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ABSTRACT: Random variation of environmental humidity is characterized by its 
power spectrum, and random variation of pore humidity and stresses in a half
space is analyzed under the assumption that the problem is linear (or linear
ized). The diffusion equation and the superposition integral for stress relaxation 
are used. The dependence of both the creep properties and the drying diffu
sivity on age is taken into account. Complex variable expressions for the fre
quency response functions of humidity and stress are obtained and are eval
uated numerically. In contrast to nonaging structures, these functions depend 
on both the current age of concrete and the age when drying starts. The stan
dard deviations of pore humidity and of stress exhibit oscillations about a drift
ing mean. For typical diffusivities of concrete, the solution is nonstationary for 
at least 50 yr, and for environmental fluctuations whose period does not exceed 
one year, the fluctuations are not felt at depths over 20 cm below the surface. 
Since, even for aging structures, the spectral densities of input and response 
are related algebraically, the spectral method is computationally more efficient 
than the impulse response function method, in which the autocorrelation func
tions of the input and the response are related by integrals. 

INTRODUCTION 

Random variation of environmental humidity or temperature has a 
significant effect on the stresses and deformations in concrete structures. 
The solution is greatly facilitated by conSidering, as an approximation, 
the material properties to be deterministic and linear. In the linear ap
proximation, the problem is mathematically equivalent to that of random 
environmental temperature. For the case when the material exhibits no 
aging and the environmental input is a stationary random process, the 
response is also a stationary random process. Solution of a typical prob
lem of this type, concerned with random thermal stresses in an infinitely 
long cylindrical elastic vessel, was pioneered by Heller (13) who used 
the method of power response spectra. His solution method is, how
ever, inapplicable to concrete because the drying diffusivity and creep 
strongly depend on age, making the response a nonstationary random 
process. Random shrinkage stresses in an aging viscoelastic vessel were 
solved in Ref. 16 by the method of impulse response functions. In this 
solution, the aging was considered for creep and elastic properties but 
not for the drying diffusivity of concrete. 

The objective of this paper is to solve the problem of a halfspace, and 
to develop a method of solution that takes into account also the effect 
of aging on drying diffusivity. The spectral approach is convenient be
cause the environmental humidity variation has a few distinct domi-
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nating periodic components, especially those with periods of 1 yr and 
1 day. 

VARIANCE AND SPECTRAL DENSITY OF RESPONSE 

The basic hypothesis of the present solution is that a concrete struc
ture may be treated as a linear system. The input, I(t), of the system is 
represented by the history of environmental humidity, which may be 
considered as a stationary random process described by its frequency 
components. Due to linearity, the effect of each component may be solved 
separately, and all the responses then superimposed. Consider one in

put component, I(t) = Ae iwt, of zero mean, frequency 00, and amplitude 
A (t = time; A, 00 = real numbers; i = imaginary unit). The response is 
then a certain function, g(x,t,to) = AeiwtY(w,x,t,to), in which Y is a 
complex function called the frequency response function, x = spatial co
ordinate for the points in the structure, and to = age of concrete when 
the exposure of the structure to input I(t) (environmental humidity) be
gins. In contrast to nonaging systems (11), the response to a periodic 
input is nonperiodic since function Yew, x, t, to) depends separately on 
both t and to, and not just on input duration t - to. 

For a stationary structural response, the statistics of the response are 
those of the random time variation of the response at a certain point of 
the structure. This concept, however, is inapplicable if there is aging. 
One should then imagine an ensemble of many identical structures ex
posed at the same age, to, to different realizations of the same environ
ment, of the same statistical properties, and then characterize the re
sponse by means of statistics of the response values at given age t and 
given location ~ over all the structures in the ensemble. This approach, 
however, would be too tedious for calculations. The random process of 
the environment, I(t), may usually be considered as stationary, and then 
the statistics taken over the aforementioned ensemble of all identical 
structures may be replaced by the statistics of the response g(~,t,to,T) 
at fixed location ~, fixed age t, and fixed age at start of exposure, to, as 
the random environmental history is shifted in time against the instant 
the structure is cast. Let T be the time shift, and 9 = t + T = actual time 
measured, e.g., from the birth of Christ. The statistical characteristics of 
the response are then those of g(x,t,to,T) as a function of T (3,4). 

Consider now a single periodic component of the environment, 1(9) = 

Aeiwe = Aeiwt . eiWT. The response then is g(x, t, to, T) = Aeiwt Yew, x, t, to)e
iWT

. 
The variance of the response may be calculated as the expectation, ET , 

of the squared response taken over all values of T from -00 to 00, i.e., of 
g(x,t,to,T) g*(x,t,to,T) in which the asterisk (*) denotes the complex 
conjugate. Thus, we have S~g = ET{[Ae,wt YCw,x,t,to)e'WT][Ae-,wt 
Y*(w, x, t, to) e-'WT]}. 

Noting that Y y* = !y!2, and that A = So = standard deviation of the 
single periodic component of the input, we have 

SOg = so!Y(w, x, t, to)! ............................................. (1) 

In a preceding work (3), summarized at a recent conference (4), it is 
shown that, more generally 

Sg(w,x,t,t o) = S,(w)!YCw,x,t, toW ................................ (2) 
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in which Sf and 5 g are the spectral densities of the input and ot the 
response (3). This relation differs from that for stationary response only 
by the dependence on t and to. The fact that this relation is algebraic 
makes the spectral approach computationally more efficient than the im
pulse response approach, for which the autocorrelation functions of the 
input and the response are related by integrals. This is especially so if 
the random input is sufficiently well characterized by only a few periodic 
components, as is the case for environmental humidity. 

In the special case of a single frequency component, 000, one has Sf(w) 
= 211's~8(w - 000) and Sg(w) = 211's~g8(w - 000) in which 8(00 - 000) = unit 
impulse = Dirac delta function. Eq. 2 implies Eq. 1 since Var [g(x, t, to)] 
= J~oo Sg(w,x,t,to) dwj211' (compare Ref. 3 or 4). 

HUMIDITY VARIATION IN A HALFSPACE 

Consider the halfspace x 2: 0 whose surface humidity variation is pre
scribed [Fig. l(a, b)]. The variation of humidity, h, inside the halfspace 
may be assumed to be governed by the linear diffusion equation 

ah a2 h 
- = C(t) -2 .................................................. (3) 
at ax 

in which h = relative vapor pressure in the pores of concrete; and C(t) 
= the diffusivity of concrete which is strongly variable with the age, t, 
of concrete, as experimentally demonstrated by Wierig (17,7) and others. 
Wierig's data may be approximated by 

C(t) = bt-m .................................................... (4) 

in which material parameters band m may be obtained by linear regres
sion of log C versus log t; m = 0.213; and b = 61.0 if t is given in days 
(Fig. 2). To make the solution easier, Eq. 4 is chosen in such a form that 
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FIG. 1.-(8) Halfspace; (b) Random Variation of Environmental Humidity; (c) In
tegrand F(>o.) In Eq. 13; and (d) History of Standard Deviation of Stress 
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it can be inverted, i.e., t = (Cjb) -11
m. The limit C ~ 00 as t ~ 00, implied 

by Eq. 4, is certainly unrealistic, but for typical lifetimes this does not 
matter. 

The variation of humidity is a sum of a deterministic component, ho(x, t), 
and a randomly fluctuating component of zero mean. The method to 
solve the first component, which is caused by the difference of the mean 
environmental humidity and the initial uniform humidity in concrete, is 
known. Therefore, we consider h (x, t) to be the difference of pore hu
midity from the mean environmental humidity, and the initial and 
boundary conditions for solving the fluctuating component of zero mean 
may then be written as 

for t = to, x =s; 0: h = 0; for t 2: to, X = 0: h = eiw(t-to) •••••• (5) 

Here the amplitude of h is assumed as 1.0 since all results are propor
tional to the amplitude. 

Despite aging, an analytical solution is rendered possible by substi
tuting the variable 

~=<l>(t)=JC(t)dt ........................................ ...... (6) 

which may be called the reduced time. Assuming that ~ = 0 when t = 

to, Eq. 6 becomes 

b 
~ = <l>(t) = J bt-mdt = - t n + Co ........................ · .... ·· .... (7) 

n 

b 
in which Co = - tS, n = 1 - m ................................ (8) 

n 

The inverse of Eq. 7 is 

( )

lln 

t = "'(~) = to + ~ ~ ......................................... (9) 
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Noting that ah/at = (ah/a~) a~/at = C(t)ahja~, the field equation (Eq. 
3) becomes 

ah a2 h 
a~ = ax 2 ••••••••••••••••••••••••••••••••••••••••••••••••••••• (10) 

and the boundary conditions (Eq. 5) become 

for ~ = 0, x ~ 0: h = 0; for ~ ~ 0, x = 0: h = eioo[oj#(()-tol . .... (11) 

~e see that the transformation of time reduces the problem to a diffu
SlOn problem with a constant diffusivity, equal to 1.0. According to Du
hamel's theorem (10), the solution of this problem is 

h(x,t) = eiootYh(W,x,t,to) ....................................... (12) 

Yh(w,x,t,tO) = 2~e-iooto f e-
x2

/
4

(€->') (~- A)-3/2dA, ~ = <I>(t) ..... (13) 

which can be verified by substitution into Eqs. 10 and 11. The actual 
humidity is the real part of h (x, t), and function Y h is the frequency re
sponse of humidity. 

For a general random input of given spectral density, the frequency 
res~o~se function given by Eq. 13 makes it possible to determine all the 
statistical parameters of the response. In particular, according to Eq. 2, 
the standard deviation of humidity is 

SOh(X,t) = solh(x,t)1 = soIY(w,x,t,to)1 ............................ (14) 

VARIATION OF STRESS IN HALFSPACE 

Changes of pore humidity produce local shrinkage strains, Esh (x, t). 
Although the dependence of Esh on h is nonlinear, it needs to be linear
ized to I?a.k~ an analytical solution feasible. A linearization is acceptable 
for humidities between 0.5 and 1.0, and may be written as 

Esh(X, t) = Kshh(x, t) ............................................. (15) 

in which Ksh .is a shrinkage coefficient (a real number), which depends 
on age t. This dependence has, however, been neglected in numerical 
calculations, for lack of experimental data, although the same type of 
solution is possible even when Ksh depends on t. 
S~nce the shrinkage strains obtained from Eq. 15 are not compatible, 

sJ:u:inkage stresses are produced. They may be determined from the con
ditions that the normal stress, <1 x, and the normal strains E and E . h 'Y z, 
varus . For ~e case o~ an ~lastic halfspace, in which the shrinkage strains 
do not vary m the drrections parallel to the surface, these conditions 
would yield the shrinkage stresses 

Ec 
<1y = - 1 _ v Kshh(x, t) .......................................... (16) 

in which Ec = Young's modulus of concrete; and v = its Poisson ratio 
(<1 x = 0, <1z = <1y). 
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The shrinkage stresses are greatly reduced by creep. Using the elastic
viscoelastic analogy, the solution for creep may be obtained simply by 
replacing Ec with the relaxation operator (1,2); this yields the shrinkage 
stress 

E 
<1y(x,t) = ----Ksh(t)h(x,t) 

l-y 

I
t R(t,t') , a, " 

= - , Ksh(t ) - [H(t - to)h(x, t )]dt .................. (17) 
to 1 - v (t, t ) at 

in which H = the Heaviside step function; J,;: = relaxation operator of 
concrete; y = operator corresponding to v; R (t, t') = relaxation function 
of concrete = uniaxial stress at age t caused by a unit normal strain 
imposed at age t' ; and v (t, t') = associated Poisson ratio function. As a 
good approximation, v(t, t') = v = constant. According to Eq. 12, for 
t> to 

ah(x,t') dt' =.!.... [eioot'Y (w,x,t' t )]dt' 
at' at' h , 0 

= eioot[iWYh(W,x,t',to) + aYh(W,X,t',tO)]dt' ..................... (18) 
at' 

Substituting this into Eq. 17, and setting 

<1y(x,t) = eioot Ys(w,x, t, to) ...................................... (19) 

we obtain the following expression for the frequency response of shrink
age stress: 

Y ( t t)= - ' sh _[e-ioo(t-t')y (w x t' t )]dt' I
t R(t t')K (t') a 

s w,x, , 0 to 1 _ v(t,t') at' h " , 0 

R(t, to)Ksh(tO) iooto ' 
- e Yh(w,x,t ,to) ............................... (20) 

1 - v(t, to) 

Here the last term vanishes for all x except x = 0 because only pore 
humidity at surface can change instantaneously. The frequency response 
function in Eq. 20 (which is complex-valued) makes it possible to de
termine all the statistical characteristics of the response. In particular, 
the standard deviation of the stress is 

sou(x,t) = solsy(x,t)1 = soIYs(w,x,t,to)I ........................... (21) 

As a special case, consider the points on the surface of the halfspace, 
x = O. Evaluating the limit of Eq. 13 for x ~ 0, one can verify that 
Yh(w,O,t,t o) = H(t - to) = Heaviside step function = 1 if t > to. Eq. 
20 then yields 

Y (00 0 t t ) = _ R(t,to)Ks(tO) e-ioo(t-to) 
s '" 0 1 - v (t, to) 

- ioo 1t R(t,t')Ksh~t') e-ioo(t-t')dt' ............................... (22) 
t;j 1 - v(t, t ) 
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The basic premise of the present solution is complete linearity of the 
problem, including the diffusion equation, the shrinkage-humidity re
lation, and the stress-strain relation. 

The present method of solution can be applied, in principle, for any 
structure for which an elastic solution, either analytical or numerical, is 
available. Note that the method holds even when R(t,t') depends also 
on spatial coordinate x (layered halfspace). This is because the condi
tions (J' x = Ey = E z = 0 remain. However, Eq. 13 per se does not apply 
if diffusivity C(t) depends on x. 

It may be also noticed that an analogous solution is possible for ther
mal stresses. Random environmental humidity history is then replaced 
by random environmental temperature history, the diffusion equation 
for pore humidity by the heat conduction equation, and the shrinkage
humidity relation by the relation of thermal expansion to temperature. 
To apply the present solution to random thermal stresses is simply a 
matter of changing some notations. In practice, thermal stresses and 
shrinkage stresses occur simultaneously, but the analysis of combined 
random shrinkage and thermal stresses is just a matter of superposition 
of solutions. This is true, however, only as long as both the shrinkage 
and thermal stress problems remain linear and uncoupled. In practice, 
these assumptions might be often unrealistic. For example, the thermal 
and shrinkage problems become coupled if moisture in the surface layer 
of concrete freezes. Undoubtedly, this would be much more difficult to 
handle. 

NUMERICAL SOLUTION AND EXAMPLES 

The frequency response functions may be calculated numerically if the 
time interval, (to,t), is subdivided by discrete times to, tIt t 2, ... tn. 
Eq. 20 for x> 0 may then be approximated by the sum 

_ ~R(tn,ti)Ksh(ti) -ieo(I-I) 
Ys(w,x,tn,to)--L.J e n '[Yh(W,X,ti,tO) 

i=1 1 - v(tn ,t i ) 

-ieoa.l·y ( )] -e 'h W,X,t i- 1 ,tO ....................................... (23) 

For a numerical example, we consider the relaxation function obtained 
for Ross Dam concrete, which is given in Ref. 8 in the form of Dirichlet 
series 

m 

R(t,t') = 2: EIJ.(t')e-(I-I')/T. + Ea,(t') ............................ (24) 
11-=1 

in which 'TIJ. are the relaxation times; and EIJ.(t ' ), E",(t ' ) are the Maxwell 
chain moduli, as specified in Ref. 8. Eq. 24 gives a good approximation 
within the time range 0.5 'Tl :s t - t I :s 'T I' • In all numerical calculations, 
the creep Poisson ratio is considered as constant, v(t, t ') = V = 0.18. The 
drying diffusivity is C(t) = 6lt-0

.
213 mm 2/day (Fig. 2). The shrinkage 

coefficient is considered age-independent, and the value Ksh = 0.0008, 
typical for structural concretes [but too high for dam concretes (18)), is 
assumed. Comparing the numerical examples from Ref. 16, note that Ksh 

was considered twice as large there. 
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In Eq. 24, the relaxation function is considered to be indeRendent ~f 
h(x,t), as well as of ah(x,t)/dt and the history of h(x,t). In reality, .R(t,t ) 
depends on all of these; however, if this dependence were c~msidered, 
a linear solution would become impossible. The effect of drytng on the 
creep or relaxation properties could, howeve~, be taken into account, at 
least approximately, in the mean sense. For this purpos~ one would n~d 
to subdivide the halfspace into layers and take a dIfferent. rela~a~on 
function, R(t, t'), for the overall drying regime of that layer, In a SImilar 

manner as that used in Ref. 9. .. 
A computer program t? implem~nt the fore.going solu~on wa~ wnt

ten, in complex arithmeti~. Numencal eva~uation of the In~egra~ In ~2; 
13 required special attention because the Integrand, F(A} - (~. A) 
exp [-(~ - A)x2 /4], has a sharp peak at A = Ap = ~ -.6/x [see FIg. l(c)]. 
The smaller the value of x, the sharper the peak. To Integrate accurately, 
the integration interval 0 :s A :s ~ was subdivided into subint~rvals ~u~h 
as (O,A

p
), (A

p
,2A

p
)' followed by double-size. subintervals until~. WIthin 

each subinterval, a 16-point Gauss integration was used. Convergence 

was also tested numerically. 
Compared to standard concrete creep problems for steady. loads, the 

amount of computation is here greatly increased by the OSCIllatory na
ture of the solution. Unlike those problems, here it is .not. possi~l~ to 
keep increasil"lT fhe time steps because, in order to maintain suffioent 
accuracy, the e step (ti - t i- 1 ) cannot exceed about !/16 of th~ os
cillation periOd, 2.'rr/w. Th~s, the. requi~ed n~mber of ti~e steps I~ at 
least 16(tN - to)w/2-rr in which tN IS the fl~al ti~e of soluti?n. More time 
steps may be needed if a good accuracy IS desITed f~r pOints ~f .s~all .x 
immediately after the exposure time, to. Then,. a ~ner subdlVI~lOn IS 
required for small t - to, with time steps increasing In a geometric pro
gression as long as they do not exceed 2-rr/16w. 

For the sake of simplicity, calculation result.s are r~ported he~e only 
for the case of a single periodic component In the Input, haVing the 

. d f h - S eieo(I-lo) - 0 2e,[21r(I-lo)/365] i e its standard de-peno 0 one year, - 0 -. .' •• , • 

viation is So = 0.2 and its circular frequency IS W = 2-rr/36? In FIgS. 3-
5 calculation results are demonstrated for exposures starting at ages to 
,: 3,28,365 days. Fig. 3(a) shows the histories of humidity (its real part) 
for points at various depths, x = 2 cm, 5 cm, 10 cm, and 20 ~m: The 
amplitude of humidity oscillations diminishes ~th ~h~ deRth, SImilar to 
the case of constant diffusivity. The decrease of diffuslVlty ~th ~g~ causes 
the amplitude to decay ~ore rapid~ythan for constant dif~SIVlty. Th~ 
humidity oscillations are Imperceptible for x > 20 cm .. Multi~year enVI 
ronmental periods would influence a greater depth, while penods of less 
than 1 yr would influence a smaller depth; also, a higher diffusivity would 

cause the oscillations to reach deeper. . . . . 
Fig. 4 shows the time variation of the standard deVIatio~ of hUmIdity, 

SOh. The greater the depth, the smaller the value of. SOh .. It IS noteworthy 
that SOh oscillates, too. These oscillations decay WIt~ time and beco~e 
graphically undiscernible at t - to = 10 yr,.aft~r whIch the plot of SOh IS 
essentially a downward inclined straight line In th~ log (t -. to) scale. 
(Actually, even for constant diffusivity, i.~., .nonagll~g mate~al, SOh .os
cillates due to the initial condition for a limited penod of ti~~ until a 
stationary response is reached.) Generally, the standard deViation, SOh, 
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does not attain a stationary value within a 50-yr lifetime, due to both 
the small value of diffusivity and its decline with age. 

The histories of stress (its real part) at various depths are plotted in 
Fig. 3(b). Due to the hardening of concrete with age, i.e., a decrease in 

182 



creep compliance with the age at loading, the stress amplitude keeps 
increasing at first (for the first few years), and then it declines as the 
stress relaxation and the decrease of diffusivity prevail. 

The time variation of the standard derivation of stress, SO", is shown 
in Fig. 3(c). It is noteworthy again that So" oscillates, except for the first 
few months. The amplitude, As, and the average Ms of So" [determined 
in a manner explained by Fig. l(d)], are plotted in Fig. 5. The values of 
As increase with the decrease of x, or of to. When the depth, x, in
creases, Ms rapidly decreases, and the curves of Ms for different values 
of to are getting closer. (It may be noted that the values of So" for the 
thick-wall cylinder solved in Ref. 16 oscillate, too; the graphs in Ref. 16 
do not show it, unfortunately, because they were plotted from calculated 
points that were spaced too far apart.) 

The stresses produced by humidity fluctuations are rather high and 
far exceed the tensile strength. Thus, the present solution, based on as
suming linearity, is applicable only when the permanent loads or pre
stress, or both, produce superimposed compressive stresses that reduce 
the combined tensile stress peaks below the strength limit. Otherwise, 
tensile strain-softening would have to be taken into account, which would 
make the problem nonlinear. 

CONCLUSIONS 

1. The age-dependence of material properties causes the frequency re
sponse functions of pore humidity and stress, as well as their standard 
deviations, to depend on time, both on the current time and on the age 
at the start of drying. The equations governing the frequency response 
functions are of integral or differential type in time, rather than algebraic. 

2. The time variations of the standard deviation of pore humidity and 
of stress exhibit oscillations about a drifting mean. 

3. For the usual values of drying diffusivity, the solution is nonsta
tionary for at least a 50-yr lifetime, and for environmental fluctuations 
whose period does not exceed 1 yr, the fluctuations are not felt at depths 
over 20 cm (for a concrete of typical diffusivity). 

4. The use of the spectral method, instead of the impulse response 
method, is more efficient numerically since the spectral densities of in
put and of response are related algebraically. 

5. The present linear analysiS is applicable only when the permanent 
loads or prestress, or both, reduce the stress peaks below the tensile 
strength limit. 

ACKNOWLEDGMENT 

Partial financial support under U.S. National Science Foundation Grant 
No. CEE-8303148 is gratefully acknowledged. Mary Hill is thanked for 
her expert secretarial assistance. 

ApPENDIX I.-STRESS FLUCTUATION AT SURFACE 

Assuming the pore humidity at the surface, x = 0, to be equal to the 
environmental humidity, we can express the stress, (J' y' at the surface 
analytically if the moduli E IL(t') in Eq. 24 for R(t, t') are expressed also 
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as a Dirichlet series (5), i.e. 

n ~ E -t'/T (25) 

E(t
')=E +~Ee-t'h; E",(t')=E()oo+L.J j",e ! .......... . 

IL OIL L.J IlL '~l 
j~l I 

. h' h E E = constants (whose determination from test data 
m w lC j IL' ••• 0'" • _ 1 2 ) may be chosen to 
is described in Ref. 5). The values O~Tj(J 2- ') S'bstituting h(O,t') = 
b the same as the values of TIL(IL - 1, .... u . 
s e eiOl(t'-to) and Eq. 24 with Eq. 25 into Eq. 17, in which ~ = const., Ksn 

~nconst., we may easily integrate term by term and obtam 

tl iOl(t - to) - t/T!]s (26) iOl(t-to) + e- T. + (J' e e On' ..•..•..•. 
(J'y(O,t) = [(J'l + (J'2e (J'3 4 

in which (J'l' (J'2, (J'3' (J'4 are complex constants: 

m KSk(l + 2iw'T~) . 
n Ksh "" E 
~ E -to/Tj . (J'2 = - ~-l OIL (1 - v)(1 + iWT,,)' 

(J'l = L.J j",e (1 - V)(iWT - 1)' ~ ~ 
I~l I 

_ ~ (-E eto/T. 1 
(J'3 - L.J OIL 1 + iw'T 

IL=1 IL 

n 'T - 'T' ) Ksh + ~ E, e[(l/T.)-(l/Tj)\to IL I --; 

~ IlL iWT 'T' - TIL + 'Tj 1 - V 
j=l IL ] 

n (m iw'T 'T A iW'T j ) Ksn (27) _ ~ ~ E, IL ] + Ejoo , Iv······· .... 
(J'4 - - L.J L.J IlL iWT 'T - 'T + 'T lW'Tj - 1 -

j=l 1'-=1 I'- 1 I'- ] , 

00 . - (J' + (J' e'OI /(t-to) SOh' 

The limiting stationary response for t ~ IS (J' Y - ,; + ; e iOl(t - to) + 
• 2 - (J'* + (J' (J'* + (J'2(J'2 (J'1 (J'2 

The variance for t - 00 IS SQcr - (J' y y 1. 1 f . f t and so 
.. iOl(t-to) We see that this is a fluctuatmg unction 0 age , 

(J'l (J' 2 e· Th on that the variance of the response 

~u~~a~:~~~~ ~;e ~~~~~ fac~ t~:ts statis~~St~~ ~~s:~~:~:~:~;o:!~~; 
ble of responses tat voba~~~:dagf~; ~i~~:ent realizations of the random 
the same age, , 
environment. 
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ApPENDIX III.-NoTATION 

The following symbols are used in this paper: 

A 
C 
E 

f,Ee 
E .. (t' ) 

h 

R(t,t') 

SOh 

SOh 

SO!7 

t 
t' 
x 
y 

Ksh 

amplitude of environmental humidity; 
drying diffusivity in concrete; 
expectation; 
creep operator and Young's modulus of concrete; 
relaxation moduli of Maxwell chain at time t' (fL = 1, 2, 
... m); 

complex variable whose real part is pore humidity in pores 
of concrete; 
relaxation function of concrete; 
standard deviation of amplitude of environmental humid
ity; 
standard deviation of humidity; 
standard deviation of stress; 
current time; 
age of concrete; 
spatial coordinate for points in structure; 
frequency response function; 
shrinkage coefficient; 
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v 

C1 x ,C1y ,(J'z 

Ex,Ey,E z 

Esh 

W 

Poisson's ratio of concrete; 
normal stresses; 
normal strains; 
shrinkage strain; and 
circular frequency of component of environmental hu
midity. 
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