
MATHEMATICS OF COMPUTATION
Volume 79, Number 272, October 2010, Pages 2237–2264
S 0025-5718(10)02329-X
Article electronically published on April 8, 2010

SPECTRAL METHOD ON QUADRILATERALS

GUO BEN-YU AND JIA HONG-LI

Abstract. In this paper, we investigate the spectral method on quadrilat-
erals. We introduce an orthogonal family of functions induced by Legendre
polynomials, and establish some results on the corresponding orthogonal ap-
proximation. These results play important roles in the spectral method for
partial differential equations defined on quadrilaterals. As examples of appli-
cations, we provide spectral schemes for two model problems and prove their
spectral accuracy in Jacobi weighted Sobolev space. Numerical results coin-
cide well with the analysis. We also investigate the spectral method on convex
polygons whose solutions possess spectral accuracy. The approximation results
of this paper are also applicable to other problems.

1. Introduction

During the past three decades, spectral method has gained increasing popularity
in scientific computations; see [1]–[7] and [9]–[11] and the references therein. The
standard spectral method is traditionally confined to periodic problems and prob-
lems defined on rectangular domains. However, many practical problems are set
on complex domains. We usually use finite element methods for such problems.
For obtaining accurate numerical results, it is also interesting to consider spectral
methods and other high order methods for non-rectangular domains. Some authors
proposed spectral methods for triangles, quadrilaterals and unbounded domains,
see, e.g., [1], [2], [4], [14]–[17]. In particular, pseudospectral methods for polygons
were developed with precise analysis; see [2, 5, 17] and the references therein.

In this paper, we investigate the spectral method on convex quadrilaterals. This
work is motivated by several facts. For instance, we consider numerical solutions of
partial differential equations defined on a polygon. In this case, we may divide the
polygon into several convex quadrilaterals, and then use a spectral method on each
quadrilateral. Next, for exterior problems of partial differential equations with a
polygon obstacle, we could use mixed Laguerre-Legendre approximation outside a
rectangle containing the obstacle, and use a spectral method for quadrilaterals on
the remaining subdomain. Clearly, as the first step of those algorithms, we need to
study spectral methods on quadrilaterals.

The paper is organized as follows. The next section is for preliminaries. In Sec-
tion 3, we introduce an orthogonal system on a convex quadrilateral, induced by
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Figure 1. Quadrilateral Ω.
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Figure 2. Square S.

the Legendre polynomials. Then we establish the basic results on the correspond-
ing orthogonal approximation, which possesses spectral accuracy. Moreover, it still
keeps high accuracy, even if the approximated function possesses certain singular-
ities at the edges or the vertices of a quadrilateral. These results play important
roles in the spectral method for partial differential equations defined on quadrilat-
erals. As examples of applications, we provide the spectral schemes for two model
problems in Section 4, with the analysis of convergence. We describe their numer-
ical implementation in Section 5, and present some numerical results in Section 6.
In Section 7, we consider the spectral method for convex polygons and prove the
spectral accuracy of their numerical solutions. The final section is for concluding
remarks.

2. Preliminaries

Let Ω be a convex quadrilateral with the edges Lj , the vertices Qj = (xj , yj)
and the angles θj , 1 ≤ j ≤ 4; see Figure 1. The length of Lj is denoted by lj . For
any Q = (x, y) ∈ Ω, we set

(2.1)
σ1(ξ, η) = 1

4 (1− ξ)(1− η), σ2(ξ, η) =
1
4 (1 + ξ)(1− η),

σ3(ξ, η) = 1
4 (1 + ξ)(1 + η), σ4(ξ, η) =

1
4 (1− ξ)(1 + η).

We make the variable transformation (cf. [2, 5, 17, 19]):

(2.2) x = x(ξ, η) =

4∑
j=1

xjσj(ξ, η), y = y(ξ, η) =

4∑
j=1

yjσj(ξ, η).

More precisely,

(2.3) x = a0 + a1ξ + a2η + a3ξη, y = b0 + b1ξ + b2η + b3ξη

where

(2.4)

a0 = 1
4 (x1 + x2 + x3 + x4), b0 = 1

4 (y1 + y2 + y3 + y4),

a1 = 1
4 (−x1 + x2 + x3 − x4), b1 = 1

4 (−y1 + y2 + y3 − y4),

a2 = 1
4 (−x1 − x2 + x3 + x4), b2 = 1

4 (−y1 − y2 + y3 + y4),

a3 = 1
4 (x1 − x2 + x3 − x4), b3 = 1

4 (y1 − y2 + y3 − y4).
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By the transformation (2.2), the quadrilateral Ω is transformed to the reference
square S = {(ξ, η) | − 1 < ξ, η < 1}, with the edges L′

j and the vertices Q′
j =

(ξj , ηj), 1 ≤ j ≤ 4; see Figure 2. In fact, ξ1 = ξ4 = η1 = η2 = −1 and ξ2 = ξ3 =
η3 = η4 = 1.

It is noted that if Ω is a parallelogram, then a3 = b3 = 0. In this case, the
transformation (2.2) is an affine mapping. In particular, a2 = a3 = b1 = b3 = 0 for
any rectangle Ω.

For simplicity, we denote
∂x

∂ξ
by ∂ξx, etc. The Jacobi matrix of transformation

(2.2) is

MΩ =

(
∂ξx ∂ξy
∂ηx ∂ηy

)
=

(
a1 + a3η b1 + b3η
a2 + a3ξ b2 + b3ξ

)
.

Its Jacobian determinant is

(2.5) JΩ(ξ, η) =

∣∣∣∣ a1 + a3η b1 + b3η
a2 + a3ξ b2 + b3ξ

∣∣∣∣ = d0 + d1ξ + d2η

where

d0 = a1b2 − a2b1, d1 = a1b3 − a3b1, d2 = a3b2 − a2b3.

By virtue of (2.4), we get

(2.6)

d0 = 1
8 (x4 − x2)(y1 − y3) +

1
8 (x1 − x3)(y2 − y4),

d1 = 1
8 (x4 − x3)(y2 − y1) +

1
8 (x2 − x1)(y3 − y4),

d2 = 1
8 (x3 − x2)(y4 − y1) +

1
8 (x1 − x4)(y3 − y2).

Obviously, JΩ(ξ, η) is a linear function of variables ξ and η, and so reaches its
extremum at the four vertices. A direct calculation shows that

JΩ(−1,−1) = 1
4 (x4 − x2)y1 +

1
4 (x1 − x4)y2 +

1
4 (x2 − x1)y4,

JΩ(1,−1) = 1
4 (x3 − x2)y1 +

1
4 (x1 − x3)y2 +

1
4 (x2 − x1)y3,

JΩ(1, 1) =
1
4 (x4 − x3)y2 +

1
4 (x2 − x4)y3 +

1
4 (x3 − x2)y4,

JΩ(−1, 1) = 1
4 (x4 − x3)y1 +

1
4 (x1 − x4)y3 +

1
4 (x3 − x1)y4,

or equivalently,

JΩ(−1,−1) = 1
4 (x2 − x1)(y4 − y1)− 1

4 (x4 − x1)(y2 − y1),

JΩ(1,−1) = 1
4 (x3 − x2)(y1 − y2)− 1

4 (x1 − x2)(y3 − y2),

JΩ(1, 1) =
1
4 (x4 − x3)(y2 − y3)− 1

4 (x2 − x3)(y4 − y3),

JΩ(−1, 1) = 1
4 (x1 − x4)(y3 − y4)− 1

4 (x3 − x4)(y1 − y4).

As pointed out by Strang and Fix in Section 3.3 of [18], we have

JΩ(−1,−1) = l1l2 sin θ1, JΩ(1,−1) = l2l3 sin θ2,
JΩ(1, 1) = l3l4 sin θ3, JΩ(−1, 1) = l4l1 sin θ4.

Due to the convexity of Ω, the above four quantities are positive. Thereby, there
exist positive constants δΩ and δ∗Ω, such that

(2.7)
0 < δΩ = min{JΩ(−1,−1), JΩ(1,−1), JΩ(1, 1), JΩ(−1, 1)}
≤ JΩ(ξ, η) ≤ max{JΩ(−1,−1), JΩ(1,−1), JΩ(1, 1), JΩ(−1, 1)} = δ∗Ω.

The inverse of transformation (2.2) is

ξ = ξ(x, y), η = η(x, y).
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The explicit expressions of ξ(x, y) and η(x, y) are given in Appendix A of this paper.
The Jacobi matrix of this inverse transformation is

(2.8) MS = M−1
Ω =

(
∂xξ ∂xη
∂yξ ∂yη

)
=

1

JΩ(ξ, η)

(
b2 + b3ξ −b1 − b3η
−a2 − a3ξ a1 + a3η

)
.

Thanks to (2.7), its Jacobian determinant JS(x, y) satisfies

(2.9) 0 <
1

δ∗Ω
≤ JS(x, y) = J−1

Ω (ξ, η) ≤ 1

δΩ
.

We now derive several relations, which will be used in forthcoming discussions.
For any point Q = (x, y) ∈ Ω, there exists the corresponding point Q′ = (ξ(x, y),
η(x, y)) ∈ S. Denote by L̄η the line in S, which is parallel to the ξ-axis and passes by
Q′. Clearly, all points on this line have the same coordinate η. The mapping of the
line L̄η, denoted by L∗

η, is not parallel to the x−axis usually. But it intersects the
edges L1 and L3 at the pointsQ

∗
1 = (x∗

1(x, y), y
∗
1(x, y)) andQ∗

3 = (x∗
3(x, y), y

∗
3(x, y)),

respectively; see Figures 1 and 2. Similarly, all points on the line L̄ξ, which are
parallel to the η-axis and pass by Q′, have the same coordinate ξ. The mapping of
the line L̄ξ, denoted by L∗

ξ , is not parallel to the y-axis usually; but it intersects the

edges L2 and L4 at the pointsQ
∗
2 = (x∗

2(x, y), y
∗
2(x, y)) andQ∗

4 = (x∗
4(x, y), y

∗
4(x, y)),

respectively.
We now calculate x∗

j (x, y) and y∗j (x, y), 1 ≤ j ≤ 4. Indeed, (2.2) implies

(2.10) x∗
1 =

4∑
j=1

xjσj(−1, η), y∗1 =
4∑

j=1

yjσj(−1, η),

whence

(2.11) x∗
1 =

1

2
(x1 + x4) +

1

2
(x4 − x1)η, y∗1 =

1

2
(y1 + y4) +

1

2
(y4 − y1)η.

Similarly,

x∗
2 =

1

2
(x1 + x2) +

1

2
(x2 − x1)ξ, y∗2 =

1

2
(y1 + y2) +

1

2
(y2 − y1)ξ,(2.12)

x∗
3 =

1

2
(x2 + x3) +

1

2
(x3 − x2)η, y∗3 =

1

2
(y2 + y3) +

1

2
(y3 − y2)η,(2.13)

x∗
4 =

1

2
(x3 + x4) +

1

2
(x3 − x4)ξ, y∗4 =

1

2
(y3 + y4) +

1

2
(y3 − y4)ξ.(2.14)

Subtracting the first formula of (2.10) from the first formula of (2.2), we obtain

x− x∗
1 =

1

4
(x2 − x1)(1 + ξ)(1− η) +

1

4
(x3 − x4)(1 + ξ)(1 + η).

Similarly,

y − y∗1 =
1

4
(y2 − y1)(1 + ξ)(1− η) +

1

4
(y3 − y4)(1 + ξ)(1 + η).

The above two equalities, together with (2.4), lead to

(2.15) x− x∗
1 = (1 + ξ)(a1 + a3η), y − y∗1 = (1 + ξ)(b1 + b3η).

Similarly,

x− x∗
2 = (1 + η)(a2 + a3ξ), y − y∗2 = (1 + η)(b2 + b3ξ),(2.16)

x− x∗
3 = −(1− ξ)(a1 + a3η), y − y∗3 = −(1− ξ)(b1 + b3η),(2.17)

x− x∗
4 = −(1− η)(a2 + a3ξ), y − y∗4 = −(1− η)(b2 + b3ξ).(2.18)
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3. Orthogonal approximation on a quadrilateral

In this section, we establish the basic results on the orthogonal approximation
on a convex quadrilateral.

3.1. Legendre orthogonal approximation. We first recall some recent results
on the Legendre orthogonal approximation. Let Λξ = {ξ | |ξ| < 1} and χ(α,β)(ξ) =
(1− ξ)α(1 + ξ)β, α, β > −1. We define the weighted space L2

χ(α,β)(Λξ) in the usual

way, with the following inner product and norm,

(u, v)χ(α,β),Λξ
=

∫
Λ

u(ξ)v(ξ)χ(α,β)(ξ)dξ, ‖v‖χ(α,β),Λξ
= (v, v)

1
2

χ(α,β),Λξ
,

∀ u, v ∈ L2
χ(α,β)(Λξ).

We omit the subscript χ(α,β) in notation whenever α = β = 0.
The Legendre polynomial of degree l is defined by

Ll(ξ) =
(−1)l

2ll!
∂l
ξ(1− ξ2)l.

The set of Legendre polynomials is a complete L2(Λξ)-orthogonal system. More-
over,

(3.1) ||Ll||2Λξ
= (l +

1

2
)−1.

Let N be any positive integer. Denote by PN (Λξ) the set of all polynomials of
degree at most N . Moreover, P0

N (Λξ) = PN (Λξ)∩H1
0 (Λξ). The L2(Λξ)-orthogonal

projection PN,Λξ
: L2(Λξ) → PN (Λξ), is defined by

(3.2) (PN,Λξ
v − v, φ)Λξ

= 0, ∀ φ ∈ PN (Λξ).

Throughout this paper, we denote by c a generic positive constant independent
of N and any function. According to Theorem 2.1 of [12], we know that if v ∈
L2(Λξ), ∂

r
ξv ∈ L2

χ(r,r)(Λξ), integers r ≥ 0 and r ≤ N + 1, then

(3.3) ‖PN,Λv − v‖Λξ
≤ cN−r||∂r

ξv||χ(r,r),Λξ
.

Next, the orthogonal projection P 1,0
N,Λξ

: H1
0 (Λξ) → P 0

N (Λξ), is defined by

(3.4) (∂ξ(P
1,0
N,Λξ

v − v), ∂ξφ)Λξ
= 0, ∀ φ ∈ P0

N (Λξ).

As a special case of Theorem 3.4 of [12], we have that if v ∈ H1
0 (Λξ), ∂

r
ξv ∈

L2
χ(r−1,r−1)

(Λξ) and integers 1 ≤ r ≤ N + 1, then

(3.5) ‖∂μ
ξ (P

1,0
N,Λξ

v − v)‖Λξ
≤ cNμ−r‖∂r

ξv‖χ(r−1,r−1),Λξ
, μ = 0, 1.

3.2. L2(Ω)-orthogonal approximation. We now consider the L2(Ω)-orthogonal
approximation on the quadrilateral Ω.

Let Λη = {η | |η| < 1}. Clearly, the square S = Λξ × Λη. We denote the inner
product and the norm of L2(Ω) by (u, v)Ω and ||v||Ω, respectively.

We introduce the functions

(3.6)
ψl,m(x, y) = Ll

(
ξ(x, y)

)
Lm

(
η(x, y)

)
J

1
2

S (x, y)

= Ll

(
ξ(x, y)

)
Lm

(
η(x, y)

)
J
− 1

2

Ω (ξ(x, y), η(x, y)), l,m ≥ 0.
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By virtue of (3.1), we get∫ ∫
Ω

ψl,m(x, y)ψl′,m′(x, y)dxdy =

∫
Λξ

Ll(ξ)Ll′(ξ)dξ

∫
Λη

Lm(η)Lm′(η)dη

= (l + 1
2 )

−1(m+ 1
2 )

−1δl,l′δm,m′ ,

where δl,l′ is the Kronecker symbol. Moreover, the set of all ψl,m is complete in the
space L2(Ω). Thus, for any v ∈ L2(Ω), we have

(3.7) v(x, y) =
∞∑
l=0

∞∑
m=0

v̂l,mψl,m(x, y),

with

(3.8) v̂l,m = (l +
1

2
)(m+

1

2
)

∫ ∫
Ω

v(x, y)ψl,m(x, y)dxdy.

Furthermore, let

VN (Ω) = span{ψl,m(x, y) | 0 ≤ l,m ≤ N}.
The L2(Ω)−orthogonal projection PN : L2(Ω) → VN (Ω), is defined by

(3.9) (PNv − v, φ)Ω = 0, ∀φ ∈ VN (Ω).

For description of approximation errors, we shall use the following notation:

Ar,Ω(v) =
r∑

k=0

k∑
j=0

δ−r+k
Ω (|d1|r−k||(1− ξ2)

r
2 (a1 + a3η)

j(b1 + b3η)
k−j∂j

x∂
k−j
y v||Ω

+|d2|r−k||(1− η2)
r
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j

x∂
k−j
y v||Ω).

Theorem 3.1. If v ∈ L2(Ω), Ar,Ω(v) is finite for integer r ≥ 0, and r ≤ N + 1,
then

(3.10) ‖PNv − v‖Ω ≤ cN−rAr,Ω(v).

Proof. By projection theorem,

‖PNv − v‖2Ω ≤ ‖φ− v‖2Ω, ∀φ ∈ VN (Ω).

Let
(3.11)

u(ξ, η) = v
(
x(ξ, η), y(ξ, η)

)
J

1
2

Ω (ξ, η),

φ(x, y) = (PN,Λξ
• PN,Λη

u)(ξ(x, y), η(x, y))J
− 1

2

Ω (ξ(x, y), η(x, y)) ∈ VN (Ω).

Due to JS(x, y) = J−1
Ω (ξ, η), we use (3.3) to obtain

(3.12)

‖v − φ‖2Ω =

∫ ∫
S

(u− PN,Λξ
• PN,Λη

u)2dξdη

≤ 2

∫ ∫
S

(u− PN,Λξ
u)2dξdη + 2

∫ ∫
S

(PN,Λξ
• (u− PN,Λη

u))2dξdη

≤ cN−2r‖∂r
ξu‖2L2

χ(r,r) (Λξ,L2(Λη))
+ c‖PN,Λη

u− u‖2L2(Λξ,L2(Λη))

≤ cN−2r(‖∂r
ξu‖2L2

χ(r,r) (Λξ,L2(Λη))
+ ‖∂r

ηu‖2L2(Λξ,L2

χ(r,r) (Λη))
).

Thus, it remains to estimate the right side of (3.12).
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Let σ(q) = (−1)q−12−q(2q − 3)!!. Thanks to (2.5), we have

∂q
ξJ

1
2

Ω = σ(q)dq1J
1
2−q

Ω , ∂q
ηJ

1
2

Ω = σ(q)dq2J
1
2−q

Ω .

Hence, we have from (3.11) that

∂r
ξu = ∂r

ξ (vJ
1
2

Ω ) = J
1
2

Ω

r∑
k=0

Ck
r σ(r − k)dr−k

1 J−r+k
Ω ∂k

ξ v,(3.13)

∂r
ηu = ∂r

η(vJ
1
2

Ω ) = J
1
2

Ω

r∑
k=0

Ck
r σ(r − k)dr−k

2 J−r+k
Ω ∂k

ηv.(3.14)

Furthermore, thanks to (2.3), we have

∂ξv = ∂xv∂ξx+ ∂yv∂ξy = (a1 + a3η)∂xv + (b1 + b3η)∂yv,(3.15)

∂ηv = ∂xv∂ηx+ ∂yv∂ηy = (a2 + a3ξ)∂xv + (b2 + b3ξ)∂yv.(3.16)

Thus, we derive inductively that

∂k
ξ v =

k∑
j=0

Cj
k(a1 + a3η)

j(b1 + b3η)
k−j∂j

x∂
k−j
y v,(3.17)

∂k
ηv =

k∑
j=0

Cj
k(a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j

x∂
k−j
y v.(3.18)

Inserting (3.17) into (3.13) and inserting (3.18) into (3.14), respectively, we find
that

∂r
ξu = J

1
2

Ω

r∑
k=0

k∑
j=0

Ck
rC

j
kσ(r − k)dr−k

1 J−r+k
Ω (a1 + a3η)

j(b1 + b3η)
k−j∂j

x∂
k−j
y v,

(3.19)

∂r
ηu = J

1
2

Ω

r∑
k=0

k∑
j=0

Ck
rC

j
kσ(r − k)dr−k

2 J−r+k
Ω (a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j

x∂
k−j
y v.

(3.20)

Therefore,
(3.21)

‖∂r
ξu‖L2

χ(r,r)(Λξ,L2(Λη))

≤ c
r∑

k=0

k∑
j=0

|d1|r−kδ−r+k
Ω ||(1− ξ2)

r
2 (a1 + a3η)

j(b1 + b3η)
k−j∂j

x∂
k−j
y v||Ω.

Similarly,
(3.22)

‖∂r
ηu‖L2(Λξ,L2

χ(r,r) (Λη))

≤ c
r∑

k=0

k∑
j=0

|d2|r−kδ−r+k
Ω ||(1− η2)

r
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j

x∂
k−j
y v||Ω.

Finally, the desired result follows from a combination of (3.12), (3.21) and (3.22).
�
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Remark 3.1. By virtue of (2.15)–(2.18),

(3.23)
a1 + a3η =

x−x∗
1

1+ξ = −x−x∗
3

1−ξ , b1 + b3η =
y−y∗

1

1+ξ = −y−y∗
3

1−ξ ,

a2 + a3ξ =
x−x∗

2

1+η = −x−x∗
4

1−η , b2 + b3ξ =
y−y∗

2

1+η = −y−y∗
4

1−η .

Consequently,

(3.24)
|a1 + a3η| =

√
− (x−x∗

1)(x−x∗
3)

1−ξ2 , |b1 + b3η| =
√
− (y−y∗

1 )(y−y∗
3 )

1−ξ2 ,

|a2 + a3ξ| =
√
− (x−x∗

2)(x−x∗
4)

1−η2 , |b2 + b3ξ| =
√
− (y−y∗

2 )(y−y∗
4 )

1−η2 .

Therefore, (3.10) implies

(3.25) ‖PNv − v‖Ω ≤ cN−rA∗
r,Ω(v)

where

A∗
r,Ω(v) =

r∑
k=0

k∑
j=0

δ−r+k
Ω (|d1|r−k||((x−x∗

1)(x−x∗
3))

j
2 ((y−y∗1)(y−y∗3))

k−j
2 ∂j

x∂
k−j
y v||Ω

+|d2|r−k||((x− x∗
2)(x− x∗

4))
j
2 ((y − y∗2)(y − y∗4))

k−j
2 ∂j

x∂
k−j
y v||Ω).

On the other hand, let x5 = x1, y5 = y1, and

σΩ = max
(ξ,η)∈S

(|b2 + b3ξ|, |b1 + b3η|, |a2 + a3ξ|, |a1 + a3η|).

It can be checked that

(3.26) σΩ =
1

2
max
1≤j≤4

(|xj − xj+1|, |yj − yj+1|).

Accordingly, by (3.10),

(3.27) ‖PNv − v‖Ω ≤ cN−rA∗∗
r,Ω(v)

where

A∗∗
r,Ω(v)=

r∑
k=0

k∑
j=0

δ−r+k
Ω σk

Ω(|d1|r−k||(1−ξ2)
r
2 ∂j

x∂
k−j
y v||Ω+|d2|r−k||(1−η2)

r
2 ∂j

x∂
k−j
y v||Ω).

Remark 3.2. We see from the definition of Ar,Ω(v) and (3.24) that in the norm of
derivative ∂j

x∂
k−j
y v, there are the weight functions

fj,k = |(1− ξ2)r−k((x− x∗
1)(x− x∗

3))
j((y − y∗1)(y − y∗3))

k−j |, 0 ≤ j ≤ k ≤ r,
gj,k = |(1− η2)r−k((x− x∗

2)(x− x∗
4))

j((y − y∗2)(y − y∗4))
k−j|, 0 ≤ j ≤ k ≤ r.

Let |Q−Q∗
ν | be the distance between Q(x, y) and Q∗

ν(x, y). Clearly,

fj,k ≤ c(1− ξ2)r−k|Q−Q∗
ν |2k, 0 ≤ k ≤ r, ν = 1, 3,

gj,k ≤ c(1− η2)r−k|Q−Q∗
ν |2k, 0 ≤ k ≤ r, ν = 2, 4.

Thus, all fj,k tend to zero as Q(x, y) goes to L1 or L3, while all gj,k tend to
zero as Q(x, y) goes to L2 or L4. Moreover, the higher the order k of derivative,
the smaller the weight functions fj,k and gj,k. Next, let Q5(x, y) = Q1(x, y). We
find, especially from (2.11)–(2.14), that the points Q∗

ν(x, y) and Q∗
ν+1(x, y) tend to

the same vertex Qν , as the point Q(x, y) goes to Qν , 1 ≤ ν ≤ 4. Therefore, the
corresponding weight functions tend to zero simultaneously. As a result, ‖PNv−v‖Ω
still keeps the order N−r, even if the approximated function has the singularity

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



SPECTRAL METHOD ON QUADRILATERALS 2245

at the vertices, such as |∂j
x∂

k−j
y v| = o((1 − ξ2)

−r+k
2 |Q − Q∗

ν |
−2k−1

2 ), ν = 1, 3 and

|∂j
x∂

k−j
y v| = o((1− η2)

−r+k
2 |Q−Q∗

ν |)
−2k−1

2 ), ν = 2, 4.

Remark 3.3. If Ω = {(x, y) | |x| < a, |y| < b, a, b, > 0}, then a1 = a, b2 = b, a2 =
a3 = b1 = b3 = 0. In this case, ∂ξv = a∂xv, ∂ηv = b∂yv, JΩ = ab, x∗

1(x, y) =
−a, x∗

2(x, y) = x∗
4(x, y) = x, x∗

3(x, y) = a, y∗1(x, y) = y∗3(x, y) = y, y∗2(x, y) =
−b, y∗4(x, y) = b, and ξ(x, y) = x

a , η(x, y) =
y
b . Therefore,

‖PNv − v‖Ω ≤ cN−r(||(a2 − x2)
r
2 ∂r

xv||Ω + ||(b2 − y2)
r
2 ∂r

yv||Ω).
It is noted that in this special case, the L2(Ω)-orthogonal approximation keeps the
same spectral accuracy, even if the considered function possesses certain singular-
ities at the edges of the quadrilateral. If, in addition, a = b = 1, then the above
estimate turns out to be the same result as in [13].

3.3. H1
0 (Ω)-orthogonal approximation. We now turn to the H1

0 (Ω)-orthogonal
approximation. According to the Poincaré inequality, there exists a positive con-
stant cΩ such that

(3.28) ‖w‖Ω ≤ cΩ‖∇w‖Ω, ∀w ∈ H1
0 (Ω).

For simplicity of statements, let (a1 + a3η)
ν
† = (a1 + a3η)

ν for ν ≥ 0, and (a1 +

a3η)
ν
† = 0 otherwise. The meanings of (b1 + b3η)

ν
† , (a2 + a3ξ)

ν
† and (b2 + b3ξ)

ν
†

are similar. Let γΩ = max(|a3|, |b3|). Clearly, γΩ ≤ σΩ. In order to describe the
approximation error, we also introduce the following notation:

Br,Ω(v) = σΩ((|d1|+ |d2|)δ−1
Ω + 1)

·
( r∑

k=0

k∑
j=0

δ−r+k−1
Ω {|d1|r−k||(1− ξ2)

r−1
2 (a1 + a3η)

j(b1 + b3η)
k−j∂j

x∂
k−j
y v||Ω

+ |d2|r−k||(1− η2)
r−1
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j

x∂
k−j
y v||Ω}

+

r−1∑
k=0

k∑
j=0

δ−r+k
Ω {|d1|r−k−1[|d2|δ−1

Ω ||(1−ξ2)
r−2
2 (a1+a3η)

j(b1+b3η)
k−j∂j

x∂
k−j
y v||Ω

+ γΩ||(1− ξ2)
r−2
2 (a1 + a3η)

j−1
† (b1 + b3η)

k−j∂j
x∂

k−j
y v||Ω

+ γΩ||(1− ξ2)
r−2
2 (a1 + a3η)

j(b1 + b3η)
k−j−1
† ∂j

x∂
k−j
y v||Ω

+ σΩ||(1− ξ2)
r−2
2 (a1 + a3η)

j(b1 + b3η)
k−j∂j+1

x ∂k−j
y v||Ω

+ σΩ||(1− ξ2)
r−2
2 (a1 + a3η)

j(b1 + b3η)
k−j∂j

x∂
k−j+1
y v||Ω]

+ |d2|r−k−1[|d1|δ−1
Ω ||(1− η2)

r−2
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j

x∂
k−j
y v||Ω

+ γΩ||(1− η2)
r−2
2 (a2 + a3ξ)

j−1
† (b2 + b3ξ)

k−j∂j
x∂

k−j
y v||Ω

+ γΩ||(1− η2)
r−2
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j−1
† ∂j

x∂
k−j
y v||Ω

+ σΩ||(1− η2)
r−2
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j+1

x ∂k−j
y v||Ω

+ σΩ||(1− η2)
r−2
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j

x∂
k−j+1
y v||Ω]}

)
.

Let V 0
N (Ω) = H1

0 (Ω)
⋂
VN (Ω). The orthogonal projection P 1,0

N : H1
0 (Ω) → V 0

N (Ω)
is defined by

(3.29) (∇(P 1,0
N v − v),∇φ)Ω = 0, ∀φ ∈ V 0

N (Ω).
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Theorem 3.2. If v ∈ H1
0 (Ω) and Br,Ω(v) is finite for integers 2 ≤ r ≤ N +1, then

(3.30) ‖∇(P 1,0
N v − v)‖Ω ≤ cN1−rBr,Ω(v), ‖P 1,0

N v − v‖Ω ≤ cc∗ΩN
−rBr,Ω(v),

where c∗Ω is a positive constant depending on Ω.

Proof. By the projection theorem,

(3.31) ‖∇(P 1,0
N v − v)‖Ω ≤ ‖∇(φ− v)‖Ω, ∀φ ∈ V 0

N (Ω).

Let u(ξ, η) be the same as in (3.11), and ψ(ξ, η) = (P 1,0
N,Λξ

• P 1,0
N,Λη

u)(ξ, η). Take

φ(x, y) = ψ(ξ(x, y), η(x, y))J
− 1

2

Ω (ξ(x, y), η(x, y)) ∈ V 0
N (Ω).

We denote by ||w||S the norm of the space L2(S), and ∇Sw = (∂ξw, ∂ηw)
T . It can

be shown that ∇Sw = MΩ∇w. Thus by (2.8), ∇w = MS∇Sw. Hence, we use (2.8)
and (2.5) successively to obtain

∂x(φ− v) = (b2 + b3ξ)J
−1
Ω ∂ξ((ψ − u)J

− 1
2

Ω )− (b1 + b3η)J
−1
Ω ∂η((ψ − u)J

− 1
2

Ω )

= (b2 + b3ξ)J
− 3

2

Ω (∂ξ(ψ − u)− 1
2d1J

−1
Ω (ψ − u))

−(b1 + b3η)J
− 3

2

Ω (∂η(ψ − u)− 1
2d2J

−1
Ω (ψ − u)).

With the aid of (2.9), (3.26) and the Poincaré inequality on S, a direct calculation
gives

||∂x(φ− v)||Ω ≤ cσΩδ
−1
Ω (||∇(ψ − u)||S + (|d1|+ |d2|)δ−1

Ω ||ψ − u||S)
≤ cσΩδ

−1
Ω ((|d1|+ |d2|)δ−1

Ω + 1)||∇S(ψ − u)||S .

We can estimate ||∂y(φ− v)||Ω in the same manner. Accordingly,

(3.32) ||∇(φ− v)||Ω ≤ cσΩδ
−1
Ω ((|d1|+ |d2|)δ−1

Ω + 1)||∇S(ψ − u)||S .

We now estimate ||∇S(ψ − u)||S . Clearly,

‖∂ξ(ψ − u)‖2S = ‖∂ξ(P 1,0
N,Λξ

• P 1,0
N,Λη

u− u)‖2S
≤ ‖∂ξ(P 1,0

N,Λξ
u− u)‖2S + ‖∂ξP 1,0

N,Λξ
(P 1,0

N,Λη
u− u)‖2S .

Using (3.5) with μ = 1 gives

‖∂ξ(P 1,0
N,Λξ

u− u)‖2S ≤ cN2−2r‖∂r
ξu‖2L2

χ(r−1,r−1)(Λξ,L2(Λη))
.

Using (3.5) with r = μ = 1 gives

‖∂ξP 1,0
N,Λξ

(P 1,0
N,Λη

u− u)‖2S ≤ ‖∂ξ(P 1,0
N,Λη

u− u)‖2L2(Λξ,L2(Λη))
.

Thereby, using (3.5) with μ = 0 again yields

‖∂ξP 1,0
N,Λξ

(P 1,0
N,Λη

u− u)‖2S ≤ cN2−2r‖∂ξ∂r−1
η u‖2L2(Λξ,L2

χ(r−2,r−2)(Λη))
.

We can estimate ‖∂η(ψ − u)‖2S similarly. Consequently, we get that
(3.33)
‖∇S(ψ − u)‖2S ≤ cN2−2r(‖∂r

ξu‖2L2

χ(r−1,r−1)(Λξ,L2(Λη))
+ ‖∂r

ηu‖2L2(Λξ,L2

χ(r−1,r−1)(Λη))

+ ‖∂r−1
ξ ∂ηu‖2L2

χ(r−2,r−2)(Λξ,L2(Λη))
+‖∂ξ∂r−1

η u‖2L2(Λξ,L2

χ(r−2,r−2)(Λη))
).
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We next estimate the right side of (3.33). By (3.19), (3.20) and the same argument
as in the derivations of (3.21) and (3.22), we verify that

‖∂r
ξu‖L2

χ(r−1,r−1)(Λξ,L2(Λη))

≤ c

r∑
k=0

k∑
j=0

|d1|r−kδ−r+k
Ω ||(1− ξ2)

r−1
2 (a1 + a3η)

j(b1 + b3η)
k−j∂j

x∂
k−j
y v||Ω,

(3.34)

‖∂r
ηu‖L2(Λξ,L2

χ(r−1,r−1)(Λη))

≤ c

r∑
k=0

k∑
j=0

|d2|r−kδ−r+k
Ω ||(1− η2)

r−1
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j

x∂
k−j
y v||Ω.

(3.35)

Furthermore, thanks to (2.3) and (2.5), we have ∂ξJΩ = d1 and ∂ηJΩ = d2. More-
over,

∂ξ(∂
j
x∂

k−j
y v) = (a1 + a3η)∂

j+1
x ∂k−j

y v + (b1 + b3η)∂
j
x∂

k−j+1
y v,

∂η(∂
j
x∂

k−j
y v) = (a2 + a3ξ)∂

j+1
x ∂k−j

y v + (b2 + b3ξ)∂
j
x∂

k−j+1
y v.

Therefore, by differentiating (3.19) with respect to η, we obtain
(3.36)

∂r−1
ξ ∂ηu =

r−1∑
k=0

k∑
j=0

Ck
r−1C

j
kσ(r − k − 1)dr−k−1

1 J
−r+k+ 1

2

Ω

·[(d2(−r + k + 3
2 )(a1 + a3η)

j(b1 + b3η)
k−j

+JΩ(a3(a1+a3η)
j−1
† (b1+b3η)

k−j+b3(a1+a3η)
j(b1+b3η)

k−j−1
† )∂j

x∂
k−j
y v

+JΩ(a1+a3η)
j(b1+b3η)

k−j((a2+a3ξ)∂
j+1
x ∂k−j

y v+(b2+b3ξ)∂
j
x∂

k−j+1
y v)].

Similarly, by differentiating (3.20) with respect to ξ, we obtain
(3.37)

∂ξ∂
r−1
η u =

r−1∑
k=0

k∑
j=0

Ck
r−1C

j
kσ(r − k − 1)dr−k−1

2 J
−r+k+ 1

2

Ω

·[(d1(−r + k + 3
2 )(a2 + a3ξ)

j(b2 + b3ξ)
k−j

+JΩ(a3(a2 + a3ξ)
j−1
† (b2 + b3ξ)

k−j + b3(a2 + a3ξ)
j(b2 + b3ξ)

k−j−1
† )∂j

x∂
k−j
y v

+JΩ(a2 + a3ξ)
j(b2 + b3ξ)

k−j((a1 + a3η)∂
j+1
x ∂k−j

y v + (b1 + b3η)∂
j
x∂

k−j+1
y v)].

Then, following the same line as in the derivations of (3.21) and (3.22), we obtain

(3.38)

‖∂r−1
ξ ∂ηu‖L2

χ(r−2,r−2)(Λξ,L2(Λη)) ≤ c

r−1∑
k=0

k∑
j=0

|d1|r−k−1δ−r+k+1
Ω

·[|d2|δ−1
Ω ||(1− ξ2)

r−2
2 (a1 + a3η)

j(b1 + b3η)
k−j∂j

x∂
k−j
y v||Ω

+γΩ||(1− ξ2)
r−2
2 (a1 + a3η)

j−1
† (b1 + b3η)

k−j∂j
x∂

k−j
y v||Ω

+γΩ||(1− ξ2)
r−2
2 (a1 + a3η)

j(b1 + b3η)
k−j−1
† ∂j

x∂
k−j
y v||Ω

+σΩ||(1− ξ2)
r−2
2 (a1 + a3η)

j(b1 + b3η)
k−j∂j+1

x ∂k−j
y v||Ω

+σΩ||(1− ξ2)
r−2
2 (a1 + a3η)

j(b1 + b3η)
k−j∂j

x∂
k−j+1
y v||Ω]
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and

(3.39)

‖∂ξ∂r−1
η u‖L2(Λξ,L2

χ(r−2,r−2)(Λη)) ≤ c
r−1∑
k=0

k∑
j=0

|d2|r−k−1δ−r+k+1
Ω

·[|d1|δ−1
Ω ||(1− η2)

r−2
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j

x∂
k−j
y v||Ω

+γΩ||(1− η2)
r−2
2 (a2 + a3ξ)

j−1
† (b2 + b3ξ)

k−j∂j
x∂

k−j
y v||Ω

+γΩ||(1− η2)
r−2
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j−1
† ∂j

x∂
k−j
y v||Ω

+σΩ||(1− η2)
r−2
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j+1

x ∂k−j
y v||Ω

+σΩ||(1− η2)
r−2
2 (a2 + a3ξ)

j(b2 + b3ξ)
k−j∂j

x∂
k−j+1
y v||Ω].

Then, the first result of (3.30) comes from a combination of (3.31)–(3.35), (3.38)
and (3.39).

We now prove the second result of (3.30). Let g ∈ L2(Ω) and consider an
auxiliary problem which is to find w ∈ H1

0 (Ω) such that

(3.40) (∇w,∇z)Ω = (g, z)Ω, ∀ z ∈ H1
0 (Ω).

Taking z = w in (3.40) and using (3.28), we obtain ‖∇w‖Ω ≤ cΩ‖g‖Ω. Moreover,
by the property of the elliptic equation with the homogeneous boundary condition,
there exists a positive constant c̄Ω such that

(3.41)
‖w‖H2(Ω) ≤ c̄Ω(‖w‖Ω + ‖g‖Ω) ≤ c̄Ω(cΩ‖∇w‖Ω + ‖g‖Ω)

≤ c̄Ω(c
2
Ω + 1)‖g‖Ω.

Taking z = P 1,0
N v− v in (3.40). Then we use (3.29) and the first result of (3.30) to

obtain
(3.42)

|(P 1,0
N v − v, g)Ω| = |(∇w,∇(P 1,0

N v − v))Ω| = |(∇(P 1,0
N w − w),∇(P 1,0

N v − v))Ω|
≤ ‖∇(P 1,0

N w − w)‖Ω‖∇(P 1,0
N v − v)‖Ω ≤ cN−rBr,Ω(v)B2,Ω(w).

Since r ≥ 2, we use (3.26) to assert that B2,Ω(w) ≤ βΩ‖w‖H2(Ω) where

βΩ = ((|d1|+ |d2|)δ−1
Ω + 1)

( r∑
k=0

δk−3
Ω σk

Ω(k + 1)(|d1|2−k + |d2|2−k|)

+

r−1∑
k=0

δk−2
Ω σk

Ω(k + 1)[|d1|1−k(|d2|δ−1
Ω + γΩσΩ + σΩ)

+|d2|1−k(|d1|δ−1
Ω + γΩσΩ + σΩ)]

)
.

Finally, we have from (3.41) and (3.42) that

‖P 1,0
N v − v‖Ω = sup

g∈L2(Ω),g �=0

|(P 1,0
N v − v, g)Ω|

‖g‖Ω
≤ cN−rBr,Ω(v)B2,Ω(w)

‖g‖Ω
≤ cβΩ

Br,Ω(v)||w||H2(Ω)

‖g‖Ω
≤ cc̄ΩβΩN

−rBr,Ω(v).

This ends the proof. �

Remark 3.4. By the definition of Br,Ω(v) and (3.24), there are the weight functions
|(1 − ξ2)r−k−2((x − x∗

1)(x − x∗
3))

j((y − y∗1)(y − y∗3))
k−j | and |(1 − η2)r−k−2((x −

x∗
2)(x− x∗

4))
j((y − y∗2)(y − y∗4))

k−j |, in the norm of derivative ∂j
x∂

k−j
y v, etc. Since

r ≥ max (k, 2), they decay to zero as the point Q(x, y) goes to the corners of
the quadrilateral. Therefore, the error of H1

0 (Ω)-orthogonal approximation keeps
the order N1−r, even if the considered function possesses certain singularities at
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the vertices of the quadrilateral. For instance, |∂j
x∂

k−j
y v| = o((1 − ξ2)

−r+k+2
2 |Q −

Q∗
ν |

−2k−1
2 ) as Q(x, y) tends to the edges L1 or L3, etc.

Remark 3.5. If Ω = {(x, y) | |x| < a, |y| < b, a, b, > 0}, then σΩ = max(a, b), δΩ = ab
and d1 = d2 = γΩ = 0. Moreover, a1 = a, b2 = b and a2 = a3 = b1 = b3 = 0. Thus,
we have from (3.36) and (3.37) that

∂r−1
ξ ∂ηu = ar−

1
2 b

3
2 ∂r−1

x ∂yv, ∂ξ∂
r−1
η u = a

3
2 br−

1
2 a

3
2 ∂x∂

r−1
y v.

Accordingly, the quantity Br,Ω(v) is reduced to

Br,Ω(v) = max(a, b)(b−1||(a2 − x2)
r−1
2 ∂r

xv||Ω + a−1||(b2 − y2)
r−1
2 ∂r

yv||Ω)
+abmax(a, b)(||(a2 − x2)

r−2
2 ∂r−1

x ∂yv||Ω + ||(b2 − y2)
r−2
2 ∂x∂

r−1
y v||Ω).

Therefore, the error of the H1
0 (Ω)-orthogonal approximation still keeps the order

N1−r, even if the considered function possesses certain singularities at the edges of
the quadrilateral. If, in addition, a = b = 1, then the above estimate turns out to
be the same result as in [13].

4. Spectral method for quadrilaterals

In this section, we propose the spectral method for quadrilaterals.

4.1. A steady problem. As an example, we consider the following simple prob-
lem:

(4.1)

{
−ΔU(x, y) = f(x, y), (x, y) ∈ Ω,
U(x, y) = g(x, y), (x, y) ∈ ∂Ω.

We first consider the case g(x, y) ≡ 0. Then, the weak formulation of (4.1) is to
seek solution U ∈ H1

0 (Ω), such that

(4.2) (∇U,∇v)Ω = (f, v)Ω, ∀v ∈ H1
0 (Ω).

The spectral scheme for (4.2) is to find uN ∈ V 0
N (Ω), such that

(4.3) (∇uN ,∇φ)Ω = (f, φ)Ω, ∀φ ∈ V 0
N (Ω).

For the convergence analysis, we set UN = P 1,0
N U . We have from (4.2) with

(3.29) that

(4.4) (∇UN ,∇φ)Ω = (f, φ)Ω, ∀φ ∈ V 0
N (Ω).

Let ŨN = uN − UN . Subtracting (4.4) from (4.3), we obtain

(4.5) (∇ŨN ,∇φ)Ω = 0, ∀φ ∈ V 0
N (Ω).

Taking φ = ŨN in the above, we get ‖∇ŨN‖Ω = 0. This fact with the Poincaré

inequality on Ω implies ŨN = 0, i.e., uN = P 1,0
N U . Finally, by (3.30),

(4.6) ‖∇(uN − U)‖Ω ≤ cN1−rBr,Ω(U), ‖uN − U‖Ω ≤ cc∗ΩN
−rBr,Ω(U).

Remark 4.1. In practice, U(x, y) might not vanish on the boundary. In this case, we
construct a function W (x, y) which equals U(x, y) on ∂Ω; see (7.3) of this paper.
Then, we solve the corresponding problem and obtain the numerical solution of
original problem.
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Remark 4.2. The spectral scheme (4.4) is similar to scheme (1.15) of [2]. But
scheme (1.15) of [2] is a pseudospectral method. Our method is more similar
to scheme (5.3.11) of [5] for a single domain, as well as the related method in
[17]. Whereas they are not exactly the same. First, one uses the base functions
Ll

(
ξ(x, y)

)
Lm

(
η(x, y)

)
in [2, 5, 17], which are not mutually orthogonal in the space

L2(Ω). However, we use the base functions Ll

(
ξ(x, y)

)
Lm

(
η(x, y)

)
J

1
2

S (x, y), which

are mutually orthogonal in the space L2(Ω). It is more natural. As a result, we
could use the recent result on the Jacobi orthogonal approximation to derive better
error estimate (3.30) of numerical solution, with the Jacobi weights, which cover
certain singularities on the vertices of Ω.

4.2. An unsteady problem. Let β be a constant. We consider the problem
(4.7)⎧⎨
⎩
∂tU(x, y, t) = ΔU(x, y, t) + βU(x, y, t) + f(x, y, t), (x, y) ∈ Ω, 0 < t ≤ T,
U(x, y, t) = g(x, y, t), (x, y) ∈ ∂Ω, 0 < t ≤ T,
U(x, y, 0) = U0(x, y), (x, y) ∈ Ω ∪ ∂Ω.

We first consider the case with g(x, y, t) = 0. Then, the weak formulation of (4.7)
is to find U ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1

0 (Ω)), such that

(4.8)

⎧⎨
⎩
(∂tU(t), v)Ω+(∇U(t),∇v)Ω = β(U(t), v)Ω+(f(t), v)Ω,

∀v ∈ H1
0 (Ω), 0 < t ≤ T,

U(0) = U0.

The spectral scheme for (4.8) is to find uN ∈ V 0
N (Ω) for all 0 < t ≤ T , such that

(4.9)

⎧⎨
⎩

(∂tuN (t), φ)Ω + (∇uN (t),∇φ)Ω = β(uN (t), v)Ω + (f(t), φ)Ω,
∀φ ∈ V 0

N (Ω), 0 < t ≤ T,
uN (0) = PNU0.

We now analyze the convergence. Letting UN = P 1,0
N U , we obtain from (4.8)

that

(4.10)

⎧⎨
⎩

(∂tUN (t), φ)Ω + (∇UN (t),∇φ)Ω = β(UN (t), v)Ω
+(f(t), φ)Ω +G1(t, φ) +G2(t, φ), ∀φ ∈ V 0

N (Ω), 0 < t ≤ T,

UN (0) = P 1,0
N U0,

with

G1(t, φ) = (∂t(UN (t)− U(t)), φ)Ω, G2(t, φ) = β(U(t)− UN (t), φ)Ω.

Letting ŨN = uN − UN , and subtracting (4.10) from (4.9), we obtain

(4.11)

⎧⎨
⎩

(∂tŨN , φ)Ω + (∇ŨN ,∇φ)Ω = β(ŨN (t), v)Ω −G1(t, φ)−G2(t, φ),
∀φ ∈ V 0

N (Ω), 0 < t ≤ T,

ŨN (0) = PNU0 − P 1,0
N U0.

Take φ = 2ŨN in (4.11). Then,

(4.12) ∂t‖ŨN (t)‖2Ω + 2‖∇ŨN (t)‖2Ω ≤ 2β‖ŨN (t)‖2Ω + 2|G1(t, ŨN )|+ 2|G2(t, ŨN )|.
By virtue of (3.28) and (3.30), we have

(4.13)
2|G1(t, ŨN )| ≤ 1

2c2Ω
‖ŨN (t)‖2Ω + 2c2Ω‖∂t(UN (t)− U(t))‖2Ω

≤ 1
2‖∇ŨN (t)‖2Ω + cc2Ω(c

∗
Ω)

2N−2rB2
r,Ω(∂tU(t)).
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Similarly,

(4.14) 2|G2(t, ŨN )| ≤ 1

2
‖∇ŨN‖2Ω + cβ2c2Ω(c

∗
Ω)

2N−2rB2
r,Ω(U(t)).

For simplicity of statements, let

E(v(t)) = ‖v(t)‖2Ω +

∫ t

0

‖∇v(ξ)‖2Ωdξ.

Substituting (4.13) and (4.14) into (4.12), we obtain
(4.15)

∂t(E(ŨN (t))e−2βt) ≤ ce−2βt(β2 + 1)c2Ω(c
∗
Ω)

2N−2r(B2
r,Ω(∂tU(t)) +B2

r,Ω(U(t))).

On the other hand, we use (3.10) and the second result of (3.30) to obtain

(4.16)
‖ŨN (0)‖2Ω ≤ 2‖PNU0 − U0‖2Ω + 2‖U0 − P 1,0

N U0‖2Ω
≤ cN−2r(A2

r,Ω(U0) + (c∗Ω)
2B2

r,Ω(U0)).

Integrating (4.15) with respect to t and using (4.16), we obtain

(4.17) E(ŨN (t)) ≤ cN−2re2βtRr,Ω,β(U, t)

where

Rr,Ω,β(U, t) = (β2 + 1)c2Ω(c
∗
Ω)

2

∫ t

0

e−2βξ(B2
r,Ω(∂ξU(ξ)) +B2

r,Ω(U(ξ)))dξ

+A2
r,Ω(U0) + (c∗Ω)

2B2
r,Ω(U0).

Finally, a combination of (3.30) and (4.17) leads to

(4.18)

∫ t

0

||∇(uN (ξ)− U(ξ))||2Ωdξ ≤ cN−2re2βtRr,Ω,β(U, t)

+ cN2−2r

∫ t

0

B2
r,Ω(U(ξ))dξ,

(4.19) ||uN (t)− U(t)||2Ω ≤ cN−2r(e2βtRr,Ω,β(U, t) + (c∗Ω)
2B2

r,Ω(U(t))).

5. Numerical implementation

In this section, we describe numerical implementation. Let

(5.1) σl(ζ) = cl(Ll(ζ)− Ll+2(ζ)), cl = (4l + 6)−
1
2 .

Clearly, σl(±1) = 0. Moreover, a calculation shows

(5.2) ∂ζσl(ζ) = dlLl(ζ), dl = 2−
1
2 (l + 1)−1(2l + 3)

3
2 .

Further, we set

(5.3) ψl,m(x, y) = σl(ξ(x, y))σm(η(x, y))J
1
2

S (x, y), 0 ≤ l,m ≤ N − 2,

which form a basis of V 0
N (Ω).
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We first consider the scheme (4.3). We expand the numerical solution uN (x, y)
as

(5.4) uN (x, y) =
N−2∑
k,j=0

uN,k,jψk,j(x, y).

Substituting (5.4) into (4.3) and putting φ(x, y) = ψl,m(x, y) in the resulting
equation, we derive a linear system with the unknown coefficients uN,k,j , 0 ≤ k, j ≤
N − 2. This system can be rewritten as a compact matrix form. To do this, let

u = (uN,0,0, uN,0,1, · · ·uN,0,N−2, · · ·uN,N−2,0, · · ·uN,N−2,N−2)
T ,

F = (f0,0, f0,1, · · · f0,N−2, · · · fN−2,0, · · · fN−2,N−2)
T , fl,m = (f, ψl,m)Ω.

Furthermore, let al,m,k,j = (∂xψk,j , ∂xψl,m)Ω + (∂yψk,j , ∂yψl,m)Ω. The matrix

A =

⎛
⎜⎜⎝

a0,0,0,0 a0,0,0,1 · · · a0,0,N−2,0 · · · a0,0,N−2,N−2

a0,1,0,0 a0,1,0,1 · · · a0,1,N−2,0 · · · a0,1,N−2,N−2

· · · · · · · · · · · · · · · · · ·
aN−2,N−2,0,0 aN−2,N−2,0,1 · · · aN−2,N−2,N−2,0 · · · aN−2,N−2,N−2,N−2

⎞
⎟⎟⎠.

Consequently, we have

(5.5) Au = F.

The matrix A is full. But its condition number (labeled by Cond.) is acceptable;
see Table 5.1.

Table 5.1. Condition number of matrix A.

N 5 10 15 20 25
Cond. 34.3 410.5 1873.6 5624.1 13316.2

We now turn to (4.8). We approximate the term ∂tuN (t) by the Crank-Nicholson
discretization with the mesh size τ. It is of the form
(5.6)

1
τ (uN (t+ τ )− uN (t), ψl,m)Ω + 1

2 (∂x(uN (t+ τ )) + ∂xuN (t), ∂xψl,m)Ω

+ 1
2 (∂y(uN (t+ τ )) + ∂yuN (t), ∂yψl,m)Ω

= 1
2β(uN (t+ τ ) + uN (t), ψl,m)Ω + fl,m(t+ τ

2 ), 0 ≤ l,m ≤ N − 2,

where fl,m(t+ τ
2 ) = (f(t+ τ

2 ), ψl,m)Ω. We expand the numerical solution as

(5.7) uN (x, y, t) =
N−2∑
k,j=0

uN,k,j(t)ψk,j(x, y).

Inserting (5.7) into (5.6), we obtain a scheme for the unknown coefficients uN,k,j(t),

t = τ, 2τ, · · · , [Tτ ]. It can be also written as a compact matrix form. To do this, let

u(t) = (uN,0,0(t), uN,0,1(t), · · · , uN,N−2,N−2(t))
T ,

F(t+
τ

2
) = (f0,0(t+

τ

2
), f0,1(t+

τ

2
), · · · , fN−2,N−2(t+

τ

2
))T .

Let A be the same matrix as in (5.5). The matrix B is similar to A, with the entries
bl,m,k,j = (ψk,j , ψl,m)Ω. Then, the matrix form of (5.6) is

(5.8) (τA+ (2− τβ)B)u(t+ τ ) = (−τA+ (2 + τβ)B)u(t) + 2τF(t+
τ

2
).
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Figure 3. Numerical errors of (4.3).
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Figure 4. Numerical errors of (5.6).
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Figure 5. Numerical errors of (5.6).
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Figure 6. Stability of (5.6).

6. Numerical results

We first use (4.3) to solve (4.2) with the test function
(6.1)

U(x, y) = (y− (x−x1)(y4−y1)
(x4−x1)

− y1)(y − (x−x2)(y2−y1)
(x2−x1)

− y2)(y − (x−x3)(y3−y2)
(x3−x2)

− y3)

(y − (x−x4)(y4−y3)
(x4−x3)

− y4)
√
x2 + y2 + 1,

where xj and yj , 1 ≤ j ≤ 4 are the coordinates of the vertices of Ω. We shall also
use the test function

(6.2) U(x, y) = 4 sin(2x+ 3y),

which does not vanish on the boundary. In actual calculation, we take x1 = 0, x2 =
3, x3 = 2, x4 = 1, y1 = 0, y2 = 0, y3 = 3 and y4 = 2. For description of numerical
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errors, let ζM,i and ωM,i be the nodes and the weights of one-dimensional Legendre-
Gauss-Lobatto quadrature. We measure the numerical errors by

EN (U) = (
M∑

i,j=1

(U(x(ζM,i, ζM,j), y(ζM,i, ζM,j))

−uN (x(ζM,i, ζM,j), y(ζM,i, ζM,j)))
2(d0+d1ζM,i + d2ζM,j)ωM,iωM,j)

1
2

≈ (

∫ ∫
S

(U(x(ξ, η), y(ξ, η))−uN(x(ξ, η), y(ξ, η)))2JΩ(ξ, η)dξdη)
1
2 =‖U − uN‖Ω.

In Figure 3, we plot the values of log10 EN (U) vs. the mode N , with the test
functions (6.1) and (6.2). They demonstrate the high accuracy of scheme (4.3).

We next use (4.9) to solve (4.8), with the test function
(6.3)

U(x, y, t)=(y− (x−x1)(y4−y1)
(x4−x1)

−y1)(y− (x−x2)(y2−y1)
(x2−x1)

−y2)(y− (x−x3)(y3−y2)
(x3−x2)

−y3)

(y − (x−x4)(y4−y3)
(x4−x3)

− y4)
√
x2 + y2 + t+ 1.

For describing the numerical errors at a different time t, we use the notation
EN (U(t)). In Figure 4, we plot the values of EN (U(t)) with β = 1, t = 5, N =
5, 10, 15, 20, and τ = 0.01, 0.001, 0.0001. Clearly, the error decays rapidly as N in-
creases and τ decreases. It also shows the high accuracy in space. We also use
(4.12) to solve (4.11), with the test function

(6.4) U(x, y) = 4 sin(2x+ 3y + t).

In Figure 5, we plot the corresponding values of EN (U(t)) with β = 1. They indicate
again the high accuracy in space.

In Figure 6, we plot the values of EN (U(t)) with the test function (6.3), β =
±1, N = 20 and τ = 0.001. They demonstrate the stability of (5.6).

7. The spectral method for polygons

In this section, we investigate the spectral method for polygons.

7.1. Some preparations. We first consider several quasi-Legendre orthogonal
approximations on the convex quadrilateral Ω. To do this, we put v̂(ξ, η) =
v(x(ξ, η), y(ξ, η)), and

(7.1)

v̂b,L1
(η) = 1

2 (v̂(−1,−1)(1− η) + v̂(−1, 1)(1 + η)),

v̂b,L2
(ξ) = 1

2 (v̂(−1,−1)(1− ξ) + v̂(1,−1)(1 + ξ)),

v̂b,L3
(η) = 1

2 (v̂(1,−1)(1− η) + v̂(1, 1)(1 + η)),

v̂b,L4
(ξ) = 1

2 (v̂(−1, 1)(1− ξ) + v̂(1, 1)(1 + ξ)).

Next, we set

(7.2)
v̂0b,L1

(η) = v̂(−1, η)− v̂b,L1
(η), v̂0b,L2

(ξ) = v̂(ξ,−1)− v̂b,L2
(ξ),

v̂0b,L3
(η) = v̂(1, η)− v̂b,L3

(η), v̂0b,L4
(ξ) = v̂(ξ, 1)− v̂b,L4

(ξ).
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The above four functions vanish at the endpoints of Λξ or Λη, respectively. We also
set
(7.3)

v̂b,∂Ω(ξ, η) = v̂
(1)
b,∂Ω(ξ, η) + v̂

(2)
b,∂Ω(ξ, η),

v̂
(1)
b,∂Ω(ξ, η) =

1

2
((1− ξ)v̂(−1, η)+(1− η)v̂(ξ,−1)+(1 + ξ)v̂(1, η)+(1 + η)v̂(ξ, 1)),

v̂
(2)
b,∂Ω(ξ, η) = −1

4
((1− ξ)(1− η)v̂(−1,−1) + (1 + ξ)(1− η)v̂(1,−1)

+(1 + ξ)(1 + η)v̂(1, 1) + (1− ξ)(1 + η)v̂(−1, 1)),

or equivalently,

v̂b,∂Ω(ξ, η)=
1

2
((1− ξ)v̂0b,L1

(η)+(1− η)v̂0b,L2
(ξ)+(1 + ξ)v̂0b,L3

(η)+(1 + η)v̂0b,L4
(ξ))

+
1

4
((1− ξ)(1− η)v̂(−1,−1) + (1 + ξ)(1− η)v̂(1,−1)

+(1 + ξ)(1 + η)v̂(1, 1) + (1− ξ)(1 + η)v̂(−1, 1)).

Let v̂0Ω(ξ, η) = v̂(ξ, η)− v̂b,∂Ω(ξ, η). Obviously, v̂0Ω(ξ, η) vanishes on ∂Ω.
For the spectral method for a union of quadrilaterals, it is simpler to take the

base functions ψl,m(x, y) = Ll

(
ξ(x, y)

)
Lm

(
η(x, y)

)
, as in [2, 5, 17]. Let VN (Ω) =

{ψl,m(x, y), 0 ≤ l,m ≤ N} and V 0
N (Ω) = H1

0 (Ω)∩VN (Ω). The orthogonal projection

P 1,0
N,Ω : H1

0 (Ω) → V 0
N (Ω) is defined in the usual way. Furthermore, let Nb be any

positive integer. We define the projection on ∂Ω, as

∗P̂
1
Nb,∂Ω

v̂b,∂Ω(ξ, η) =
1

2
((1− ξ)P 1,0

Nb,Λη
v̂0b,L1

(η) + (1− η)P 1,0
Nb,Λξ

v̂0b,L2
(ξ)

+(1 + ξ)P 1,0
Nb,Λη

v̂0b,L3
(η) + (1 + η)P 1,0

Nb,Λξ
v̂0b,L4

(ξ))

+
1

4
((1− ξ)(1− η)v̂(−1,−1) + (1 + ξ)(1− η)v̂(1,−1)

+(1 + ξ)(1 + η)v̂(1, 1) + (1− ξ)(1 + η)v̂(−1, 1)).

Furthermore,

v0Ω(x, y) = v̂0Ω(ξ, η)|ξ=ξ(x,y),η=η(x,y), vb,∂Ω(x, y) = v̂b,∂Ω(ξ, η)|ξ=ξ(x,y),η=η(x,y),

∗P
1
Nb,∂Ω

vb,∂Ω(x, y) = ∗P̂
1
Nb,∂Ω

v̂b,∂Ω(ξ, η)|ξ=ξ(x,y),η=η(x,y).

Then, the first quasi-Legendre orthogonal projection ∗P
1
N,Nb,Ω

v is defined by

(7.4) ∗P
1
N,Nb,Ω

v(x, y) = P 1,0
N,Ωv

0
Ω(x, y) + ∗P

1
Nb,∂Ω

vb,∂Ω(x, y).

It can be checked that ∗P
1
N,Nb,Ω

v(x, y) = v(x, y) at the four vertices of Ω. Since

∗P
1
N,Nb,Ω

v − v = P 1,0
N,Ωv

0
Ω(x, y)− v0Ω(x, y) + ∗P

1
Nb,∂Ω

vb,∂Ω(x, y)− vb,∂Ω(x, y),

we have
(7.5)

‖∇(∗P
1
N,Nb,Ω

v − v)‖Ω ≤ ||∇(P 1,0
N,Ωv

0
Ω − v0Ω)||Ω + ||∇(∗P

1
Nb,∂Ω

vb,∂Ω − vb,∂Ω)||Ω.
For notational convenience, let

Dr,S(ŵ) = (‖∂r
ξ ŵ‖2L2

χ(r−1,r−1)(Λξ,L2(Λη))
+ ‖∂r

ηŵ‖2L2(Λξ,L2

χ(r−1,r−1)(Λη))

+‖∂r−1
ξ ∂ηŵ‖2L2

χ(r−2,r−2)(Λξ,L2(Λη))
+ ‖∂ξ∂r−1

η ŵ‖2
L2(Λξ,L2

χ(r−2,r−2)(Λη))
)

1
2 .

By (2.5), we have ||∇w||Ω ≤ cσΩδ
− 1

2

Ω ||∇Sŵ||S . Now, let

φ(x, y) = P 1,0
N,Λξ

• P 1,0
N,Λη

v̂0Ω|ξ=ξ(x,y),η=η(x,y).
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Then, following the same line as the derivations of (3.32) and (3.33), we deduce
that
(7.6)

||∇(P 1,0
N,Ωv

0
Ω − v0Ω)||Ω ≤ ||∇(φ− v0Ω)||Ω ≤ cσΩδ

− 1
2

Ω ||∇S(P
1,0
N,Λξ

• P 1,0
N,Λη

v̂0Ω − v̂0Ω)||S
≤ cσΩδ

− 1
2

Ω N1−rDr,S(v̂
0
Ω) ≤ cσΩδ

− 1
2

Ω N1−r(Dr,S(v̂) +Dr,S(v̂
(1)
b,∂Ω) +Dr,S(v̂

(2)
b,∂Ω)).

We are going to estimate the upper bound of the right side of (7.6). First, an
argument similar to the derivation of (3.30), leads to

(7.7) Dr,S(v̂) ≤ cδ
− 1

2

Ω Er,Ω(v)

where Er,Ω(v) = E
(1)
r,Ω(v) + E

(2)
r,Ω(v) + E

(3)
r,Ω(v), with

E
(1)
r,Ω(v) =

r∑
k=0

(‖(1− ξ2)
r−1
2 (a1 + a3η)

k(b1 + b3η)
r−k∂k

x∂
r−k
y v‖Ω

+‖(1− η2)
r−1
2 (a2 + a3ξ)

k(b2 + b3ξ)
r−k∂k

x∂
r−k
y v‖Ω),

E
(2)
r,Ω(v) =

r−1∑
k=0

(‖(1− ξ2)
r−2
2 (a1 + a3η)

k(b1 + b3η)
r−k−1(a2 + a3ξ)∂

k+1
x ∂r−k−1

y v‖Ω

+‖(1− η2)
r−2
2 (a2 + a3ξ)

k(b2 + b3ξ)
r−k−1(a1 + a3η)∂

k+1
x ∂r−k−1

y v‖Ω
+‖(1− ξ2)

r−2
2 (a1 + a3η)

k(b1 + b3η)
r−k−1(b2 + b3ξ)∂

k
x∂

r−k
y v‖Ω

+‖(1− η2)
r−2
2 (a2 + a3ξ)

k(b2 + b3ξ)
r−k−1(b1 + b3η)∂

k
x∂

r−k
y v‖Ω),

E
(3)
r,Ω(v) =

r−2∑
k=0

(‖(1− ξ2)
r−2
2 a3(a1 + a3η)

k(b1 + b3η)
r−k−2∂k+1

x ∂r−k−2
y v‖Ω

+‖(1− η2)
r−2
2 a3(a2 + a3ξ)

k(b2 + b3ξ)
r−k−2∂k+1

x ∂r−k−2
y v‖Ω

+‖(1− ξ2)
r−2
2 b3(a1 + a3η)

k(b1 + b3η)
r−k−2∂k

x∂
r−k−1
y v‖Ω

+‖(1− η2)
r−2
2 b3(a2 + a3ξ)

k(b2 + b3ξ)
r−k−2∂k

x∂
r−k−1
y v‖Ω).

We now estimate Dr,S(v̂
(1)
b,∂Ω). We have from (7.3) that for r ≥ 2,

∂r
ξ v̂

(1)
b,∂Ω(ξ, η) =

1

2
∂r
ξ ((1− η)v̂(ξ,−1) + (1 + η)v̂(ξ, 1)),

∂r
η v̂

(1)
b,∂Ω(ξ, η) =

1

2
∂r
η((1− ξ)v̂(−1, η) + (1 + ξ)v̂(1, η)).

On the other hand, for r ≥ 3,

∂r−1
ξ ∂η v̂

(1)
b,∂Ω(ξ, η) =

1

2
∂r−1
ξ (−v̂(ξ,−1) + v̂(ξ, 1)) =

1

2

∫
Λη

∂r−1
ξ ∂η v̂(ξ, η)dη,

∂ξ∂
r−1
η v̂

(1)
b,∂Ω(ξ, η) =

1

2
∂r−1
η (−v̂(−1, η) + v̂(1, η)) =

1

2

∫
Λξ

∂ξ∂
r−1
η v̂(ξ, η)dξ,

while

∂ξ∂η v̂
(1)
b,∂Ω(ξ, η) =

1

2
(−∂η v̂(−1, η)− ∂ξ v̂(ξ,−1) + ∂η v̂(1, η) + ∂ξ v̂(ξ, 1))

=
1

2

∫
Λη

∂ξ∂η v̂(ξ, η)dη +
1

2

∫
Λξ

∂ξ∂η v̂(ξ, η)dξ.

With the aid of the previous equalities, a direct calculation yields

(7.8) Dr,S(v̂
(1)
b,∂Ω) ≤ cδ

− 1
2

Ω Fr,Ω(v)
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where Fr,Ω(v) = F
(1)
r,Ω(v) + E

(2)
r,Ω(v) + E

(3)
r,Ω(v), with

F
(1)
r,Ω(v) =

r∑
k=0

(
∑
ν=2,4

‖(1− ξ2)
r−1
2 (a1 + a3η)

k(b1 + b3η)
r−k∂k

x∂
r−k
y v‖L2(Lν)

+
∑
ν=1,3

‖(1− η2)
r−1
2 (a2 + a3ξ)

k(b2 + b3ξ)
r−k∂k

x∂
r−k
y v‖L2(Lν)).

We next estimate Dr,S(v̂
(2)
b,∂Ω). In fact, ∂r

ξ v̂
(2)
b,∂Ω(ξ, η) = ∂r

η v̂
(2)
b,∂Ω(ξ, η) = 0 for

r ≥ 2, and ∂r−1
ξ ∂η v̂

(2)
b,∂Ω(ξ, η) = ∂ξ∂

r−1
η v̂

(2)
b,∂Ω(ξ, η) = 0 for r ≥ 3. Moreover,

∂ξ∂η v̂
(2)
b,∂Ω(ξ, η) = −1

4
(v̂(−1,−1)− v̂(1,−1) + v̂(1, 1)− v̂(−1, 1))

= −1

4

∫
S

∂ξ∂η v̂(ξ, η)dξdη.

As a result, Dr,S(v̂
(2)
b,∂Ω) = 0 for r ≥ 3, and

(7.9)

D2,S(v̂
(2)
b,∂Ω) ≤ ||(a1 + a3η)(a2 + a3ξ)∂

2
xv||Ω + ||(b1 + b3η)(b2 + b3ξ)∂

2
yv||Ω

+||(a1 + a3η)(b2 + b3ξ)∂x∂yv||Ω + ||(b1 + b3η)(a2 + a3ξ)∂x∂yv||Ω
+||a3∂xv||Ω + ||b3∂yv||Ω ≤ cδ

− 1
2

Ω (E
(2)
r,Ω(v) + E

(3)
r,Ω(v)).

Furthermore, we estimate ||∇(∗P
1
Nb,∂Ω

vb,∂Ω − vb,∂Ω)||Ω. By virtue of (7.3), we
have

∗P̂
1
Nb,∂Ω

v̂b,∂Ω − v̂b,∂Ω =
1

2
((1− ξ)(P 1,0

Nb,Λη
v̂0b,L1

(η)− v̂0b,L1
(η))

+(1− η)(P 1,0
Nb,Λξ

v̂0b,L2
(ξ)− v̂0b,L2

(ξ))

+(1 + ξ)(P 1,0
Nb,Λη

v̂0b,L3
(η)− v̂0b,L3

(η)) + (1 + η)(P 1,0
Nb,Λξ

v̂0b,L4
(ξ)− v̂0b,L4

(ξ))).

With the aid of (3.5), we verify that for rb ≥ 2,

||∇S(∗P̂
1
Nb,∂Ω

v̂b,∂Ω − v̂b,∂Ω)||S
≤ cN1−rb

b (||(1− η2)
rb−1

2 ∂rb
η v̂0b,L1

||S + ||(1− ξ2)
rb−1

2 ∂rb
ξ v̂0b,L2

||S
+||(1− η2)

rb−1

2 ∂rb
η v̂0b,L3

||S + ||(1− ξ2)
rb−1

2 ∂rb
ξ v̂0b,L4

||S)
= cN1−rb

b (||(1− η2)
rb−1

2 ∂rb
η v̂(−1, η)||S + ||(1− ξ2)

rb−1

2 ∂rb
ξ v̂(ξ,−1)||S

+||(1− η2)
rb−1

2 ∂rb
η v̂(1, η)||S + ||(1− ξ2)

rb−1

2 ∂rb
ξ v̂(ξ, 1)||S).

The above inequality with (2.9) implies

(7.10) ||∇(∗P
1
Nb,∂Ω

vb,∂Ω − vb,∂Ω)||Ω ≤ cσΩδ
−1
Ω N1−rb

b Grb,Ω(v)

where

Grb,Ω(v) =

rb∑
k=0

(
∑
ν=1,3

‖(1− η2)
rb−1

2 (a2 + a3ξ)
k(b2 + b3ξ)

rb−k∂k
x∂

rb−k
y v‖L2(Lν)

+
∑
ν=2.4

‖(1− ξ2)
rb−1

2 (a1 + a3η)
k(b1 + b3η)

rb−k∂k
x∂

rb−k
y ‖L2(Lν)).

A combination of (7.5)–(7.10) gives

(7.11)
‖∇(∗P

1
N,Nb,Ω

v − v)‖Ω
≤ cσΩδ

−1
Ω (N1−r(Er,Ω(v) + Fr,Ω(v)) +N1−rb

b Grb,Ω(v)).
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We now turn to the quasi-Legendre orthogonal approximations corresponding to
Neumann boundary conditions imposed on certain edges of Ω. To do this, we need
some preparation. For fixedness, we assume that the Neumann boundary condition
is given on L1; see Figure 1. Let

0H1(Λξ) = { v ∈ H1(Λξ) | v(1) = 0}, 0PN (Λξ) = { φ ∈ PN (Λξ) | φ(1) = 0 }.
The orthogonal projection 0P 1

N,Λξ
: 0H1(Λξ) → 0PN (Λξ), is defined by

(∂ξ(
0P 1

N,Λξ
v − v), ∂ξφ)Λξ

= 0, ∀ φ ∈ 0PN (Λξ).

Take

φ(ξ) = −
∫ 1

ξ

PN−1,Λη
∂ηv(η)dη ∈ 0PN (Λξ).

If v ∈ 0H(Λξ) and ∂r
ξv ∈ L2

χ(r−1,r−1)
(Λξ) for integers 1 ≤ r ≤ N +1, then by virtue

of the projection theorem and (3.3), we deduce that

(7.12)
||∂ξ(0P 1

N,Λξ
v − v)||Λξ

≤ ||∂ξ(φ− v)||Λξ

= ||PN−1,Λξ
∂ξv − ∂ξv||Λξ

≤ cN1−r||∂r
ξv||χ(r−1,r−1),Λξ

.

Moreover, a standard duality argument yields

(7.13) ||0P 1
N,Λξ

v − v||Λξ
≤ cN−r||∂r

ξv||χ(r−1,r−1),Λξ
.

Now, we set

0H1(Ω) = {v ∈ H1(Ω) | v = 0 on L2, L3 and L4}, 0VN (Ω) = 0H1(Ω) ∩ VN (Ω).

The orthogonal projection 0P 1
N,Ω : 0H1(Ω) → 0VN (Ω) is defined by

(7.14) (∇(0P 1
N,Ωv − v),∇φ)Ω = 0, ∀φ ∈ 0VN (Ω).

Next, let v̂b,L2
(ξ) = 1

2 v̂(1,−1)(1 + ξ), v̂b,L4
(ξ) = 1

2 v̂(1, 1)(1 + ξ), and let v̂b,L3
(η) be

the same as in (7.1). We also define v̂0b,L2
(ξ), v̂0b,L3

(η) and v̂0b,L4
(ξ) by (7.2) with the

above new v̂b,L2
(ξ) and v̂b,L4

(ξ). Evidently, v̂0b,L2
(1) = v̂0b,L3

(±1) = v̂0b,L4
(1) = 0.

Furthermore, we set v̂0Ω(ξ, η) = v̂(ξ, η)− v̂b,∂Ω(ξ, η), with

(7.15)
v̂b,∂Ω(ξ, η) =

1

2
((1− η)v̂0b,L2

(ξ) + (1 + ξ)v̂0b,L3
(η) + (1 + η)v̂0b,L4

(ξ))

+
1

4
((1 + ξ)(1− η)v̂(1,−1) + (1 + ξ)(1 + η)v̂(1, 1)).

The function v̂0Ω(ξ, η) vanishes on Lj , j = 2, 3, 4. We also introduce the projection
on ∂Ω, as

∗P̂
1
Nb,∂Ω

v̂b,∂Ω(ξ, η) =
1

2
((1− η)0P 1

Nb,Λξ
v̂0b,L2

(ξ) + (1 + ξ)P 1,0
Nb,Λη

v̂0b,L3
(η)

+(1 + η)0P 1
Nb,Λξ

v̂0b,L4
(ξ))

+
1

4
((1 + ξ)(1− η)v̂(1,−1) + (1 + ξ)(1 + η)v̂(1, 1)).

Finally, we define the quasi-Legendre orthogonal projection ∗P
1
N,Nb,Ω

v as

(7.16) ∗P
1
N,Nb,Ω

v(x, y) = 0P 1
N,Ωv

0
Ω(x, y) + ∗P

1
Nb,∂Ω

vb,∂Ω(x, y),

where the meanings of v0Ω(x, y), vb,∂Ω(x, y) and ∗P
1
Nb,∂Ω

vb,∂Ω(x, y) are similar to

those in (7.4), with the new functions v̂0Ω(ξ, η) and v̂b,∂Ω(ξ, η), and the new pro-

jection ∗P̂
1
Nb,∂Ω

v̂b,∂Ω(ξ, η). It can be checked that ∗P
1
N,Nb,Ω

v(x, y) = v(x, y) at the

vertices (x, y) = (1,−1) or (1, 1).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



SPECTRAL METHOD ON QUADRILATERALS 2259

In the same manner, we can define the quasi-Legendre orthogonal projections

∗P
1
N,Nb,Ω

v corresponding to the Neumann boundary condition imposed on the edges

L2, L3 and L4, respectively. Moreover, by using (3.5), (7.13) and an argument like
the derivation of (7.11), we can derive the error estimates for these quasi-Legendre
orthogonal projections, which are similar to (7.11).

7.2. Composite quasi-orthogonal approximation on polygons. We are now
in a position to study the quasi-Legendre orthogonal projection on a polygon with
the boundary ∂Ω and ∂∗Ω ⊆ ∂Ω. We divide Ω into convex quadrilaterals Ωi, 1 ≤
i ≤ n, with the boundary ∂Ωi, the edges Li,ν , the vertices Qi,ν and the angles
θi,ν , 1 ≤ ν ≤ 4. Therefore, ∂∗Ωi = ∂∗Ω ∩ ∂Ωi. The local variable transformation
are denoted by ξi = ξi(x, y) and ηi = ηi(x, y), 1 ≤ i ≤ n. The corresponding
quantities σΩi

, γΩi
, δΩi

, di,1, di,2, ai,1, ai,2, ai,3, bi,1, bi,2 and bi,3 are defined in the
same way as for the single quadrilateral; see Section 3. Let hi = diam Ωi. Assume
that the partition of Ω satisfies the following hypotheses:

(H1) Ω̄ =
⋃n

i=1 Ω̄i and Ωi ∩ Ωk = ∅ if i �= k,
(H2) each vertex of Ωi is also one of the vertices of adjacent quadrilaterals,
(H3) if Ω̄i ∩ ∂Ω �= ∅, then Ωi has at most one edge ∂∗Ωi,
(H4) there are positive constants β0 and β1 such that 0 < β0 ≤ θi,ν ≤ β1 <

π, 1 ≤ ν ≤ 4, 1 ≤ i ≤ n, and so 0 < δ0h
2
i ≤ δΩi

≤ δ1h
2
i , 1 ≤ i ≤ n.

Let N = (N1, N2, · · ·, Nn) and r = (r1, r2, · · ·, rn). We define the quasi-Legendre
orthogonal projection ∗P

1
N,Nb,Ω

v as ∗P
1
N,Nb,Ω

v|Ωi
= ∗P

1
Ni,Nb,Ωi

v, 1 ≤ i ≤ n, where

the projections ∗P
1
Ni,Nb,Ωi

v are constructed in such a way that

(A) if Ω̄i ∩ ∂Ω = ∅, then ∗P
1
Ni,Nb,Ωi

v is given by (7.4),

(B) if ∂∗Ωi �= ∅, say ∂∗Ωi = Li,1, then ∗P
1
Ni,Nb,Ωi

v is similar to (7.16).
Clearly, if Li,ν and Lk,ν are the same segment, say Li,3 = Lk,1, then the coefficients

in the expansions of P 1,0
Nb,Ληi

v̂0b,Li,3
(ηi) and P 1,0

Nb,Ληk
v̂0b,Lk,1

(ηk) are the same. It can

be checked that ∗P
1
N,Nb,Ω

v ∈ C(Ω̄).

For a description of the approximation error, we introduce the notation Eri,Ωi
(v),

Fri,Ωi
(v) and Grb,Ωi

(v), with the quantities ξi, ηi, σΩi
, γΩi

, δΩi
, di,1, di,2, ai,1, ai,2,

ai,3, bi,1, bi,2 and bi,3, respectively. According to the previous statements and an
standard argument as in [2, 5, 7], we observe that if v ∈ H1(Ωi) ∩ C(Ω̄i) and
Eri,Ωi

(v), Fri,Ωi
(v) and Grb,Ωi

(v) are finite for integers 2 ≤ ri ≤ Ni + 1(1 ≤ i ≤ n)
and 2 ≤ rb ≤ Nb + 1, then

(7.17)

‖∇(∗P
1
N,Nb,Ω

v − v)‖Ω

≤ cσΩδ
−1
Ω

n∑
i=1

(N1−ri
i (Eri,Ωi

(v) + Fri,Ωi
(v)) +N1−rb

b Grb,Ωi
(v)).

7.3. Spectral element method for polygons. We now consider the following
problem,

(7.18)

⎧⎨
⎩

−ΔU(x, y) = f(x, y), (x, y) ∈ Ω,
∂nU(x, y) = g2(x, y), (x, y) ∈ ∂∗Ω,
U(x, y) = g1(x, y), (x, y) ∈ ∂Ω \ ∂∗Ω.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



2260 GUO BEN-YU AND JIA HONG-LI

If ∂∗Ω = ∂Ω, we require, in addition, (f, 1)Ω = 0 and (U, 1)Ω = 0 for fixing the
solution. In what follows, we suppose ∂∗Ω �= ∂Ω for simplicity. Let

Vg1(Ω) = { v ∈ H1(Ω) ∩ C(Ω̄) |v = g1 on ∂Ω \ ∂∗Ω},
V̄ (Ω) = {v ∈ H1(Ω) ∩ C(Ω̄) |v = 0 on ∂Ω \ ∂∗Ω}.

The weak formulation of (7.18) is to find U ∈ Vg1(Ω) such that

(7.19) (∇U,∇v)Ω +

∫
∂∗Ω

g2(x, y)v(x, y)ds = (f, v)Ω, ∀v ∈ V̄ (Ω).

For the numerical solution of (7.19), we need three kinds of base functions.
Let Ll(ξ) be the Legendre polynomial of degree l as usual. The base functions
corresponding to Ωi, are given by

ψ0
Ωi,li,mi

(x, y)

=

⎧⎪⎪⎨
⎪⎪⎩

1√
(4li + 6)(4mi + 6)

(Lli(ξi)− Lli+2(ξi))(Lmi
(ηi)− Lmi+2(ηi))|ξi=ξi(x,y),ηi=ηi(x,y), on Ω̄i,

0, otherwise.

Next, we define the base functions corresponding to the edges of quadrilaterals. For
instance, if Li,k = Li,1 = Lk,3, then the corresponding base function

ψ0
Li,k,li,k

(x, y)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1

2
√
4li,k + 6

(1− ξi)(Lli,k(ηi)− Lli,k+2(ηi))|ξi=ξi(x,y),ηi=ηi(x,y), on Ω̄i,

1

2
√
4li,k + 6

(1 + ξk)(Lli,k(ηk)− Lli,k+2(ηk))|ξk=ξk(x,y),ηk=ηk(x,y) on Ω̄k,

0, otherwise,

The third kind of base functions correspond to the vertices of quadrilaterals. For
example, if Qi1,1 = Qi2,2 = Qi3,3 = Qi4,4, then the the corresponding base function

ψQi1,i2,i3,i4
(x, y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

4
(1− ξi1)(1− ηi1)|ξi1=ξi1 (x,y),ηi1

=ηi1
(x,y), on Ω̄i1 ,

1

4
(1 + ξi2)(1− ηi2)|ξi2=ξi2 (x,y),ηi2

=ηi2
(x,y), on Ω̄i2 ,

1

4
(1 + ξi3)(1 + ηi3)|ξi3=ξi3 (x,y),ηi3

=ηi3
(x,y), on Ω̄i3 ,

1

4
(1− ξi4)(1 + ηi4)|ξi4=ξi4 (x,y),ηi4

=ηi4
(x,y), on Ω̄i4 ,

0, otherwise.

Let WN,Nb
(Ω) be the set spanned by ψ0

Ωi,li,mi
(x, y), 0 ≤ li,mi ≤ Ni − 2, all

ψ0
Li,k,li,k

(x, y), 0 ≤ li,k ≤ Nb and all ψQi1,i2,i3,i4
(x, y). Clearly, WN,Nb

(Ω) ⊂ H1(Ω)∩
C(Ω̄). Furtherore, we let

VN,Nb
(Ω) = { φ ∈ WN,Nb

(Ω) | φ = P 1
Nb,∂Ω

g1 on ∂Ω \ ∂∗Ω},
where, for example, if the edge Li,1 ⊆ ∂Ω \ ∂∗Ω, then we take ĝ1(−1, ηi) =
g1(x(−1, ηi), y(−1, ηi)) and

∗P
1
Nb,∂Ω

g1(x, y)=P 1,0
Nb,Ληi

(ĝ1(−1, ηi)−
1

2
ĝ1(−1,−1)(1− ηi)−

1

2
ĝ1(−1, 1)(1 + ηi))

+
1

2
ĝ1(−1,−1)(1− ηi) +

1

2
ĝ1(−1, 1)(1 + ηi)|ξi=ξi(x,y),ηi=ηi(x,y).
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The set V ∗
N,Nb

(Ω) = { φ ∈ WN,Nb
(Ω) | φ = 0 on ∂Ω \ ∂∗Ω}.

We now construct the spectral method for (7.19). We first consider an auxiliary
problem (cf. [8]), which is to find the solution W ∈ V∗P 1

Nb,∂Ωg1(Ω) such that

(7.20) (∇W,∇v)Ω +

∫
∂∗Ω

g2(x, y)v(x, y)ds = (f, v)Ω, ∀v ∈ V̄ (Ω).

The corresponding spectral method is to find wN,Nb
∈ VN,Nb

(Ω) such that
(7.21)

(∇wN,Nb
,∇φ)Ω +

∫
∂∗Ω

g2(x, y)φ(x, y)ds = (f, φ)Ω, ∀φ ∈ V ∗
N,Nb

(Ω).

For derivation of error estimate of numerical solution, we introduce the orthog-
onal projection P 1

N,Nb,Ω
v : H1(Ω) ∩ C(Ω̄) → VN,Nb

(Ω) such that

(∇(P 1
N,Nb,Ω

v − v),∇φ)Ω = 0, ∀φ ∈ V ∗
N,Nb

(Ω).

This, along with (7.20), leads to

(7.22) (∇P 1
N,Nb,Ω

W,∇φ)Ω +

∫
∂∗Ω

g2(x, y)φ(x, y)ds = (f, φ)Ω, ∀φ ∈ V ∗
N,Nb

(Ω).

Subtracting (7.22) from (7.21) yields

(∇(P 1
N,Nb,Ω

W − wN,Nb
),∇φ)Ω = 0, ∀φ ∈ V ∗

N,Nb
(Ω).

This implies wN,Nb
= P 1

N,Nb,Ω
W. Consequently (cf. [8]),

(7.23)
‖∇(wN,Nb

−W )‖Ω = ‖∇(P 1
N,Nb,Ω

W −W )‖Ω ≤ ‖∇(∗P
1
N,Nb,Ω

U −W )‖Ω
≤ ‖∇(∗P

1
N,Nb,Ω

U − U)‖Ω + ‖∇(U −W )‖Ω.

Furthermore, we have from (7.18) and (7.20) that

⎧⎨
⎩

−Δ(U(x, y)−W (x, y)) = 0, (x, y) ∈ Ω,
∂n(U(x, y)−W (x, y)) = 0, (x, y) ∈ ∂∗Ω,
U(x, y)−W (x, y) = g1(x, y)− ∗P

1
Nb,∂Ω

g1(x, y), (x, y) ∈ ∂Ω \ ∂∗Ω.

According to the properties of elliptic equation (cf. [8]) and the quasi-Legendre
orthogonal approximation, we obtain

(7.24)

||U −W ||H1(Ω)

≤ c||g1 − ∗P
1
Nb,∂Ω

g1||H1(∂Ω\∂∗Ω) ≤ cσΩδ
−1
Ω N1−rb

b

n∑
i=1

Krb,Ωi
(g1)
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where Krb,Ωi
(g1) = 0 if Ω̄i ∩ ∂Ω = ∅, and otherwise,

Krb,Ωi
(g1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

rb∑
k=0

‖(1− η2)
rb−1

2 (a2 + a3ξ)
k(b2 + b3ξ)

rb−k∂k
x∂

rb−k
y g1‖L2(Li,1),

if Li,1 ⊆ ∂Ω \ ∂∗Ω,
rb∑

k=0

‖(1− ξ2)
rb−1

2 (a1 + a3η)
k(b1 + b3η)

rb−k∂k
x∂

rb−k
y g1‖L2(Li,2),

if Li,2 ⊆ ∂Ω \ ∂∗Ω,
rb∑

k=0

‖(1− η2)
rb−1

2 (a2 + a3ξ)
k(b2 + b3ξ)

rb−k∂k
x∂

rb−k
y g1‖L2(Li,3),

if Li,3 ⊆ ∂Ω \ ∂∗Ω,
rb∑

k=0

‖(1− ξ2)
rb−1

2 (a1 + a3η)
k(b1 + b3η)

rb−k∂k
x∂

rb−k
y g1‖L2(Li,4),

if Li,4 ⊆ ∂Ω \ ∂∗Ω.

A combination of (7.17), (7.23) and (7.24) leads to the following conclusion.

Theorem 7.1. If the hypotheses (H1)–(H4) hold, U ∈ H1(Ω) ∩ C(Ω̄), and all
Eri,Ωi

(U), Fri,Ωi
(U), Grb,Ωi

(U) and Krb,Ωi
(g1) are finite for integers 2 ≤ ri ≤

Ni + 1, 1 ≤ i ≤ n and 2 ≤ rb ≤ Nb + 1, then

‖U − wN,Nb
‖H1(Ω)

≤ cσΩδ
−1
Ω

n∑
i=1

(N1−ri
i (Eri,Ωi

(U) + Fri,Ωi
(U)) +N1−rb

b (Grb,Ωi
(U) +Krb,Ωi

(g1))).

Remark 7.1. By (3.26), we have max(|ai,3|, |bi,3|, |σΩi
|) ≤ chi. Therefore,

‖U −WN,Nb
‖H1(Ω) ≤ c

n∑
i=1

N1−ri
i (

ri∑
k=0

hri−1
i ||∂k

x∂
ri−k
y U ||Ω +

ri−1∑
k=0

hri−2
i ||∂k

x∂
ri−k
y U ||Ω

+

4∑
ν=1

ri∑
k=0

hri−1
i ||∂k

x∂
ri−k
y U ||L2(Li,ν))

+c
n∑

i=1

N1−rb
b hrb−1

i

4∑
ν=1

rb∑
k=0

(||∂k
x∂

rb−k
y U ||L2(Li,ν)

+||∂k
x∂

rb−k
y g1||L2(Li,ν∩(∂Ω−∂∗Ω))).

This is similar to the result (5.4.16) of [5] and the corresponding result of [17] for
multidomain pseudospectral method.

Remark 7.2. In actual computation, we evaluate the terms
∫
∂∗Ω g2(x, y)φ(x, y)ds

and (f, φ)Ω approximately. Thus, in general, there exist two additional errors de-
pending on the accuracy of numerical quadratures and the smoothness of f and
g2.

8. Concluding remarks

In this paper, we first established the basic results on the orthogonal approxi-
mation for arbitrary convex quadrilaterals, which conform the mathematical foun-
dation of the related spectral method possessing the spectral accuracy. Moreover,
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the Jacobi weighted norms appearing in the upper bounds of approximation er-
rors, cover certain singularities of considered functions at the edges or vertices of
quadrilaterals.

As examples of applications, the spectral schemes were proposed for two model
problems, with the optimal error estimates of numerical solutions. The numerical
results demonstrated their high accuracy, and coincide with the analysis well. We
also developed a spectral method for convex polygons. Our method could be applied
to exterior problems with non-rectangular obstacles.

It is noted that the super-convergence of finite element method was obtained
for analytical solutions; see [19]. But our results are valid for solutions in certain
weighted Sobolev space, which is much more practical.

Appendix A

We have from (2.3) that

(a1b3−a3b1)ξ
2−(b3(x−a0)−a3(y−b0)+a2b1−a1b2)ξ−b2(x−a0)+a2(y−b0) = 0.

If a1b3 − a3b1 �= 0, then

ξ(x, y) =
1

2(a1b3 − a3b1)
(b3(x− a0)− a3(y − b0) + a2b1 − a1b2

+σ
√

(b3(x−a0)−a3(y−b0)+a2b1−a1b2)2+4(a1b3−a3b1)(b2(x−a0)−a2(y−b0))),

where σ = 1, if the points Qj are numbered counterclockwise as in Section 2, and
σ = −1 otherwise. If a1b3 − a3b1 = 0, then

ξ(x, y) = − b2(x− a0)− a2(y − b0)

b3(x− a0)− a3(y − b0) + a2b1 − a1b2
.

Similarly, we have

(a2b3−a3b2)η
2−(b3(x−a0)−a3(y−b0)+a1b2−a2b1)η−b1(x−a0)+a1(y−b0) = 0.

If a2b3 − a3b2 �= 0, then

η(x, y) =
1

2(a2b3 − a3b2)
(b3(x− a0)− a3(y − b0) + a1b2 − a2b1

+λ
√
(b3(x−a0)−a3(y−b0)+a1b2−a2b1)2+4(a2b3−a3b2)(b1(x−a0)−a1(y−b0))),

where λ = −1, if the points Qj are numbered clockwise as in Section 2, and λ = 1
otherwise. If a2b3 − a3b2 = 0, then

η(x, y) = − b1(x− a0)− a1(y − b0)

b3(x− a0)− a3(y − b0) + a1b2 − a2b1
.
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