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SUMMARY

Plate bending finite elements based on the Reissner/Mindlin theory offer improved possibilities to pursue
reliable finite element analyses. The physical behaviour near the boundary can be modelled in a realistic
manner and inherent limitations in the Kirchhoff plate bending elements when modelling curved boundaries
can easily be avoided. However, the boundary conditions used are crucial for the quality of the solution. We
identify the part of the Reissner/Mindlin solution that controls the boundary layer and examine the
behaviour near smooth edges and corners. The presence of boundary layers of different strengths for
different sets of boundary conditions is noted. For a corner with soft simply supported edges the boundary
layer removes the singular behaviour of Kirchhoff type from the stress resultants. We demonstrate the
theoretical results by some numerical studies on simple plate structures which are discretized by an accurate,
higher-order plate element. The results provide guidance in choosing efficient meshes and appropriate
boundary conditions in finite element analyses.

1. INTRODUCTION

In finite element analysis, the early plate bending elements have usually been formulated using
Kirchhoff plate theory. However, elements based on the refined Reissner/Mindlin plate theory
are increasingly used in research and engineering practice, e.g. References 1-7. These elements are
attractive, because they are of low order (only continuous intérpolations are required) and can
model both thin and moderately thick plate situations.

In this context it is important to recognize the differences to the Kirchhoff plate theory.® The
Reissner/Mindlin plate theory is closer to a full 3-D description. 1t includes shear deformation
effects, and on the edge of the plate three kinematic variables can be specified instead of only the
transverse displacement and its normal derivative in the Kirchhoff theory. This makes it easy to
avoid inherent limitations in the Kirchhoff plate bending elements (overconstraining effects and
paradoxical results for polygonal domains) and the engineer can obtain much more reliable
information about the stress state near supporting boundaries (in particular near corners).
However, to achieve these improvements the appropriate boundary conditions must be imposed.

The main objective of this paper is to provide insight and guidance into how to choose meshes
and boundary conditions when using Reissner/Mindlin plate theory based finite elements. The
essential information is obtained by analysing the boundary layer behaviour near edges and
corners. Special emphasis is focused on thin plate situations wehre the specification of the three
boundary conditions for the Reissner/Mindlin plate may not be so obvious.
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Questions of convergence (in abstract norms) of two-dimensional plate solutions to three-
dimensional continuum solutions and the relationship between the Kirchhoff and the
Reissner/Mindlin solutions have been studied by e.g. Ciarlet and Destuynder® and Bathe and
Brezzi.'® Important theoretical background results for this work can be found in the publications
by Friedrichs and Dressler'! and Reissner.!?-13 These authors show that the classical Kirchhoff
solution may be viewed as a close approximation to the interior portion of the exact solution of
the original three-dimensional problem, but the details of the edge-zone portion of the solution
are not in general captured (Figure 1).

The Reissner/Mindlin theory provides a two-fold improvement over the Kirchhoff theory,
namely

(i) a more accurate two-dimensional approximation to the three-dimensional edge-zone
solution (that in general includes a boundary layer), and
(i) an interior solution that includes shear deformation effects.

These improvements make it possible to specify realistic boundary conditions and obtain
corrections for shear deformation effects which are of the same nature as the transverse shear
correction in Timoshenko beams.

Considering the specifications of boundary conditions, Arnold and Falk have recently studied
the boundary layers near smooth edges of a Reissner/Mindlin plate.!# !> They use the direct
approach with transverse displacements and rotations as .primary unknowns and develop
asymptotic expressions for these quantities in powers of the plate thickness. They also give
rigorous bounds for the errors in the expansions. In this paper we use a different approach and
give additional results. In our approach the deformation of the plate is represented by the
transverse displacement of the mid-surface and the local twist of fibres originally perpendicular to
the mid-surface. The transverse displacement is controlled by a biharmonic differential operator
whereas the transverse twist is controlled by a singularly perturbed, elliptic differential operator
which is responsible for the boundary layer (thin plate situations). The coupling between these
two primary unknowns is obtained through the three boundary conditions.

We consider the behaviour of the edge-zone part of the Reissner/Mindlin solution for different
choices of boundary conditions along a smooth edge far from corners. For an engineering
important case (a plate with simply supported straight edges) we also investigate the theoretical
behaviour of the Reissner/Mindlin solution on the edges when approaching a corner. We identify
the non-analytic part of the transverse displacement that produces the singularity in the
Kirchhoff moment tensor (obtuse corners). For a Reissner/Mindlin plate it is shown how the
transverse twist removes this singularity and adjusts the moment tensor to zero across an edge
zone. We also discuss how this affects the capability of modelling curved boundaries and the
occurrence of possible paradoxical behaviour of the Reissner/Mindlin solution for regular

Figure 1. Edge zone of a Reissner/Mindlin plate
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n-sided polygons (Babuska’s paradox). Qur objective in this paper is not to present a thorough
mathematical analysis of the phenomena considered, but to present an engineering view of these
phenomena. We present this view with sufficient rigour to firstly identify the phenomena and then
to obtain good approximations of the stress quantities considered.

Using a high-order Reissner/Mindlin theory based plate element and a careful evaluation of
boundary shearing forces, we demonstrate the theoretical results by finite element analyses of
some simple plate structures. It is verified that the use of Reissner/Mindlin theory based plate
elements in thin plate situations may prevent overconstraining (e.g. in the analysis of skew plates)
if the boundary conditions are properly chosen.

2. THE REISSNER/MINDLIN THEORY

Using the notation and sign convention indicated in Figure 2, we summarize the basic continuum
mechanics relations valid for most of the existing versions of the Reissner/Mindlin plate theory,
irrespective of how they might have been motivated theoretically. Adopting the Reissner/Mindlin
assumption of transverse inextensibility and constant transverse shear deformation through the
thickness of the plate,1% 7 we obtain for (x, y, z)e A x [ — h/2, h/2] (A4 is the region in the xy-
plane that is occupied by the mid-plane of the plate) a displacement field of the form

Ulx, y,2) = 20,(x, y) (1a)
Vix,y,2) = 20 (x, y) (1b)
W(x, y, z) = w(x, y) (Ic)

where the three primary unknown fields are the transverse mid-plane displacement w(x, y) and
the rotations ©(x, y) and O,(x, y) of the normal to the mid-plane about the x- and y-axes,
respectively.

Z, W

Figure 2. Notation and sign convention
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The bending and twisting moments may be expressed in terms of rotations by the relations

00 0
=D h | F=E 4 vt 2
M, =D, <0x+v8y> (2a)
k¢ 0
_ 3 X y
M,,=D;h (v—_éx *%5 ) (2b)
and
1—v /0O LS
- = 3 y —x
M, =M, =D,h 5 (ax + ay> (20)
with
E
Di=t3a 9

where E and v are the Young’s modulus and Poisson’s ratio, respectively. The shearing forces are
given in terms of the transverse displacement w(x, y) and the rotations @,(x, y) and ©,(x, y) by
the constitutive relations

ow
Tx—D2h<§+@x> (3a)
ow
Ty=D2h<—a—y—+®y> (3b)
where
Ek
D, = 2(1 +v)

with k as a shear correction factor.
An important quantity in the following investigation is the local transverse twist () which is

obtained as
Q_(?_a)_l _a_ _a_l_/_ _,a_ a_U _1 6®Y_a®x 4)
0z 2\ 0x\ 9z dy \ 0z T2\ ox Oy ¢

where o is the local rotation
1/0V 06U
©=3 (a - 5) ©

The local rotation in the mid-plane is always zero since in our bending theory the mid-plane
cannot deform in its own plane. However, in planes parallel to the mid-plane the local rotation
and the in-plane shear will in general be non-zero.

The equilibrium equations are

oM,, oM
+ _

xy __
Ox oy T (6)

oM,, oM,
ot =T (6b)

0T, 0T, _

x Ty P ™)
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Here p = p(x, y)is the applied pressure load. The stress resultants M,,, M,, and T, in Figure 2 are
defined with respect to co-ordinate directions n and s, normal to and along the (boundary) curve.
Relevant formulas valid in this natural system can be found in the Appendix.

In this study the applied load is chosen to depend on the plate thickness h in such a way that the
limit problem (h — 0) will produce solutions that are neither infinite nor zero. This is achieved by
letting the prescribed pressure (p) and stress resultants be proportional to h3:

p(x, y) = D 1* f(x, y) ®)
T,=D,hT, 9)
Mxx = DthMxx (10)

etc.

where T, M., , etc. are scaled stress quantities. We also suppose that the fixed function f(x, y) is
smooth with well-defined derivatives of sufficiently high order. The interior part of the limit
transverse displacement function will be the solution of a corresponding Kirchhoff problem and,
as such, independent of the plate thickness, since the factor h* cancels out in the governing
equation.

Observing that

1
D,/D, = kL —v) (11
and using equations (2)-(3) and (6)—(8) we obtain the following fundamental relations:
oT, oT,
IIX LTIy 12
ow h? -
0= 5+ gy I (13a)
ow h? _
- 1
0=~ taiy D (13b)
o W~ R(1+v) of
= - —_— _— 14
L= = VW e VL~ i =) (142)
_ o L W .- R+ of
= - - —_ 14
L= =V V' D~ o v ay (14b)
- 0w &*w h? oT oT,
Moo= =5 7" %7 Teka = v)( x Ty ) (152)
- Pw  Pw h? oT, 0T,
~_yow ow, v (0,90 15b
My==v3a =57 Teri —v)(v ax Gy > (159)
- o*w B (8T, 0T,
=—(1- A it il 1
My == =V5a* 12k< 3y ' ox ) (15¢)
and
h2
Viw=f— v (16)

6k(1 —v)
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Remark 1. Tt is clear that these expressions reduce to those of the Kirchhoff plate theory when
k — oo, ie. when we force the Reissner/Mindlin plate to become a Kirchhoff plate by a
constitutive prescription. When h — 0 the situation is much more complicated. In this paper we
will concentrate on the local behaviour of the Reissner /Mindlin solution near edges and corners
during such a limit process.

The structure of the transverse shearing forces is revealed if we rewrite the relations (14a) and
(14b) in the form

— o, W af h? ) af
Tx+—a;(\7 W)+—6k(l_v)a-—-12—k VT+6X (173)
and
e o, W of k? - 0 f
Using equations (12) and (16) and the right hand side of equations (17a) and (17b) we obtain
0 2 af ) of
T, + == T,+2 )= 1
ax<V +5 ) 6y(v +6y =0 (18)
Hence, the transverse shearing forces may be written
— 0 o, h? of oY
T, = —5;(V w) — mék(l—v)ax+ (19a)
and
= 0 K Of oW
L=V -G —way  ox (195)

where W is a stress function. Inserting equations (19a) and (19b) into equations (17a) and (17b)
gives

8 W,

and
9 b 4 h V¥ | =0 20b
ax 12k (206)

Thus, ¥ is determined by an elliptic differential operator:

hz
Tk V2¥ — ¥ = constant = 0 (21)

From equation (21) we conclude that for small h (or large k) the stress function exhibits a strong

boundary layer behaviour within a distance of the order of ./h?/12k from the boundary. Using
the relations (21), (19a), (19b), (13a) and (13b) we obtain

1 T T k(1 — 0
—2_k _ 0T, 0T,  6k( v)(a@y ®x)=_1—hzi,£(1“v)g (22)
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which means that the stress function W is essentially equal to the local transverse twist Q:
¥Y=—(1-vQ (23)

In the {ollowing we prefer Q to ¥ since Q has a physical interpretation. Equations (16) and (21) are
the two fundamental (decoupled) differential equations in the Reissner/Mindlin plate theory,'?
when it is formulated in terms of the transverse displacement w and the transverse twist Q. The
coupling between w and Q is achieved through the boundary conditions. According to relation
(16) the transverse displacement w is determined by the usual biharmonic differential operator, i.e.
w has no boundary layer. However, it will contain shear deformation corrections of ‘interior’
type. The transverse twist alone governs the edge-zone behaviour of rotations and stress
resultants. This may be seen more clearly by substituting equations (19a) and (19b) into the
formulas (13)-(15). We use the natural co-ordinates (n, s) and limit ourselves to quantities that are
employed to specify the most common boundary conditions (see Appendix). Thus, along any
smooth (boundary) curve we have

@, = —%_sz—“v_)%<vzw+6_k(’—;i{7))_g;%?_ (24a)
[, =~ a—aﬁ <V2 6k(12f v))___(_l_iv_)_g_gs2 (25a)
T, = -%(V2w+w’ff—v—)>i(:j);—§: (25b)
- ’w 0w wy
"= on (W*‘Pan)

gt 26w 92 (V0 )

“wt (o) o

wf R (2 3\ [, h2f>
6k(1—v)——6_k<6s +"’EE>(V Wk —y)

?Q . 0Q
(1—)(5sa “’73?) (26b)
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_ 2 2 62 hZ
M= —( -yt <V2w+———f—>

onds 6k onds 6k(1 — v)
h? 2Q Q0
= =+ p— 1—vQ
K ( v)( 532 + ¢ 6n>+( v) (26¢)

Here, ¢ = d¢/ds denotes the curvature of the (boundary) curve. If the function f happens to be
undefined on the boundary curve, we suppose that there exists a unique continuous extension of
fthat is defined on the boundary curve. We also assume that all (higher-order) differentiations
can be performed without difficulties. Using the relations (A1), (A2) and (16) several alternative
forms of the formulas (24)-(26) can be derived.

Remark 2. The replacement of w, @, and ®, by w and Q might look like a complication.
However, in this way we obtain a formal decomposition of the solution in parts which we can
compare with corresponding Kirchhoff expressions. In equations (24)—(26) the parts underlined
with dashed lines correspond to boundary layer corrections that are predominant in the edge
zone (when h is small). The transverse twist Q is by definition different from zero only for truely
two-dimensional problems, i.e. there is no boundary layer for one-dimensional problems (e.g.
problems involving axisymmetry or Timoshenko beams). Specializing to one dimension we see
that the parts underlined with solid lines correspond to the second-order corrections for the shear
deformation in the Timoshenko beam theory.

Remark 3. Using space-theoretical concepts it is possible to prove convergence of the
Reissner/Mindlin solution to a corresponding Kirchhoff solution in various Sobolev norms. 1413
However, in an engineering context local (pointwise) convergence is of primary concern. We will
see that there is a region of non-uniform convergence near the boundary, and local convergence
to the Kirchhoff solution (measured by e.g, an absolute supremum norm) is not guaranteed on the
boundary for all stress resultants.

3. EDGE-ZONE BEHAVIOUR

Letting h — 0, we study the behaviour of the solution (w, Q) of the sixth-order system

h2
4., __ f__ 2
Viw=f ﬁajﬁVf (27a)
h2
T V-0 =0 (27v)

with appropriate boundary conditions specified for transverse displacement, rotations or stress
resultants (expressed in terms of w and Q according to the relations (24)—(26)). Considering
equation (27b), it is clear that for decreasing & the transverse twist € plays an increasingly smalier
role in the interior part of the plate. In thin plate situations Q will be substantially different from
zero only near the boundary and equation (27b) can be considered as a singular perturbation!8 of
the equation

Q=0 28)

Hence, in any interior domain the Reissner/Mindlin solution can be expected to converge for
h — 0 uniformly to a limit solution which is the corresponding Kirchhoff solution (see e.g.
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References 14 and 15). However, as # — 0 the boundary layer will shrink to zero width, ultimately
including only the boundary curve.

In thin plate situations we want to look upon the Reissner/Mindlin solution (w, Q) as a
perturbed Kirchhoff solution (characterized by w = wy and Q = Q;, = 0). Hence, the following
asymptotic expansions in powers of h are assumed, see References 14 and 15

w=wo+ hw, +h?w, +... (29a)
Q= Quy + 1(Qy + hQ, + h2Q, + .. ) (29b)

where w; are smooth interior expansion functions (independent of h). x is a smooth cut-off
function equal to one in the boundary layer zone and zero outside that region. Q; are boundary
layer functions of the form _

Q; = Qi(p/h, s)e™**/* (30)

where « = ,/12k and s is a co-ordinate along the boundary curve and p the distance from the
point under consideration to the nearest point on the boundary (hence measured in the opposite
direction of the external normal n to the boundary curve, see Figure 1). For a given b, Q,(p/h, s) is
a smooth function of s and the stretched variable p/h. The resulting ‘one-dimensional’ boundary
layer function in equation (30) is strictly applicable to a smooth boundary curve with no corners.
The functions h'Q; represent boundary layers of different strengths (we use the power of h for the
first non-vanishing term in the boundary layer expansion as a measure of the strength).

The expansion (29a) can be characterized as a regular perturbation expansion since w and all
its derivatives converge uniformly (h — 0) to its leading term, the Kirchhoff solution w, and its
derivatives, in the whole domain A. The expansion (29b) is a singular perturbation expansion that
adds corrections for the boundary layer to its leading term. In the limit (h — 0) when the interior
domain has expanded up to the boundary, the final remaining difference (if any) between the limit
(Reissner /Mindlin) solution and the corresponding Kirchhoff solution should therefore be sought
on the boundary curve.

Inserting the expansions (29) in the differential equations (27) and in the boundary conditions
using the relations (24)-(26) and equating coefficients of equal powers of h gives a series of
boundary value problems for w; and ;. These are solved in succession: wy — Qg — w, — Q,
—w, »Q, —...insuch a way that the boundary conditions are specified in terms of solution
functions already determined by previous problems.

3.1. Simply supported edge
We start by considering a simply supported edge defined by the hard conditions
w=0, 0,=0, M, =0 (31

Using the differential equations (27a, b) and the expressions (24b) and (26¢c) for the boundary
conditions (remembering that dw/ds = 0*w/ds? = 0 and that a differentiation of Q, in the normal
direction picks out an inverse power of k) we can derive the boundary conditions for the series of
boundary value problems for w;, and Q, To simplify the algebra somewhat we use the
expression (24b) together with a pair of new ones, derived from equations (24b), (26a) and (31):

00,
Js

2 00,
55((1 — =4 M,,,,)—O

(1-=v)—4+M,,=0

s
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or
+£(1 B V)(i)%?:o (32)
and
%(Vzw+#—)>=§g<(l—v)¢g—:)+%(gz¢é%(vzw+a%>
+ 2-2(1 — ) %) )

Equation (32a) gives the moment boundary conditions for w;, and equation (24b) together with
equation (32b) gives the Neumann boundary conditions for ;. We obtain the following list of the
first four pairs of boundary value problems (DE denotes differential equations and BC boundary
conditions):

h2

DE: Viwg = T2k VR~ Qo =
wg =1 2K ViQ, —-Q,=0
2w ow Q)
BC: =0,>— -2 = =0
Wo on? T oy on 0 on (33a)
DE: Viw. =0 E—VZQ -Q,=0
: 1= 12k T
‘ 2w, . ow, ohQy) 0 [ . dw,
BC: wy =03 +¢v—>r=0 on as\ % on (33b)
DE: Viw,= - Ly Y Vi, -9, -0
. 2= 6k(1 - V) f 12k 2 2T
2w ow ohQ,) @ ow
BC: =0, + ¢v—= 5= 0
C: ow, *on? + ov on on 5s( on )
S (29w
6k(l —v) ' 6k\  on
oQ
+ (1= ==2
(r—v) 3 ) (33¢)
E—VZQ -Q,=0
DE: V*w, =0 2
Pwy . Ow, 0hQy) 0 [ . 0w,
BC: w3—0’FnT ‘PV"(—%‘ on  ds (pﬁ
3 _(b_ 6(v2wl) + 1 i . 6(V2W0)
iy 6k(1 — v) ds on

oQ, 1o (. o,
Hl_v)ﬁ) +€i€5§("’73?> (33d)
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From (33a) it follows that Q, = 0. Hence, in general the resulting transverse twist is of the form
Q=hQ, +h*Q, +..., ie. a relatively ‘weak’ boundary layer. But from equations (24b) and
(32b) it is also seen that the curvature controls the boundary layer. If the curvature ¢ is identically
zero, Q vanishes (all €); = 0 in equations (33)) and there is no boundary layer effect at all.

If we change the condition ®,=0 to M, =0, ie. we prescribe the more natural (soft)
conditions

W= 09 Mns = 05 Mnn =0 (34)

we do obtain a boundary layer even for zero curvature. Then equations (26a) and (26¢) give the
following new boundary value problems for w; and Q,, respectively:

h2

DE: Viw,=f 1_2_kVZQO Q=0
0w, oW, Pw
BC: wo=0,——% +¢v—">=0 =
Wo=0Fr T vy Q=G5 7 0 (35a)
h2
DE: V4w, =0 eV -2 =0
‘ Pw, . ow, *wy ¢ 0(hQg)
BC: Wl_O’W+¢v3n_ Ql—anas 6k on
(1= ) P(hQy)
- 6k  0Onds (35b)
1 2
A v2 T v /- h
DE: V4w, 6k(l_v)V f —VQ,-Q,=0
12k
2 d
BC: w, =0, ———60 gy 2 _ 0w
n n 27 onds
f 1 (52 1 o}(V?
=——"—4—| (Viws)
6k(2 —v) " 6k\ds kA =) onds
+ ¢ %) (V2wo) _(,’3_5("191) 4 LaZQO
6k 0s2
(1 —v) [ 82(hQ,) ok on ’
6k onds
¢ (35¢)
etc.

The physical interpretation of the application of these boundary conditions is that we
introduce a transverse twist (local rotations in planes parallell to the mid-plane) near the
boundary to make the in-plane shearing stresses (and hence the twisting moment) zero. The
restulting transverse twist is of the form Q = Q, + hQ, + h?Q, + ..., which gives a ‘strong’
boundary layer.

Using equations (29b) and (35a) and retaining only the first term we obtain following approx-
imate expression for £ close to the boundary:

Q(p, s) = Qo(p/h, s)e " *** (36)
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where

- 0w

QO(p = 0’ S) =

0 —
Inds (p=0,5)

Inserting relation (36) in formulas (25a), (25b) and (26¢) and neglecting the transverse shear
correction term we can write down the following approximate expression for T,, T, and M,

_ _ o ., 0 [ 9%w, —p/h

Tn(s,p)—~5’;(V Wo)— (1 —v $<5nas)e (37a)

_ 0 wor

T.(s, p) = = 5-(V2wo) + (1 =) anazz"' xolh (37b)

M5, p) = — (1 — ) 200 4 (1 = ) T Wog -xom (37¢)
ws\S P} = v onds onds

where the derivatives of the Kirchhofl solution w,, are evaluated on the boundary (p = 0). In thin
plate situations these formulas often give satisfactory engineering accuracy (see Figures 3 and 4
and Reference 19).

0.5
" _g_____—"‘g:S———-
vfl% /e’:a:;:—e:jg
0 I — 1 1
i / 01 0.2 03 0.4 sh
wJ
o
Z
g -05¢ 4 o—o 9 free
< o—o Ogzero
¥ -10}
wr
Distance from boundary ~0.06 h
-5 {h=0.025a)
h x approx. function
-2.55
~2.0
Figure 3. Shearing force distribution near the boundary
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*} functions
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Figure 4. Shearing force distribution near the boundary
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3.2. Clamped edge
In the same way we can consider a clamped edge defined either by

w=0, 0,=0, 0,=0 (hard conditions) (38a)
or
w=0, M, =0 ©,=0 (soft conditions) (38b)

The hard geometric conditions @, =0, ®, =0 give, with equations (24a) and (24b), the
following boundary value problems for w; and Q,, respectively:

h2
DE: Viw,=/f Dk ViQ, — Qo =0
w, 9(Q)
M = —_— —_— = 0
BC: w, =0, o 0 on (39)
hz
DE: V4W1 =0 ‘EE VZQI - Ql =0
ow, ahQ,) 1 a(Viwg)
BC wy =0,7"=0 n 1=y 85 7 (39b)
DE: V4w ———1—V2f h—ZVZQ -Q,=0
' 27 6k(1 —v) 12k 2o
2
BC: w, = 0’@32_ 0(hQ),) _ 1 0(Viwy)
on on l—v @s
_ 1 A(V3wy)
~ 6k(l—v) dn
_ L%
6k 0Os (39¢)
4 h2
DE: Viw;=0 mVZQ3—Q3=0
) o Ow, 0(hQ;) 1 a(Viwy)
BC: WS—O’W on 1—v s
B 1 o(Viw,) N 1 af
~ 6k(l—v) on 6k(1 — v)* s
1 09,
6k 0Js (39d)
etc.
We see that the resulting transverse twist is of the form Q = hQ, + h2Q, + ..., ie. a ‘weak’

boundary layer. Here Q is activated by the second-order transverse shear correction term in
equation (24). _
For the soft condition M, = 0, equations {24a) and (26c} are combined to form a new relation

00,
F

—(1—V) +Mns=0

N
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or
ow h* 0 hf h? 0Q
1- —+—¢=—|V? — - — —
( v)(p st e ® as<V w+6k(1—-v)) 6k( v)<p +(1 Q=0 (40)
Using this relation, we obtain the following new boundary value problems for Q;:
hz
E. —VQ =
D 2k V0, - Q,=0
(41a)
BC: Q,=0
h2
LR V7' -
DE: 12kV Q,-Q,=0
5 o) 41b)
) _? 0
BC: =% on
o,
DE: 12—kV Q,-Q,=0
. . 41c)
B g9 00R) 6 aVPw)
"2 6k on 6k(1 —v) 3s
etc.

In general, the resulting transverse twist is of the form Q = h?Q, +.. ., ie. a ‘very weak’
boundary layer. From equation (40) it follows that the curvature together with the second-order
transverse shear correction term control the boundary layer. If the curvature ¢ is identically zero,
Q vanishes and there is no boundary layer effect.

3.3. Free edge

For the free edge, defined by T, = 0, M,, = 0 and M,, = 0 we use equations (25a), (26a) and
(26¢) and derive the following three relations

h? oM, W\ oT, -
<<6k )T +M,,,, s =0 and <_@>_5;+M"S—O>

for the determination of the boundary conditions corresponding to moment, transverse force and
transverse twist, respectively:

_az_w_ 62_W+—0_W. __hz_f_._i_.’f, _.8.2_ Viw + h2f
anz '\ 352 T %an ) Tkt —v) T 6k \ 852 k(1 —v)

0 0
6k (= (6s8n ) (422)
/[, nf d(Pw\ Kol & [, hef
_%(VW+6k(1—v))_(1_”)£(anas “ekas\anas\ " YV eki—v)
0 d (0 .00

h* . o 5 W f h2 L0
—- =@ - 1—v) ¢ +(l —v)Q =
(1 )5nas 6k(pas(V w+6k(1— " ( V)‘Pan +(1-v)Q=0 (42)
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The first three pairs of boundary value problems are:

995

h2
DE: V4w, =0 57 Vi — 9 =0
*w 0w . ow Pw
o 0 [ 3w,
hl 1 —v)—
gn VW) 1= (am) (43a)
DE: V4w, =0 L
5 Vi -9, =0
2 Pw, .8
BC: a:; + \a;‘ + ¢ a‘:) o _ w9 0(hQy)
re 6n6s 6k on
1 92(hQ,)
- —_q
6k( )< 0sdn
o (0w
Y o2 1
(V2w,) + (1 = v) 5 (am)
8 [ . 0(hQy,)
oL~ )as<“’ on ) (43b)
DE: Véw, = — — 1 v2f " v, =0
‘ 2T 6k(1 —v) 12k T
0w, Pw, 8w, 3wy, ¢ O(hy
BC: S V< 5 TPon Q=5 ok an
_ S 1 & e & O(Viwy)
= 6k(1—v)+6k62( o) Yok —v) s
32 (hQ2,)
o - (2 )
o o [ 0w,
an (Vwa) + (1= ”)$<—anas
1o,
- _6—a—<%(v Wo))
1 8 {29,
505 (G
a(hQ,) __(1_ )a‘f
® n (43c)

The resuiting transverse twist is of the form Q = Q, + hQ, + h2Q, + ..

‘strong’ boundary layer.

., lLe. we obtain a
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3.4. Resulting strengths of boundary layers

Considering the nature of the coupling between w and Q in the boundary conditions for the Q-
problems we find that the strong boundary layers (for soft simply supported and free plates) are
activated by the second-order (moment type) derivatives of w. The weak boundary layers for the
clamped plate are activated by the second-order transverse shear correction terms, proportional
to derivatives of V2w, (i=0,1,2,3,...) (i.e. the non-harmonic content of w;). Also, one should
note the role played by the curvature for the existence of the weakest boundary layers. The
following list, valid for homogeneous boundary conditions along a smooth boundary curve of a
Reissner/Mindlin plate, shows the resulting relative strengths of the different types of boundary
layers (the h-power of the first non-vanishing boundary layer term is indicated in parentheses):

simply supported

w=0,M,=0,M,=0 (soft conditions)
Ty(h™1), T,(h%), M, ("), M(h"), M, (h°), ©y(h") and ©,(h?)
w=00,=0M,=0 (hard conditions)

T(h®), Ty(h'), Mu(h), M (%), My(h'), ©y(h?) and ©,(h*)
{no boundary layers for zero curvature!)
clamped
w=0,M,=00,=0 (soft conditions)
T (h'), T,(h*), Mu(h®), M(h®), M (1), ©,(h*) and ©,(h*)
{no boundary layers for zero curvature!)

w=00,=0,6,=0 (hard conditions)

T,(1°), T,(h"), M,,,(h*), Ms(h?), M, (h"), ©,(h?) and ©,(h*)

free
T,=0,M, =0,M,, =0
T(h™1), T,(h°), M,,(h"), M (h'), M,,i(h°), @ (k') and O, (k)

Remark 4. The clamped plate with soft conditions (surprisingly not with the hard conditions)
has the weakest boundary layer of all cases and the solution, including all stress resultants, will
converge to the corresponding Kirchhoff solution even on the boundaries. On the other hand, the
simply supported plate with soft conditions and the free plate have the strongest boundary layers
and here the convergence to the Kirchhoff solution is not guaranteed for the transverse forces and
the twisting moment on the boundary curve.

In specifying boundary conditions in classical plate theory two of the three stress resultants are
contracted to one, resulting in the two stress resultants

~ 0w, twy, . 0w,
Mo = = on? —v< PR G

-~ OM, o, 0 (0w,
R,=T,+ 0s —__%(V wd_ﬂﬂv%(@n@s)

and

where wy denotes the Kirchhoff displacement solution and R, the ‘equivalent transverse shearing
force’. If we use the Reissner/Mindlin solution w to form the same stress resultants we obtain
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from equations (25a), (25b), (26a), (26¢) and (29)

M — az_w 62W+_8_W
m= " onz "\ 352 "%

W, K2 f VREf R 82Q
_EEW<V WA ek =) ki — v 6k Y anas
0%w *w . ow
- () “

and

oM, 9, w2 f 3 (0w
= = _ T Y\ _qg_nwl
Ro=Tut 5 on <V W k(= v)) =% <6nas

+E52Tn_ﬁa(¢i)
6k 0s> 6k Os

0 o 0 [ 0w,
—»-%(V wg)— (1 —v $<anas> (45)

when h — 0, except in points on the boundary where Q, T, or T, have an unsmooth behaviour as
functions of h (e.g. (h2/6k) (6*T,/ds*) does not converge to zero as h — 0). In these points (e.g.
corners) formulas (44) and (45) suggest additional contributions that will be exemplified in the
next section. Hence, even if 7, and M,, do not converge separately to the corresponding
Kirchhoff expressions the combination R, = T, + dM,,/ds does. This is a natural consequence of
force equilibrium of the shrinking boundary layer zone: the resulting total transverse stress on the
inner part of the boundary layer, given by the Kirchhoff solution, must be in equilibrium with the
resulting total transverse stress on the outer part (boundary curve), given by the Reissner/Min-
dlin solution.

Remark 5. The case with non-homogeneous boundary conditions can be treated in a similar
way except that now the Kirchhoff component w, must satisfy the imposed non-homogeneous
boundary conditions (or the corresponding Kirchhoff versions, dw/ds # 0, 2w/ds? # 0, etc.). As
a result there will be a boundary layer behaviour even for straight edges with zero curvature.

4. BOUNDARY LAYERS NEAR A CORNER

In the preceding section we identified how a non-zero transverse twist adjusts the interior
Kirchhoff solution to the boundary conditions of Reissner/Mindlin type within a narrow edge
zone. However, in a corner some of the involved Kirchhoff stress resultants might be unlimited
and if the corresponding Reissner/Mindlin quantities are prescribed to have finite values (e.g.
zero) on the boundary curve, then the transverse twist removes the singularity and adjusts the
solution to the prescribed boundary value within the edge zone. In the following we limit our
discussion to the engineering important case of a corner (angle «, 0 < « < n) with simply
supported straight edges. This case clearly demonstrates the smoothing effect of the transverse
twist. For simplicity we also assume that the solution is symmetric with respect to the bisecting
line (as in rhombic or regular polygonal plates) and that the loading is sufficiently smooth: f(x, y)
= constant uniformly over the plate. This simplified approach will enable us to interpret the
results of the numerical experiments in Section 5.



998 B. HAGGBLAD AND K. }. BATHE

Thus, we consider the solution of system (27) near a corner with simply supported edges. The
transverse Reissner/Mindlin displacement contains, besides the smooth particular part, a bihar-
monic part that dominates near the corner. Using polar co-ordinates (r, ¢), this part can be
written (see e.g. Williams2° or Morley2! where the corresponding Kirchhoff solution is treated)

w = (a, + b, r*>)r~*sin(¢n/a) + smoother terms (46)

(r = the distance from the corner, 0 < ¢ < o, 0 < x < 7)

which means that some stress resultants might become unlimited at the corner (see equations
(24)-(26)). The second-order derivatives of w behave as ™ *~ 2 and third-order derivatives scem to
behave as r™*~ 3, However, it should be noted that the component in relation (46) that essentially
controls the singular behaviour (a, r*/* sin(¢n/a)) is harmonic, i.. satisfies V>w = 0, implying that
the third-order derivatives are zero. Thus, the second-order shear correction terms in equations
(24)-(26) that contain derivatives of V2w do not lower the regularity of the rotations and stress
resultants but give a second-order contribution (proportional to h2) for the biharmonic term
b,r?r**sin(¢n/a). In our analysis we will assume that the co-ordinate axis for s is a straight line
with the corner as origin (s = 0). The n-axis is perpendicular to the s-axis, pointing in the negative
¢-direction (Figure 5). It is illustrative to list the Kirchhoff stress resultants and rotations for the
dominating (harmonic) component:

T,=0 T,=0
M,, ~(1 —v) (n/a) (/e — 1)r™'*~ 2sin(¢n/a)

My ~ — (1 — v) (n/a) (n/a — 1)r*'*~2sin(¢n/a)
M, ~ (1 —v) (=/a) (n/a — 1)re*~ 2 cos(¢n/a)
8, ~ — (r/a)r™*~ 'sin(¢n/a) 8, ~ (n/a)r™'*~ ! cos(pm/a)
(47)

Hence, for the Kirchhoff plate the moment tensor (M,,, M, M,,) is different from zero at the
corner and has a singularity there when a > 7/2. The harmonic component is ‘supported’ only by
moments (no transverse shearing forces at the boundaries). However, if we impose soft simply

a y
Qedge / /
4
4
4
4 /Qbisect=0
S
n [
ﬂTWlT‘ITlT'H___L____ X
Qedge

Figure 5. Transverse twist at a corner of a simply supported plate
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supported boundary conditions for a Reissner/Mindlin plate the moment tensor is forced to take
the value zero at the corner (M,,, = M, = M, = 0) and will approach zero within a boundary
layer in a direction from the interior domain of the plate. This means that restrictions are imposed
on the derivatives of the transverse twist Q in the formulas (24)-(26) such that they contain
singularities that ‘neutralize’ the singularities in the derivatives of the transverse displacement w.
In the following we study this interaction between the transverse twist and w along the straight
edge when approaching the corner. It should also be noted that the physcial interpretation of Q
shows directly that along certain lines (curves) towards the corner its behaviour may be
exceptional. Consider e.g. the line x = y in a square plate (Figure 5), along which (due to
symmetry) Q and its directional derivatives are zero.

4.1. The transverse twist along an edge

The soft boundary condition M, = 0 gives the following differential equation for Q on a
straight edge (equation (26c)) through the corner,

2 2 2 2 2 2
h<ag)+n ow 9 <V2w+—hf ) (482)

NS = Gnds T 6k(1 = v) ands 6k(1 — v)
or
2
Q
— (hy)? %‘37 +Q=F(s) (48b)

where we have introduced the characteristic ‘width’ h, of the boundary layer on the edge near the
corner, defined by

h2
(ho)? = @9)

(note that h, # /h*/12k which is the ‘width’ applicable to the normal direction of an edge far
from a corner) and the notation

2w wooo* [, hf
FO) = Gnas ¥ 6L =) 3nds (V Y Sk — v 50)

0 C Y
V=03
A B s
|
a/2 -
X

Figure 6. FE-model for a square plate
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Strictly, F is also dependent on 2 via w. However, in thin plate situations w is almost equal to the
Kirchhoff solution w, everywhere in the plate so this dependency can be neglected. The solution
of equations (48) can be written on the general form

sinh (E_—S>
Qfs) = (Q(O) +J F(t)smh< f >ﬂ>__h_°__
hO ho . b
sinh (F)
(1]

Y s1nh< )
+ (Q(b) + j F(t) smh<b t>dt>—JQ— (1)

b
§ ho /) ho sinh (h )
0

Q(0) and Q(b) are boundary values that in general depend on h. b is typically taken greater than
5hy.

A usable approximation is obtained if we introduce exponentials and rearrange terms (assum-
ing that e“~?/h « 1). Thus for small s

Q(s) ~ Q(0)e ™ + I, (b) sinh <hi> + 1,(s) (52)
and 0
00(s) o ~
% ho ( Q(0)e ~¥" + I,(b) cosh (h0> 13(s)> (53)
where
b _umo At [ . (t—s\dt
Il(b)=L F(t)e Y he Iz(s)—J0 F() s1nh< e )E
and

L(s) = f () cosh ( = ) % (54)

The interaction between the possible singularities of F(t) for t = 0 and the boundary layer is
contained in the integrals I,{b), I,(s) and I;(s).

4.2. A general corner

In the general case, for a corner with an angle o (n/a not equal to an integer), we can write for
the dominating (non-analytic) biharmonic component on the edge

62w h?
onds 6k(1 — v) 0nds

2
~ ‘2(2“ 1>< + blgﬂ%( + 1>)s"/“'2cos(¢n/a)~ —g(g— 1)5"/““2

Since Q = 0 along a symmetry line through the corner, we obtain Q(0) = 0. Thus

F(s) =

(VZW)

Q(s) ~ I,(b) sinh (i) + 1,(5)
hq
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nfa—1
~ — b2 <r<g + 1) — (%) )sinh(s/ho) (55)
and

o0s) 1
aES) o (Il(b) cosh (:—O> - 13(s)>

e T s nfa—~1 - T s afa—1
~— hg 3<r<a+1>_<ﬁ;> >cosh(s/h0)+h’5’ 3(;—1><E) (56)
where

b
1,(b) = —f<f— 1” gria=2giho 3L —hg/a-2r(5+ 1)
a\a o hy o

(" denotes the gamma function),

nfn s t—s\dt

I = = _ mja—2 o3 g

2(s) oc(oz I)Jot smh( e )ho
L L e B N ] S
Tala hy J Jo s/ hg

nfe—1
= a2 (hi> sinh(s/hy)

(4}

n(n § t—s\dt
1 —_ __1 nja—2 MR Bt
=G e ()
~ -1 st"/"“2 L1 =Yeosh( de
T a\a 0 s s hy ] ) hy
B s nja—1 T _ s nja—1
= — hg/a 2 (;0'> COSh(S/hO) — (; - l)hg/a 2 (h—(;>

We note that the expression for Q(s) contains non-analytic components (n/x # an integer) that
neutralize the singularity in the twisting moment of the dominating biharmonic component, (a,
+ b r?)r* sin(¢n/a).

and

Remark 6. Equation (56) indicates that dQ(s)/ds (and T,) will pass through zero close to the
corner for small h,. A formal equation for the zero passage is obtained from equation (56):

1/{mja—-1)

r (g + 1>cosh(s/h0)
2/a — 1 + cosh(s/ho)

which can be solved iteratively for s/hq. S,er0/ ho decreases slowly from 1-3 (for & = 7/2) to 0-7 (for
« => 7). Since our approach is based on the assumption that s/*~ 2 dominates the solution near the
corner the formula (57) is expected to be applicable when a > n/2. Since the derivative in
equation (56) (and hence the transverse shearing force) has a very large slope near the corner for
n/2 < a < , the location of the zero passage may be used as a measure of the steepness of the

s/ho = (57
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boundary layer. In any case, it should be an important parameter to consider when choosing a
finite element mesh that will resolve the boundary layer behaviour. It is also clear that the value at
the corner of the transverse shearing force corresponding to the dominating harmonic component
determines if the boundary layer will be observable or not. From equation (56) we obtain

0(0)

T,0) =1 —V)’—%—

~hg/a-3r<§+1)zhg/a-35 (58)
o 7

Hence for « > #/3 a boundary layer should eventually appear if the plate thickness is decreased
sufficiently. The applicability of formulas (57) and (58) is checked in numerical experiments
(Section 5). Based on equations (57) and (58) the results for a corner with simply supported edges
(soft conditions) can be summarized as follows. For n/3 < a < n the transverse shearing forces
will have an observable boundary layer that passes zero close to the corner and the slope at the
corner will be infinite if /2 < o < n. For obtuse angles the boundary layer becomes ‘steeper’ for
increasing angles (‘steepness’ measured by the inverse of the distance from the corner to the point
of zero). The bending moments will approach zero within an edge zone in the interior of the angle
field with an increasingly steeper slope as a increases (the underlying Kirchhoff singularity
becomes more severe).

Remark 7. For a simply supported, regular n-sided polygonal Kirchhoff plate, that is inscribed
in a circle, there is a paradoxical behaviour as n increases and the polygon approaches the circle
(Babuska’s paradox ??). Since the twisting moment cannot be specified separately in the Kirchhoff
theory, the moment tensor will be non-zero (and, as we have seen, even singular) on the boundary
of the polygon and the limit configuration will not be moment free on the boundary. For the
Reissner /Mindlin plate the moment tensor becomes zero (across the edge zone) in every point of
the polygonal boundary curve. The interior part of the solution approaches a rotationally
symmetric state that is supported on the inner part of the edge zone by a system of stress
resultants that is in equilibrium with the moment free boundary forces. Since this is valid for every
value of n it is also valid for the limit configuration, where the transverse twist has approached
zero throughout the plate (rotational symmetry).

Remark 8. It is easily seen that for a hard simply supported corner there is no boundary layer
and the solution will be of Kirchhoff type with corner singularities and only a second-order shear
correction improvement. Possible Kirchhoff singularities can only be removed if a boundary
layer exists.

Remark 9. From the formulas (24), (40) and (42c) it follows that there will be no boundary layer
on the edge towards the corner for the other types of homogeneous boundary conditions. The
pure edge type boundary layers will occur near corner under the same conditions as stated in
Section 3.

4.3. The right-angle corner

For a soft simply supported corner with a right angle (¢ = 7/2), we can use a constant function
(s™*~2 = s) as a first approximation of F(s) near the corner. Here we choose
62w0 _ 62W0
ON0S | cornee  ONOS

F(s)=F, = (=0
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in the formulas (52) and (53) (w, is the Kirchhoff solution). Thus
b—s

sinh( ; >
Q(s) & Fo + (Q0) ~ Fy) ———-2L x Fy + (Q(0) — Fy)e

sinh (hi)

\ "0
= Fy(1 — e ~5) (59
and

b—-s

cosh ( )
B s~ L@ - Fo)— S = 0~ Foje
0 0

0
> sinh (i—)

_.FO —s/ho
= e (60)

Here we have utilized that Q = 0 in the corner, see Figure 5. From equation (25a) and the
differential equation (48) we obtain on the edge far from the corner

- hf o o, n:f
T"_‘BZ<VW+6k(1—v))"“'v)§’”—%<vW°+6k(1—v)/

0 [0*w,

and near the corner

_ o/, nf oF 0 (50
T"~—53<Vw+6k(1—v)>—(1_v)5s—_(1—v)6k S

o/, xy 3 (Pwe\ . Fo
6n<v W°+6k(1—v)) ( v)6s<6n6s> (L=v)5 e

4

~ (1 — v)%e"s""’ 62)
0

From the results contained in equations (61) and (62), we can conclude (as a consequence of
force equilibrium of the edge zone) that in the limit hy — O, the transverse boundary force
distribution will approach a force distribution that is predicted on the basis of the contracted
Kirchhoff boundary relations (including the concentrated forces). Thus, the (conventional) equival-
ent transverse shearing force distribution according to Kirchhoff can be thought of as a limit
distribution for physically well-behaved Reissner/Mindlin force distributions when the plate
thickness h is decreased, see also Remark 4. In the limit the quantity D, h® T,(0)h, represents a
concentrated force of magnitude

[* = b Fq
Dh*} T,dt~ —D;h3 | (1 —v)—e hod;

o Jo hg

*w,

=—D,h*(1—v) ~ D,h* T,(0)h, (63)

corner

onds
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However, it should be observed that, for a plate with given finite thickness A, this limit
distribution gives no reliable information about the stress state (including transverse shear
stresses) around the corner. The applicability of formula (63) is checked in a numerical experiment
(see Figure 7 and Table ). Of course, the moment tensor on the boundary will not converge to the
corresponding Kirchhoff quantity. If we substitute in equation (62) more accurate Kirchhoff

approximations such as®
F(s) = F, cos(ns/a) (64)

(a is the side-length, see Figure 6) and

2
1
~B—(V2w0 + ) )z 47{‘1 <0-917 sin(zs/a) + §sin(3ns/a)

on 6k(1 —v) 2
+ L sin(5ns/a) + : sin(7ns/a) (65)
G ns/a) + 45 ns/a
05
/Tn’ ar;s
ya/ 0.1 sla
Slg 972 / e B | irchhott
0/2=0.0325a%p solution

a——a hla=01
o—o h/a=0.05
o-—o h/a=0.025

SHEARING FORCE

Figure 7. Shearing force distribution along AB

Table 1
h/a 01 005 0025
hy/a 0-0447 00224 00112
Y () .
(Figure 7) - 077 — 15 — 297
hy T,,(0) .
— (equation (63)) — 0-0344 — 0-0335 — 00332

a ap
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we obtain the expression

T, 4 . 1. 1.
f—; o (0-917 sin(ns/a) + 9 sin(3ns/a) + Esm(Sns/a) + 4—115 sin(71rs/a))

+ 00325 (n sin(ns/a) — Za— e“”’") (66)
0

(here (1 — v)F, is given the ‘Kirchhoff” value 0-0325fa?) which reproduces the behaviour of T,

near the corner very accurately (especially for thin plates, see Figure 8). A characteristic feature of

the formula (66) is that it predicts that T, passes zero increasingly closer to the corner when the

plate becomes thinner.

5. NUMERICAL EXPERIMENTS

We demonstrate the theoretical results by some numerical experiments with simply supported
plates with corner angles ranging from a = 30° to « = 150°. In the finite element calculations we
use the accurate 16-node plate element available in ADINA.?*

Figure 6 shows a finite element model of a quarter of a simply supported square plate subjected
to uniform pressure p (in the negative z-direction). From the boundary nodal point reaction forces
along the edge AB a virtual work equivalent transverse shearing force distribution was computed.
The shearing force is assumed to vary as a third-order (Lagrange) polynomial along each element
side forming the edge AB.

Figure 9 shows the calculated transverse shearing force distribution along AB when the normal
rotation is prescribed to zero (@, = 0) on the boundary. Since the values for the two thickness/
length ratios coincide, the solution can be considered to have effectively converged to the thin
plate limit. The figure indicates that the finite element model fails to describe the tendency of a
simply supported plate to rise at the corners. The reaction forces at the corners are computed to

0.5
Mg
/Tﬂ' ds
005:7% 01 sla
o Y / * Mo
w Th* 3s Kirchhoff
& ar2=0.02502p [~
w.
o 0.5} 1
§ a—a hia=01
£ ¥ 0—0 ha=0025
~10k
x | approx.
* functions
[o]
-15{ ff-2.97

Figure 8. Shearing force distribution along AB obtained by approximate functions
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be zero and the shearing force distribution coincides very accurately with a theoretical curve that
is obtained by disregarding the twisting moment contribution in the equivalent Kirchhoff
shearing force. That part is taken up as moment reactions at the boundary and Figure 10 shows
that this distribution is in good agreement with the thin plate theory prediction (M,,). Thus, all
boundary layer effects have been filtered out by this choice of boundary conditions. If the normal
rotation @ is left free (M,, = 0 in the finite element model) we obtain the results depicted in
Figure 7.

According to equation (46) 9*w/dnds is approaching a constant value in the corner and the
‘Kirchhoff contribution’ to the shearing force distribution is approaching zero. But the relations
(62) and (66) indicate that a boundary layer is anticipated in the Reissner/Mindlin shear force
distribution. In Figure 7 a ‘natural’ shearing force distribution is obtained. For decreasing h it
converges towards the theoretical equivalent Kirchhoff solution in the interior and at some
distance from the corner. In Figure 8 the approximative function values are computed with
expression (66). Good agreement with the finite element results can be noted for thin plates. Using
the calculated solution in Figure 7 we obtain the results in Table I.

According to Kirchhoff theory® the concentrated force at the corner has the value 00325 a?p.
In Table I we have used k = 5/6.

Considering the uncertainties in the choice of k, etc., the table indicates that the shearing force
distribution converges towards a distribution with concentrated forces of a magnitude that is

oM
2ns
0.4 Tn*3s
:ch,:. L
03
[
[
[='4
g 02}
2 a—a  hla=05
g 01 o—o h/a=0.025
&
0 . o A N
f o1 02 03 Y™
Q2
Figure 9. Shearing force distribution along AB
—
-0.03
#s
-0.02
—
it
&
 -0.09
(Lo
z
7
E 01 0.2 03 0.4 sla

Figure 10. Twisting moment distribution along AB
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predicted on the basis of the contracted (equivalent) boundary conditions in the Kirchhoff theory.
Figures 3 and 4 show the boundary layer behaviour of the Reissner/Mindlin shearing force
distribution. Figure 3 shows the shearing force distribution (7,) in the row of Gauss points next to
the boundary AB (distance = 0-06h). The curve ~O- represents the case with ©, free and the
curve —[J- the case with O, fixed ( = 0). The change of the shearing force distribution from values
on the boundary (Figure 7) to those at the distance 0-06h (Figure 3) is reproduced by the
expression e "**, where p is a co-ordinate normal to the boundary (see equation (37a)). In
Figure 4 the same quantities are shown for a distance of 0-8 from the boundary. Here, except
near the corner, the shearing force distributions already almost coincide. Also, the boundary layer
is already of the pure ‘edge-type’ (1/h) e ~*/* near s = 0 (see equation (37b) with s »nand p > s,
T, along a cutting surface is equal to T, for the adjacent perpendicular boundary surface). In
Figures 3 and 4 the approximative function values are computed with equations (37a) and (37b),
respectively. Thus, on the whole Figures 3, 4 and 7 confirm the boundary layer descriptions given
by equations (37) and (66) with different decay lengths for ‘pure’ edges and corners.

We also discuss briefly some results for skew plates (uniform pressure p in positive z-direction,
h/a=0-025) and apply the formulas (57)-(58). By leaving the normal rotation, @, free along the
edge OB of the rhombic plate in Figure 11 (n/a = 6/5, = /¢ = 6) we obtain the transverse shearing
force along OB shown in Figure 12 and the bending moment distributions along OA shown in
Figure 13. From equation (58) we obtain 7,(0) ~ h3 in corner B and T,(0) ~ hy ®'* in corner O
and hence an observable boundary layer is not expected in corner B but in corner O, where the
trend to infinity of the ‘Kirchhoff contribution’ is abruptly broken by the boundary layer. The
formula (57) gives 0-009a for the location of the zero value near corner O. The moment
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Figure 11. Rhombic plate (30°)
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Figure 12. Shearing force distribution along OB
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distributions in Figure 13 show good agreement with the Kirchhoff theory (solid curves), even
quite near the corner. However, as anticipated, the moments approach zero within a boundary
layer for the Reissner/Mindlin plate.

When 6, was restrained to zero along OB for the same model we obtained an overconstrained
finite element model with oscillations in bounday shearing forces and a bad representation of the
bending moments along OA, typically of a response prediction obtained with Kirchhoff theory
based elements.

A transverse shearing force distribution (Figure 14) of somewhat different qualitative appear-
ance is obtained in the analysis of a less skewed plate in Figure 15 (z/o = 18/7, n/a = 18/11). In
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Figure 15. Rhombic plate (70°)

this case equation (58) predicts 7,(0) ~ hy **''! in corner C and T,(0) ~ hy *” in corner O and
hence a boundary layer is expected in both corners. The formula (57) gives 0-012a for the location
of the zero passage near corner C. For corner O we obtain (as expected for acute angles) the less
accurate value 0-02a.

6. CONCLUDING REMARKS

Substantial improvements in the description of the physical behaviour of plate structures may be
obtained by using plate elements based on the Reissner/Mindlin theory. However, a reliable use
demands proper specifications of the boundary conditions. For smooth edges (far from corners) it
is shown in this paper that the transverse twist, the rotations.and the stress resultants have
boundary layers of different strengths and for some choices of boundary conditions (hard simply
supported and soft clamped) there are no boundary layers for straight edges. For a corner with
simply supported edges the behaviour of the boundary layer is studied along the edges. To satisfy
the Reissner/Mindlin boundary condition of zero moment a boundary layer is set up near the
corner that neutralizes the ‘Kirchhoff singularity’ and yields a complete solution for the moments
and shear forces that is smooth although with high gradients. The theoretical predictions of the
boundary layers are verified in numerical experiments with simply supported plates loaded by
uniform pressure.

The results provide guidance in choosing meshes and proper boundary conditions in finite
element analyses. For example, the need for fine meshes to resolve the edge zone behaviour may
be anticipated from the expected strength of the different boundary layers. In an obtuse corner
{soft simply supported edges), especially the inner part of the boundary layer puts great demands
on the mesh resolution to capture the maximum bending moments. Valuable information about
the physical behaviour near and on the boundary may be filtered out by an unfortunate choice of
boundary conditions. Since the curvature of the boundary curve sometimes controls the bound-
ary layer, care must be taken when modelling curved boundaries using plate bending elements
with straight sides. When hard simply supported or soft clamped boundary conditions are chosen
the boundary layers may be unintentionally suppressed, leading to an error that might not be
negligible in a larger part of a moderately thick plate. Also, the removal of a Kirchhoff singularity
presupposes a boundary layer. Since these two kinds of boundary conditions give rise to an
unphysical behaviour they should be used with caution (see Reference 22). An important
conclusion is that, in finite element analyses it is, provided the physical situation permits it,
preferable to leave the rotation normal to the boundary free (soft conditions). Numerical
experiments indicate that this usually prevents overconstraining in models of generally shaped
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plates and is effective even if the purpose of the analysis is not primarily to resolve the boundary
layers.
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APPENDIX
For the natural co-ordinate system (n, s) in Figure 2 we obtain the curvature of the boundary as

¢ = d¢p/0s, where ¢ also satisfies dp/dn = 0. The following formulas are valid:*?

ands st ?% =0 (A1)

and
02 0*
2 - 4 Y o n
v e R e A (A2)
The bending and twisting moments are expressed in terms of rotations by
_ 09, 00, .
M,, = on +v( 35 +q)®,,) (A3)
- 00, 00,
M, = 35 + @0, +v 7 (Ad)
and
— 1—-v /00, 00, .
M, ———5—< on + Fraie (p@)s) (AS)
The local transverse twist Q is defined by
100, 00O, .
Q”E( on s +"’®’> (A6)
The transverse shearing forces are given by
= 6k(t —v)[ow
Tn“T(é—;“—@n) (A7)
- 6k(l —v)(ow
Ts———hz——(”g"f”@s) (A8)
The equilibrium equations are
oM,, oM, . - _ -
on + Os oM — M) =T, (A9)
a]qns aMss PRy S Al
S 26 M, = T (A10)
oT, T, . -
+——=+¢T,=~f (Al1)

on Js
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