SPECTRAL ANALYSIS OF RANDOM SHRINKAGE
STRESSES IN CONCRETE

By Zdentk P. Bazant,' F. ASCE and Tongsheng Wang®

ABstRACT: Random variation of environmental humidity is characterized by its
power spectrum, and random variation of pore humidity and stresses in a half-
space is analyzed under the assumption that the problem is linear (or linear-
ized). The diffusion equation and the superposition integral for stress relaxation
are used. The dependence of both the creep properties and the drying diffu-
sivity on age is taken into account. Complex variable expressions for the fre-
quency response functions of humidity and stress are obtained and are eval-
uated numerically. In contrast to nonaging structures, these functions depend
on both the current age of concrete and the age when drying starts. The stan-
dard deviations of pore humidity and of stress exhibit oscillations about a drift-
ing mean. For typical diffusivities of concrete, the solution is nonstationary for
at least 50 yr, and for environmental fluctuations whose period does not exceed
one year, the fluctuations are not felt at depths over 20 ¢cm below the surface.
Since, even for aging structures, the spectral densities of input and response
are related algebraically, the spectral method is computationally more efficient
than the impulse response function method, in which the autocorrelation func-
tions of the input and the response are related by integrals.

INTRODUCTION

Random variation of environmental humidity or temperature has a
significant effect on the stresses and deformations in concrete structures.
The solution is greatly facilitated by considering, as an approximation,
the material properties to be deterministic and linear. In the linear ap-
proximation, the problem is mathematically equivalent to that of random
environmental temperature. For the case when the material exhibits no
aging and the environmental input is a stationary random process, the
response is also a stationary random process. Solution of a typical prob-
lem of this type, concerned with random thermal stresses in an infinitely
long cylindrical elastic vessel, was pioneered by Heller (13) who used
the method of power response spectra. His solution method is, how-
ever, inapplicable to concrete because the drying diffusivity and creep
strongly depend on age, making the response a nonstationary random
process. Random shrinkage stresses in an aging viscoelastic vessel were
solved in Ref. 16 by the method of impulse response functions. In this
solution, the aging was considered for creep and elastic properties but
not for the drying diffusivity of concrete.

The objective of this paper is to solve the problem of a halfspace, and
to develop a method of solution that takes into account also the effect
of aging on drying diffusivity. The spectral approach is convenient be-
cause the environmental humidity variation has a few distinct domi-
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nating periodic components, especially those with periods of 1 yr and
1 day.

VARIANCE AND SPECTRAL DENSITY OF RESPONSE

The basic hypothesis of the present solution is that a concrete struc-
ture may be treated as a linear system. The input, f(t), of the system is
represented by the history of environmental humidity, which may be
considered as a stationary random process described by its frequency
components. Due to linearity, the effect of each component may be solved
separately, and all the responses then superimposed. Consider one in-
put component, f(t) = Ae’*, of zero mean, frequency w, and amplitude
A (t = time; A, v = real numbers; i = imaginary unit). The response is
then a certain function, g(x,f,t;,) = Ae'* Y (w,x,1,t5), in which Y is a
complex function called the frequency response function, x = spatial co-
ordinate for the points in the structure, and #, = age of concrete when
the exposure of the structure to input f(t) (environmental humidity) be-
gins. In contrast to nonaging systems (11), the response to a periodic
input is nonperiodic since function Y(w,x,¢,t,) depends separately on
both t and t,, and not just on input duration ¢ — #,.

For a stationary structural response, the statistics of the response are
those of the random time variation of the response at a certain point of
the structure. This concept, however, is inapplicable if there is aging.
One should then imagine an ensemble of many identical structures ex-
posed at the same age, t,, to different realizations of the same environ-
ment, of the same statistical properties, and then characterize the re-
sponse by means of statistics of the response values at given age ¢ and
given location x over all the structures in the ensemble. This approach,
however, would be too tedious for calculations. The random process of
the environment, f(t), may usually be considered as stationary, and then
the statistics taken over the aforementioned ensemble of all identical
structures may be replaced by the statistics of the response g(x,t,t¢,7)
at fixed location x, fixed age t, and fixed age at start of exposure, t,, as
the random environmental history is shifted in time against the instant
the structure is cast. Let 7 be the time shift, and 8 = ¢ + 1 = actual time
measured, e.g., from the birth of Christ. The statistical characteristics of
the response are then those of g(x,t,t,,1) as a function of 7 (3,4).

Consider now a single periodic component of the environment, f(8) =
Ae™® = Ae™'-¢". The response thenis g(x,t,t,,7) = Ae™ Y(w,x,t, to)e™".
The variance of the response may be calculated as the expectation, E.,
of the squared response taken over all values of 7 from — to «, i.e., of
g(x,t,tg, ) §%(x,t,to,7) in which the asterisk (*) denotes the complex
conjugate. Thus, we have s§, = E.{[Ae™ Y(w,x,t,t)e " J[Ae™ ™!
Y*(w,x,t,t) €]}

Noting that Y Y* = |Y|?, and that A = s, = standard deviation of the
single periodic component of the input, we have

Sog = 50|Y((.0,x, t, tg)' ............................................. (1)

In a preceding work (3), summarized at a recent conference (4), it is
shown that, more generally

Sel@,x,£,t0) = Spo)Y (0, %, 8, t)|% o oo 2)



in which S; and S, are the spectral densities of the input and ot the
response (3). This relation differs from that for stationary response only
by the dependence on t and #,. The fact that this relation is algebraic
makes the spectral approach computationally more efficient than the im-
pulse response approach, for which the autocorrelation functions of the
input and the response are related by integrals. This is especially so if
the random input is sufficiently well characterized by only a few periodic
components, as is the case for environmental humidity.

In the special case of a single frequency component, w,, one has 5/(w)
= 2ms38(w — wg) and Sy(w) = 2ms3, 8(w — @) in which 8(w — ) = unit
impulse = Dirac delta function. Eq. 2 implies Eq. 1 since Var [g(x, 1, t,)]
= [Z5 S4(w,x,t,t0) dw/27 (compare Ref. 3 or 4).

HumiDiTy VARIATION IN A HALFSPACE

Consider the halfspace x = 0 whose surface humidity variation is pre-
scribed [Fig. 1(a, b)]. The variation of humidity, h, inside the halfspace
may be assumed to be governed by the linear diffusion equation

in which h = relative vapor pressure in the pores of concrete; and C(t)
= the diffusivity of concrete which is strongly variable with the age, ¢,
of concrete, as experimentally demonstrated by Wierig (17,7) and others.
Wierig's data may be approximated by

G = ™ @)

in which material parameters b and m may be obtained by linear regres-
sion of log C versus log t; m = 0.213; and b = 61.0 if ¢ is given in days
(Fig. 2). To make the solution easier, Eq. 4 is chosen in such a form that
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FIG. 1.—(a) Halfspace; (b) Random Variation of Environmental Humidity; (c) In-
tegrand F(\) In Eq. 13; and (d) History of Standard Devlation of Stress
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FIG. 2.—Fit of Wierig’s Data (1965) on Age-Dependence of Diffusivity of Concrete

it can be inverted, i.e., t = (C/b)"/™. The limit C — « as t — ®, implied
by Eq. 4, is certainly unrealistic, but for typical lifetimes this does not
matter.

The variation of humidity is a sum of a deterministic component, hy(x, {),
and a randomly fluctuating component of zero mean. The method to
solve the first component, which is caused by the difference of the mean
environmental humidity and the initial uniform humidity in concrete, is
known. Therefore, we consider h(x,t) to be the difference of pore hu-
midity from the mean environmental humidity, and the initial and
boundary conditions for solving the fluctuating component of zero mean
may then be written as

for t=t,, x<0: h=0; for t=t,, x=0: h=eg"t | )

Here the amplitude of & is assumed as 1.0 since all results are propor-
tional to the amplitude.

Despite aging, an analytical solution is rendered possible by substi-
tuting the variable

E= )= JOUME. ..ot 6)

which may be called the reduced time. Assuming that £ = 0 when ¢ =
to, Eq. 6 becomes

b
§=¢(t)=fbt'"’dt=;t"+co ................................... @
o b
in which Co=;t3, M=1—Mm .. i i i i (8)
The inverse of Eq. 7 is
1/n
n
t=y) = (t{,‘ + 3 §) ......................................... )
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Noting that ah/at = (3h/0k) 9&/at = C(t)oh/a¢, the field equation (Eq.
3) becomes

dh _3*h

e (10)
€ ox

and the boundary conditions (Eq. 5) become

for €=0, x=0: h=0; for £€=20, x=0: h=ewW®O-td (11)

We see that the transformation of time reduces the problem to a diffu-
sion problem with a constant diffusivity, equal to 1.0. According to Du-
hamel’s theorem (10), the solution of this problem is

h(x,t) = e“‘" Yh ((l), X, t, to) ....................................... (12)
3
X R
Yn(w,x,t,t0) = —=e "t | ¢ XN (£ - \)T2G\  E=(F) ..... 13
n( 0) e i €&E-N §=4(t) (13)

which can be verified by substitution into Eqs. 10 and 11. The actual
humidity is the real part of k(x,t), and function Y, is the frequency re-
sponse of humidity.

For a general random input of given spectral density, the frequency
response function given by Eq. 13 makes it possible to determine all the
statistical parameters of the response. In particular, according to Eq. 2,
the standard deviation of humidity is

So;,(x,t) = So'h(x,t)' = solY(w,x, t,to)l ............................ (14)

VARIATION OF STRESS IN HALFSPACE

Changes of pore humidity produce local shrinkage strains, e (x, ).
Although the dependence of €, on  is nonlinear, it needs to be linear-
ized to make an analytical solution feasible. A linearization is acceptable
for humidities between 0.5 and 1.0, and may be written as

(X 8) = KabPOG ) oo (15)

in which «,;, is a shrinkage coefficient (a real number), which depends
on age t. This dependence has, however, been neglected in numerical
calculations, for lack of experimental data, although the same type of
solution is possible even when k,, depends on t.

Since the shrinkage strains obtained from Eq. 15 are not compatible,
shrinkage stresses are produced. They may be determined from the con-
ditions that the normal stress, o,, and the normal strains, ¢, and €,,
vanish. For the case of an elastic halfspace, in which the shrinkage strains
do not vary in the directions parallel to the surface, these conditions
would yield the shrinkage stresses

E.
1-v
in which E. = Young’s modulus of concrete; and v = its Poisson ratio
(0: =0, 0, = agy).

o, =

177

The shrinkage stresses are greatly reduced by creep. Using the elastic-
viscoelastic analogy, the solution for creep may be obtained simply by
replacing E. with the relaxation operator (1,2); this yields the shrinkage
stress

E
a,(x,t)= ~1 ; " kg (Eh(x, t)

* R(t,t") 9
= k(') = [HE = to)h(x, t)dt oo (17)
L vy <) 3 HE ~ toht )]
in which H = the Heaviside step function; E = relaxation operator of
concrete; v = operator corresponding to v; R(¢,£') = relaxation function
of concrete = uniaxial stress at age t caused by a unit norn}al strain
imposed at age t'; and v(t,t’) = associated Poisson raﬁo function. As a
good approximation, v(t,¢t') = v = constant. According to Eq. 12, for
t >ty

' 0 s '
M dt’ = — [eu.ut Yh(wlxlt'l tO)]dt

at’ at’

. Y u(w,x, t', ¢t ,
= e"‘"[ti;,(w,x,t’,to) + ——h—(aT—Q]dt ..................... (18)
Substituting this into Eq. 17, and setting
Oy (X, 8) = €™ Y (@,%,8,80) v v (19)

we obtain the following expression for the frequency response of shrink-
age stress:

"Rt Kan(t') 8

1 (t tl) at’ [e_im(!_t’)Yh(wrx/t'lto)]dt’
- v(t,

Y (0, x,tt5) = —f

t
_ Rt to)ka(to)

1- V(t,to)

Here the last term vanishes for all x except x = 0 because only pore
humidity at surface can change instantaneously. The frgquency response
function in Eq. 20 (which is complex-valued) makes it possible to de-
termine all the statistical characteristics of the response. In particular,
the standard deviation of the stress is

Soo (X, ) = Solsy (%, 1) = so|Ys(@, 2, E,80) v veeveii (21)

As a special case, consider the points on the surface of the ha!fspace,
x = 0. Evaluating the limit of Eq. 13 for x — 0, one can verify that
Y, (0,0,t,ty) = H(t — to) = Heaviside step function = 1 if ¢t > t,. Eq.
20 then yields

0

Y (00,1 £0) o e e (20)

I It = -
Ys(wro t 0) 1 _ v(t,to)
t
Vet o
- iw f Mle"“"")dt' ............................... 22)
s 1-v(tt)



The basic premise of the present solution is complete lineari
problem, including the difﬁ}:sion equation, the shr?nktaege?lfzgti}c’ii(:}fl tf::
lat_}%n, and the stress-strain relation.

e present method of solution can be applied, in princi
structure for which an elastic solution, eithe]?rpanalyticapl, orcrllrtll;ef'(i);a?ni)sf
avallablf}. Note that the method holds even when R(t,t') depends a’lso
ggnsspanal coordinateox (layered halfspace). This is because the condi-
o, = €, = €, = 0 remain. How
if diffusivity C(t) depends on 1. 4 13 per se does not apply

It may be also noticed that an analogous solution is possible for ther-
mal stresses. Random environmental humidity history is then replaced
by random environmental temperature history, the diffusion equation
for pore humidity by the heat conduction equation, and the shrinkage-
humidity relation by the relation of thermal expansion to temperature
To apply the present solution to random thermal stresses is simply a
matter of changing some notations. In practice, thermal stresses and
shrinkage stresses occur simultaneously, but the analysis of combined
random. shrinkage and thermal stresses is just a matter of superposition
of solutions. This is true, however, only as long as both the shrinkage
and thermal stress problems remain linear and uncoupled. In practice
these assumptions might be often unrealistic. For example, the thermal
and shrinkage problems become coupled if moisture in the surface layer

gg rcl(chrllec‘rete freezes. Undoubtedly, this would be much more difficult to

NumeRICAL SOLUTION AND EXAMPLES

The frequency response functions may b i i
_The 0 y be calculated numerically if th
time interval, (t¢,t), is subdivided by discrete times t,, t;, t,, YI t LT
Eq. 20 for x > 0 may then be approximated by the sum "

n

R(ta, t)ka(ts) _
Y (@,%, e, t) = — D —— i it t)
R TS [Yu(0,%, 1, t)

o B 1 A 7 | B (23)

For a numerical example, we consider the relaxation function obtained

;2:-1 Ross Dam concrete, which is given in Ref. 8 in the form of Dirichlet
es

R(t,#') = D E,(t')e "% + EL(t')

n=1

in which 7, are the relaxation times; and E(¢'), E.(¢t'

ch‘air-l modu_li, as specified in Ref. 8. Eq. 24uéiv)es a goc))cili raeptp};:)xl\fti):t\i’gg
within the time range 0.5 7, < ¢ - ¢’ < 1, In all numerical calculations
the creep Poisson ratio is considered as constant, v(t,¢t') = v = 0.18 Thé
drying diffusivity is C(t) = 61t~ mm?/day (Fig. 2). The shrin.kage
coe'fﬁcxent is considered age-independent, and the value kg, = 0.0008
;};Eflcrnede(fior Cstruct*m.'al C(l)lncretes [but too high for dam concresates (lé)], ié

. Comparing the numeric
was consideredptwicge as large etheii_-.e xamples from Ref. 16, note that i
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In Eq. 24, the relaxation function is considered to be independent of
h(x,t), as well as of dh(x,t)/dt and the history of h(x,t). In reality, R(,t')
depends on all of these; however, if this dependence were considered,
a linear solution would become impossible. The effect of drying on the
creep or relaxation properties could, however, be taken into account, at
least approximately, in the mean sense. For this purpose one would need
to subdivide the halfspace into layers and take a different relaxation
function, R(t, '), for the overall drying regime of that layer, in a similar
manner as that used in Ref. 9.

A computer program to implement the foregoing solution was writ-
ten, in complex arithmetic. Numerical evaluation of the integral in Eq.
13 required special attention because the integrand, F\) = (€ — N) -3/2
exp [—(€ — M)x2/4], has a sharp peak at A = A, = £ — 6/x* [see Fig. 1(c)].
The smaller the value of x, the sharper the peak. To integrate accurately,
the integration interval 0 = \ < § was subdivided into subintervals such
as (0,A,), (A, 2)}), followed by double-size subintervals until £. Within
each subinterval, a 16-point Gauss integration was used. Convergence
was also tested numerically.

Compared to standard concrete creep problems for steady loads, the
amount of computation is here greatly increased by the oscillatory na-
ture of the solution. Unlike those problems, here it is not possible to
keep increasire +he time steps because, in order to maintain sufficient
accuracy, the e step (t; — ti-1) cannot exceed about 1/16 of the os-
cillation period, 2w/w. Thus, the required number of time steps is at
least 16(ty — to)w/2m in which ty is the final time of solution. More time
steps may be needed if a good accuracy is desired for points of small x
immediately after the exposure time, fo. Then, a finer subdivision is
required for small ¢ — to, with time steps increasing in a geometric pro-
gression as long as they do not exceed 2m/16w.

For the sake of simplicity, calculation results are reported here only
for the case of a single periodic component in the input, having the
period of one year, h = spelot™ = 0.2¢27¢"WA4 e its standard de-
viation is s, = 0.2 and its circular frequency is © = 27/365. In Figs. 3—
5, calculation results are demonstrated for exposures starting at ages ¢
= 3, 28, 365 days. Fig. 3(a) shows the histories of humidity (its real part)
for points at various depths, x = 2 cm, 5 cm, 10 cm, and 20 cm. The
amplitude of humidity oscillations diminishes with the depth, similar to
the case of constant diffusivity. The decrease of diffusivity with age causes
the amplitude to decay more rapidly than for constant diffusivity. The
humidity oscillations are imperceptible for x > 20 cm. Multi-year envi-
ronmental periods would influence a greater depth, while periods of less
than 1 yr would influence a smaller depth; also, a higher diffusivity would
cause the oscillations to reach deeper.

Fig. 4 shows the time variation of the standard deviation of humidity,
sox - The greater the depth, the smaller the value of sgs . It is noteworthy
that s, oscillates, too. These oscillations decay with time and become
graphically undiscernible at t — £, = 10 yr, after which the plot of s is
essentially a downward inclined straight line in the log (t — to) scale.
(Actually, even for constant diffusivity, i.e., nonaging material, sox 0s-
cillates due to the initial condition for a limited period of time until a
stationary response is reached.) Generally, the standard deviation, Sox,
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creep compliance with the age at loading, the stress amplitude keeps
increasing at first (for the first few years), and then it declines as the
stress relaxation and the decrease of diffusivity prevail.

The time variation of the standard derivation of stress, sq,, is shown
in Fig. 3(c). It is noteworthy again that s, oscillates, except for the first
few months. The amplitude, A;, and the average M; of 54, [determined
in a manner explained by Fig. 1(d)], are plotted in Fig. 5. The values of
A, increase with the decrease of x, or of t,. When the depth, x, in-
creases, M, rapidly decreases, and the curves of M;, for different values
of t, are getting closer. (It may be noted that the values of s, for the
thick-wall cylinder solved in Ref. 16 oscillate, too; the graphs in Ref. 16
do not show it, unfortunately, because they were plotted from calculated
points that were spaced too far apart.)

The stresses produced by humidity fluctuations are rather high and
far exceed the tensile strength. Thus, the present solution, based on as-
suming linearity, is applicable only when the permanent loads or pre-
stress, or both, produce superimposed compressive stresses that reduce
the combined tensile stress peaks below the strength limit. Otherwise,
tensile strain-softening would have to be taken into account, which would
make the problem nonlinear.

CONCLUSIONS

1. The age-dependence of material properties causes the frequency re-
sponse functions of pore humidity and stress, as well as their standard
deviations, to depend on time, both on the current time and on the age
at the start of drying. The equations governing the frequency response
functions are of integral or differential type in time, rather than algebraic.

2. The time variations of the standard deviation of pore humidity and
of stress exhibit oscillations about a drifting mean.

3. For the usual values of drying diffusivity, the solution is nonsta-
tionary for at least a 50-yr lifetime, and for environmental fluctuations
whose period does not exceed 1 yr, the fluctuations are not felt at depths
over 20 cm (for a concrete of typical diffusivity).

4. The use of the spectral method, instead of the impulse response
method, is more efficient numerically since the spectral densities of in-
put and of response are related algebraically.

5. The present linear analysis is applicable only when the permanent

loads or prestress, or both, reduce the stress peaks below the tensile
strength limit.
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APPENDIX |.—STRESS FLUCTUATION AT SURFACE

Assuming the pore humidity at the surface, x = 0, to be equal to the
environmental humidity, we can express the stress, o,, at the surface
analytically if the moduli E, (t') in Eq. 24 for R(t,t') are expressed also
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as a Dirichlet series (5), i.e.
! S i "= B+ O Ejme o (25)
Eu(t)=EOu+;Ewe i Ea(t') = En 2 j

in which E;., ... Eo» = constants (whose determination from ;est da:i

is describeélwin Ref. 5). The value(s of —ri1 (j 2= 1,)2 éﬁgs?il;yﬁgz (’:1 (gste’r; o
me as the values of 1,(p =1, 2 ...). . ¢ ,

ls:)e :’t‘}f"g?") and Eq. 24 with Eq. 25 into Eq. 17, in which v = const., ks

2 hconst., we may easily integrate term by term and obtain

a,(0,t) = o1 + 022710 + aae 4 age e M son (26)
y !

in which o, 02, 3, 04 are complex constants:

i = k(1 + 2107,)
f i Ksh . =S g, 2 ———;
2 T TS S = 2 _
W=H&“m10—mmn—w 927 T4 T (1 - )1 +ior,)

q
w

Il
™M

(—Eoueww

S /50— A/t Te — T ) Ksh_,
; Ty A/ ;
+Eéme fwT, T —Tut T/ 1V

n i £ 0Ty B ) Ko 27)
04__2 Mior,ri—Tut T iot;—1/1-v

p=1

1+inT,

imiti tationary response for t — ® is ¢, = 01 + cze’“'/(f'i"jts)oh.
The hml'tmg ngrl?LrZo is sg(,, =o,0) + 0107 + .03 + otoet Y +
leiﬁg‘;%”n‘?‘r}sf We see that this is a fluctuating function off iﬁi i,e:ngnsscé
is the variance for any t. The reason that the vanancE 3 e eﬁsem-
fluctuates with age is the fact that statistics 15 not ap% le ofc;es ensem.
ble of responses at various ages, t, but to the ensemble P

the same age, t, obtained for different realizations of the random

environment.
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AprpENDIX lll.—NoTATION

The following symbols are used in this paper:

A = amplitude of environmental humidity;
C = drying diffusivity in concrete;
E = expectation;
E,E. = creep operator and Young’s modulus of concrete;
E, (t') = relaxation moduli of Maxwell chain at time ¢t'(n = 1, 2,
.oom);
h = complex variable whose real part is pore humidity in pores
of concrete;
R(t,t') = relaxation function of concrete;
ser = standard deviation of amplitude of environmental humid-
ity;
so» = standard deviation of humidity;
S0 = standard deviation of stress;
t = current time;
t'’ = age of concrete;
x = spatial coordinate for points in structure;
Y = frequency response function;
ks = shrinkage coefficient;
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Poisson’s ratio of concrete;

normal stresses;

normal strains;

shrinkage strain; and

circular frequency of component of environmental hu-
midity.

186



