* conjugate to g in the ADM-
formalism is expressed in terms of M; as

p"=Tr MY%". (2-10)
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Specialization of Ashtekar’s Formalism to Bianchi Cosmology 1027

Now we proceed to the second step. The soldering form defines an isometric
correspondence between vector fields and mixed spinor fields. Through this corre-
spondence the metric connection induces an SU(2) spinor connection. In terms of an
appropriate 1-form I;=(I""s) taking value in the anti-hermitian matrices of rank 2,
the corresponding covariant derivative of a mixed spinor field V'=(V"5) is expressed
in the matrix notation as

DV=a,V+[I, V]. o (21D)
I'; is determined by the condition ,

D;0:=0 (2-12)
to be

=t ot Tr@0w 0w, 0], 1)

where w%: is the connection form defined by

Dieazebwbaz‘ . . (2'14)
The connection form is expressed in terms of the triad as

(l)abi: (I)abca)ci s a)abczfabc_fbac_fcab y (2' 15)
where

dco“=f"bcwb/\wc , % #%(aia)“j— ajwai)ebiecj . (2'16)

Now Ashtekar’s canonical variables are defined in terms of ¢°, I'; and II; as
5 :=+lqlo*=lwle’soa,

Ji:=ni%ni, (2-17)

where |w|=det(®®). The Poisson brackets of §° and JA; are given by

{6%(x), 37/ (w)}={Ax), A{»)}=0,

{Tr( @) %), 1o (0) %8 ) | = F 5 b6, ). (2-18)
A;-defines an SL(2, .C) spinor connectibn. on M? by |
D=0+ A, _ (2-19)
and the corresponding curvature form &,
T =D, D;]=0:A;— 05 i+ [As, A . (2-20)

In terms of the Ashtekar variables the constraint equations are expressed as
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1028 - H. Kodawma

Gauge constraint

C f0a:=9:5'=8,5'+[ M, 520, ' (2-21)
Momentum constraint

CHM=F2/2Tr &' F s=lg[n* T, , - (222)
Hamilfonian constraint

Nal C":=2Tr5'6'F y=~laln"n* T, (2-23)

where T is the energy-momentum tensor of matter and #* is the normal vector to the
t=const spacelike hypersurfaces, which is expressed in terms of N and N? as

()=, — ]X/) | ‘ (2-24)

The total hamiltonian is expressed in terms of these constraints as
J[=/d3x[NCH+N"CiM+n7L“CaG] , (2-25)

where N and N’ are the lapse function and the shift vector in the (3+1)-decomposition
of the spactime metric (2-1), and 7% is an arbitrary function representing the gauge
freedom. Comparing the expression for 6: derived from the canonical equatlon G°
={4, '} and the definition of II; in terms of 6:, Eq. (2-9), one ﬁnds that #“
expressed in terms of m? as

W= F2im*—2e4"9N —2N*Tr(Il:0a) . » (2-26)

§3. Specialization to spatially homogeneous spacetime

The metric of spatially homogeneous spacetime is expressed asy
ds*=—N?dt*+ e*(e*)s(N°dt + x*)(N°dt + x°) . (3-1)

where N, N? a and the symmetric traceless matrix B.» depend only on time £, and x*¢
=yx%dx’ are the time-independent invariant 1-forms with respect to the spatial
symmetry group.” These invariant 1-forms satisfy

a’x“=%C“wx”/\x° , (3-2)

where C% is the structure constant of the spatial symmetry group. . The correspond-
ing time-independent invariant basis Xs= X,’0; which is dual to the invariant 1-forms
satisfies ;

[Xa, Xo]=—XoCl . | o (3-3)
The structure of the metric (3+1) defines the following natural triad and its dual basis,

= (e wXs, ‘ (3+4)
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Specialization of Ashtekar’s Formalism fo Bianchi Cosmology - 1029

0 =e"(eMat” . (3-5)

We do not allow the additional rotational freedom of the triad and parametrize
the gauge freedom by the freedom in the choice of the sigma matrices. Then in the
spatially homogeneous system the dynamical variables are N, N, @, Bs, and the
orthogonal matrix O which relates o, to (1/v2)0e. by

O‘az%dpbOba . (3-6)

Among them the variables other than O depend only on time. One will expect that
one can also restrict O to the one dependent only on time. In fact we will show later
that this expectation is true. However, since it is not obvious at the beginning
whether this restriction can be achieved without loss of generality, we will keep the
space-coordinate dependence of O as general as possible for a while.

The goal of this section is to decompose the Ashtekar variables into the non-
dynamical space-coordinate dependent part and the dynamical space-coordinate in-
dependent part, and to express the constraints in terms of the latter part. We only
consider the vacuum case. The first job is achieved by expressing the Ashtekar
variables in terms of the variables listed above and their derivatives.

For the above triad the exterior derlvatlve of w® is easily calculated with the aid

of Eq. (3-2) to yield
fabc:%e_a(eﬂ)tmcpqr(e_'g)qb(e_ﬁ)rc . : (3'7)
Hence the connection form is expressed as

=: Q%cx",

D% 2%[(9'9)@61’46(9_/9)% - (eﬁ)bpcqu(e_ﬁ)qa - (ezﬁ)cpcpqr(e'_ﬂ)qa(e-ﬁ) Tb] .

(3-8)
Inserting this expression into Eq. (2-13), I} is expressed as
Ii=fy (Ot War)i*i2, 59
where
1 » ‘
Das .—76?1?:1@ qb (3'10)
- Was :=%€achbj(aj0pc)Opd . _ ‘ (3'11)

Here Was represents the space-coordinate dependence of the gauge freedom 0. We
will later show that it can be put zero without loss of generality as is expected from
the spatial homogeneity of the system.

Next let us calculate II;. From the definition of connection form (2-14) and
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1030 H. Kodama

* Eq. (3+4), the covariant derivative of the invariant basis is expressed in terms of the

connection form w“: as _
D. X7 =X (e ") caw?s:i(€")sa . (3-12)

Hence by noting that D.x%=—x%(D:X:*)x% and D,~M=D,~(Nax“j)=NaDix“j, II; is
expressed as

Hi—_-‘}\—/-[daac+Bac+ Vac+Nac]ea(eﬂ)cbXbi0-a , (3°13)
where ‘

Bas ::(eﬂ)ac(e_ﬂ)cb y . (3' 14)

Vab = Ocach y ' (3 ‘ 15)

Nav ::Np(eﬂ)an)qar(e_B)rb + mpepabi . - ' (3 ° 16)

We assume that the gauge parameter m” is independent of the space coordinates.
Substituting Eqs. (3:4), (3-5), (3:9) and (3-13) into Egs. (2-17), one finds the
following expressions for the Ashtekar variables:

6i=2ab‘X|Xbida y

Hi=—75 Aas + iWas 105, | | (3-17)
where .

=2 , . (3-18)

A= iLN( G¢8act Bact Vac +Nac)ea(eﬂ)cb 4+ 1D . (3 ° 19)

Now we can rewrite the constraint equations in terms of variables which depend
only on times. First to rewrite the gauge constraint (2:21), we must calculate 9:6°.
The derivative of the determinant of x% is given by

3i|X|:Xaj3ixaj »

and due to the duality the differential of X, is expressed in terms of the differential
of x% as '

dXd=—XiXo'dx® .
Hence
|21 Xo)=!xl[ 0% — dix %1 Xd' X'
=[xCs, ‘ A (3-20)
where '

Co:=Cls, | (3-21)
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and we have used Eq. (3:-2). Thus, noting that from the definition of Wi, (3-11),
the spatial derivative of o, is expressed as

0:00= — €asc Woax “i0c , , (3-22)
one obtains

3:6"'=|x2I[CaZar— €acs WeaZual 0 . (3-23)
On the other hand, the bracket of A; and &’ is easily calculated to be

[As, &7 ]=1ilxl€cas(Aco+ iWer) Soa0a .
Putting together these equations, 9.5 is expressed as

9.5 =|7|[CaSaa+ iccasAcsZsaloa. (3-24)
Hence the gauge constraint is equivalent to

Colioat t€casAcs2oa=0 . (3-25)

From the definitions of @, and 2ss, one can prove the following identity relation:
€atcPoadac= Coloa . : (3-26)

With the aid of this relation one easily sees that the above gauge constraint is
equivalent to

Biasi+ Vao+ N1 =0 . : - (3-27)

Since Bas and Nes are independent of the space coordinates, this relation implies that
the gauge constraint requires that V. is also independent of the space coordinates.
On the other hand, from the commutativity of the spatial derivative and the time
derivative of O, 3:(3:0)=09/0:0), Was and Vi, must satisfy the integrability condition

Wab + VacWes —%e;qubiai qu =0, (3 . 28)

Hence the space-coordinate independence of Ve, leads to a homogeneous evolution
equation for Was. Therefore, if one chooses the initial data for O to be independent
of the space coordinates, Was stays zero along with time evolution. This implies that
one can fix the gauge so that Was stays identically zero without conflicting with the
dynamics. For this reason we assume from now on that O is independent of the space
coordinates. Then the space-coordinate dependence of the Ashtekar variables is
completely separated out, and the dynamics are described by variables depending only
on time, 2., O and Aae. :

Since these variables are related with the Ashtekar variables nonlinearly, they
are not natural variables for Ashtekar formalism. Therefore we introduce the
following new variables: '

2~ab = Oaczcb y
Aoy :=00Aer. (3-29)
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1032 H. Kodama

Then the Ashtekar variables are expressed as

a.izz‘.‘ablxlei Ora

‘/2 ’
1 & b Opa )
qu ﬁAabx i f2_ . (3 30)

In terms of these new variables the gauge constraint (3-25) is written as
Gauge constraint '

aG=|X|éaG ,
C~aG = beba + iecdaAcbjbd =0. (3 ° 31)

Now we proceed to the momentum constraint and the hamiltonian constraint. With
the aid of Eq. (3-2) ¢ is calculated as

g ijz%[gapcpbc + t€apgApsAacl 22 i00 . (3-32)

From this equation the momentum constraint and the hamiltonian constraint are
expressed as '
Momentum constraint

CHM=F2Cxlx%,
C 1= App50eCl%+ ApaZpaCa0, (3-33)
Hamiltonian constraint

CH=|xle=*C",

C* :=lieascAarCPar— Avaller+ AvrAcal SsaSer =0 . (3-34)

Note that the quantities without tilde, Yz, and Auas, satisfy the equations obtained
by replacing the quantities with tilde by those without tilde from C=~0 and C"=0
as in the case of the gauge constraint C.°~0 since O is an orthogonal matrix.

To find the equations of motion, one needs the Poisson brackets among S and
Ags, and the hamiltonian. From Eqgs. (3-30) S and Ag are related to the general
spacetime-dependent Ashtekar variables as

fab=%fa’3x Tr (0pad9)x%,

A= [@alylTr (GeelD X, (3-35)
where 2 is the coordinate volume of the invariant space

Q :=fd3x|x|. ‘ (3-36)

Hence it follows from Eq. (2-18) that
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Specialization of Ashtekar’s Formalism to Bianchi Cosmology 1033
{Sab, jcd}z{lz[ab, Acd}=0 ,

{Aab, jcd} =F 575 0acOba . (3 . 37)

2!2

From Eq. (2:25) and the relatlons (3-31), (3-33) and (3-34), the hamiltonian is
expressed as

= Q[Ne"3“C”+2N“C +m2C.f], (3-38)

where N, N° and #® are arbitrary functions of time and correspond to the lapse

function, the shift vector and the gauge-freedom parameter, respectively. With the

aid of these expressions the classical equations of motion are easily obtained from the
canonical equations

O={(4, O} (3-39)

where O is any of 2z and Aas. ‘The right-hand sides of these equations are
polynomials of third degree at most as expected. Since they will not be utilized
below, we do not write them down explicitly here.

Finally we remark on the elimination of gauge freedom. As stated above, the
constraint equations can be written only in terms of the variables without tilde, Xz
and Aas, and do not contain the gauge variable O. Hence one might expect that the
gauge freedom might decouple from the dynamics. However, this is not correct in
general, since Aq» contains the time derivative of O. In fact, from Eq. (3-27); one sees
that O can be made time-independent only if ¢” can be diagonalizable under the gauge
condition N%=0 (the synchronous gauge) and #°=0. Hence if one wants to fix the
gauge so that O=1, one must allow the non-vanishing shift vector. Thus one must
work with the full variables with tilde in general since the diagonalization is not
allowed for most of the Bianchi types. One important exception is the B1anch1 type
IX, which is explored in the next section.

§4. Vacuum Bianchi type IX—classical dynamics

The Bianchi type IX model is characterized by the structure constant,
C abc: €abc , )
Ca=0. * (4-1)

As is well-known, the matrix ¢ can be diagonalized without loss of generality for the
Bianchi type IX model if there exists no matter.” In this section we will show that
the gauge freedom as well as non-diagonal components of e¢® decouples and the
dynamics is described by three conjugate pairs of Ashtekar-type canonical variables
preserving the polynomial nature of equations

In general the symmetric matrix e’ can be dlagonahzed by time-dependent
orthogonal matrix R=(Rs) as

e?=Re* R~ , (4-2)
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1034 H. Kodama

where fp is a diagonal matrix

Bo=[B, Bz, Bs] - (4-3)

and R~ denotes the transposed matrix of R. In terms of R and the orthogonal

‘matrix Q=OR where O is the matrix representing the gauge freedom, the matrix %
=(Y4) is diagonalized as .

S=Q3R", (4-4)
where 2p is a diagonal matrix
=[5, 55, 58], (4+5)

Corresponding to this decomposition of 2, we rewrite A in terms of @, 8, @ and R
as

A=QHR", _ (4-6)

where the matrix H=(Has) is given by

Hi=+% “{(a+BD)e‘QD+Q Qe’g”—e’?"R R+N}+id -7
with
. N:=R (Na)R,
®:=R"OR .

The canonical structure of the system in terms of 2», &, R and H, are determined
by the Poisson brackets among them. From Eq. (3-37), after a short algebra, one
finds

6acabc 5 | (4 ‘ 8)

(Has, 3 =F
(Has, Res) =T 51z ZZ“Rg ZeRet 15 Sont Sapdoa—2apdep0us] (4-9)
(Ha, Qua} =T 5 ZZng 20860 15 S upt SapBoa—28asBs00us] , (4-10)
{(Has, Hed) =T 53| - Zf;ff L Bapboat Baabos —2BapBunar)

—%( Sapdsc+ acOpo — 20a05p0cp)

5 (Sepbuut Bucbra—230c0u)

e O aacap; 26us0en60) | (4-11)

In particular, 2» commutes with the off-diagonal components of H:
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. Specialization of Ashtekar’s Formalism to Bianchi Cosmology 1035

{H,, Zb}:‘T‘%Sab, : (4-12)

{His, 3:}=0, ' (4-13)

where Ha:=Ha, and H' is the off-diagonal part of H. Further the diagonal part of
H, Hp=(H,), commutes with R and Q:

{Hp, R}={H>, Q}=0. (4-14)

Finally the diagonal components of H commute with each other and the Poisson
brackets of Hp and H’ do not contain Hp and are written only in terms of Xp and H”:

{Ha, Ho}=0, (4-15)
{Ha, Hiew}= Trﬁ%}f(m(amam + 8acSpa—28ap8cobar) , (4-16)
(Ha, Hieah=F 5555 Hian(Saudpe-+ Oacdpa—20uperbar), (4-17)

where H{w) and Hias are the symmetric and the anti-symmetric part of the off-
diagonal matrix Hgs.

For the vacuum Bianchi-IX model the constraint equations take quite simple
‘forms expressed in terms of 2, @, R, Hp and H'. First since C, vanishes, the gauge

constraint and the momentum constraint are written only in terms of 2, and H":
Gauge constraint

C~aG = QapCaG =( ,
- Z'eabcCcG =Hapllo— Hy2p
=(Zo~20)Hlay+(Za+ Zo)Hlw) . (4-18)

Momentum constraint

CaM:RapCaM'xO 3
eabcCcM:HbaZb‘HabZa »
:(Zb—Za)H('ab)_(Za‘l‘Zb)Hfab] . » (4-19)

From these equations the off-diagonal matrix H’ is expressed in terms of Cof and C.M
as

M__ 2 C
; H(,ab):__;"eabp%%,

: My - G
H[,ab] = _%eabp% . (4 . 20)

Hence the gauge constraint and the momentum constraint are equivalent to

H'=0. (4-21)

Finally the hamiltonian constraint is written as
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1036 H. Kodama

Hamiltonian constraint

~ — G\2 M . c\2 -
crecr s (GG GGV

CH =[i|€¢bc|Ha - (]. - 8bc)HbHc]ZbZC
=2[(iH1 — H:H3) 3,35+ (iH, — Hs H1) 3351+ (1Hs— H H») 21 23] (4-22)

Note that since the difference between C” and C? is quadratic with respect to the
cons‘_craints, we can use C” instead of C¥ everywhere without changing the dynamics.

From the structure of the Poisson brackets among the canonical variables cal-
culated above one easily sees that the Poisson brackets between the canonical
. variables and the constraints which do not vanish modulo the constraints are

C~G . {éac, ch} == ?%Z‘Gaprpc s ' (4 * 23)

C: (G, Rodd= Ty canRie | (4-24)
Cr: (G722, (CT, Ha.

Hence from Egs. (3-38) and (3-39), the canonical equations of motion is written
Sur TN [iS0So— Sl ZoHy+ SHO),
H,= $Ne-3“[i(szC%ECHb)—Ha(szbJrchc)] ,

Raszpepaqqu ,
. 1.
Qasv 7 im epanqb ,
Hiwx0, | (4-25)

where in the first two equations the indices (g, b, ¢) are any of the cyclic permutation
of (1,2, 3)

These equatlons clearly show that the dynamics of 2, and H. completely decou-
ples from other freedoms and the dynamics of R and & becomes trivial. In particular
the evolutions of R and @ decouple from each other and are determined by the shift
vector N® and the gauge parameter #° respectively. Hence even for the
synchronous gauge N*=0, R becomes time-independent and can be set to be the unit
matrix.

Since the gauge freedom is decoupled, the resultant dynamical system is complete-
ly equivalent to the ordinary ADM canonical theory. In fact, there is'a simple
correspondence between the Ashtekar variables and the ADM variables for the
reduced system. Since the gravitational lagrangian is Written in terms of X, as

sz 33 52 <21 _;_)}
{22+222+232 5T )

L= N.Q(212223)112[ e
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2P+ 3243 224234+234214+214Zz4] .
D DRI ’ (4-26)
the ADM momentum P. conjugate to 2, is given by
.__ 0L
Per=5,

QBN Se (51 S )]
N Za 2 Za 21 + 22 +

:_Zﬁ(a’,_l_ﬁ.a)e(l-*-ﬂa. . . (4'27)

On the other hand, the potential @.s in As becomes dlagonal in the gauge R=1 and
its diagonal component @, is given by

0= azaF(Z)
_1 ( 5% | I3 2@) _
Fe=os s 5 ) (4-28)

Hence in the gauge =1 and R=1, the Ashtekar momentum is related with the ADM
momentum by

H +ﬁPa+ZaZa

F(5). | (4-29)

That is, the Ashtekar momentum is a simple combination of the ADM momentum and

an anisotropy potential.

In spite of this direct correspondence the Ashtekar variables seem to be useful
because the dynamical equations become much simpler. This is clearly seen by
comparing the expression for C” in terms of the Ashtekar variables, Eq. (4-22) and
the corresponding expression in terms of the ADM variables

Cl=—

7 Qz (2122P1Pz + 2223 P Ps+ 332, P Py)
23* 55+ 2342'1 + 245"

_ 2 22+ 2 +
OXE DY LB 2212222232

(4-30)

§5. Vacuum Bianchi type IX—quantum dynamies

As explained in the last section, the gauge constraint and the momentum con-
straint are solved and the evolution of the gauge freedom and the off- diagonal
components of the metric become trivial for the vacuum Bianchi IX model. Hence
the dynamics is completely described only by the canonical variables 3, and H, with
the hamiltonian X =0QNe™*C"”. This system is formally quantized by replacing the
Poisson brackets by the corresponding commutation relations
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[Za’ Zb]:[Ha, Hb]:() ,

[, Hb]=¢iz‘§ab. (5+1)
Like the ADM theory,® the whole dynamical information is contained in the
hamiltonian constraint

CHT>=0. | (5-2)

One subtle point in this equation is the operator ordering. According to Jacobson
and Smolin,” the constraint algebra closes in a weak sense if the operators are
ordered so that the A; sits left to &°. If this ordering rule is respected, by the
replacement

)

Do +29ia—ffa s

(5-3)
this equation takes a quite simple and beautiful form in the momentum representation:

_ &
|:(H1H2 ZHs) 8H18H2+(H2H3 ZH1) 8H28H3

(HaHh— i) aHl]llf(H)—O. | (5-4)
This equation appears to be much easier to solve than the corresponding
Wheeler-DeWitt equation in the ADM formalism. In fact, if the wavefunction ¥'(H)
is expanded in power series of H, its coefficients satisfy a simple linear recurrence
relation. Though it is not easy to find the general solution of this recurrence relation,
one can find some exact solutions of it. For example, by solving the recurrence
relation under a certain ansatz, we found the following non-trivial solution:

U= f(H) + fo H2) + f:( Hs)

1+ H2 s 14+iH; 1+in]
+a HllnH_Hz i Hin
1+ H? 14iH, 1+z'H3]
+ ¢z Hzl 11 2 +H31n1—z'H1 Hllnl_z.Hs
(o 1+ H3 1+iH, 1+z'H1] ,
+C3LH31H T + Hiln i, Hsln T (5+5)

where f, are arbitrary functions, and c¢. are arbitrary constants. Though this solu-
tion does not seem to be cosmologically interesting for the reason explained below, it
is at least the first non-trivial solution of the Wheeler-DeWitt equation for the vacuum
Bianchi IX model. Its existence also suggests that it might be possible to find the
general solution of the equation.

It is also possible to work in the Z-representation. For the correspondence (5-3),
solutions in the two representations are related by the ordinary Fourier transforma-
tion: ‘
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T(5)= f dH ™95 By (I]) | » (5-6)

There are some subtle points here. First, since the Ashtekar momentum is a complex
quantity, there is a large freedom in the choice of the integration path in the above
transformation. Any choice formally yields a solution in the X representation.
Even closed paths can be taken. Second the solutions to the X-representation of the
Wheeler-DeWitt equation expressed in terms of the Ashtekar variables are different
from the corresponding solutions to the Wheeler-DeWitt equation expressed in terms

‘of the ADM variables. From the correspondence of the momentum variables,

Eq. (4-29), the wavefunctions in the Ashtekar variables and those in the ADM
variables are related by

WADM(Z) = 2O (D) qushtekar(Z) . : ‘ (5 . 7)

When this transformation procedure is applied to the solution (5-5), there appear

~singular functions in Pasntexar(X) such as 8(H1) and §'(H:). Due to this singular

behavior, we obtain a physically meaningless Paou(Z) because the prefactor in
Eq. (5-7) vanishes or diverges when any of X, becomes zero. This example shows
that one must look for solutions of Eq. (5-4) which, for each of H,, have poles or fall
off at large |Hel, in order to obtain physically meaningful wavefunctions in the ADM
representation. '

§6. Conclusion

In this paper we have studied how the canonical dynamics of spatially
homogeneous spacetime is described in-terms of the Ashtekar variables. We have
shown that it is not possible in general to eliminate the gauge freedom introduced by
Ashtekar preserving the polynomial nature of the constraint equations and the
canonical equations, which is the sales point of the Ashtekar formalism, except for the
vacuum Bianchi IX model. We have examined the structure of this exceptional but
important case of the vacuum Bianchi IX model in detail to prove that the dynamics
of the system is described by polynomial equations with respect to a reduced set of
Ashtekar-type variables which are in one-to-one correspondence to the ADM vari-
ables.

One of the most 1mportant results of the paper is the simple and beautiful
equation for the wavefunction of the quantized vacuum Bianchi IX universe. It
seems possible to find a large class of exact solutions to this equation.

Of course, there exist some new problems provoked by adopting the Ashtekar
variables. First if one starts from the momentum representation as proposed by
Jacobson and Smolin,® one must find solutions which satisfy appropriate asymptotic

- structuré or pole structure in order to obtain a physically meaningful solution when
_transformed into the metric representation of the ADM formalism. This restriction

makes it difficult to find a solution in the momentum representation with the aid of
power series expansion. One might expect that the formal procedure found: by
Jacobson and Smolin® to construct the general solutions to the quantum hamiltonian

220z 1snbny oz uo 3senb Aq £86€161/7201/9/08/9101He/d)d/wod dnoolwepese//:sdpy woly papeojumoq



1040 H. Kodama

constraint might work since the momentum and gauge constraints become trivial for
the vacuum Bianchi IX model. Unfortunately, however, it seems not to be the case,
though not exactly proved. This is because in Jacobson and Smolin’s proof it plays
an essential role for fields to be varied locally, which is not allowed when the fields are
restricted to be spatially homogeneous.

Second even if this condition is satisfied, solutions do not necessarily yield
cosmologically acceptable universes due to the prefactor in Eq. (5:7). This prefactor
is a real-valued function which is rapidly changing but not oscillatory. Hence unless
this prefactor is canceled by a factor coming from the Ashtekar wavefunction itself,

there exists no region where semi-classical approximation holds. Note that this

requirement of the cancellation of the prefactor is the quantum expression of the
reality condition on the ADM variables in the classical dynamics.
Further detailed investigation of these problems in this simple case will give us

insight to construct a meaningful quantum theory in the framework of the Ashtekar

formalism.
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