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I. S y n c h r o t r o n  R a d i a t i o n  S p e c t r a  

The b a s i c  e q u a t i o n s  of s y n c h r o t r o n  r a d i a t i o n  were  p u b l i s h e d  by 

1 2  
Schwinger and by Sokolov and Ternov.  Q u a n t i t a t i v e  measurements of 

3 
t h e  r a d i a t i o n  were  g i v e n  by Tomboulian and Hartman. However, t h e r e  

i s  no r e a s o n a b l y  complete  numer ica l  compendium of  t h e  s p e c t r a  i n  t h e  

l i t e r a t u r e ,  and t h e  r e q u i r e d  B e s s e l  f u n c t i o n s  a r e  no t  e a s i l y  a v a i l a b l e  

i n  t a b l e s .  (They a r e  now r e a d i l y  g e n e r a t e d  by t h e  l a r g e  s c i e n t i f i c  

compute r s . )  Numerous rev iew papers  have been p u b l i s h e d ,  of which Mack, 
4 

5 6 7 
C o d l i n g ,  Rowe and t h e  Orsay Group a r e  good examples.  The CEA i n t e r n a l  

4 
r e p o r t  by Mack i s  p a r a m e t r i c  i n  t e rms  of t l u x  p e r  eV but  1s n o t  now 

easy t o  o b t a i n  (sec Appendi~r  A ) .  Tha OrGay Croup paper  has t h e  m o s t .  

comple te  p u b l i s h e d  su rvey  of  t h e  s p e c t r a  b u t  t h e  many g raphs  and t a b l e s  

a p p l y  s p e c i f i c a l l y  t o  t h e  ACO add DCI r i n g s .  I f  ~ 1 1 1 2  call  l i ~ ~ d  i t  (E.M, 

Kowe k i n d l y  s e n t  me a copy)  t h e r e  i s  a u s e f u l  r e p o r t  by E l l i s  and 

s t e v e n s o n s  which t a b u l a t e s  K 
113' K2/3 '  K5/3 and G(x) . 

T h i s  s e c t i o n  i s  a n  a t t e m p t  t o  summarize t h e  c h a r a c t e r i s t i c s  of 

s y n c h r o t r o n  r a d i a t i o n  i n  p a r a m e t r i c  form. T a b l e s  a n d . g r a p h s  a r e  a r r a n g e d  

t o  g i v e  v a l u e s  t o  two o r  t h r e e  f i g u r e s  by i n s p e c t i o n ,  o r  by u s e  of a  hand 

c a l c u l a t o r .  

1. Fundamental  E q u a t i o n s  

I f  a n  e l e c t r o n  i s  moving with v e l o c i t y  v r h e  quantity P i s  d e f i n e d  b y  

and t h e  . t o t a l  ene rgy  of t h e  e l e c t r o n  i s  

w i t h  m t h e  e l e c t r o n  rest mass and c  t h e  v e l o c i t y  of l i g h t .  S i n c e  t h e  
0 

r e s t  ene rgy  of t h e  i l e c e r o n  i s  0.5110 MeV 

and a t  l a r g e  v a l u e s  of y we c a n  put E  a s  e i t h e r  t o t a l  energy o r  k i n e t i c  

ene rgy  w i t h  v e r y  s m a l l  e r r o r .  ( p a r t i c l e  energy i n  a c c e l e r a t o r s  i s  u s u a l l y  

quo ted  a s  k i n e t i c  e n e r g y ) .  

S i n c e  



and  even a t  y = 1000 i s  l e s s  t h a n  1 by o n l y  112 p a r t  p e r  m i l l i o n ,  fl w i l l  

b e  set . e q u a l  t o  1 and. w i l l  n o t  be  ' e x p l i c i t l y  i n c l u d e d  i n  t h e  e q u a t i o n s .  

I f  t h e  e l e c t r o n  i s  moving i n  a c i r c u l a r  p a t h  i n  magnet ic  f i e l d  B t h e  

r a d i u s  of c u r v a t u r e  i s  

* 
and t h e  energy r a d i a t e d  p e r  t u r n  i s  (Ref.  1, Eq. 1.10) 

1 
Schwinger (Bq. 11.16) d e r i v e s  t h e  power p e r  u n i t  a n g u l a r  f r equency  of t h e  

r a d i a t i o n ,  u, ' p e r  e l e c t r o n ,  p e r  u n i t  t ime  

w i t h  
3 = c / p  and . = 2 u v3 = 3cy /2p 

"'0 c 2 0  

Using dX = - dX - d v  and t h e  r e l a t i o n s h i p s  
dw d v  dw 

d$ = w / w C  = e l a C  = A c / A  = y  

and d e f i n i n g  t h e  r e s o l u t i o n  by k = a/A; t h e  power P and  number of photons  

p e r  s e c  N r a d i a t e d  i n t o  a l l  space  p e r  e l e c t r o n  a r e :  

5 /2  2 7 A 3 
ecy (?) K5/3 ( l l d l  P (A, t )  =-- 

2  3  
p e r  u n i t  A 

16n p Y 

L 

p e r  u n i t  A 

p e r  kh 

'cgs u n i t s  a r e  u s e d  i n  accordance  w i t h '  Refs .  1 and 2. 

, 



p e r  Ac 

The r i n g  c u r r e n t  i n  amperes i s  r e l a t e d  t o  t h e  number of e l e c t r o n s  and t o  

t h e  r e v o l u t i o n  f requency  by 

( I n  a  r i n g  w i t h  f i e l d  f r e e  s e c t i o n s  t h e  c i r c u m f e r e n c e  C i s  g r e a t e r  t h a n  

2np and 1/10 = n e / ~ .  But t h e  number r a d i a t i n g  i s  t h e  f r a c t i o n  2rrp/c of 

t h e  t n t a 1  sn n = 7 n p ~ / 1 0 e  i n  agreamonf w i t h  ( 7 ) ) .  I f  t h e  f ~ ~ u w l i  ul: ( 6 )  

a r e  m u l t i p l i e d  by n  and by 8 / 2 ~  t h e  r e s u l t  i s  r a d i a t i o n  i n  a l l  v e r t i c a l  
J- 

a n g l e s  p e r  c u r r e n t  I and a r c  0;  

p e r  u n i t  A 

p e r  u n i t  A 

p e r  kA 

p e r  Ac 

p e r  Ae 

  he power r a d i a t e d  a t  a l l  waveleng ths  a s  a  f u n c t i o n  of a n g l e  4 t o  t h e  

o r b i t  i s  (Ref. 1, Eq. 11.36) 

* 
I i n  amps, 8 i n  r a d i a n s ,  p  i n  cm, o t h e r  u n i t s  s e e  p. 7. 



2. Angular  and P o l a r i z a t i o n  F u n c t i o n s  

Synchro t ron  r a d i a t i o n  i s  normal ly  g e n e r a t e d  o v e r  a n  o r b i t a l  a r c  8 

much l a r g e r  t h a n  t h e  r a d i a t i o n  a n g l e  of e m i s s i o n ,  and i s  u s u a l l y  c o l l e c t e d  

i n  such  a manner a s  t o ' s u m  o v e r  t h e  a n g l e s  i n  t h e  o r b i t a l  p lane .  We a r e  

t h e n  j u s t i f i e d  i n  t a k i n g  t h e  r a d i a t i o n  f rom a r c  0 a s  8 1 2 ~ ~  t i m e s  t h e  t o t a l  

f r o m , a  complete  c i r c u l a r  o r b i t .  The v a r i a t i o n  w i t h  a n g l e  $, r e l a t i v e  t o  

t h e  o r b i t a l  p l a n e ,  i s  d i r e c t l y '  o b s e r v a b l e  and i s  a  complex f u n c t i o n  of y ,  

p ,  A l A  and J r .  
C 

2 
Sokolov and Ternov have examined t h e  p o l a r i z a t i o n  i n  c o n s i d e r a b l e  

d e t a i l .  They compute t h a t ,  i f  p FZ 1, t h e  11 p o l a r i z e d  component of t h e  

r a d i a t i o n  ( e l e c t r i c  v e c t o r  p a r a l l e l  t o  t h e  o r b i t a l  p l a n e )  c o n t a i n s  718 of 

t h e  t o t a l  r a d i a t e d  power, and t h e  I component o n l y  118. The p r o p o r t i o n  

v a r i e s  w i t h  wavelength .  I f  W is  t h e  energy ( p e r  s e c )  r a d i a t e d  i n t o  a l l  

a n g l e s  t h e n  (Ref .  2 ,  p. 32)  

= wqi(y)dy w i t h  y  = A / A  = € 1 ~ ~  
i c 

fC = 1, 4, = 0  f u r  11 - l i n e a r  p o l a r i z a t i o n ;  f C 2  = 0 ,  .L = 1 f o r  I l i n e a r  
2  3  3  

p o l a r i z a t i o n .  I f  we c o u l d  o b s e r v e  t h e  r a d i a t i o n  from a  s h o r t  segment of 

a r c ,  A0 << l / y ,  t h e  t o t a l  component of r a d i a t i o n  would a p p e a r  t o  be  f o u r  

l o b e s ,  t h e  a x i s  of each  l y i n g  a t  a n g l e  1 /2y r e l a t i v e  t o  t h e  o r b i t a l  p l a n e ,  

and 1 / 2 ~  r e l a t i v e  t o  t h e  normal p l a n e  th rough  t h e  t a n g e n t .  S i n c e  o n l y  t h e  

most c r i t i c a l  o p t i c s  c o u l d  r e s o l v e  t h e  0 a n g u l a r  s t r u c t u r e ,  ir i s  conven ien t  

t o  e x p r e s s  t h e  f u n c t i o n s  of $ as a n  a v e r a g e  o v e r  8. 

The power r a d i a t e d  by a s i n g l e  e l e c t r o n  i n  s o l i d  a n g l e  dQ i s  g i v e n  by 
2  

Sokolov and Ternov (Eq.  ' 5 .17)  

i n  which t h e i r  0  i s  t h e  complement of $. Harmonic o r d e r  v d e f i n e s  

w = vuo = v c l p  



and  L2 = 1, L3 = 0  f o r  11 .; L = 0 ,  4, = 1 f o r  L p o l a r i z a t i o n .  I f  we s e t  
2  3 

- - dP 
dP - 2n - and s u b s t i t u t e  f o r  $  and e 
d  V d n  

. . 

I f  t h e  two componen.ts a r e  summed t h i s  e q u a t i o n  i s  i d e n t i c a l  w i t h  Schwinger ' s  

a n g u l a r  d i s t r i b u t i o n  e q u a t i o n 1  11.34. Making t h e  s ~ ~ h s t i t u t i o n s  of t h e  

p r e v i o u s  s e c t i o n  g i v e s  t h e  r a d i a t i o n  p e r  I amperes ,  a r c  8  and p e r  r a d i a n  

of V ;  

8 h .  
4 

27 e c 8 I y  
P ( $ , A , t )  = - 2  (e) F(Ac12h , y o  p e r  u n i t  A 

3 2 m 3  

p e r  u n i t  X 

p e r  kA 

p e r  Ae 

p e r  be 



At  a n g l e  Jr 

f o r  conven ien t  n o r m a l i z a t i o n  s e t  

NL($YA) = Nll(0) F I ( $ ) / F ~ ~  ( 0 )  and N = N I I  + N~ 

e x p r e s s e d  a s  f u n c t i o n s  o f  y ,  A / A '  and y$ 
C 

The d e g r e e  of l i n e a r  p o l a r i z a t i o n  i s  t h e n  

I n  t h e  o r b i t a 1 , p l a n e  t h e  p o l a r i z a t i o n  i s  l i n e a r ' a n d  p a r a l l e l .  Out of  

t h e  p l a n e  it is  e l l i p t i c a l ;  t h e  e x p r e s s i o n s  a r e  g i v e n  by Sokolov and T e r -  
2  

nov. One r a t h e r  remarkable  f e a t u r e  of  t h i s  e l l i p t i c a l  p o l a r i z a t i o n  i s  a  

phase  d i f f e r e n c e  between components a lways  f rr/2, s o  t h a t  t h e  a x e s  of t h e  

p o l a r i z a t i o n  e l l i p s e  a r e  a lways  11 and I t o  t h e  o r b i t a l  p l a n e .  

3 .  Numerical  Va lues  

Both Schwinger and .Soko lov  and Ternov u s e  c g s  u n i t s  i n  t h e i r  e q u a t i o n s .  

S u b s t i t u t i n g  

- 10  
e  = 4.803 X 10 e s u  

c  = 2.9979 X l o l o  cm/sec 

h  = 6.6256 X e r g  s e c  

1 ev = 1.6021 X 1 0 - l 2  e r g  

1 ;i = cm 

(3 )  B p  - 1704 y gauss c m  33.35 EGeV lcgauss-m 



(4 )  
4  

6E = 88.5 EGeV/pm kev  p e r  t u r n  

, . 

11. . 
(7)  , 

n = 1.308 X 1 0  1h Ia e l e c t r o n s  r a d i a t i n g  

. 2. 
( 5 )  . h  = 5.59 ' / ~ 3  : ' = 186.41.~ E 

c : m . G e V , .  . . kgGeV 
i 

With p i n  m e t e r s ,  A and A" i n  H, E i n  eV, I i n  amps and 8  i n  r a d i a n s  
C 

( 8 )  P ( h , t )  = 1.421 X 1fUe'Y (TJ)d?l erg,s/i sec a l l  $ 

P 

.: ' . 4. A . 2.. 

a (F) f K (TJ)dTJ p h o t o n s / i  s e c  a l l  1 ~ ( h  , f )  = 2 . 9 9 8  X 1 0  
' P  . . Y 513 

16 
X m  

~ ~ ( h , ! )  '= 1.256 1 0 ,  k18y (f) K5,3(TJ)dTJ ph/kA s e c  

Y 

w 

= 1.013 X 1.U 
1.2 

yh, J' K5/-,(71)d'V p h / W  sec 

Y 

5 

( 9 j  P = 1.440 x .lo -15 'G 
F(y$)  w/mrad 8,  mrad $ 

P 

a l l  $ 

8 h  
4 

(12)  P ($ ,A, t )  = 3.918 X 10  -I4 % (F) F(Acl2h,y$)  e r g s / i  s e c  r a d  $ 

P 

p h / i  s e c  r a d  $ 

ph/kA s e c  r a d  $ (19)  

phlev s e c  r a d  $ 



ph/ev s e c  rad  $ 

3 
The f u n c t i o n  G w a s  d e f i n e d  by Tomboulian and Hartman a s  

T h i s  c a n  b e  g e n e r a l i z e d  t o  

03 

i = Yi  J' K ( q ) d y  w i t h  i = 0 , 1 , 2 , 3  

Y 
513 

We c a n  now w r i t e  (17)  and (19) i n  power and photons  p e r  s e c  p e r  ma and p e r  

mrad of 0 and $ (where a p p l i c a b l e )  

w i t h  y = A / A  = e /e  
C C 

/ 
-19 y O 

( 8 )  P(A) = 1.421 X 10  G ( y )  e rgs /A,  s e c ,  ma, mrad 0,  a l l  $ 

P 

4 

N(A) = 2.998 x G2(y) p h / i ,  s e c ,  ma, mrad 0  a l l  ( 
P 

Nk(A) = 1.256 X 10" kyGl(y) ph/kA, s e c ,  ma, mrad 0  a l l  
' 

6 
= 1.013 X 10 yh G ( y )  p h / e ~ ,  s e c ,  ma, mrad 9 a l l  ( 

C 0 

and a t  Jr = 0 

8 
(12)  P(A,O) = 3.918 X 10  -23 -2 H (y,O) e r g s / i ,  s e c ,  ma, mrad 9, mrad ( 

P 

5 

N(AyO) = 8.263 x l oe5  Y. H3 ( y , o )  P W A ,  s e c ,  ma, mrad 0 ,  mrad ( 
P 

( 2 3 )  
6 2 

Nb(hyo) = 3.461 X 10 ky H2(y,o)  ph lkh ,  s e c ,  m a ,  mrad 9 ,  mrad ( 



N ~ ~ ( A , O )  = 1.169 X 1 0  l3 H (y 0 )  ph/eV, s e c ,  ma, m a d  0, mrad ( 
Y 1 

2  
19 ~p 

N ' ( s , o )  = 3.951 X 10  . Ho ( y , o )  ph/eV, s e c ,  m a ,  mrad 0, mrad $' 
A€ 

Y 

Of t h e  above  f u n c t i o n s  t h e  ones  most u s e f u l  i n  o p t i c s  and s p e c t r o s c o p y  a r e  

N and N . N w i t h  k  small, i s  d i r e c t l y  r e l a t e d  t o  t h e  r e s o l u t i o n  of 
k A s  k '  

monochromators and s p e c t r o m e t e r s .  NAc c a n  be d i r e c t l y  a p p l i e d  t o  l e v e l  

w i d t h s  a n d  l e v e l  d e n s i t y  and s o  seems p r e f e r a b l e  t o  N p e r  Ae/s, a l t h o u g h  

NpE is  m i s l e a d i n g  a t  s m a l l  s j u s t  as N i s  m i s l e a d i n g  a t  s m a l l  A .  N(A) 

i s  t h e  f u n c t i o n  most o f t e n  s e e n  i n  t h e  l i t e r a t u r e ,  a l t h o u g h  i t s  u s e f u l n e s s  

i s  l i m i t e d  t o  t h o s e  i n s t r u m e n t s  which have cvnsta 'n t  r a t h e r  t h a n  p r o p o r t i o n a l  

r e s o l u t i o n .  

The f l u x  f u n c t i o n s  of (22)  and (23)  a r e  l i s t e d  i n  T a b l e  I i n  terms of 

f u n c t i o n s  F  . These  f u n c t i o n s  a r e  simply',  as a  m a t t e r  of  conven ience ,  t h e  
i 

n u m e r i c a l  c o n s t a n t  combined w i t h  t h e  B e s s e l  f u n c t i o n .  A s h o r t  t a b l e  of t h e  

B e s s e l  f u n c t i o n s  is i n c l u d e d  i n  Appendix A .  The f u n c t i o n s  F th rough  F  a r e  
.o 6  

graphed i n  F i g s .  1 th rough  7 .  F o r  e s t i m a t i n g  f l u x  i t  i s  t h e n  o n l y  n e c e s s a r y  

t o  s e l e c t  t h e  m u l t i p l i e r  f rdm T a b l e  I and t o  a p p l y  i t  t o  t h e  s e l e c t e d  p o i n t  

of t h e  c o r r e s p o n d i n g  c u r v e .  These  l o g - l o g  g r a p h s  are c o n v e n i e n t  because  
* 

t h e i r  shape.  remains  f i x e d  w h i l e  t h e  a x e s  a r e  t r a n s l a t e d  by t h e  m u l t i p l i e r s .  

N (A) and N (A,o) seem p a r t i c u l a r l y  u s e f u l  because ,  f o r  a  g i v e n  r a t i o  of 
k k 2 

A / A ,  t h e  f l u x  i s  p r o p o r t i o n a l  on ly  t o  y or  Co y r e s p e c t i v e l y .  The p a r a -  
C 

meter  y h a s  been used ,  r a t h e r  t h a n  E ,  because  t h e  a n g u l a r  f u n c t i o n s  a r e  

e x p r e s s e d  more n e a t l y  i n  t e r m s  of  y.  

A simple-minded l o g - l o g  f a m i l y  of A v a l u e s  i s  drawn i n  F i g s .  8 and 9 
C 

f o r  c o n s t a n t  B and c o n s t a n t  p. These  f a m i l i e s  c a n  be scanned f o r  r a n g e s  of 

v a l u e s ,  and a r e  handy f o r  s k e t c h i n g  " t u n i n g  curves" .  

The f r a c t i o n  of power r a d i a t e d  a t  a l l  wave leng ths  g r e a t e r  t h a n  h i s  

and t h e  number of photons  a t  a l l  wavelengths  g r e a t e r  t h a n  h i s  

* .  
T h i s  i s  not  t r u e . f o r  . F i g .  7 o r  for  any  f u n c t i o n  whose m u l t i p l i e r s  c o n t a i n  
A o r  s e x p l i c i t l y ,  



TABLE I 

G e n e r a l  R e l a t i o n s  

y  = 1957 E  
GeV 

Bp = 1704 y  gauss  cm = 33.35 EGeV kgauss-m 

4  
b = 88.5 EGev/pm kev p e r  t u r n  

11 
n = 1.308 X 10  pm Ia e l e c t r o n s  r a d i a t i n g  

3  2  h  c = 5.59 PmI~GeV = 186 .4/BkgEGeV i 

h  = 4.189 X 10" pm/y3 i 
C 

c  = 12,398/h eV, 

3  -7 3  
E = 2218 EGeV/pm = 2.960 X 10 y  / p m  eV 

C 

y = A / A  = c / c  
C C 

F l u x  i n  photons  p e r  s e c ,  ma, mrad 8 

N(h) = y4/p Fo(hC/h)  p e r  i, a l l  $ 

N k  ( 1  = kyFl(Ac/h) p e r  kh ,  a l l  Q 

~ ~ ~ ( h )  = (p /y2)F2(hc/h)  

= yhcf3(hc/h) p e r  e v ,  a l l  Q 

Nk(h,O)= ky2F4(hC/h,0) p e r  kh ,  mrad $ a t  Q = 0  

NAe(h,O) = (p /y)F5(Ac/h ,0)  p e r  eV, mrad Q a t  Q = 0  

2 4 NAe(e,O) = ( ~ p  /y  )F6(hC/h,O) p e r  eV, mrad Q a t  Q = 0  



These  two f u n c t i o n s  a r e  p l o t t e d  i n  F i g s .  10  and 11 as % v s .  A / A  . 
C 

The power r a d i a t e d  ( a t  a l l  A) a s  a  f u n c t i o n  of Jr i s  d e r i v e d ' f r o m  ( 9 )  

5  
p($) = 1 - 4 4  X ( y  /pm) F(y$)  wlma, mrad 8, mrad Jr 

w i t h  F(y$) and' F  p l o t t e d  i n  F i g .  12.  
7 .  

L i n e a r  p o l a r i z a t i o n  components v a r y  w i t h  wavelength .  The f u n c t i o n  of 

(10)  

i s  p l o t t e d  i n  F i g .  1 3  f o r  t h e  I/ component (L .  = 1, L3 = O), t h e  1 component 
L 

(Lg = 0 ,  t3 = I ) ,  and t h e  t o t a l ,  vs. A l A  = l / y .  T h e  p c r c c n t a g e r  01 11 nlid 
C 

of components r a d i a t e d  i n t o  a l l  a n g l e s  a r e  p l o t t e d  i n  F i g .  14. 

A t  a g i v e n  wave leng th  A t h e  f l u x  v a . r i e s  w i t h  v e r t i c a l  a n g l e  J, (13)  

as:  

* 
These  f u n c t i o n s  a r e  p l o t t e d  i n  F i g .  15 as p e r c e n t a g e  of F I I  (0) vs . y111 f o r  

A/h r a t i o s  r a n g i n g  from 0.2 t o  100. The sum, o r  v a r i a t i o n  of t o t a l  f l u x  
C 

v s .  y$ ,  i s  a l s o  shown. Number of photons  p e r  s e c ,  ma, mrad 8, mrad J, a t  

any  Jr c a n  t h e n  be  found by m u l t i p l y i n g  t h e  r a t i o  of F i g .  15 by t h e  a p p r o p r i a t e  

N(A., o) . 
I f  t h e  v e r t i c a l  a c c e p t a n c e  a n g l e  A$ i s  v e r y  s m a l l  and i s  n e a r  Jr = 0  

t h e  f l u x  i s  r e a d i l y  o b t a i n e d  as N(A,o) A$. F o r  l a r g e r  a c c e p t a n c e  a n g l e s  

it i s  n e c e s s a r y  t o  i n t e g r a t e  t h e  a n g u l a r  f u n c t i o n s .  

* 
Note  t h a t  t h e s e  p e r c e n t a g e s  are f u n c t i o n s  o f  A / A  r a t h e r  t h a n  A .  

C 



11. The Source  

The p r e v i o u s  s e c t i o n  t r e a t e d  t h e  r a d i a t i o n  from a  c u r r e n t  of e l e c t r o n s  

as i f  t h e  c u r r e n t  were  a  f i l a m e n t ,  o r  f o r  t h e  a n g u l a r  f u n c t i o n s ,  a s  i f  t h e  

e l e c t r o n s  were  t r a v e l l i n g  on p a r a l l e l  o r b i t s .  I n  a n  a l t e r n a t i n g  g r a d i e n t  

r i n g  t h e  e l e c t r o n s  w i l l  o s c i l l a t e  a b o u t  t h e  c e n t r a l  o r b i t  and t h e  o s c i l l a -  

t i o n s  w i l l  c a u s e  a s p r e a d  i n  p o s i t i o n  and a n g l e .  T h i s  d i s t r i b u t i o n  of t h e  

beam i n  s i z e  and a n g l e  i s  modulated by t h e  magnet ic  s t r u c t u r e  of t h e  r i n g  

and t h e  modula t ion  produces  a  r a t h e r  r a p i d  v a r i a t i o n  of t h e  t r a n s v e r s e  

d imensions .  Photons  r a d i a t e d  by t h e  e l e c t r o n s  a r e  d i s t r i b u t e d  i n  a n g l e  

a b o u t  t h e  t r a j e c t o r i e s  of t h e  p a r t i c l e s  and a r e  e m i t t e d  a l l  a l o n g  t h e  

t r a j e c t o r y .  Thus we have a  s o u r c e  which is  ex tended  i n  t h r e e  d imens ions  

i n  c o n f i g u r a t i o n  space  and i n  s i x  d imensions  i n  phase  space .  The p roper -  

t i e s  of t h e  s o u r c e  depend upon a s i z e a b l e  number of p a r a m e t e r s .  I n  o r d e r  

t o  make t h e  problem somewhat manageable t h e  p rocedures  r e d u c e  t h e  d e s c r i p -  

t i o n  of t h e  s o u r c e  t o  one i n  f o u r  phase  s p a c e  d imens ions .  There  seems t o  

b e  no v e r y  s a t i s f a c t o r y  g e n e r a l  method. An o u t l i n e  of t h e  s o u r c e  i n  

l a b o r a t o r y  s p a c e  p r o v i d e s  no a n g u l a r  i n f o r m a t i o n .  A f o u r - d i m e n s i o n a l  

phase  space  s o l u t i o n  is  g e n e r a l ,  a l t h o u g h  v e r y  complex, b u t  canno t  be 

drawn. We must t h e n  use  two two-dimensional  d iagrams .  The c u r v i l i n e a r  

c o o r d i n a t e  s i s  t a k e n  a l o n g  t h e  c e n t r a l  e l e c t r o n  o r b i t ,  assumed t o  l i e  

i n  a  p lane .  T r a n s v e r s e  c o o r d i n a t e  x  i s  p e r p e n d i c u l a r  t o  s  and i n  t h e  

o r b i t a l  p l a n e ,  and x '  = dx/ds .  S i n c e  t h e  a n g l e s  a r e  v e r y  s m a l l  t h e  

p a r a x i a l  approx imat ion  t a n  7 )  w s i n  7) 7 i s  q u i t e  good. S i m i l a r l y ,  y  

and y '  = dy/ds  l i e  i n  t h e  p l a n e  p e r p e n d i c u l a r  t o  t h e  o r b i t a l  p lane .  

It i s  n e c e s s a r y  t o  keep i n  mind t h a t  t h e r e  a r e  c o r r e l a t i o n s  between t h e  

x ,  x '  p l a n e  and t h e  y ,  y '  p l a n e  and t h a t  t h e  f i g u r e s  i n  t h e s e  two p l a n e s  

must o f t e n  be  c o n s i d e r e d  t o g e t h e r .  

The c o n f i g u r a t i o n  of t h e  e l e c t r o n  beam a s  i t  goes  a l o n g  s i s  w e l l  

known from a c c e l e r a t o r  o r b i t  dynamics.  Emi t t ance  of t h i s  beam i s  d e s c r i b e d  

by t h e  Courant-Snyder i n v a r i a n t .  When t h e  e l e c t r o n s  i n  a n  e lement  d s  emi t  

photons  t h e  a n g u l a r  s p r e a d  i n c r e a s e s  and t h e  r e s u l t i n g  photon d i s t r i b u t i o n  

c a n  t h e n  be  c h a r a c t e r i z e d  by a n  i n v a r i a n t  f o r  succed ing  o p t i c a l  t r a n s f o r m a -  

t i o n s .  I f  t h e  photon d i s t r i b u t i o n s  from a l l  e l ements  of a s o u r c e  ex tended  

i n  s a r e  t r ans fo rmed  t o  a s i n g l e  p l a n e  t h e  r e s u l t  i s  a p l a n a r  o p t i c a l  s o u r c e  

which c a n  be d e s c r i b e d  by f o u r  phase  s p a c e  dimensions .  



, 
1. Source  ~ e r i v a t i o n  

The e l e c t r o n  beam i n  a well -behaved s t o r a g e  r i n g  w i l l  have a n  e l l i p -  

t i c a l  c r o s s  s e c t i o n  i n  c o n f i g u r a t i o n  s p a c e  x , y  ( F i g .  1 6 ) .  S i z e  of t h e  

beam i s  governed by t h e  c h a r a c t e r i s t i c s  of t h e  r i n g  and by t h e  quantum 

f l u c t u a t i o n s  of t h e  e m i t t e d  r a d i a t i o n . .  S i n c e  t h e  l a t t e r  a r e  random a  

s t a b i l i z e d  beam (e.g.. one  w i t h  small s y s t e m a t i c  i n s t a b i l i t i e s )  w i l l  

have a normal d i s t r i b u t i o n  w i t h  p r o b a b i l i t y  d e n s i t y  

The p r o b a b i l i t y  f u n c t i o n s  w i l l  be  d e f i n e d  as 

z2 - 

The c u r r e n t  i n  e l ement  dx dy a t  x , y  i s  

E l e c t r o n s  a r e  d i s t r i b u t e d  i n  phase  s p a c e  x , x f  and y , y ' ,  and t y p i c a l  examples 
/ 

a r e  shown in F i g .  16. W i t h i n  t h e  s l i c e  t l y   here i s  d i s t r i b u t i o n  i n  y 

(y '  = dy/ds  i s  t h e  a n g l e  of  t h e  e l e c t r o n  t r a j e c t o r y  t o  t h e  c e n t r a l  a x i s  s ) .  

c o n s i d e r  t h e  e l e c t r o n  i n  e lement  dydy '. On s u c c e s i i e  t r a n s i t s  of t h e  r i n g  

i t  w i l l  t a k e  v a r i o u s  p o s i t i o n s  i n d i c a t e d  by t h e  d o t t e d  e l l i p s e  i n  F i g .  16,  

p rov ided  t h e  motion i s  n o t  on a resonance .  A r e s o n a n c e  i s  o b v i o u s l y  un- 

a l l o w a b l e  i n  a  s t o r a g e  r i n g .  These p a t h s  of a l l  e l e m e n t s  i n  t h e  phase  



p l a n e  a r e  s i m i l a r  and ,  i f  y  i s  a normal v a r i a t e ,  t h e n  y 1  i s  a l s o  a  normal 

v a r i a t e .  A  b r i e f  d e s c r i p t i o n  of  p a r t i c l e  dynamics of  a s t o r a g e  r i n g  i s  

g i v e n  i n  Appendix B. 

An o u t l i n e  of t h e ' b e a m  c r o s s  s e c t i o n  i n  t h e  y , y O  p l a n e  a s  we p ro -  

ceed a l o n g  s c a n  b e  d e s c r i b e d  by t h e  Courant-Snyder  i n v a r i a n t  

T h i s  i s  a n  e l l i p s e  w i t h  c o e f f i c i e n t s  a,  $, y which a r e  f u n c t i o n s  of s 

and a n  area e q u a l  t o  n t i m e s  t h e  e m i t t a n c e  E, a c o n s t a n t  of t h e  mot ion.  

T h e r e  are c o n s t r a i n t s  

F i g u r e  17a shows t h e  beam enve lope  a t  a w a i s t ,  o r  minimum of p ,  where we 

w i l l  set s = 0 .  S i n c e  a = 0 a t  t h i s  s = 0 t h e  e m i t t a n c e  e l l i p s e  i s  

It i s  p r e f e r a b l e  t o  e x p r e s s  t h e  maxima a s  

9 = @  , 9' = &  and $I$' = p 

(The t h i r d  r e l a t i o n  is n o t  t r u e  i f  t h e  e l l i p s e  a x e s  a r e  t i l t e d . )  

I f  t h e  e l l i p s e  of F i g .  17a r e p r e s e n t s  t h e  one o c o n t o u r  of P ( y , y l )  t h e  

one a e m i t t a n c e  becomes u a 1 and t h e  e l l i p s e  i s  d e s c r i b e d  by 
Y Y  

I 
, A t  s t h e  t r a n s v e r s e  c o o r d i n a t e s  y , y  a r e  t r ans fo rmed  by 



and i f  t h e r e  i s  n o ; ( m a g n e t i c )  f o c u s s i n g  t h e  t r a n s f o r m a t i o n  m a t r i x  i s  

. . ., , 

S i n c e  s y n c h r o t r o n  l i g h t '  s o u r c e s  a r e  almo'st always'  bending magnets w i t h o u t  

g r a d i e n t  f o c u s s i n g ,  ' t h i s  m a t r i x  c a n  be: used t'o t r a n s f o r m  y ,  y  ' a n d '  x,i ' 
. , 

a l o n g  s r a t h e r  t h a n  t h e  more complex m a t r i c e s  of magnet ic  f o c u s s i n g  s y s -  

tems.  The o n e  a c o n t o u r  a t  s ( F i g .  17b)  . i s ,  now 

T f  a hivari.a.tc d i . s t r i b u t i o n  ic d o o c r i b c d  by (Ref. 3, Sect. 26.3) 

t h e  one a c o n t o u r  i s  

and - % P(x ,y )  dxdy = 1 - e = 0.39 

where t h e  i n t e g r a l  is t a k e n  o v e r  t h e  a r e a  e n c l o s e d  by ( 3 5 ) .  If  t h e  c o n t o u r  
. . 

. $  
r e p r e s e n t s  no t h e  i n t e g r a l  v a l u e  i s  n - - 

I 2 

n  i n t e g r a l  

1 0.39 ' 

2 . . 0.865 . 



A g e n e r a l  e l l i p t i c a l  c o n t o u r  ( c e n t e r e d  on t h e  a x e s )  i s  d e s c r i b e d  by 

and by e q u a t i n g  c o e f f i c i e n t s  t o  (34)  o r  (35)  

The a r e a  i s  i n v a r i a n t  under  a  l i n e a r  t r a n s f o r m a t i o n  and i t  i s  o f t e n  u s e f u l  

t o  s e t  a r e a / n  = E ,  Che "emit tance"  of t h e  beam. F i g u r e  1 8  l i s t s  s e v e r a l  
2  

u s e f u l  p r o p e r t i e s  of ( 3 7 )  w i t h  t h e  r h  s i d e  r e p l a c e d  by E.  I f  (bg-a  ) i s  

s e t  e q u a l  t o  1 ( a s  i s  u s u a l l y  done i n  a c c e l e r a t o r  dynamics) t h e  maxima of 

t h e  e l l i p s e  a r e  s imply d e s c r i b e d  

Rewr i t e  (33)  w i t h  1 on t h e  r h  s i d e  and (381 g i v e s  f o r  t h e  e l e c t r o n  

beam a t  s: 

w h i l e  (34)  becomes 

1 Y 
P 1 ( ~ . ~ ' )  = 2no , e  

Y Y  

To o b t a i n  t h e  t o t a l  c u r r e n t  i n  dy a t  y  ( F i g .  16)  i n t e g r a t e  (27)  over  a l l  x  



and s i n c e  1;;. f p(y)dy  = I . 
0 0 

I 
When a n  e l e c t r o n  a t  y , y  r a d i a t e s  i t s  p o s i t i o n  y  w i l l  not  change i n s t a n t a n e -  

o u s l y  b u t  t h e  r a d i a t i o n  w i l l  be d i s t r i b u t e d  a b o u t  i t s  i n s t a n t a n e o u s  d i r e c t i o n  

a c c o r d i n g  t o  

o b t a i n e d  f rom (12)  and (13)  by s e t t i n g  I 0  = 1 d s / p  t o  g i v e  number of 

photons  p e r  amp i n  t h e  e lement  d s .  N 11 i s  somewhat a r b i t a r i l y  s e l e c t e d  
, , k .  . 

, , 

t o  s i m p l i f y . t h e  e x p r e s s i o n s ,  and because  t h e  11 component i s  r e f l e c t e d  o r  

d i f f r a c t e d  most e f f i c i e n t l y  w i t h  v e r t i c a l  d i s p e r s i o n .  I f  we d e f i n e .  t h e  
: . .  . . , .  

I I 
r a d i a t i o n  a n g l e  a s  Y 1  t h e n  Jr = Y -y and t h e  number of photons  from d s  

' 

4 
in dY1 from e l e c t r o n  c u r r e n t  i n  dy dy i s  

The number of photons  i n  dY1 atnY1 . a s  a  f u n c t i o n  of y  i s  ,-. 

f o r  a g i v e n  v a l u e  of y and A / A .  
C 

An o p t i c a l  sys tem can  be r e p r e s e n t e d  by a n  o p t i c a l  t r a n s f o r m a t i o n .  

I f  a s o u r c e  i s  ex tended  a l o n g  t h e  o p t i c a l  a x i s  t h e  e l e m e n t s  of t h e  s o u r c e  

can  be s u c c e s s i v e l y  t r ans fo rmed  i n t o  a  s u r f a c e  i n  t h e  image s p a c e  i n  o r d e r  

t o  compute t h e  image. However, i f  M ( s . / s . )  i s  t h e  t r a n s f o r m a t i o n  a l o n g  
1 J  

t h e  o p t i c a l  a x i s  f r 9 m . s  t o  s then  
i j 



Then i f  M(s /s  ) t r a n s f o r m s  a  s u r f a c e  i n  t h e  o b j e c t  s p a c e  t o  t h e  d e s i r e d  
1 N 

s u r f a c e  i n  t h e  image s p a c e  we can t r a n s f o r m  a l l  t h e  e lements  of t h e  

o r b i t  t o  s and c r e a t e  a  s y n t h e s i z e d  o b j e c t .  T h i s  can  t h e n  be  t r a n s -  
1 

f e r r e d  t o  t h e  image s p a c e  by a  s i n g l e  t r a n s f o r m a t i o n .  The s y n c h r o t r o n  

l i g h t  s o u r c e  i s  extended i n  t h e  d i r e c t i o n  of t h e  o p t i c a l  a x i s  and i t  

is  r e a s o n a b l e  t o  t r a n s f o r m  a l l  t h e  e lements  of t h e  s o u r c e  t o  t h e  t r a n s -  

v e r s e  p l a n e  a t  i t s  c e n t e r .  The t r a n s f o r m a t i o n  i s  

and t h e  number of photons  a t  Y '  a s  a  f u n c t i o n  of y  i n  dy2dY1, c a n  be 
2  ' 

o b t a i n e d  by i n t e g r a t i n g  (45)  o v e r  t h e  range  of  s. S i n c e  N 1 1  was d e f i n e d  
k 

as photons  p e r  d s  

e, 

where y  , Y '  a r e  t h e  y  phase  c o o r d i n a t e s  a t  s = 0 ,  d e f i n e d  a s  t h e  p o s i t i o n  of 
2  

a  w a i s t  of  t h e  e l e c t r o n  beam. T h i s  would be  t h e  s i t u a t i o n  a t  t h e  f o c u s  i n  

a n  i n s e r t i o n .  I f  t h e  s o u r c e  l i e s  between s and s and t h e  n e x t  w a i s t  p r o j e c t e d  
1 2  

from o i c  a t  o = O j  t h c  oourcc  p l a n c  w i l l  bc a t 5  = ( s  4,s ) / 2 .  The equa- 
l 1 2  

t i o n  r e p l a c i n g  ( 4 7 )  i s  i n t e g r a t e d  from s t o  s2 and i s  o b t a i n e d  from (45)  
1 

by t h e  t r a n s f o r m a t i o n  

Equa t ion  (47)  was o b t a i n e d  by assuming t h a t  t h e  c e n t r a l  o r b i t  l i e s  i n  

t h e  p l a n e  y = 0 ,  a  c o n d i t i o n  r e a s o n a b l y  w e l l  s a t i s f i e d  when a  s t o r a g e  r i n g  

i s  i n  good a d j u s t m e n t .  I n  t h e  x  phase  p l a n e  Eq. ( 4 5 ) ,  w i t h  y , ~ '  r e p l a c e d  

by x , ~ ' ,  r e p r e s e n t s  t h e  r a d i a t i o n  from a r c  e lement  d s .  But XX' a r e  t h e  

c o o r d i n a t e s  r e l a t i v e  t o  s a t  d s .  



The o p t i c a l  a x i s  p r o j e c t s  on t h e  p l a n e  s = 0  a t  ( F i g .  19)  

and t h e  t r a n s f o r m a t i o n  f rom s t o  s  = 0  becomes 

Eq.  ( 4 7 )  e x p r e s s e d  i n  x , x t  t h e n  becomes, p r o j e c t e d  on s = 0  

. 2. Approximat ion of t h e  Source  

The e x p r e s s i o n s  of  t h e  p r e c e e d i n g  s e c t i o n s  can  be s y s t e m a t i z e d  and numeri-  

c a l l y  i n t e g r a t e d ,  b u t  they  a r e  t o o  unwieldy f o r  e s t i m a t i n g  t h e  e f f e c t s  of t h e  
. . 

s e v e r a l  parameters ' .    he e l e c t r o n  d i s t r i b u t i o n  i s  d e s c r i b e d  by a  normal 

p r o b a b i l i t y  f u n c t i o n  a n d ,  s i n c e  t h e  m a n i p u l a t i o n  of t h e s e  f u n c t i o n s  i s  w e l l  

known, approx imat ion  of t h e  r a d i a t i o n  d i s t r i b u t i o n  by a  p r o b a b i l i t y  f u n c t i o n  

i s  i n d i c a t e d .  From (17)  (19) (20)  (21)  

P 6 
Nk(h) = 1.256 X 10 k 0 1 y ~ ~  

Nkll (( .A) = 3.461 X 1015 k 8 1 y Z ~ i l  ( $ )  p e r  r a d  

2  
Nkll(O,A) = 3.461 X 1015 k01y H~ 



1 2o 2  
I f  we s e t  Nkll ($.A) = g(A) X ~i;;= e  

t h e n  
1 

Nkll(OyA) = g(h)  X - 
f i u  

and g(A) = 3.461 X 1015 k 0 1 ~ ~ ~ ~  X /% o 

m 

But Nkll($yA)d$ = g(A) = f  Nk(A) = 1.256 X 1016 kOIyfCl 

where f  i s  t h e  f r a c t i o n  of t o t a l  r a d i a t i o n  a t  A which i s  11 p o l a r i z e d ,  

and i s  p l o t t e d  i n  F i g .  14.  

fG1 ( r a d )  ycr = 1.448 - 
H, 

and is  a  f u n c t i o n  on ly  of A / A ,  p l o t t e d  i n  F i g .  20. It i s  approx imate ly  
C 

0.425 

2  
and Nkll($,A) = 3.461 X 1015 k8Iy  H2e 2oL ( p e r  r a d )  (53)  

The e x p o n e n t i a l  of (53)  is  compared i n  F i g .  2 1  w i t h  t h e  B e s s e l  f u n c t i o n  

c u r v e s  of F i g .  15. The agreement i s  good up t o  A / A  = LU and i s  k a i r  a t  
C 

100. 

I f  we a g a i n  s t a r t  a t  a n  e l e c t r o n  beam minimum, t h e  c u r r e n t  i n  dydy '  

i s  g i v e n  by 

2  
d  I = I ~ P ( ~ , ~ ~ )  dy d y '  

and t h e  one o  c o n t o u r  of t h e  beam a t  s = 0  by 0 1 ) .  When t r ans fo rmed  t o  s 

t h e  e l e c t r o n  beam i s  d e s c r i b e d  by (33)  and (40) .  I n  t h e  y , y l  p lane  a t  s=s 

t h e  c u r r e n t  i n  dy d y l  i s  



w i t h  PI g i v e n  by ( 4 1 ) .  L e t  t h e  e l e c t r o n s  r a d i a t e  f rom a r c  8 = d s I p  and 

( 5 3 )  becomes 

The r a d i a t i o n  a n g l e ,  r e f e r r e d  t o  s ,  i s  Y '  s o  $ = Y '  - y ' .  S u b s t i t u t e  

I f rom (55)  i n  (56)  t o  d e t e r m i n e  photon f l u x  i n  dY' from element  dy d y '  ds 

1 
2 

X exp - (Y I ) .  1 dy dy ' d ~ '  " Za 

and t o  f i n d  t h e  photon f l u x  i n  dy dY' i n t e g r a t e  (58) o v e r  a l l  y  ' 
. . 

2  
. bL.. - 47 a  - ( a x  +2bx) dx = - e  s o  ( 5 9 )  becomes 
a 

I f  t h e  e x p o n e n t i a l  i s  p u t  i n  t h e  fo rmat  of (34) 



The c o e f f i c i e n t s  a r e  

T h i s  f l u x  i n  dy dY1 from d s  must now be  t rans formed  back t o  s = 0 by 

The e x p o n e n t i a l  of (60) t h e n  becomes 

and e q u a t i n g  c o e f f i c i e n t s  t o  t h e  form of ( 3 4 ) ,  p l u s  ( 6 2 )  



' then from (63) and ( 6 4 ) ,  (60) t r a n s f o r m s  t o  

o r  s u b s t i t u t i n g  from (64) 

3 
T h i s  d N i s  t h e  number of photons i n  dy dY' i n  t h e  " source  plane"  s = 0, 

k 
which come from r a d i a t i o n  a l o n g  d s  a t  s = s. 

! 

/ I 1 :  , 

R a d i a t i  

j F i g .  22 S u c c e s s i v e  t r a n s m a t i o n s  i n  v e r t i c a l  ( y , y t )  phase  s p a c e  

! L_________._._ -.----- .. ---....--.-..-..-.---A ... . I 



These  s u c c e s s i v e  t r a n s f o r m a t i o n s  a r e  shown g r a p h i c a l l y  i n  F i g .  22 

i n  which t h e  example i s  e x a g g e r a t e d ,  a s  i f  from t h e  end of ' a  v e r y  long  

s o u r c e .  Most r e a l  s o u r c e s ,  f o r t u n a t e l y ,  have l e s s  r o t a t i o n  of t h e  

e l l i p s e s .  The c o n t o u r s  a r e  a ( o r  rm) e l l i p s e s .  The e l e c t r o n  beam 

e l l i p s e  a t  s = 0  i s  u p r i g h t ,  by a r b i t r a r y  d e f i n i t i o n .  It t r a n s f o r m s ,  

w i t h o u t  magnet ic  f o c u s s i n g ,  t o  a  s l a n t e d  e l l i p s e  i n  which t h e  a n g l e s  

y '  a r e  p r e s e r v e d  b u t  t h e  s i z e  y i n c r e a s e s .  The r a d i a t i o n  t h e n  i n c r e a s e s  

t h e  a n g l e s  t o  form t h e  r e a l  s o u r c e  and ,  a t  s ,  t h e  d e n s i t y  of t h i s  s o u r c e  

w i l l  be l e s s  t h a n  a t  s = 0.  I n  o r d e r  t o  s y n t h e s i z e  t h e  o p t i c a l  s o u r c e  

t h e  r a d i a t i o n  i s  t h e n  t r ans fo rmed  t o  s = 0' w i t h  a n g l e s  p r e s e r v e d  bu t  w i t h  

i n c r e a s e  i n  a p p a r e n t  s i z e .  Once e s t a b l i s h e d ,  t h e  r a d i a t i o n  a r e a  i n  phase  

s p a c e  i s  a n  i n v a r i a n t  b u t  i t s  shape  c a n  be changed and d i s t o r t e d .  

The r a d i c a l  i n ( 6 5 )  i s  o o and we c a n  i n t e g r a t e  over  y, 
Y, ~3 

u s i n g  t h e  p r o p e r t i e s  of b i v a r i a t e  d i s t r i b u t i o n s  
9 , lO  

and s i n c e  s o c c u r s  on ly  a s  d s  t h i s  i n t e g r a t e s  over  s  a s  

S i m i l a r l y  i n t e g r a t e  (65)  o v e r  y '  t o  o b t a i n  



I n t e g r a t i o n  of ( 6 9 )  o v e r  s c a n  be  done by means of a  f u n c t i o n  which I 

w i l l  c a l l .  e f ( a , Y ) ,  d e f i n e d  as .. . , . 

and normal ized by 
w 

e f ( a , Y ) d a  = f i  t a n  Y 

Appendix C h a s  a d e s c r i p t i o n  of t h e  f u n c t i o n  t o g e t h e r  w i t h  a graph  and 

s h o r t  t a b l e  of v a l u e s .  

2  2 2  
I f  we s e t  c o s  t = o /&so and a .  = y/o  , t h e n  l i m i t  Y i s  

Y Y  Y 

g i v e n  by t a n  Y = os/a 
y .. 

The i n t e g r a l  of (69)  o v e r  s t h e n  becomes (Appendix C )  
2  

a ?  -- c o s  t 
*y 1 2 

dNh(y) =. A I o  & J  AS^ t e dt 

/,2qS 
0 

0 
Y 

and t h e  d i s t r i b u t i o n  of  photons  over  y  i n  t h e  p lane  s = 0 i s  

w h i l e  t h e  p r o b a b i l i g y  t h a t  a photon i s  i n  d y '  a t  y '  i s ,  from (68)  

. . - - 1 12 

2 2 

dy'_ (0 Y 
P = 

The d i s t r i b u t i o n  over  s = 0 w i t h  e q u a l  c o n t r i b u t i o n s  f rom n e g a t i v e  s and 

p o s i t i v e  s i s  symmet r i ca l  a b o u t  t h e  y  ' a x i s ,  and i s  from (72)  symmet r i ca l  

a b o u t  t h e  y  a x i s .  T h e r e  w i l l  b c  no c r o s s  t e rms  of t h e  independent  v a r i a t e s  

of (71) and (72) and t h e  e q u i - i n t e n s i t y  c o n t o u r s  w i l l  be symmet r i ca l  a b o u t  

t h e  a x e s .  We c a n  t h e n  combine (71)  and ( 7 2 )  t o  g i v e  che  y , y l  i n t e n s i t y  i n  

t h e  s y n t h e s i z e d  s o u r c e  i n  t h e  t r a n s v e r s e  p lane  s = 0 w i t h  (71)X2 



At y  = y '  = 0 (66)  can  b e  i n t e g r a t e d  from -s t o  s by 
11 

-1 x  
= s i n h  - t o  g i v e  t h e  c e n t r a l  y y l  d e n s i t y  

a  

2 
suu I 

d  Nk(O,O) = A 1  2-l ' - s i n h - I ( $ - )  
0 TT 00 I 

Y Y Y  

and w e  c a n  r e w r i t e  t h e  y  d e n s i t i e s  a t  s = 0; 

I n  t h e  x , x l  p l a n e  t h e  c e n t r a l  o r b i t  of t h e  e l e c t r o n  beam w i l l  p r o j e c t  

on t h e  p l a n e  s = 0 a l o n g  t h e  p a r a b o l a  ( F i g .  19)  

,2 I 
x  - 2 x I p  = o . ,  s = px 



R a d i a t i o n  from e lement  d s  a t  s w i l l  t r a n s f o r m  t o  s = 0  c e n t e r e d  a t  x '  = sip, 
2  2  

x  = s /2p. The one o c o n t o u r  of x  is ,  u s i n g  (64 ) .  , ax: = o: + s a2 and ' ' 

s i n c e  s = px' we o b t a i n  t h e  c o n t o u r '  

--- -.-. .. - . -. .. .....-- - -.- 

which i s  shown i n  F i g .  23. 

The c o n t o u r  of (78)  i s  a n  approxima- 

t'i'on based on t h e  assumpt ion  t h a t  t h e  1 
c o n t o u r s  have s m a l l  c u r v a t u r e  i n  t h e  1 

I 
! 

i r e g i o n  c o n s i d e r e d .  S i n c e  t h e  r a d i a t i o n  ' 1 
I 

e m i t t e d  by a s i n g l e . e l e c t r o n  i s  p a r a l l e l  i 
I 

- - -- .X i 
t o  t h e  x '  a x i s ,  a r a d i a t i o n  d i s t r i b u -  I 
t ' i o n  l a r g e  compared t o  t h e  c u r v a t u r e  ' ! 

i X 
I 
I 

v s .  x '  would e n l a r g e  t h e  c o n t o u r .  I 

2  2x 
I 

i . , - =  
The r a d i a t i o n  i s  d i s t r i b u t e d  P 

0  j 
; 

i 
uni fo rmly  a l o n g  , t h e  a r c  s o  we can  ! 

I 
? o b t a i n  t h e  un i fo rm x '  d e n s i t y  from 
! 

(17)  m u l t i p l i e d  by f  t o  o b t a i n  t h e  

number of 11 p o l a r i z e d  pho tons ;  

! F i g ,  23 Radial ( x , x t )  phase 
i 

s p a c e  
I 

, 
N~~~ ( ~ ) = 1 . 2 6 ~ 1 0 ' ~  kIyGlf p e r  s e c ,  

(73) 
mrad 8 

The p r o b a b i l i t y  t h a t  a  photon from s w i l l  be i n  dx i s  

and  t h e  number of photons i n  dx d x '  is  t h e  p roduc t  of (79)  and (80)  

t i m e s  dx ' .  A t  x  = x '  = 0  t h e  c e n t r a l  x  d e n s i t y  i s  

2  
d  Nk(O,O) = 1.26 X 1013 kIyfG1 

dx d x '  



S e l e c t i o n  o f  t h e  s o u r c e  c e n t e r  a t  a  w a i s t ,  o r  minimum, o r  f o c u s  of 

t h e  e l e c t r o n  beam made t h e  d e r i v a t i o n  of t h e  e q u a t i o n s  manageable. T h i s  

type of s o u r c e  c e n t e r  i s  found a t  t h e  c e n t e r  of a  double  f o c u s s i n g  i n s e r -  

t i o n  i n  a r i n g  and sometimes i n  t h e  g e n e r a l  l a t t i c e .  However, t h e  s o u r c e  

c e n t e r  i s  o f t e n  a t  a l o c a t i o n  Z where t h e  beam phase space  e l l i p s e  i s  

t i l t e d  and d e s c r i b e d  by (28) 

The C Y ,  p ,  y a t  t h e  d e s i r e d  and E a r e  o b t a i n e d  from t h e  c a l c u l a t i o n s  of 

t h e  r i n g  l a t t i c e  dynamics. .(See Appendix B ) .  I f  t h e  one a e m i t t a n c e  i s  

a a I t h e n ,  by comparing (28) and (33) 
Y Y  

The v a l u e s  a t  s r e l a t e d  t o  t h o s e  a t  % a r e ,  g iven  by 
1 ' 

(p rov ided  t h e r e  i s  n o t  magnetic f o c u s s i n g ) .  A l t e r n a t i v e l y  (33)  can be 

t r ans fprmed  by (32) w i t h . s  r e p l a c e d  by ( s  -S). However, from (82)  
1 

measured from t h e  l o c a t i o n  of a . S e t  CY = 0  a t  s = 0  and t h e  p r o j e c t e d  
0 0 

w a i s t  w i l l  be a t  

I f  we measure from t h i s  z e r o  (33)  and ( 3 4 )  need only  t o  have s r e p l a c e d  by 

S1' 
and s i m i l a r l y  (60) and (62)  have s r e p l a c e d  by s The t r a n s f o r m a t i o n  

1 ' 
t o  t h e  forms of ( 6 3 ) ,  (64)  and (66)  must b e . d o n e  w i t h  



. . . .. 

and  t h e  r e s u l t  i s  complex express ions .  and d i f f i c u l t , i n t e g r a t i o n  which a r e  

beyond t h e  scope of t h i s  p a p e r .  The 'symmetry assumption-incorporated i n  

(76 )  i s  no l o n g e r  e x a c t .  The m o d i f i c a t i o n  of t h e  x , x f  p rocedure  i s  obvious ,  

and  i s  c o n s i d e r a b l y  s i m p l e r .  

The v a l u e s  of t h e  s o u r c e  pa ramete r s  c a n  be examined and i f  u I < a ,  
Y 

sa < a and so  I < a ( p r e f e r a b l y  l e s s  t h a n  h a l f )  t h e  approx imat ions  
Y Y Y 

g i v e n  above a r e  r e a s o n a b l y  good f o r  a s o u r c e  11vt c e n t e r e d  a t  d W a P S c .  

F o r  ex t reme  c a s e s  t h e  s o u r c e  l e n g t h  c a n  be  d i v i d e d  i n t o  a  few As, t h e  

f l u x  c a l c u l a t e d  f o r  e a c h ,  and che r e s u l t s  svrnrned. 

. . 

It i s  impor tan t  t o  n o t e  t h a t .  no a l lowance  h a s  been made f o r  s p r e a d  of 

x  by momentum d i s p e r s i o n .  Ring dynamics c a l c u l a t i o n s  . p r o v i d e  a  momentum 
. . 

compact ion f u n c t i o n  X d e f i n e d  by 
P 

where Ap i s  t h e  semi-momentum s p r e a d  of t h e  ,beam. i i ' a n  i n s e r t i o n  t h e  ,X 
P  

c a n  b e  v e r y  s m a l l  and need no t  be i n c l u d e d .  I f  Ax is a p p r e c i a b l e ,  compared 

t o  t h e  b e t a t r  n  o s c i l l a t i o n  a t h e n  t h e  a of (8U) and (81) 'is r e p l a c e d  
x ' X 

2 
by ( a x  + Ax2) t h e  X a m p l i t u d e  f u n c t i o n  u s u a l l y  does  not  v a r y  r a p i d l y  w i t h  

P 
s. As a  r e s u l t  t h e  modula t ion  of a n g l e  x '  by dX / d s . i s  s m a l l  and h a s  o n l y  a  

P 
s m a l l  e f f e c t  on t h e  a s s u m p t i o n  t h a t  t h e  r a d i a t i o n  i s  uni form w i t h  8. 

I n  sum, t h e  s y n c h r o t r o n  l i g h t  s o u r c e  is  c h a r a c t e r i z e d  by g e n e r a l  pa ra -  

meters 

y ,  p ,  (i,l", lo , 

by s p e c i f i c  pa ramete r s  

and i n  some c o n f i g u r a t i o n s  a l s o  by 



111. R a d i a t i o n  Beam Power 
. . 

The power which can  be encoun te red  i n  a  s y n c h r o t r o n ' r a d i a t i o n  beam h a s  

a n  impor tan t  i n f l u e n c e  on o p t i c a l  d e s i g n .  Coo l ing  and t h e r m a l  d i s t o r t i o n  

of t h e  f i r s t  o p t i c a l  e l ement  may w e l l  l i m i t  t h e  f l u x  which c a n  be g a t h e r e d  

from e l e c t r o n  s t o r a g e  r i n g s .  It i s  always  advan tageous ,  w i t h  r e s p e c t  t o  

beam power, t o  work n e a r  A . F i g u r e  10  shows t h e  p e r c e n t a g e  of power a t  
C 

wavelengths  g r e a t e r  t h a n  h v s . A / A C ,  and it  w i l l  be noted t h a t  h a l f  t h e  

power i s  r a d i a t e d  below A . 
C 

The t o t a l  r a d i a t e d  power i s  c u r r e n t  t imes  t h e  v o l t s / t u r n  (Tab le  I )  

- 3 
o r  m u l t i p l y i n g  by 10 /2n 

4  
P = 0.01409 E 01lp  w/ma mrad 

= 9 . 6 1  X y 4 0 ~ / p  I t  I !  

i s  t h e  t o t a l  power i n t e c e p t e d  from a r c  8. 

By combining (84)  and ( 1 6 ) ,  E i n  GeV and A i n  A ,  P = 0.0787 E / A ~  wlma mrad 0  
C 

The power r a d i a t e d  as a  f u n c t i o n  of t h e  v e r t i c a l  a n g l e  $ i s ,  from 

( 9 )  (24)  

P = 1.44 X 10 
-18 yJ 

F (y$)  w/ma mrad 8, $ 
P 

E 
- 0.413 F ( y , $ )  11 I I 

P 

F u n c t i o n  F(y()  i s  shown i n  F i g .  12 a s  w e l l  a s  F 7 ( y $ )  d e f i n e d  by ( 2 4 ) .  

F(y$)  c a n  be  approximated c l o s e l y  by a  normal d i s t r i b u t i o n  

which c a n  be normal ized by t h e  t o t a l  power from ( 8 4 )  

a d  s i n c e  t h e  i n t e g r a l  o f  (86)  i s  k ,  



and a t  0  

"t = 0.608 r a d  of y) 

I L  is often conv.cnicnt  t o  seprasent  t h e  pnwer d l s e r , i b u ~ i u n  by a 

r e c t a n g l e  of "width" Jr = 2/y .  I f  i n  ( 85 )  

k = 0.334 r a d  of y$ 
1 

  he r e c t a n g l e  i s  shown i n  F i g .  12; I f  t h i s  a p p r o x i m a t i u ~ l  i s  u s e d  i t  is 

somet imes  n e c e s s a r y  t o  remember t h a t  t h e  peak power i s  . l a r g e r  i n  t h e  r a t i o  

1.31.  

I f  w e  assume t h e  beam i s  v e r y  s m a l l  t h e r e  i s  a n  approx imat ion  u s e f u l  
- 3 

f o r  e s t i m a t i n g .  A t '  one mete r  from t h e  s o u r c e  one mrad 8 s u b t e n d s  10 m 

2  
and ) = 2 / y  s u b t e n d s  2 / y  m s o  t h e  r a d i a t i o n  f a l l s  on 2  X 1 0 - ~ / ~  m . But 

t h e  power from one mrad 8 i s  ( 84 )  

and t h e  s p e c i f i c  power 

I f  D i s  t h e  d i s t a n c e  from t h e  s o u r c e  i n  m 



I f  t h e  a n g u l a r  s p r e a d  of t h e  e l e c t r o n  beam i s  a p p r e c i a b l e  t h i s  power w i l l  

be reduced by t h e  approximate  r a t i o  ( s e e  (93) )  

where a is  t h e  a n g u l a r  d i v e r g e n c e  of t h e  beam. 

The p r e c e e d i n g  r e l a t i o n s  a p p l y  t o  a n  e l e c t r o n  beam which is a  f i l a m e n t .  

D i s t r i b u t i o n  of t h e  beam i n  y  and y '  w i l l  reduce  t h e  power d e n s i t y ,  o f t e n  

by a s i g n i f i c a n t  f a c t o r .  I n  t h e  v e r t i c a l  c o o r d i n a t e s  t h e  e l e c t r o n  beam i s  

d e s c r i b e d  (55)  by -$(<+Z) 
u 

2 
2  I0 

o I 

I = 2no o 1 
e  d y d y l  

Y Y  

and t h e  c u r r e n t  i n  e lement  dy dy ' w i l l  r a d i a t e  power i n  a n g l e  e lement  d$ 

a t  $, u s i n g  (85) i n  r a d i a n s  of I) and (87) 

- 1 6  

3  2  - 1 5 y  5  - k2 
u2  

d  P = d  I(1.44X10 
P 

e  d$ p e r  mrad 0 

a t $ = O  k 2 / G  u1 = 0.4375 and o 

1 .d - - 
4 

2 2  
3  2  1 

o 

s o d  P = d  I ( 9 . 6 1  X 10 
-16 y 

e  $ 
p ) JET- 

$ 

b u t  i f  t h e  r a d i a t i o n  a n g l e  i s  Y ' ,  $ = Y 1  - y  I ,  and t h e  power i n  e lement  

dy dY ' r a d i a t e d  f rom c u r r e n t  ir!  dy d y  ' is 

If we i n t e g r a t e  o v e r  a l l  v 1  t h e  power r a d j a t ~ r l  from e lement  dy dY' of t h e  

s o u r c e  i s  (assuming one mrad 0 and I i n  m a )  
0 



-34 -  

and 
2  2 2  

OI 

= 0 . 6 0 8 1 ~  rad  
0. = O  y  I + ( = $  

If t h e  beam h e i g h t  y  is  s m a l l ,  i n t e g r a t e  o v e r  y  t o  o b t a i n  t h e  a n g u l a r  d i s t r i -  

b u t i o n  

I... Y l2 
-.- - 

,!+ I d Y f 2 .  2  

d2p = ( 9 . 6 1 1 1 0 - ' ~  
0 0 

U n i t s  of (94)  and (95)  a r e  w a t t s  p e r  mrad 0 p e r  ma. 

Equa t ions  (95)  and (96) d e s c r i b e  t h e  s o u r c e .  The power d e n s i t y  can  be 

transformed t o  s u r f a c e s  by u s i n g  t h e  methods of  S e c t .  112. 



I V .  O p t i c a l  Transformations 

The c h a r a c t e r i s t i c s  of sources  can be most r e a d i l y  examined wi th  

l i n e a r  p a r a x i a l  t r ans fo rma t ions .  These t ransformat ions  map the  elements  

of phase space and r e p r e s e n t  t he  b e s t  cond i t i ons  t h a t  can be ach ieved .  

Aber ra t ions  and l o s s e s  a r e  beyond the  scope of t h i s  s e c t i o n ,  bu t  source  

p r o p e r t i e s  and comparisons can be examined wi th  i d e a l i z e d  assumptions.  

1. Non-Focusing Opt ics  

The o p t i c a l  a x i s ,  s ,  i s  t h e  c e n t r a 1 , r a y  of t h e  system. Devia t ions  

from s a r e ,  i n  t h e  h o r i z o n t a l  and v e r t i c a l  p l anes ,  s p e c i f i e d  by x ,  x  I 

and y ,  y'. I f  t h e r e  i s  no r e f r a c t i o n  o r  change of momentum t h e  s 
* 

phase space ( and t ime)  a r e  preserved and can be ignored .  The four  

dimensional  phase space x ,  x', y ,  y" i s  i n v a r i a n t  b u t ,  i f  t h e r e  i s  no 

xy coupl ing,  t he  x ,  x' and y ,  y' phase spaces  a r e  independent ly  

i n v a r i a n t .  

A r a y  a t  y  y' propagat ing through f r e e  space from D = 0 w i l l  
0' o 

be a t  D = D l ,  a t  

1 
Fig.  24 S l i t  i n  v e r t i c a l  phase space i ............... . ..-I 

and the  f r e e  space t ransformat ion  i s  

7k 

The e f f e c t s  of s a r e  fo lded  i n t o  x  and y .  



I 

Suppose a  source a t  D = 0 (F ig .  24) w i th  contour 

To avoid u t t e r  chaos i n  nomenclature,  C w i l l  be used a s  the  va r i ance ,  

o r  equ iva l en t  va r i ance ,  of t he  synthes ized  o p t i c a l  source ;  o w i l l  be 

reserved  f o r  t h e  var iance  of the  e l e c t r o n  beam. The emit tance of 

t h i s  source i s  C C I and t h e  phase space 'area i s  TTC C I . Maxima a r e  
Y Y .  Y Y  

t h e  a x i a l  i n t e r c e p t s  9 = & ,  F' = Cyf.  I f  t h i s  source i s  transformed 
J' 

by (96) t o  Dl t h e  contour  w i l l  be 

Area and emi t tance  a r e  preserved bu t  the  maxima a r e  no longer the  

i n t e r c e p t s .  They a r e  (F ig .  18) 

and t h i s  shows, a s  expecte.d, t h a t  the  angular  d i s t r i b u t i o n  i s  

una l t e r ed  b u t  t h e  s i z e  i n c r e a s e s .  

One of the  most common, and important ,  o p t i c a l  instruments  

i s  the  s l i t .  It  w i l l  be considered here  i n  v e r t i c a l  d i s p e r s i o n .  

Suppose a  s l i t  of width 2d a t  D (F ig .  24) .  We can examine the 
1 

p r o p e r t i e s  by t ransforming the  s l i t  back onto the source o r  by 

t ransforming  the  source onto  the  s l i t .  The l a t t e r  seems p r e f e r a b l e .  

The i n t e r c e p t  of t he  source contour  on y1 i s  

and the  minimum angular  r e s o l u t i o n  (semi-angle) a s  t he  s l i t  width 

goes t o  O i s  C C I / J ~ .  Slope of the  contour a t  y  = 0 i s ,  
Y Y 

by d i f f e r e n t i a t i n g  (97) 



and the  maximum angle  through the  s l i t  i s  approximately 

The a r e a  ou t l i ned  i n  F ig .  24 i s ,  i n  most p r a c t i c a l  s i t u a t i o n s ,  

nea r ly  a  para l le logram of a r ea  

and s i n c e  the  emit tance a rea  i s  ITC C the f r a c t i o n  of f l u x  passed 
Y U '  

by the  s l i t  i s  

E q .  103 assumes uniform d e n s i t y ,  which may be a  poor approximation. 

A somewhat b e t t e r  approximation i s  obtained by the  r a t i o  of s l i t  

width t o  emit tance width 

I t  i s  sometimes d e s i r a b l e  t o  i n t e g r a t e  (76)  over 2d. 



I n  t h e  r a d i a l  o r  x ,  x' space the  r a d i a t i o n  beam w i l l  be d i s t r i b u t e d  

Fig. 25 S l i t  i n  r a d i a l  phase space 
- - -- --. . . .- . - - - - -- - - -A 

a long  the  length  of t h e  s l i t  and w i l l  be c u t  of f  by the  ends of t he  

s l i t  o r  by the  a p e r t u r e  of t h e  instrument  i l l umina ted .  There w i l l  be 

a  sys temat ic  v a r i a t i o n  of x: t he  h o r i z o n t a l  angle ,  a long the  s l i t .  
2  

The xr1dens i ty  (F ig .  25) w i l l  vary  a s  diZ + s20 , transformed t o  
X 

D = Dl ( s ee  (78) and F ig .  2 3 ) .  I n  t he  v e r t i c a l  d i r e c t t o n  r h c  

angular  d i s t r i b u t i o n  i s  given by ~ N ~ ( Y ' )  of (76) and,  i f  the  s l i t  

wid th  2d << .F of (98) t h i s  d i s t r i b u t i o n  w i l l  be uniform ac ros s  t he  

wid th  of the  s l i t .  However, the dNk(y) of (76 )  has been i n t e g r a t e d  

over  s and r e p r e s e n t s  t he  sum of the  source .  Since the  yy' d e n s i t y  

i s  c o r r e l a t e d  w i t h  the  xx 'densi ty  thruugh s ,  t he  y d i s t r i b u t i o r i  gfven 

by (69) w i l l  vary  over t he  length  of the  s l i t .  For r e l a t i v e l y  s h o r t  

oourccc and moderate va11.1ea rrf t h ~  va r ious  the variat;ions arc em311 

and i n  many, i f  no t  most, synchrotron l i g h t  a p p l i c a t i o n s  the  s l i t  i s  

r a t h e r  uniformly i l l umina ted .  Extreme cases  can be analyzed by 

d i v i d i n g  the source  length  s  i n t o  a few As and t ransforming the  p a r t s  

piecewise i n  order  t o  maintain the  c o r r e l a t i o n  between x and y. 



One important a p p l i c a t i o n  of t he  s l i t  occurs  w i th  the  double 

c r y s t a l  monochromator i n  the  p a r a l l e l  p o s i t i o n ,  now u s u a l l y  a  channel  

c u t  c r y s t a l .  The angular  d i s t r i b u t i o n  pass ing  the s l i t  determines 

the  r e s o l u t i o n  ( i f  the  angles  a r e  g r e a t e r  than  t h e  c r y s t a l  angular  

window) and the  r e s o l u t i o n  i s  l imi ted  by (100) o r  perhaps (101) .  

With the  extended source the  r e s o l u t i o n  A A / A  = c o t  8Ay1 (Bragg angle  8 )  

i s  l imi ted  by the  c h a r a c t e r i s t i c s  of the  source and the  d i s t a n c e  t o  

the  s l i t ,  bu t  no t  by the  s l i t  width.  The d i s t a n c e  t o  the s l i t  and 

c r y s t a l  a r e  determined by the  geometry. Flux i s  c o l l e c t e d  from o r b i t  

a r c  approximately 8 = X/D; where x i s  the  usable  f a c e  width of the  

c r y s t a l .  Flux a t  the  s h o r t e r  x-ray wavelengths w i l l  o f t e n  be l imi ted  

by the  power the  f i r s t  elements can t o l e r a t e .  

The double c r y s t a l  spectrometer  i n  t he  a n t 5 - p a r a l l e l  p o s i t i o n  

i s  unique i n  t h a t  i t  is  a n  angular  s l i t  i n  phase space .  

-- .................... -- 
Y '  - -- I 

I 

i 
... . . . . . .  . . . . . . . . .  L-.. ......... .-... . . . . . . . . - . - . . . -  

I 
- Y 

A 
Y 

AY ' --. 

i 
D=O I D=D 

1 

Fig.  26 Double c r y s t a l  monochromator angular  s l i t  

i 
............................. -- - -. ....... -. ........... -. . - i . . .  -- . . . . . . . . . . . . . . . . . . . . . . .  

Assuming v e r t i c a l  d i s p e r s i o n ,  the acceptance a t  t he  c r y s t a l s  i s  

Ayl (F ig .  26) and t h i s  t ransforms back t o  t he  source a s  Ayl. Angular 

acceptance i s  very  smal l ,  wi th  good c r y s t a l s  only a  few seconds, s o  

Ay i s  nea r ly  the  same a t  D - 0 and D l .  Usable Ay i s  determined by 

the  pro jec ted  v e r t i c a l  he igh t  of the  c r y s t a l s  and t h i s  w i l l  s e t  one 

l i m i t  t o  source length  s  by (73) o r  (76) .  The o the r  l i m i t  i s  given 

by the width w of the  c r y s t a l s  which l i m i t s  the  source a r c  t o  0 = W / D  = s / p  

The smal le r  of t hese  l i m i t s  a p p l i e s .  However, the  d i f f r a c t i o n  angle  



t o  t he  c r y s t a l  p lanes  i s  changed by the  o f f  a x i s  angle  x' i n  t h e  amount 

4 x12tan  0 ( t h i s  0 i s  t he  Bragg angle)  which must be l e s s  than the  

c r y s t a l  acceptanc'e A ' .  For t h i s  a p p l i c a t i o n  the  source angle  

012 = x 'wi l l  seldom be l i m i t i n g  s i n c e  it can be a  few mradians f o r  
0 

good c r y s t a l s . a t  Bragg angle  o f . s a y  20 . ny' i s  very  smal l  s o  the  

exponen t i a l  i n  dN (y' ) of (76) i s  approximately one and 
k 

. - 

w i t h  8 determined by the  s i z e  of t h e  c r y s t a l s  and the  d i s t a n c e  D 
1'. 

' D i f f r a c t i o n  s t u d i e s  such a s  those us ing  Laue p a t t e r n s  o r  

topography depend c r i t i c a l l y  upon source s i z e  and source b r igh tnes s .  

A s p e c i f f c  s tudy  w i l l  r e q u i r e  a  s p e c i f i e d  angular  spread ac ros s  the 

sample. The s i t u a t i o n  i s  shown i n  F ig .  27 f o r  two t y p i c a l  synchrotron 

l i g h t  sources which can  be used f o r  x- ray  d i f f r a c t i o n .  The s l i t  may 

be e i t h e r  a  pinhole o r  t he  edges of the  c r y s t a l . .  I f  we r e w r i t e  (99) 

i Fig.  27 TWO t y p i c a l  
! transformed . .. .................. ... 

sources ,  from d i f f e r e n t  emit tance beallis, 
t o  s l i t  i n  y ,y '  space 
. . . . . .  ..... - . . - . .  ., . . . . . . . . . . . . . . . . . . . . . . . .  -. . . . . . .  - ........ ... 



The maximum semi-angle i s  roughly C /D, bu t  ,T f o r  s h o r t  sources  
Y Y 

i s  l a r g e l y  determined by a . A s i m i l a r  s i t u a t i o n  o b t a i n s  i n  xx' 
Y 

( s ee  F ig .  25).  The a and a of va r ious  synchro t ron  l i g h t  sources  
X Y 

w i l l .  t ake  va lues  i n  a  range of more than  an  o r d e r  of magnitude, 

and t h i s  can f o r c e  a  corresponding range of D (One must of course  
1' 

r e t r e a t  f a r  enough t o  i l l u m i n a t e  most of t he  sample and t o  prevent  

thermal decomposition of t he  m a t e r i a l ) .  

The f l u x  passed through the  smal l  a p e r t u r e  a t  D' and t h e  exposure 
1' 

of t he  d e t e c t o r ,  depend upon t h e  c e n t r a l  b r igh tnes s  of t he  sou rce .  

The ; cen t r a l  d e n s i t y  func t ions  i n  x ,  x' and y ,  y' a r e  given by (81) 

and (76) .  These cannot simply be mu l t i p l i ed  because we would then  be 

count ing t h e  same photons twice .  By t h e  analogy of (65) o r  (66) t o  

(76 ) , t he  p r o b a b i l i t y  t h a t  a  photon w i l l  l i e  i n  element dydy ' 
* 

( a t  y ='y '  = 0) of the  source i s ,  from (74) 

dydy' 1 so0 r 
p=--  

IT oo 1 sinh- '  (L ) - 
Y 

G o '  
Y Y  

and t h i s  t imes (81) g ives  t he  c e n t r a l  b r igh tnes s  

4 dx dx '  dy d y l  
d  N ~ ( o )  = 1 . 2 6 ~ 1 0 ~ ~  ~ I Y ~ G ~  

X 

- 1 
For d i f f r a c t i o n  sources  t he  argument of s i nh  i s  l e s s  than  1 and 

- 1 
s i n h  x  F;: x ;  so tends t o  be sma l l  compared t o  ox. Eq . (106) can 

then be approximated a s :  

w i t h  k a  numerical cons t an t  involv ing  k ,  I and func t ions  of 
2  0 

(A,/?,). The phase space a r e a  subtended by the  d i f f r a c t i o n  sample w i l l  

a lmost  always be smal l  s o  dx , . . can he rep laced  by Ax. . . a d  

we can avoid i n t e g r a t i n g .  Good x- ray  sources  w i l l  have 0 I o and 
Y 

t h i s  v a r i e s  a s  y-' a t  a  f i xed  (hc /h) .  The b r i g h t n e s s  i s  thus p r o p o r t i o n a l  

t o  y2 and i n v e r s e l y  t o  o o t he  e l e c t r o n  beam s i z e .  Although source  
x  Y '  

l eng th  s i s  i n  t he  numerator,  i t s  magnitude i s  l i ,m i t~ r l  by t h e  ~clmplc 

s i z e  and d i s t a n c e  t o  s = w p / ~ .  Inc reas ing  s  and p t oge the r  has  no 

in f luence  on f l u x , .  which i s  p r o p o r t i o n a l  t o  0 = s I p  and such i n c r e a s e  w i l l  

* 
Constant A of (74) con ta in s  a  a 



. , e n l a r g e  xx and Z . 
Y 

2 .  Focusing Opt ics  

An o p t i c a l  system can be re'duced, i n  f i r s t  order , .  t o  a  . f o c a l  
. . . . 

l eng th  f  and t h e  l o c a t i o n  of 'two p r i n c i p a l  p lanes .  . . .  

The t ransformat ion  from the  f f r s t '  t o  the  second p r i n c i p a l  plane i s  

I .  .......... . .. -- r";7- 4 ~ i i n c i p a l  p l anes ,  . . Image p lane  

I 
and t o  transform fro111 Y,, yU i n  the  o b j e c t  space t o  yi; yl 

.. , 
i n  t he  

'image space 

. ... , , , ....................................... 

Focal 
....... ........... & l eng th  

, .  0 ' .  f .  
Object space 1mage sp,ace ' 

. . 

Fig. 28 Opt ica l  system d e f i n i t i o n s  
I . - - ................................... . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . .  

, . 

. . . . . .  . . .  . . . . . . . . . . .  

. . .  4, 
i 

. . 



and f o r  image formation,  e . g .  conjugate  p lanes  i n  t h e  o b j e c t  and image 

spaces 

f  - ti ti Yi 
and l i n e a r  magni f ica t ion  M = 

- - f - - - -- - - 
f f  - to 

yo 0 

angular  magni f ica t ion  i s  Z / M  and t h e  t ransformat ion  between 

conjugate  p lanes  i s  

(Matrix optics1*' l3 a r e  u s u a l l y  formulated w i t h  h i s t o r i c a l  s i g n  and 

coef f  i c i e t ~ t  convent ions.  1 . f ind the  above formula t ion  i n  which d i s t a n c e  

proceeds from l e f t  t o  r i g h t  and the  column vec to r s  have p o s i t i o n  on 

top t o  be more convenient . )  

If a source i s  focused on a  y s l i t  the  contours  t ransform a s  i n  

F ig .  29 ,  which shows magni f ica t ion  a r b i t r a r i l y  se; a t  1%. 

Object 

I Fig.  29 Transformation 
........ . . . . . . . . . . . . . . . . . . . . . . .  .... .......-....-.... *.. 

... y 

'Image 

... x 

by focuss ing  system 
. . . . . . . . . . . . . .  .......................... 



The x ,  x' f i g u r e  i s  transformed t o  t he  system a p e r t u r e  s t o p  (F ig .  25). 

and t h e  s t o p  then  transformed back t o  t h e  dashed l i n e  i n  F i g .  29. 

This  de te rmines  8 and. s ,  and t h e  r e s u l t i n g  source  t ransforms t o  t he  

image a s  shown i n  F ig .  29. The v e r t i c a l ,  o r  y ,  sou rce  t ransforms 

a s  shown i n  F i g .  29 and i t  i s  assumed f o r  t h i s  eiample t h a t  a l l  y' 

a r e  passed by t h e  system. (See Refs .  12, 13 f o r  t r ans fo rma t ion  of 

a p e r t u r e  s t o p s . )  .S ince  t he  r a d i a l  a p e r t u r e  has  determined s t h e  

f l u x  pass ing  the  s l i t  i s  from (76) 

~ d t e  on t h e  ' curves  of e f  ( a ,  Y) in Appendix C t h a t  i f  y / o  = d 
Y 

i s  n o t  l a r g e r  t han  2 o r  3 ,  t h e  usual c a s e ,  we can approximate t h i s  

integral by a  t r apezo id  

( I f  t h e  magn i f i ca t i on  i s  M t he  d  of (110) and (111) i s  rep laced  by 

d / ~ . )  On t h e  curve of e f ( 0 , ~ )  i n  Appendix C i t  w i l l  be seen  thae  f o r  

tan y = ms/o g r e a t e r  than  1 o r  2  t he  p ropor t i ona t e  i n c r e a s e  of f l u x  
Y 

d e n s i t y  w i t h  i n c r e a s e  of s d imin ishes  r a p i d l y .  The y' d i s t r i h ~ . t t t o n  

i s  given  by 

1 2  2 -  
dM (y') - 2131 - 4 y  / ( 5 / 2 + o )  (76) 

k 

Y 

and w i l l  be magnified by 1 / ~ .  I n  t h e  example t h i s  h a s ' a l l  been passed 

by t h e  s l i t ;  t h e  angular  v a r i a t i o n  i s  determined by o I and o. We can 
Y 

u s u a l l y  make a C o. The r a d i a t i o n  angle  o is  roughly p r o p o r t i o n a l  

y% 3 t o  ( l l y )  (h/AC) from (52) and A = 4np/3y . Combining these ,  a t  a  
C 

f 
given  A ,  o i s  approximately p r o p o r t i o n a l  t o  (yip) o r  t o  D' ( t h i s  B 

2 
i s  magnetic f i e l d ) .  Flux c o n s t a n t  B i s  (75) propore iona l  t o  y / p  arid 

t o  H which i s  slowly vary ing  from A / A  ranging from say  0 . 3  t o  20. 
2 C 



I n  genera l  we need t o  keep o and o r small ( smal l  emi t tance)  and 
Y Y 

t o  work w i t h  y and B a s  h igh  a s  f e a s i b l e ,  wi thout  encounter ing s e r i o u s  

beam power problems. Angular v a r i a t i o n  i n  t he  s l i c e  through the  s  lit 

of Fig .  29 can be reduced by diaphragming f u r t h e r  on i n  t he  system, 

but  t h i s  of course reduces the  f l u x .  

I n  t he  x  d i r e c t i o n ,  a long  the s l i t ,  t he  angular  d e n s i t y  i s  

given by (79) mul t ip l i ed  by 1 / ~ .  The x 'extent  i s  simply equal  t o  

the  o r b i t a l  a r c  subtended X 1 / M .  The s i z e  x has a  one o width (80) 
2 2 2 5  

of (a + s ) 2 ~ ~ ,  and t h i s  i n d i c a t e s  the  d e s i r a b i l i t y  of keeping 
X 

Ox 
and s small .  

There a r e  many d i f f e r e n t  focusing systems t h a t  can precede 

o r  fol low the  s l i t .  They a r e  a l l  s u b j e c t  t o  t he  un fo r tuna te  r e s t r i c t i o n  

t h a t  we cannot compress phase space ;  we cannot reduce both s i z e  and 

angle wi thout  s l i c i n g  of f  f l u x .  I n t e r a c t i o n  w i t h  the  rlumerous source . 

parameters i s  complex and a n a l y s i s  is  probably b e s t  done numerical ly .  
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Fig. 16 Electron beam cross section in configuration and 
phase space 

Fig. 17a. Envelope at  waist, s-0. b.  Envelope a t  s .  



Ellipse 

tan 201 = 2a/(g-b) (axis) 

tan 8 = -a/b 
2 (diameter) 

, - -I Big. 18 Properties of e l l ipse  
* 
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APPENDIX A 

Computation of synchro t ron  r a d i a t i o n  s p e c t r a  r e q u i r e s  t h e  modified 
CO 

B e s s e l  f u n c t i o n s  K (x), K 2 / 3 ( ~ ) ,  KgI3(x) and t h e  i n t e g r a l  
1 / 3  

o r  t h e  Tomboulian and Hartman G = x 3 p5/3('Q) dv. The most a c c u r a t e  

t a b l e s  a re 'probably t h e  "Tables of Besse 1 Funct ions  of F r a c t i o n a l  Order , ' I  

Vol. 11, Computation Lab., Na t iona l  Bureau of S tandards ,  Columbia Univer- 

s i t y  P r e s s ,  New York, 1948. However, t h e  K func t ions  must be computed 
V 

trom the I which a r e  t a b u l a t e d ,  us ing ;  
v' 

iT i- 
1 I (XI - 1"(X)l Kv(x) = 2 s i n  n v  1- - v  

To o b t a i n  K (x)  from t h e s e  t a b l e s  i t  would be necessary  t o  use a recur rence  
5/3 

r e l a t i o n  such as 

k v  
~ h e s e  t a b l e s  g ive  x I (x) f o r  small  arguments and s i n c e  t h i s  p roduct  

=h 

converges a s  x + 0 t h e  v a l u e s  of K f o r  arguments less than 0.002 ( l e s s  t han  

0.005 f o r  f o u r  f i g u r e  accuracy)  can be c a l c u l a t e d  by 

Values  of G f o r  arguments l e s s  than 0.001 can be obtained by use of 
0 

Schwinger 's  expansion f o r  w << w . Equating h i s  I116 and I120 
C 



Appendix A 

The most convenient t a b l e s  of KlI3, K213, K and G a r e  i n  an 
513 

unnumbered and undated r epor t8  - H. E l l i s  and J.R. Stevenson, "Computer 

Ca lcu la t ions  and Numerical Tabula t ions  of Some McDonald Funct ions,"  

School of Physics ,  Georgia Tech. (There i s  a mispr in t  on page 3. The 

approximation f o r  x >> 1 is  K (x) =g emX).  
P 

4 
The s h o r t  t a b l e s  and graphs i n  t h e  r e p o r t  by R.A. Mack a r e  convenient 

bu t  t h e  r e p o r t ,  i s sued  from t h e  l a t e  Cambridge Elec t ron  Acce le ra to r ,  is  hard 

t o  ge t .  Note t h a t  Mack's g ( r )  is  r e l a t e d  t o  G1 by 

The fo l lowing  s h o r t  Table A 1  of func t ions  has arguments spaced f o r  

2 
reasonable i n t e r p o l a t i o n .  Ho(y,O) = K213(y12) and Go(y) = 

are t abu la t ed .  H.  and G .  can then  be  obta ined  by mul t ip ly ing  by yi. 
1 1 

Figure  A1 is  a graph of G(y) e.g. G3(y) vs .  y. 
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TABLE A 1  







APPENDIX B 

Out l i n e ,  of S t o r a g e  Ring P a r t i c l e  Dynamics 

P r o p e r t i e s  of t h e  s y n c h r o t r o n  r a d i a t i o n  s o u r c e  depend upon t h e  a n g u l a r  

d i s t r i b u t i o n  of t h e  r a d i a t i o n  ,p rocess  and on t h e  s p a c i a l  and a n g u l a r  d i s t r i -  

b u t i o n  of t h e  e l e c t r o n  beam. The r a d i a t i o n  a n g l e s  a r e  a  f u n c t i o n  of  A/h 
C 

and y ( S e c t i o n  1 .2 . )  and c a n  be c o n t r o l l e d  t o  t h e  e x t e n t  t h a t  t h o s e  p a r a -  
->' \ -  

meters  c a n  be  chosen.  E l e c t r o n  beam d i s t r i b u t i o n s  a r e  a  f u n c t i o n  of t h e  
!$ >-- 

V% s t o r a g e  r i n g  d e s i g n  and ,  i n  a n  a l t e r n a t i n g - g r a d i e n t  r i n g ,  w i l l  v a r y  w i t h  

c i r c u m f e r e n t i a l  p o s i t i o n .  I n  t h i s  b r i e f  n o t e  on ly  t h e  p r o p e r t i e s  of 

s e p a r a t e d - f u n c t i o n  a l t e r n a t i n g  g r a d i e n t  s t o r a g e  r i n g s  w i l l  be c o n s i d e r e d ,  

The s e p a r a t e d  f u n c t i o n  r i n g  h a s  d i p o l e s  ( n e g l i g i b l e  f i e l d  g r a d i e n t )  which 

bend t h e  e l e c t r o n  heam a  t o t a l  of 2n and quadrupo les  ( c o n s t a n t  t r a n s v e r s e  

g r a d i e n t  magnets)  which supp ly  t h e  r e s t o r i n g  f o r c e s  t h a t  keep t h e  beam 

"focussed".  A quadrupo le  h a s  z e r o  f i e l d  on i t s  a x i s  and e x e r t s  converg ing ,  

o r  f o c u s s i n g ,  f o r c e s  i n  one t r a n s v e r s e  p lane  and d i v e r g i n g ,  o r  d e f o c u s s i n g ,  

f o r c e s  i n  t h e  normal t r a n s v e r s e  p l a n e .  (Ref.  15, Chap. 6 . )  A sequence of 

quadrupo les  i s  normal ly  a r r a n g e d  w i t h  f o c u s s i n g  and d e f o c u s s i n g  d i r e c t i o n s  

a l t e r n a t i n g .  Such a  sequence w i l l  t h e n  be n e t  focuss ' ing  o v e r  a  r a t h e r  wide 

range of pa ramete r s .  

The c e n t r a l  o r b i t . o f  a  s t o r a g e  r i n g  i s  t h a t  o r b i t  which w i l l  be  r e p e t i -  

t i v e l y  t r a c e d  by a  p a r t i c l e  of d e s i g n  energy launched p r e c i s e l y  on t h a t  

o r b i t .  The c e n t r a l  o r b i t  i s  c o n s t r u c t e d  by j o i n i n g  c i r c u l a r  a r c s  i n  t h e  

bending magnets t o  segments of s t r a i g h t  l i n e s  i n  t h e  quadrupo les  and f i e l d  

f r e e  s e c t i o n s  ( " s t r a i g h t - s e c t i o n s " . )  S o l u t i o n  of t h e  g e o m e t r i c a l  problem 

i s  done by r e q u i r i n g . t h a t  t h e  c e n t r a l  o r b i t  c l o s e  on i t s e l f .  Two examples 

of ve ry  d i f f e r e n t  magnet l a t t i c e s  a r e  shown i n  F i g .  B 1  w i t h  t h e  c e n t r a l  

9c 
o r b i t  i n d i c a t e d  by a  dashed l i n e .  I n  o r d e r  t o  e n s u r e  t h a t  p a r t i c l e s  w i l l  

remain i n d e f i n i t e l y  i n  t h e  neighborhood of t h e  c e n t r a l  o r b i t .  when s u b j e c t e d  

t o  d i s t u r b a n c e s  and i m p e r f e c t i o n s ,  s t r o n g  r e s t o r i n g  f o r c e s  a r e  a p p l i e d  by 

t h e  quadrupo les  i n s e r t e d  i n  t h e  l a t t i c e .  

The energy  of an  e l e c t r o n  i s  c o n t i n u a l l y  b e i n g  changed ( i n  s m a l l  i n -  

c rements )  by photon r a d i a t i o n  and by t h e  a c c e l e r a t i o n  sys tem of t h e  r i n g .  

* 
The examples of t h i s  s e c t i o n  were s e l e c t e d  from a s e r i e s  of o r b i t  s t u d i e s  
done by Renate  Chasman. 
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An e l e c t r o n  w i t h  energy  d i f f e r i n g  from t h a t  of t h e  c e c t r a l  o r b i t  w i l l  

t h e n  have a  d i f f e r e n t  r a d i u s  of c u r v a t u r e  i n  t h e  bending magnets 

p = 33.35 E/B (Eq. 16) and w i l l  t r a v e l  on a  l a r g e r ,  o r  s m a l l e r ,  c i rcum- 

fe rence .  A c l o s e d  e q u i l i b r i u m  o r b i t  e x i s t s  f o r  t h e s e  o f f - e n e r g y  p a r t i -  

c l e s  b u t  t h e  f i e l d  of t h e  quadrupo le  i s  no l o n g e r  z e r o  o f f - a x i s .  A 

r e c u r s i o n  f u n c t i o n  c a n  be  w r i t t e n  f o r  t h e  motion of a n  e l e c t r o n  th rough  

t h e  bend ing  magnets and q u a d r u p o l e s  and t h i s  f u n c t i o n  c a n  be s o l v e d ,  

i n  p r i n c i p l e ,  f o r  t h e  c l o s e d  e q u i l i b r i u m  o r b i t .  S o l u t i o n  i s  b e s t  done 

n u m e r i c a l l y  by one of t h e  numerous programs used by a c c e l e r a t o r  d e s i g n e r s .  

I f  s i s  t h e  c o o r d i n a t e  a l o n g  t h e  t r a j e c t o r y  a momentum f u n c t i o n  X ( s )  i s  
P 

d e f i n e d  by 

where Ax i s  t h e  l o c a l  s e t o v e r  of t h e  e q u i l i b r i u m  o r b i t  f o r  energy change 

AE f rom t h e  c e n t r a l  o r b i t  energy E 
16 

(The momentum f u n c t i o n  i s  a l s o  
0 

r e f e r r e d  t o  a s  a o r  I.) I n  F i g .  B2 t h e  X i s  a lways  f i n i t e .  F o r  t h i s  
P  P  

t y p e  of FODO l a t t i c e  t h e  o f f - a x i s  e q u i l i b r i u m  o r b i t  i s  a d j a c e n t  t o  t h e  

c e n t r a l  o r b i t  b u t  h a s  "wiggle-motiontt  which i s  c o r r e l a t e d  w i t h  t h e  

f o c u s s i n g  p e r i o d i c i t y .  T h e ' t r i p l e t  l a t t i c e  f u n c t i o n s  shown i n  B 3  i l l u s -  

t r a t e  t h e  e f f e c t s  of a n  achromat ic  bend d e s i g n .  'X i s  f i n i t e  i n  t h e  
P 

bending magnet s e c t o r s  bu t  i s  approx imate ly  z e r o  i n  t h e  i n s e r t i o n s  between , 

s e c t o r s .  
, . 

The r a d i o  f r e q u e n c y . a c c e l e r a t i n g  waveform h a s  a  phase  f o c u s s i n g  a c t i o n  

and t h e  r a d i a t i o n  damps t h e  l o n g i t u d i n a l  motion.  T h i s  r e s u l t s  i n  t h e  e l e c -  

t r o n  beam b e i n g  compressed i n t o  s h o r t  bunches w i t h  energy d i s t r i b u t i o n  a 
P  

which h a s  a minimum v a l u e  determined by t h e  quantum f l u c t u a t i o n s  of t h e  

photon r a d i a t i o n .  (The observed v a l u e  of o w i l l  be i n c r e a s e d  by i n t r a -  
P  

beam s c a t t e r i n g  and by i n s t a b i l i t i e s . )  Thus t h e  ensemble of e q u i l i b r i u m  

o r b i t s  i n  a r i n g  w i l l  be a band of width  

Ax(s) = X ( s )  a 
P  P  

a b o u t  t h e  c e n t r a l  o r b i t .  
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I f  a n  e l e c t r o n  i s  d i s p l a c e d  i n  p o s i t i o n  a n d / o r  a n g l e  from i t s  e q u i l i -  

brium o r b i t  i t  w i l l  e x e c u t e  " b e t a t r o n "  o s c i l l a t i o n s  a b o u t  t h a t  o r b i t .  L e t  

s b e  t h e  d i s t a n c e  a l o n g  t h e  e q u i l i b r i u m  o r b i t  and x  be  t h e  r a d i a l  and y  t h e  

v e r t i c a l  d i sp lacement  from t h e  e q u i l i b r i u m  o r b i t  of t h e  e l e c t r o n .  A prime 

w i l l  d e n o t e  t h e  d e r i v a t i v e  w i t h  r e s p e c t  t o  s. The t r a n s v e r s e  mot ion can  

be  d e s c r i b e d  by t h e  phase-ampl i tude ' s o l u t i o n  

t 
x  = A  p 2  s i n  (JdS + 6 )  

X X 
?x x 

2 
y = A ~ P ~  s i n  ( j' 

C o n s t a n t s  A and 6  a r e  de te rmined  by t h e  i n i t i a l  c o n d i t i o n s .  $ i s  a n  a m p l i t u d e  

f u n c t i o n  which c a n  be c a l c u l a t e d  from t h e  t r a n s f o r m a t i o n  m a t r i x  of t h e  r i n g  

l a t t i c e . 1 6  F i g u r e s  B2 and B3 show $ as a  f u n c t i o n  of  s f o r  t h e  two examples.  

I f  fl i s  c o n s t a n t  t h e  e q u a t i o n s  a r e  t h o s e  of t h e  s imple  harmonic o s c i l l a t o r  

w i t h  wavelength  g i v e n  by f3 = h/2rr. I n  a n  a l t e r n a t i n g  g r a d i e n t  r i n g  t h e  motion 

i s  t h a t  of  an  o s c i l l a t o r  i n  which t h e  a m p l i t u d e  m u l t i p l i e r  v a r i e s  w h i l e  t h e  

phase  advance speeds  up and s lows  down.. One wavelength  of b e t a t r o n  o s c i l l a -  

t i o n  i s  completed when 

A v e r y  impor tan t  numbcr i s  t h e  v v a l u e ,  the number of o s c i l l a t i o n  c y c l e s  p e r  

t u r n  

1 I w = -  & , C = c i r c u m f e r e n c e  

. ,  

I n  o r d e r  t o  a v o i d  resonance  e f f e c t s  v must not  be a  s m a l l  r a t i o n a l  f r a c t i o n .  

One can  t h e n  v i s u a l i z e  the L ~ a n s v e r s e  mot ion as a  s i n u s o i d  p r e c e s s i n g  around 

t h e  r i n g  and superimposed on it a  w i g g l e  mot ion f i x e d  t o  t h e  magnet l a t t i c e  

and r e l a t e d  t o  P f .  I f  t h e r e  i s  e beam c i r c u l a t i n g  w i t h  a l a r g e  number of 

p a r t i c l e s  d i s t r i b u t e d  i n  phase  and ampl i tude  t h e  enve lope  of t h e  b e t a t r o n  

o s c i l l a t i o n s  i s  p r o p o r t i o n a l  t o  fit vs s. 
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. . D e f i n e  two o t h e r  v a r i a b l e s ,  

- .  
, . .  

CY = - f l f / 2  

16 
Then a, p ,  y a r e  c o e f f i c i e n t s  of t h e  t r a n s f e r  m a t r i c e s  which c a n  b e  used 

t o  t r a n s f o r m  t h e  p o s i t i o n  and a n g l e  of t h e  b e t a t r o n  mot ion a t  any az imuth  

of  t h e  r i n g  t o  any  o t h e r  azimuth. '  T h e y ' a r e  a l s o  t h e  c o e f f i c i e n t s  of t h e  

Courant-Snyder  i n v a r i a n t  

. ! . . 

(and s i m i l a r l y  f o r  y ,  i n  uncoupled mot ion) .  The r i g h t - h a n d  s i d e  i s  t h e  equa- 

t i o n  of  a n , e l l i p s e  i n  x  and x ' .  S i n c e  CY, p ,  y a r e  f u n c t i o n s , o f  s ,  t h e . s h a p e  
. . . . , . 

a n d ' i n c l i n a t i o n  o f  t h e  e l l i p s e  i n  t h e  phase space  x ,  x '  w i l l  v a r y  w i t h  s but  

t h e  a r e a  w i l l  remain i n v a r i a n t .  A p a r t i c l e  w i t h  disp lacement  a n d . a n g l e  x  
. . 1' 

x '  a t  s w i l l  l i e  on e l l i p s e  
1 . , n  - ,  . 

and w i l l  t r a n s v e r s e  t h e  p a t h  i n  phase  space  d e f i n e d  by E as i t  goes  around 
1 

t h e  r i n g .  I f  a n  ensemble uf particles l i e s  wiL11i.n boundary E a t  3 i t  w i l l  

l i e  w i t h i n  E everywhere around t h e  r i n g .  At any s t h e  maximum x  of any 

p a r t i c l e  w i l l  be 

and Llle  alaxiiilu~n a n g l e  

-.  . 
E n t e r  t h e  r i n g  a t  a  o r  p i i n  where ct = 0 and c o n s r q u e o t l y  $ = l / y .  The 

max 
e l l ' i p s e  a x e s  l i e  on x  and x '  and t h e  a r e a  of t h e  e l l i p s e  i s  

n x x ' = n E  

E i s  t h e  e m i t t a n c e  o f  t h e  beam. There  ' is a n  E  a'nd a n  E . 
X Y 
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.Thus t h e  l a r g e s t  beam s i z e  w i l l  occur  a t  a p and t h e  l a r g e s t  d i v e r g e n c e  
max 

a t a p  : 
min 

Al though t h e  s i z e - a n g l e  p roduc t  of t h e  beam c a n  be c o n s i d e r e d  c r u d e l y  

c o n s t a n t ,  t h i s  i s  s t r i c t l y  t r u e  o n l y  a t  a emax o r  a $  
mine 

Elsewhere  t h e  

e l l i p s e  c o n t a i n i n g  t h e  beam i s  i n c l i n e d  and t h e  g' produc t  w i l l  be 

l a r g e r  t h a n  E. 

The f o r e g o i n g  r e l a t i o n s  a r e  v a l i d  f o r  a c o n s e r v a t i v e  sys tem o r  f o r  

a r a d i a t i n g  sys tem i n  q u a s i - e q u i l i b r i u m .  

An e l e c t r o n  p o s i t i o n  x  ,x ' a t  s w i l l  be  a t  s1 
16 

0 0 0 

A f o c u s s i n g  quadrupo le  of l e n g t h  G and g r a d i e n t  G = dB /dx o p e r a t i n g  on a  
Y 

p a r t i c l e  w i t h  magnet ic  r i g i t y  B p  h a s  t r a n s f o r m a t i o n  m a t r i x ;  

w i t h  K = G / B ~  

and a d e f o c u s s i n g  quadrupo le  h a s  t r a n s f o r m a t i o n  m a t r i x ;  
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I 

The same t r a n s f o r m a t i o n s  a p p l y  t o  y ,  y '  w i t h  f o c u s s i n g  and d e f o c u s s i n g  

i n t e r c h a n g e d ,  i.e. a f o c u s s i n g  quadrupole  i n  t h e  & c o o r d i n a t e  i s  d e f o -  

c u s s i n g  i n  t h e . y  c o o r d i n a t e  and v i c e  v e r s a .  A non- focuss ing  s e c t i o n  of 

l e n g t h  4 h a s . t r a n s f o r m a t i o n  m a t r i x :  

(Bending magnets have small f o c u s s i n g  e f f e c t s ,  e s p e c i a l l y  a t  t h e i r  ends ,  

b u t  t h e s e  e f f e c t s  can  be disregarded. .when examining a s o u r c e .  The a x i s  

s i n  a  bending magnet i s  c u r v i l i n e a r  w i t h  rad ius .  p.) Transformat ion  

th tni lgh m u l t i p l e  e lements  i s  t h e n  a m a t r i x  o b t a i n e d  by  n ~ u l t i p l y i n g  t h e  

m a t r i c e s  of t h e  e lements  i n ' s u c ' c e s s i o n .  

An, e 3 . L i . p ~ ~ .  

c a n  be  t r ans formed  from s t o  sl by 
0. 

i n  which t h e  a .  are t h e  e lements  'o f  t h e  x , x '  t r a n s f o r m a t i o n  ina t r ix  from 
1 i 

s t n  s The d e t e r m i n a n t  of t h i s  m a t r i x  must be  1 s o  a 
0 1 - 1 1 ~ 2 2  - a12a21 = 1. 

I f  t h e r e  i s  no f o c u s s i n g  t h i s  becomes; 
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I f  i n i t i a l  c o n d i t i o n s  of  a, @, y are known from d e s i g n  t a b l e s  o r  f rom 

c u r v e s  such  as F i g s .  B2, B3 t h e n  c o e f f i c i e n t s  a r e  r e a d i l y  de te rmined  at  

d i s t a n c e  4, a l o n g  s. An impor tan t  s p e c i a l  c a s e  b e g i n s  a t  t h e  c e n t e r  of 

a n  i n s e r t i o n  where p i s  a minimum, 
0 

2  
a = - ~ ' / 2  = 0 and y = ( 1  )  = 1 .  Then t h e  e q u a t i o n s  

0 0 

s i m p l i f y  t o  

The e l e c t r o n  beam c o n f i g u r a t i o n  of a s o u r c e  i s  determined from t h e  

r i n g  pa ramete r s  a t  t h e  az imuth,  o r  s ,  of t h e  source .  It i s  u s u a l l y  a d e q u a t e  

t o  assume t n a t  t h e  v e r t i c a l  e q u i l i b r i u m  o r b i t s  l i e  i n  t h e  median p l a n e  and 

t h a t  t h e r e  i s  z e r o  v e r t i c a l  momentum f u n c t i o n ,  The v e r t i c a l  e m i t t a n c e  and 

v e r t i c a l  a m p l i t u d e  f u n c t i o n s  a t  t l ~ e  crlosen az imuth  t h e n  g i v e  t h e  v e r t i c a l  s i z e  

a n d . a n g u l a r  d i s t r i b u t i o n .  

: R a d i a l  d i s t r i b u t i o n  of  t n e  e q u i l i b r i u m  o r b i t s  i s  g i v e n  by a X w i t h  
P  P  

a . t h e  v a r i a n c e  of ene rgy  s p r e a d  &/E. B e t a t r o n  o s c i l l a t i o n s . o c c u r  a b o u t  
P  

t h e s e  e q u i l i b r i u m  o r b i t s  w i t h  v a r i a n c e  a o b t a i n e d  from t n e  e m i t t a n c e  and 
X 

h o r i z o r l t a l  a m p l i t u d e  func ' t ions .  The energy o s c i l l a t i o n s  a r e  a t  a  low f r e q u e n c y ,  

t h e  b e t a t r o n  o s c i l l a t i o n s  a r e  a t  a h i g h  f r e q u e n c y ,  and t h e  two a r e  u n c o r r e l a t e d .  1 

The h o r i z o n t a l  w i d t h  v a r i a n c e  i s  o b t a i n e d  by add ing  i n  q u a d r a t u r e  

It i s  o f t e n  s u f f i c i e n t  t o  assume t h a t  X i s  c o n s t a n t  a t  t n e  v a l u e  a t  t h e  c e n t e r  
P  

of t h e  source .  



Fig. Bla. Ring with FODO l a t t i c e .  Q-quadrupole, B-bending magnet. 



Fig. Blb. Ring with triplett lattice. Q-quadrupole; B-bending magnet. 



Fig 33 2. FODO amplitude functions and phase advance. 



0 1 4 5 
Fig. B3. 'Triplett  l a t t i c e  amplitude functions and phase advance. 
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APPENDIX C 

Exponent ia l  I n t e g r a t i n p  Funct ion  ef(a ,Y) 

A f u n c t i o n  of z  1 ., 2 

i n  which b ,  c ,  and y a r e  cons t an t s  can be t ransformed by 

cz 
1 

2 
-1 - - .,s2 t 

t o  b . l  - e 2b2 
C cos t 

d t  

b 

a 2 - -  
2 

cos e 
Define e f ( a  ,Y) = [ 2 e 

TT 
d t  Y < -  

c o s t  2 

wi th ,  f o r  f ( z ) ,  a-y/b, t a n  Y = cz l /b  

T o  normalize,  Ref 11 No, 498 ,  

r )  

- a 2 . - 
1 

COS t 
1 TT 

e d t  = J 5 tan Y 

o cos t 

L e f  (a,Y) da = @ t a n  Y 

A t a e , O  
1 

e f ( o , ~ )  = [ d- = 7 Ln 
cns t - s i n  Y (Ref. 11. No. 288) 

I f  Y c 0 . 1  cos  t w 1 
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with a = y/b , tan Y = czl/b 

Graphs of e f ( a  ,Y) and e f  (0,Y) are Figs.  C1 and C2. A short table  of the 

function i s  included a s  Table C I .  This table  was kindly programmed and 

run by Kurt J e l l e t t .  



TABLE CI ef (a,Y) 

7.541-3 ' 

1,327-4 1.744-6 

2 . 2 5 9 - 4  3 . 5 3 6 - 6  , ,~ I -- 





01 4 8 
.?_ . - 

tan Y 




