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SPECTRAL APPROXIMATIONS TO THE FRACTIONAL
INTEGRAL AND DERIVATIVE

Changpin Li !, Fanhai Zeng 2, Fawang Liu 3

Abstract

In this paper, the spectral approximations are used to compute the frac-
tional integral and the Caputo derivative. The effective recursive formulae
based on the Legendre, Chebyshev and Jacobi polynomials are developed
to approximate the fractional integral. And the succinct scheme for approx-
imating the Caputo derivative is also derived. The collocation method is
proposed to solve the fractional initial value problems and boundary value
problems. Numerical examples are also provided to illustrate the effective-
ness of the derived methods.

MSC 2010: 26A33 (main), 65L12, 15A99, 39A70

Key Words and Phrases: fractional integral, Caputo derivative, spectral
approximation, Jacobi polynomials

1. Introduction

Fractional calculus (including the fractional integral and the fractional
derivative) has a long history, which is as old as the more familiar integer-
order counterparts [14]. Since then, fractional calculus has undergone a
rapid development primarily in theoretical mathematics. At present, frac-
tional calculus has been found widely used in many areas of science and
engineering [3, 9, 11, 15, 16, 19, 21, 27, 29].

Fractional derivative is more complicated than the classical one, and
the calculation of the fractional derivative is also more difficult than that
for the typical one. In [4], numerical algorithms for solving the fractional
integral and Caputo derivative were considered. Li et al. [10] also developed
numerical algorithms based on the piecewise polynomial interpolation to
approximate the fractional integral and Caputo derivative, and to solve the
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2 C. P. Li, F. H. Zeng, F. Liu

fractional differential equations. An automatic quadrature method based
on the Chebyshev polynomials was presented for approximating the Caputo
derivative in [25]. Some other computational schemes, such as the L1, L2
and L2C schemes, etc., are also introduced [8, 12, 13, 15, 17, 18, 20, 22, 24,
26, 28|.

To increase calculation accuracy, spectral approximations are often cho-
sen. In this paper, we derive effective algorithms to approximate the frac-
tional integral by using the Legendre, Chebyshev and Jacobi polynomials.
The numerical algorithm to calculate the Caputo derivative is also derived
based on the above computational schemes. Besides, we propose a kind
of fractional operational matrix, which can be seen as a generalization of
the classical derivative. When the fractional order of the Caputo derivative
reduces to an integer, the derived fractional operational matrix reduces to
the classical differential matrix. The applications of the constructed algo-
rithms are illustrated to compute the fractional integral, Caputo derivative
and the fractional ordinary differential equations. Numerical experiments
are displayed to verify the proposed numerical algorithms.

The remainder of this paper is organized as follows. In Section 2, we in-
troduce several definitions of fractional calculus and the Legendre, Cheby-
shev and Jacobi polynomials. Numerical algorithms for calculating the
fractional integral and the Caputo derivative are presented in Sections 3
and 4, respectively. The applications of the methods are illustrated in Sec-
tion 5. Numerical examples are presented in Section 6, and the conclusion
is included in the last section.

2. Definitions and notations

In this section, we introduce the definitions of the fractional calculus.
Then we introduce the Legendre, Chebyshev and Jacobi polynomials, which
will be used later on.

DEFINITION 2.1. The fractional integral (or the Riemann—Liouville
integral) with order o > 0 of the given function f(t) is defined as

DLEI(0) = g [ (=9 (s ds. (2.1)

where I'(+) is the Euler’s gamma function.

There exist several kinds of fractional derivatives. However, in engi-
neering the Caputo derivative is mostly used, which is introduced below.
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DEFINITION 2.2. The Caputo derivative with order o > 0 of the given
function f(t) is defined as

D2 () = Do | £ e)|

_ 1 ! _ gl (n) s)ds
sl AR AL OL

where n is a positive integer and n — 1 < a <n.

(2.2)

Next, we introduce the Legendre, Chebyshev and Jacobi polynomials.
The Legendre polynomials {L;(x)}, = €[—1,1] satisfy the three-term
recurrence relation

Lo(z) =1, Li(z) ==,

2j+1 J : (2.3)
Lji1 = F»’ULJ‘(?U) - mLJfl(w)a Jj=1
Their properties which will be used later on are listed as follows
(2 + 1)Ly(@) = Ly () — Ly (@), 5 =1, (2.4)
4 1 )
Li(#1) = (1Y, Lj(#1) = (=175 + 1), (2.5)

The Chebyshev polynomials {7}j(x)},x € [-1, 1] satisfy the three-term
recurrence relation

To(z) =1, Ti(z)=x,

Tji(e) = 2T5(@) — Tra(2), 21, (26)
Their fundamental properties are presented below
AMy(r) = Ty (0) — = Tiy(a), 22, (27)
j+1 j—1
Tj(£1) = (£1)7, Tj(£1) = %(il)j_lf. (2.8)

The Jacobi polynomials {P;’b(w)}, a,b > —1,x € [—1,1] are given by
the following three-term recurrence relation [23]

a a 1 1
Fyt(a) =1, P{'(x)=gla+b+2)az+ 5(a—0), 29)

P (z) = (A%x — BY") P (x) — CFP PR (), no> 1,



a,b _
2+ +a+b+1)(2j +a+b)

4
where
ab
A i =
J

a’7b j—

J
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(2 +a+b+1)(2j+a+b+2)
20+ D) +a+b+1)
(> —a®)(2j +a+b+1)

I

(2.10)

(G+a)+b)(2j+a+b+2)
G+DG+a+b+1)(2j+a+b)

Here, we list some useful properties of the Jacobi polynomials that will be
used in the present paper [23].

a, J+ta I'j+a+1 a, T +o+1
Pty = (PH0) STEa D) gy - U,
j jT(a+1) JIT(b+1)
(2.11)
P @) =i P, e momeN, (212
T
where
F'G+m+a+b+1)
d»t = . 2.1
Jm 27T (j+a+b+2) (2.13)
~p d ~.p d ~a.p d
a,b a,b a,b a,b a,b a,b a,b .
P (a) = AP (@) + By PR ) + O PR 0), G2 1,
(2.14)
in which
ca ~2(j +a)(j + )
J (jH+a+b)(2j+a+b)(2j+a+b+1)
Ha,b Q(G_b)
= , 2.15
I (2 +a+b)(2+a+b+2) (2.15)
~a,b 2(]—{—&—}—[)—}—1)

J

Ifj=1, A\Cf’b in

T (2j+ta+bt1)(2jtatb+2)
(2.15) is set to be zero.

REMARK 2.1. The case a = b= 0in (2.9) y1elds the Legendre polyno-

mials (P
J=0.

J

PY%x) = Li(z)). fa=b=—

F(]'H/Q)T']( ),

thenP 3 2(1‘): N

3. Approximation to the fractional integral

In the section, we develop algorithms to approximate the fractional in-
tegral of a given function. Among three kinds of polynomials, the Legendre
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polynomials are commonly used. We mainly study the Legendre approxi-
mation to the fractional integral in details in this section. The Chebyshev
and Jacobi approximations are almost the same as that of the Legendre
approximation.

Let u(x) be a function defined on the interval [—1,1], and N be a
positive integer. Denote by

N
pn(@) =Y 1 Lj(x), (3.1)
j=0

where py(z) is an approximation of u(z), and ZNJ are the coefficients deter-
mined by u(z). If py () is an orthogonal projection of u(z), then /; can be
determined by the orthogonality of {L;(z)}. In this paper, we assume that
pn(z) is the interpolation of u(x). If py(z) is the interpolation of u(z) on
the Legendre-Gauss—Lobatto points {mk}{g\fzo, then ZNJ can be determined
by

N
-1
lj=—> u(zp)Lj(xp)wk, (3.2)
Vi k=0
where v; = 23% for 0<j<N —1, vy = %, and {wg}_ are the corre-

sponding quadrature weights [23].
Therefore, for any o > 0, the fractional integral D_{' u(z) can be
approximated by

N x
B F(loo 2 b / (2= 5)* " Ly(s) ds (33)

where E]a(x) = ﬁ [*(x —s)* 'Lj(s)ds. Next, we give an effective re-

currence formula to calculate EJO‘ (x).
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We can easily get Eg‘(x) = %?Zi)f) and L¢(z) = e+ a(ztl)et

I'(a+1) I'(a+2)
from (2.3). For j > 1, by using (2.3), we have

Bl =g [ (@97 L) ds

IN(e
11 e e |
F(a)jﬂ/_l(“’"s> 1[<2J+1>8Lj<s)—ij_1<s> ds -

{0 @) - T 0)
51 (7 e s
-2 /_1(:5—3) Ly(s)d }
Noticing that (25 + 1)L;(x) = L () — L, (z) for j > 1 (see Eq. (2.4)),

we have

L%, (x) Zjl{(Qj + 1)L (x) — LY 4 ()

1
_F(la) / i(x—sw( ja(s) = 31<8>>d8}
:jil{@j + )2l () — L9, (2)
1

[ 9 - )]

— a(E2 () E;“_l(x»}

:Hl{@f 1)L () — T8 () — oL () — %(x))}.
3

Hence, for j > 1, we get the following recurrence relation

{0 10eIi) - G-I} (66)

s -
]H(x) J+1+a

So, E;‘ () can be calculated by the following formula

Ta _ (‘T + 1)(1

L (z) = my

sz a(z+ 1)t

Li(@) = Dla+1)  TD(a+2) "’ (3.7)
Fa() = o 1@+ DB @)~ (- )T @) 5> 1
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Therefore, D:ixu(w) is approximated by

D—¢

)

N
Lu@)~DF py () =Y 1 LY (x),
§=0

where E;‘(x) is defined by (3.7), and [; is defined by (3.2).

Similarly, we can get the similar results for the Chebyshev polynomials
and the Jacobi polynomials. R

For the Chebyshev polynomials, let T (x) = ﬁ [* (m=s)*"1Ty(s) ds,
by many calculations, one can get

oy @ 1)

0 () —711(04 1)
Cz(z+ 1) afe+ 1)

HOE Dla+1)  T(a+2)
2 (2) :2Lfaf1a($) - 2—|2-Oéf61($) e j(o:f);:(;)i 1)’ (3.8)
e oy 20+ Dz, G+ —1-a) 5,
Tialo) _mTj (z) - G+1+a)j— 1)Tj—1(x)

2(-1a(z + 1)

Tla+D)(G+14+a)(j—1) j=z2

Ifu(z) =~ pn(z) = Ejy:o t;T;(x), then cD~{ ,u(z) can be approximated
by

N
D:?,x u(x) ~ D:?,xpN(x) = Z ~j ja(x)a

where ¢; can be similarly determined, see [23] for details.
For the Jacobi polynomials, we denote by Pf’b’o‘(x) = ﬁffl (x —
s)"‘_le’b(s) ds. Using the recurrence formulae (2.9)-(2.10), the properties



8 C. P. Li, F. H. Zeng, F. Liu

(2.11) and (2.14), and tedious calculations, we have

~ + 1)
Pa,b,a — (‘T
5 +b+2 (2(x+1)*  a(z+1)2F! a—0bxap
Pa,b,a _ a _ pabe

1 (@) 2 ( I‘(a +1) T(a+2) 5 Lo (@),
~ A%by — A“ b gab
P () =~ 5 P ()

a,b ab
1+« Aj Cj
a,b a,b ra,b
_Cj —i—ozAj Aj
1—|—aAC-L’bC(-l’b
b b pab b pa,b Sab pa,b
adg? (APt (1) + By P (1) + G P (-1))

P ()

+ Y — (x+ 1),
o+ 1) (1+adptcr’)
Jj=L
(3.9)
If u(z) ~ pn(z) = Zjv 0D} bPab( ), then D”F u(z) can be approxi-
mated by
N
D=7, u(z)~ D77, pn(z Z P (a
=0

where ﬁ?’b can be determined almost snmlarly as [; in (3.2).

—p = 0,0, -7 —_p— _1
REMARK 3.1. If a =b =0, then P;"""(z) = L§(z). fa=0b= —3,

~1l_1, N
then P, 2 >%(z) = FU,*\}/”T]( ).

4. Approximation to the Caputo derivative

This section deals with the numerical approximation of the Caputo
derivative of a given function u(z),z € [—1,1]. The algorithm is based
on the numerical approximation of the fractional integral derived in the
previous section. Among the Legendre, Chebyshev and Jacobi polynomials,
the Jacobi polynomials are the most general. Then in the present section,
we study the Jacobi approximation to the Caputo derivative.

Suppose that py(z) is the approximate polynomial of u(z), which can
be expressed as

Z 2t p z e [-1,1]. (4.1)
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Let n — 1 < a < n, n is a positive integer, and the ath Caputo derivative
of py(x) reads as

o 1 * n—o— d"
0D (e) = s [ (=9 () ds

n—a) )y ds®
N
1 ~a,b ’ —a—1 d" a,b
=0 ; —s)"T T —P " (s)d
I'(n—«) ;pj /_1(3C 2 dsm 7 (s)ds
_ ~a,b ja,b 1 ‘ n—a—1 pa+n,b+n
=> Pty (F ey ) @9 P (s)ds

N
- ~a,b ja,b Hatn,b+nn—«
=> 5" dj P (),

where Eq. (2.12) is used. d?,’z is defined by (2.13), and ﬁj‘-1+n’b+”’n_a(x) is
defined by (3.9) with a,b and « being replaced by a + n,b+ n and n — a,
respectively.

Denote by
ab,,m 1 ¢ n—a-1 9" Lap
pbe —F(n_a)/l(:ﬂ—s) P ds, 0<m<n,
one has
Dy ) = d§ YT ), (42)
where D?’b’a’n(:c) =0for0<j<n—1, d??’z is given by (2.13), and ]3J‘.1+"’b+n’n_a

is defined by (3.9) with parameters a + n,b+ n,n — « being replaced with
a, b, a, respectively.
Therefore, the ath Caputo derivative CDfou(x) can be approximated

by

N

~a,b ya,b
D% yu(@)~ D% () = ) Py Dy (@),

j=n
where D}l’b’a’"(x) is given by (4.2) and ﬁ?’b can be similarly obtained as I;
in (3.2).

5. Applications of the algorithms

Let u(x) be a real-valued function defined on the interval [z4, 23], and
#; (i =0,1, ..., N) be the collocation points on the reference interval [—1, 1],
then z; = %[(wb — Zq)Ti + xq + xp) are the corresponding collocation points
on [x4,xp). Similar to the previous section, we use the more general poly-
nomials, i.e., the Jacobi polynomials, to illustrate our numerical methods.
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For a positive integer N, suppose that u(z) can be approximated by the
following polynomial

~ab abA A_Q.T—ﬂ?a—l’b

Therefore, for any « > 0, we have

(5.2)

in which

1 — a,b a—1pa,b/
Ry D) =g [ @ as

') :
<mb — fBa) o /ml (i — §)a—1P]q,b(§) & (53)

:< 2””“) PrP(#),

Here s = $[(zp — 24)8 + 2o + 73] and z = 1[(zp — 24)E + 2 + 23], 8, & €
[—1,1] are used. Pabo‘( ) is defined by (3.9).

So, the fractlonal integral of u(x) at any point x € [z4,xp] can be
approximated by (5.2). If we choose x = z; (i =0, 1, ..., N), then we have

Dy u(zo) Dxfxopzv(l‘o)
D« (:L’l ) D« PN (331 )

Tq :El ~ Ta,T1 : _ CD:(EZ:I;;;a)f)a,b (54)
Dxuaaz]v (I'N) Dajao,lprN(xN)

- ab ~ab ~a,b
Where p 7 = (po 7p? a"'?p?\[ )T

(03
b,— _ [ Tb — Zq Da,b,a g .
Pl = (7)) Aree, =
Similarly, for n — 1 < a < n € N, we can also get the following formula

for the Caputo derivative

Dg. ,u(zo) D¢ ..pn(T0)
Dg. . u(z1) Dg . pn(z1)

, and

_D(aba) ~a,b (5_5)

Za,Th

Q

Dy o yu(TN) Dy . PN(TN)
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where

Ty — Zq - a,b,a,m A ..
[CDE’Z;?)]M = < - > DY), i,j=0,...N,  (5.6)
and D}"*" is defined by (4.2).

REMARK 5.1. For a given positive integer N, the matrix CDQ(CZ’,I;U’?)

can be calculated effectively by O(N?) arithmetic operations. The similar
work can be found in [20], where the operational matrix D@ based on the
explicit form of the Legendre polynomials was obtained, which takes O(N?3)
arithmetic operations. The similar matrix D) based on the Chebyshev

polynomials can be found in [5, 6], where the computational complexity is
O(N?).

REMARK 5.2. If py(z) (see (5.1)) is the Legendre-Gauss-Lobatto in-
terpolation of u(x), u € H"(I),I = [x4,xp], then

lu =5l pe () S ONP* [l gy, 7 €N,

where C'is a positive constant (see [2]). Therefore, we can get the following
the error bounds

1D (w = o)l poo(ry S CN¥ "l grrrys - @ > 0,721,
and

le Dz, (u=pN) Lo () SCN3/4+2n_T||U||H7-([), n—-1<a<n,neNr>2n.

Tq,T

The above estimates will be verified by the numerical experiments in the
following section.

Next we consider the eigenvalues of the Caputo fractional operator.
Let z, = —1,2p = 1, and z;(: = 0,1,..., N) be the Legendre-Gauss—
Lobatto points. We get the matrix CD(_OLia) € RINFDX(N+D) from Eq.

(5.6). CDg()i?ia) is actually a kind of the operational differential matrix
corresponding to the Caputo derivative. If a = n, i.e., a positive integer,
then CDQ?{*) reduces to the classical differential matrix D™,

In the following, we numerically study the spectral radius of the Caputo
derivative operator. Consider the following model problem

{CDaLxu(m) =u(z), ze€[-1,1], 0<a<2,

w(-1) =u_1, u(l)=u, (5.7)
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10

log(p(D)) / N**

,W«o—Hﬁ"—H—H—O'H—O—HHHHHHHHHHH}HHHHH

! ! ! ! ! ! ! !

!

0 50 100 150 200 250 300 350 400 450 500
N

FIGURE 1. The spectral radius associated with the Caputo
fractional operator for 0 < a<1.

where besides u(—1) = u_1, the condition u(1) = w; is necessary for 1 <
a<2.

For 0 < a <1, let py(z) (see (5.1)) be the interpolation of u(x) on the
Legendre—Gauss—Lobatto points {z;}. Letting px(z) satisfy the equation
(5.7 at x = x; (i = 1,2, ..., N), and combining the initial condition u(—1) =
u_1, we have

Dp™* = Ap™”, (5-8)

where [D]ij = [¢D%™)ij(i = 1,2,.,N;j = 0,1,..,N), and [D]o; =
(=1)(j = 0,1,..., N). Tt is easy to see that \ is just the eigenvalue of the

matrix D. We know that, if & = 1, the spectral radius p(D) of D satisfies
the following relation

p(D) < CoN?, Cy > 0.
For 1 < <2, we can also get almost the same relation as (5.8), except
that the last row of D in (5.8) is replaced by [D]y; = 1(j = 0,1,...,N).

We plot the spectral radius of D for different o and N in Figures 1 and

2. From Figures 1 and 2, we can see that the spectral radius p(D) of D is
bounded by

p(D)<CoN?**, 0<a<2,Cy>0.
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0

10

kN

10

log(p(D)) / N**

10

FIGURE 2. The spectral radius associated with the Caputo
fractional operator for 1 < a<2.

differential equations.

Next, we simply illustrate how to use our method to solve the fractional
Consider the fractional equation in the following
form

{A(a;)u’(a;) + B(x) e Dgpu(x) + Cr)u(z) = f(z), =€ (0,1,

2(0) = (5.9)

where 0 < a < 1, A(z), B(x) and C(z) are real-valued functions.
Suppose that py(x) (see Eq. (5

1) and set z, = 0,2, = L) is the
approximate solution of u(z), ; (i = 0,1, ..., N) are the collocation points

on the interval [0, L] satisfying py(z;) = u(z;) (¢ =0,1,..., N) and

A(zi)py (i) + B(xi) 0 DG ,,.on () + Clai)u(e) = f(xi), i=1,2,..,N.
Noting py(zo) = ug, we get the following algebraic equation

Mp*t = F, (5.10)
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where F' = (ug, f(x1), f(z2), ---7f(95N))T7 and
[M]y,; = pj?vb(—l),
(M}, = AGes) [D™] |+ Blan) [oDG] + Ol [ DR

5J 2

i=1,.,N, j=0,1,..,N.

2

(5.11)

For the following fractional initial value problem

A()u'™ (z) + B(z) ¢ D§ yu(@) + C(a)u(z) = f(z), =€ (0,L],
w(0) = ug, u'(0) = wuy,

(5.12)
where 1 < @ < 2, m =1 or 2. We can also get the algebraic equation of
the form like (5.10), where F = (uq, f(z1), f(22), ..., f(xn-1),up)T, and M
satisfies

a,b
a,b 2 de’ (_1)
[M]OJ‘ = Pj (—1), {M]N,j = T~ de

[M]; ; = A(xi) [D((fib’m)]i + B(x;) [CDé:lLb’a)} Lt C(zi) [Dé?ib,o)}i |

), ) sJ

i=1,.,N—1, j=0,1,..,N.
(5.13)
If the condition u/(0) = wuy in (5.12) is replaced by u(L) = ur, then the
original fractional initial value problem is reduced to a fractional boundary
value problem. We can still get the same form of algebraic equation (5.10),
where F' = (ug, f(x1), f(x2), ..., f(xn_1),ur)”, and M is defined the same

abr
as (5.13) except that [M]y; = %dlgjdiil) is replaced by [M]n; = Pj'-l’b(l).

6. Numerical examples

This section provides the numerical examples to verify the methods
obtained in the preceding sections. The first two examples are used to test
the efficiency and accuracy of the formulae (3.9) and (4.2).

EXAMPLE 6.1. Let u(x) = z*,z € [0,L] = [0,1]. Now we calculate
the numerical solutions of the fractional integral Dy ;'u(x) and the Caputo
derivative ¢ D§ ,u(z), a > 0.

The analytfcal forms of the fractional integral and the Caputo derivative
of u(z) are given by

r 1
(lu + ) x,u'i‘a ,U > _17

Dyfah = —————
(P F(u+1—|—a) ’
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TABLE 1. The absolute errors for Example 6.1 with a =0 =0
and p = 3.5.

N a=02 a=05 a=08 a=12 a=15 «a=138
10 4.57e-08 3.57e-08 1.78e-08 5.18¢-09 1.67¢-09 6.04e-10
20 2.89e-10 1.52e-10 5.37e-11 9.88e-12 2.54e-12 1.31e-12
40 1.82e-12 6.36e-13 1.52e-13 1.74e-14 3.68e-15 2.77e-15
80 1.12e-14 2.59e-15 4.11e-16 1.67e-16 1.67e-16 1.18e-16

10 2.32e-07 1.82e-06 8.40e-06 1.61e-04 3.14e-04 3.18e-04
20 2.49e-09 2.90e-08 1.99e-07 6.63e-06 1.92e-05 2.67e-05
40 2.70e-11 4.73e-10 4.88e-09 2.81e-07 1.22e-06 2.55e-06
80 2.88e-13 7.62e-12 1.19e-10 1.18e-08 7.77e-08 2.44e-07

and
I(p+1)

Dot = —C L
C O,IL‘x F(H+1—O[)

Y u > —1.

Suppose that py(x) is the interpolation of u(x) on the Jacobi-Gauss—
Lobatto points z; (j = 0, 1, ..., N) on the interval [0, L], and py is expressed
by

N b b 2z

~a,b pa,

px(e) = > P (T - 1), (6.1)
7=0

where ﬁ?’b can be easily calculated like (3.2).

We first set a = b = 0 and choose different NV and « for our compu-
tation, the results are shown in Table 1. The first four rows of Table 1
show the absolute maximum errors at the Legendre—Gauss—Lobatto points
by using the formula (5.4) (or (3.9)) for the fractional integral. The last
four rows of Table 1 give the absolute maximum errors at the Legendre—
Gauss-Lobatto points by using the formula (5.5) for the Caputo derivative.
Obviously, Table 1 displays the spectral accuracy of the derived method for
the approximation of the fractional integral and Caputo derivative.

Now we set a = b = —1/2 to test our algorithms. The numerical results
are shown in Table 2. The first four rows and the last four rows give the
maximum errors for numerical solutions of the fractional integral and the
Caputo derivative of u(z) at the Chebyshev—Gauss—Lobatto points. We
can see that the spectral accuracy is achieved.

EXAMPLE 6.2. Let u(z) = sinz,z € [0,L], and we calculate the
fractional integral Dy Zu(z) and ¢ Dg u(x), a > 0.
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TABLE 2. The absolute errors for Example 6.1 with a = b =
—1/2 and p = 3.5.

N a=02 a=05 a=08 a=12 a=15 «a=138
10 5.49e-08 4.59e-08 2.54e-08 8.33e-09 3.09e-09 1.67e-09
20 3.08¢-10 1.96e-10 7.62e-11 1.70e-11 4.97e-12 2.93e-12
40 1.81e-12 7.79e-13 2.14e-13 3.23e-14 8.09e-15 5.61e-15
80 1.06e-14 3.05e-15 5.66e-16 3.33e-16 1.80e-16 1.73e-16

10 2.23e-07 1.48e-06 7.44e-06 1.40e-04 3.23e-04 4.55e-04
20 2.12e-09 2.11e-08 1.62e-07 5.37e-06 1.86e-05 3.95e-05
40 2.15e-11 3.22e-10 3.77e-09 2.17e-07 1.14e-06 3.66e-06
80 2.20e-13 5.00e-12 8.89e-11 8.92e-09 7.10e-08 3.45e-07

The exact expressions of Da Ysinx and cD§ . sinz are given by

(—1)kg2h+1
DOISIDZ'_;L*Q m a >0,
k=0
and
N 0 Y2k
D @ 0<ax<l
¢ Di g sin(x kz_or 2/<;+2—a)’ “ss
o 0 1)k+12k
6%
oD, sin(x Zf2k+4 ) 1<a<?2.

k=0

We use formula (6.1) as that used in Example 6.1. The numerical
experiments are displayed in Tables 3 and 4. The first three rows and
the last three rows of Table 3 display the absolute maximum errors of the
numerical solutions of the fractional integral and the Caputo derivative of
u(z) by using the methods (5.4) and (5.5) with @ = b = 0, respectively.
Table 4 gives the corresponding errors of the case a = b = —1/2. We can
see that the satisfactory results are obtained.

Next, we use our method to solve the fractional differential equations.

EXAMPLE 6.3. Consider the following Baglay—Torvik equation [16, 6]
W"(2) + cDY3u(z) +u(z) = f(z), @ € (0,1, (6.2

with the initial conditions
u(0) =0, /(0)=w. (6.3)

u
Choosing appropriate f(z) such that (6.2) has the exact solution u(z) =
sin wzx.

w
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TABLE 3. The absolute errors for Example 6.2 with a = b = 0.

N a=02 a=05 a=08 a=12 a=15 «a=138
4  4.46e-06 5.40e-06 3.88e-06 1.71e-06 6.94e-07 2.90e-07
8 4.79e-12 4.72e-12 2.73e-12 8.94e-13 2.88e-13 6.96e-14
16 6.66e-16 2.22e-16 2.22e-16 1.67e-16 1.67e-16 8.33e-17
4 1.05e-05 6.17e-05 2.31e-04 1.02¢-03 2.18e-03 5.66e-03
8 1.48e-11 1.08e-10 5.96e-10 4.14e-09 1.47e-08 5.33e-08
16 3.22e-15 1.91e-14 9.29e-14 6.39e-13  2.45e-12 9.03e-12

TABLE 4. The absolute errors for Example 6.2 with a = b= —1/2.

N a=02 a=05 a=08 «a=12 a=15 «a=1.8
4 6.08e-06 7.91e-06 6.26e-06 3.41e-06 1.87e¢-06 1.27e-06
8 6.58e-12 6.63e-12 3.96e-12 1.38e-12 4.97e-13 1.36e-13
16 3.33e-16 3.33e-16 2.22e-16 5.55e-17 2.22e-16 5.55e-17
4  1.34e-05 5.66e-05 1.95e-04 9.93e-04 2.05e-03 5.40e-03
8 1.98e-11 1.04e-10 3.92e-10 3.34e-09 1.15e-08 4.34e-08
16 4.44e-16 1.22e-15 7.55e-15 4.40e-14 2.32e-13 9.82¢-13

We first set a = b = 0, and the results are shown in Table 5, which
shows the maximum absolute errors of the method (5.13) and the shifted
Chebyshev tau (SCT) method developed in [6] for the same parameters.
From this example, we can see that our method gives the more accurate
results than the SCT method used in [6]. Table 6 gives the maximum abso-
lute errors for (6.2) with the boundary value conditions, say, the condition
u/(0) = w is replaced by u(1) = sinw. From Tables 5-6, we find that the
spectral accuracy is attained.

Tables 7 and 8 show the maximum absolute errors of the method (5.13)
with a = b = —1/2. Table 7 displays the errors of the numerical solutions
of (6.2) with the initial conditions (6.3), and Table 8 gives the errors of
the numerical solutions of (6.2) with the boundary value conditions as
mentioned above. Both two cases in this example give the better results
than the SCT method reported in [6].

This equation is often used to test the numerical algorithms. In the
following we consider the homogeneous Baglay—Torvik model.

EXAMPLE 6.4. We consider the homogeneous Baglay—Torvik equation
with order « € (1,2) [1, 16, 7]

u'(x) + o Df yu(z) + u(z) =0, = € (0,L], uw(0) =1,4'(0) =0.  (6.4)



18 C. P. Li, F. H. Zeng, F. Liu

TABLE 5. The absolute errors for Example 6.3 with different N
and a =b=0.

N Method (5.13) SCT [6] w Method (5.13) SCT [6]
4 2.42e-04 3.4e-04 Ar 1.25e+01 3.9e-00
8 7.40e-10 4.3e-07 4rw 1.38e+00 4.7e-01

w
1
1

16 1 3.33e-16 1.8e-08 4m 8.55e-05 3.5e-05
1
1
1

32 4.44e-16 7.1e-10 4w 5.10e-13 1.4e-06
48 3.33e-16 9.9e-11 4m 6.81e-13 1.9e-07
64 4.44e-16 2.4e-11 4m 1.90e-13 4.8e-08

TABLE 6. The absolute errors for Example 6.3 with boundary
value conditions and a = b = 0.

N w  error w error w error

4 1 23905 27 1.51le-01 4w 3.47e+400

8 1 7.53e-11 27 9.20e-04 47 1.62e-01

16 1 1.11e-16 27 1.07e-10 4w 8.51e-06

32 1 3.33e-16 27 1.78e-15 4w 1.13e-12

48 1 2.22e-16 2w 1.47e-15 4w 2.89e-13
1

64 2.22e-16 2w 1.44e-15 4w 1.22e-13

TABLE 7. The absolute errors for Example 6.3 with initial con-
ditions and a = b = —1/2.

N w  error w error w error

4 1 141e-04 27 4.59e-01 4w 1.36e+01

8 1 2.89e-10 27 3.40e-03 4w 5.28e-01

16 1 5.55e-16 27 2.96e-10 4w  2.33e-05

32 1 4.44e-16 27 2.00e-15 4m 3.32e-13

48 1 4.44e-16 2w 5.33e-15 4w 3.70e-13
1

64 5.55e-16 2w 3.87e-15 4w 2.85e-13

We apply the method (5.13) with a = b = 0 to solve the equation (6.4),
where the collocation points are chosen as the Legendre—Gauss—Lobatto
points. We set L = 50, N = 256 for different « in Figures 3 and 4. When
a = 1.25, our result coincides with the results reported in [7], see Figure 3.
Figure 4 is also consistent with the numerical result in [7].

At last, we use scheme (5.13) to solve an oscillation model.
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TABLE 8. The absolute errors for Example 6.3 with boundary

value conditions and a = b= —1/2.

N w error w error - w €rror

4 1 443e-05 27 3.94e-01 4m 6.51e+400
8 1 6.66e-11 27 8.7le-04 4w 1.97e-01
16 1 5.55e-16 27 5.04e-11 4w 4.19e-06
32 1 5.55e-16 27w 1.6le-15 4w 3.21e-13
48 1 5.55e-16 2w 8.88e-16 4w 4.45e-13
64 1 5.55e-16 27w 1.39e-15 4m 3.53e-13

12

FIGURE 3. Numerical result for Example 6.4 with N =
256, L = 40.

ExaMPLE 6.5. Consider the following fractional oscillation equation
[7]

cDgu(r) + u(z) = f(z), 1<a<?2, xe€(0,L], (6.5)

with the initial conditions

In this example, we still use the method (5.13) with a = b = 0 to
solve (6.5), where the Legendre—Gauss—Lobatto collocation points are used
again. We still let N = 256, L = 50 for our computation, and set o =
1.3,1.5,1.8,1.95 as in [7]. The numerical result is displayed in Figure 5,
which coincides with the result in [7].
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FIGURE 4. Numerical results for Example 6.4 with N =
256, L =40 and a = 1.5,1.75.
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FIGURE 5. Numerical results for Example 6.5 with N =
256, L = 50.

7. Conclusion

In this paper, based on the Legendre, Chebyshev and Jacobi polynomi-
als we develop the effective numerical algorithms to compute the fractional
integral and Caputo derivative. The operational differential matrix based
on the Jacobi-Gauss—Lobatto points is also obtained, which can be seen as
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a generalization of the classical differential matrix. The computational cost
for deriving the operational differential matrix is O(N?), which is much less
than that in [5, 6].
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