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Indiana 47906, USA

(Received 2 August 2011; accepted 16 September 2011; published online 9 November 2011)

In this paper, we examine the lattice thermal conductivity and dominant phonon scattering

mechanisms of graphene. The interatomic interactions are modeled using the Tersoff interatomic

potential and perturbation theory is applied to calculate the transition probabilities for three-phonon

scattering. The matrix elements of the perturbing Hamiltonian are calculated using the anharmonic

interatomic force constants obtained from the interatomic potential as well. The linearized

Boltzmann transport equation is applied to compute the thermal conductivity of graphene for a wide

range of parameters giving spectral and polarization-resolved information. The complete spectral

detail of selection rules, important phonon scattering pathways, and phonon relaxation times in gra-

phene are provided. We also highlight the specific scattering processes that are important in Raman

spectroscopy-based measurements of graphene thermal conductivity, and provide a plausible expla-

nation for the observed dependence on laser spot size. VC 2011 American Institute of Physics.

[doi:10.1063/1.3656451]

I. INTRODUCTION

The thermal conductivity of graphite (in the basal plane)

and diamond at room temperatures are close to 2000W/m/K,

higher than all other bulk solid crystals, making them excellent

materials for thermal management. Measurements of the ther-

mal conductivity of single and multiwalled carbon nanotubes

have shown room temperature thermal conductivity greater

than 3000W/m/K1,2 and are believed to result from one-

dimensional phonon transport with low intrinsic scattering.

The thermal conductivity of graphene was recently measured

by Balandin et al.3 to lie in the range of 3000–5000W/m/K,

indicating that single-layer graphene may have better thermal

conduction properties than one-dimensional carbon nanotubes

(CNTs). Since then, several other thermal conductivity meas-

urements on single-layer, few-layer suspended4–7 and sub-

strate-supported8–10 graphene have emerged. The results

consistently indicate that the thermal conductivity of graphene

is higher than graphite and diamond, and falls in the same

range as CNTs.

Thermal conductivity measurements of several micron-

sized suspended graphene flakes by micro Raman spectros-

copy have recently appeared.3–7 The energy transfer process

involves photon-electron-phonon coupling, and published

results appear to reveal a strong dependence on laser spot

size. The thermal conductivity computed from these measure-

ments is a result of the fact that power absorption primarily

leads to generation of longitudinal phonons (through Normal

electron-phonon scattering processes) a process whose time

scale is 1 ps or less.11 The measured thermal conductivity will

therefore depend on the region over which the energy transfer

from these modes to ZA modes can occur (since the ZA

modes almost exclusively dominate heat conduction). It will

also reflect a competition between the rate at which LA/LO

phonon generation occurs and the rate at which these LA/LO

phonons can scatter to ZA phonons. While an exact quantita-

tive account of this mechanism can be given only by a direct

simulation of the underlying processes, we believe that details

of phonon scattering presented in this paper can enable simple

estimates in device simulations and in interpreting thermal

conductivity measurements. These details have not been out-

lined in any previous studies. The primary intent of this work

is therefore to present a detailed understanding of phonon

scattering processes and temperature-dependent phonon relax-

ation times in graphene, and to clearly elucidate their spectral

dependence. The results presented complement recent experi-

mental measurements, highlighting scattering mechanisms

that are particularly important for Raman spectroscopy-based

thermal conductivity measurements. Possible phonon scatter-

ing bottlenecks in graphene electronics and during optical

absorption are also discussed.

A few groups have investigated phonon scattering and

thermal conductivity in single- and few-layer graphene

accounting for anharmonicity5,12,13 using the Gruneisen con-

stants determined from density functional theory (DFT). How-

ever all these studies have retained approximations similar to

those of Klemens14–16 for three-phonon scattering rates without

considering phonon selection rules. Here we develop a method-

ology to obtain phonon spectra and thermodynamic and ther-

mal transport properties of graphene using force fields from the

Tersoff interatomic potential17 with the parameterization of

Lindsay and Broido.18 Graphene thermal conductivity is com-

puted using a solution of the linearized Boltzmann transport

equation (BTE) in conjunction with perturbation theory.19–23

While the general conclusions about thermal conductivity

trends are similar to those reported recently,24 we use a solution

of the linearized BTE to understand the shift in the phonon dis-

tribution due to temperature gradients, the strong departure

from the single mode relaxation time approximation indicated

by our computations, and its effect on thermal conduction.a)Electronic mail: jmurthy@ecn.purdue.edu.
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An alternative methodology to probe phonon transport

is the use of molecular dynamics simulations which has been

widely applied for thermal conductivity predictions of

CNTs.25–29 The computational complexity of MD simula-

tions has usually restricted these simulations to small tube

lengths, and compromises the computation of intrinsic ther-

mal conductivity. Furthermore, MD simulations are classical

and therefore do not accurately predict room- temperature

relaxation times for graphene/CNTs because of their high

Debye temperatures (>2000K). Meanwhile, several molecu-

lar dynamics simulations of thermal transport in graphene

nanoribbons have also recently appeared.30–33 A discussion

of these is presented toward the end of this paper.

II. PHONON-PHONON SCATTERING AND THERMAL
CONDUCTIVITY

In computing thermal conductivity we follow the usual

procedure of solving the Peierls- Boltzmann equation under

weak nonequilibrium conditions (i.e., under a small tempera-

ture gradient). In principle, the BTE couples the population of

each phonon mode ~k pð Þ (with wavevector ~k and polarization

p) to all other interacting modes ~k0 p0ð Þ and ~k00 p00ð Þ. However,
by a linearization of the BTE19,21–23 and the definition of tran-

sition probability,34,35 the phonon BTE can be transformed to

an equation for the deviation of phonon population from equi-

librium, ~W~k pð Þ (see supplementary materials)35 which is inde-

pendent of the temperature gradient rT and the actual

occupation number of the other modes (at least directly) but

depends only on their deviation from equilibrium as,

~W~k pð Þ ¼
�hx~k pð Þn

0
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n0~k pð Þ
þ 1

� �

C~k pð ÞT
~t~k pð Þ þ

A

2p�h2C~k pð Þ

�
X

p0;p00

ð

n0~k pð Þ
n0~k0 p0ð Þ

n0~k0 p0ð Þ
þ 1

� �

~W~k00 p00ð Þ �
~W~k0 p0ð Þ

� �

�

�

�

�

(

�=~k pð Þþ~k0 p0ð Þ$~k00 p00ð Þ

�

�

�

�

2
dk0l
~t0n
�

�

�

�

þ
1

2

X

p0; p00

ð

n0~k pð Þ
n0~k0 p0ð Þ

þ 1
� �

� n0~k00 p00ð Þ
þ 1

� �

~W~k00 p00ð Þ þ
~W~k0 p0ð Þ

� �

�

�

�

�

=~k pð Þ$~k0 p0ð Þ þ ~k00 p00ð Þ

�

�

�

�

2
dk0l
~t0n
�

�

�

�

)

) M~W~k pð Þ ¼
~W0

~k pð Þ
: (1)

The first term on the right side is typically denoted as ~W0
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In the above equations, n0~k pð Þ
represents the equilibrium occu-

pation (Bose-Einstein distribution) of the phonon mode

~k pð Þ, x~k pð Þ is its frequency, sB;~k pð Þ is the relaxation time due

to boundary scattering and C~k pð Þ is its net scattering ampli-

tude. A is the area of the Wigner-Seitz unit cell of graphene,

T is the temperature, and �h is reduced Planck’s constant.

Here the integrals are performed along k 0l, the line segment

corresponding to xþ x0 p0ð Þ � x00 p00ð Þ¼ 0 (type 1 processes)

with~t0n ¼ rk
00xk

00p00 �rk
0xk

0p0
34,35 and xþ x0 p0ð Þ � x00 p00ð Þ

¼ 0 (type 2 processes) with ~t0n ¼ rk00xk00p00 �rk0xk0p0 .

=~k pð Þþ~k0 p0ð Þ$~k00 p00ð Þ is the matrix element corresponding to the

three phonon scattering event involving phonons

~k pð Þ; ~k0 p0ð Þ, and ~k00 p00ð Þ. It contains terms from the third

order derivatives /
l 0ð Þm ið Þn jð Þ
abc of the interatomic potential.

=~k pð Þþ~k0 p0ð Þ$~k00 p00ð Þ can be calculated from the anharmonic

interatomic force constants as

=~k pð Þþ~k0 p0ð Þ$~k00 p00ð Þ ¼� i
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X
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X
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�

�
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� �
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q

� exp i~k0 � ~Ri

� �
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� ��

: (3)

Here, /
l 0ð Þm ið Þn jð Þ
abc is the anharmonic third-order interatomic

force constant and depends on the total crystal energy U as

/
l 0ð Þm ið Þn jð Þ
abc ¼ �

@3U

@ua;l 0ð Þ@ub;m ið Þ@uc;n jð Þ
: (4)

The summation in Eq. (3) is overall the basis atoms l (in the

reference unit cell), m (in all unit cells i), n (in all unit cells

j), and overall direction indices a, b, c spanning x, y, z,

respectively. It should be noted that the summation i, j

includes the reference unit cell. Ml is the mass of lth basis

atom. ea,l(~k) is the component of the polarization vector of

the lth basis atom in the direction a corresponding to the

phonon mode ~k(p). Detailed derivation and subsequent sim-

plification incorporating the symmetry of the Fourier-

transformed third-order anharmonic IFC leading to the form

in Eq. (3) is available in many other publications.21,22,36 The

third-order force constants depend on temperature through

the lattice spacing. However, the level of anharmonicity in

graphene is very low and the lattice constant changes by

less than 0.2% at 650K compared to 0K.37 We have

checked that the anharmonic force constants are very close

to the corresponding 0K value over the temperature range

investigated.

Both Normal (N) and Umklapp (U) processes are

included in these computations. While N processes do not

directly add thermal resistance, they create phonons with

large wave vectors that facilitate U processes (which directly

reverse phonon momentum and add to thermal resistance).

The linearized BTE, which explicitly accounts for the depend-

ence on nonequilibrium population of phonons undergoing N

094312-2 Singh, Murthy, and Fisher J. Appl. Phys. 110, 094312 (2011)
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processes, takes into account the shift of equilibrium phonon

population due to N processes and does not suffer from the

limitations of the relaxation time approximation.

As such, the vector equations represented by Eq. (1)

form a sparse linear system for both the x and y components

of the deviation function ~W~k pð Þ, with the coefficient matrix

denoted as M. In this work, we solve the linearized BTE for

a Corbino geometry.4,6,7 The relaxation time due to boundary

scattering is sB;~k pð Þ ¼ d=j~t~k pð Þ;aj, where d is the graphene

flake diameter.

In this geometry, the boundary scattering time chosen

here is more appropriate rather than sB; ~k pð Þ ¼ L=2j~t~k pð Þ;aj

(for a temperature gradient along the direction a) obtained

from the Landauer formalism which is applicable for a wide

graphene sheet with length L between contacts. Once the so-

lution of the linear system specified by Eq. (1) is obtained,

we can compute the 2D (in-plane) thermal conductivity ten-

sor as

jab ¼
X

p

ð

n0~k pð Þ
n0~k pð Þ

þ 1
� �

�hx

kBT
t~k pð Þ;a

�W~k pð Þ;b

dkxdky

2pð Þ2
; a; b ¼ x; y: (5)

A. Computational details

The numerical method described in this section is

applied to calculate all possible 3-phonon scattering events

in graphene and their strength (for thermal conductivity cal-

culations). To solve the linear system of the linearized BTE

[Eq. (1)], all the allowed three-phonon interaction events in

graphene must be identified. Graphene Brillouin zone is dis-

cretized into elements with nk k points spaced uniformly

along the wave vector magnitude and with an angular spac-

ing of dh degrees. The search for permissible three-phonon

interactions and the computation of the matrix element for

type 1 and type 2 processes need be performed only in the ir-

reducible wedge of the graphene Brillouin zone (BZ), which

corresponds to 1/12th of the full BZ. The interaction triads

for all other phonon modes can be inferred by exploiting the

symmetry of the Brillouin zone. In order to compute the

strength of three-phonon interactions, it is critical to cor-

rectly construct the line segments of zero energy imbalance

kl for both type 1 and type 2 processes. In the present work,

the line segments of interaction are accurately calculated

using the following algorithm. We have found that it works

well even with a coarse BZ discretization than adopted in the

work.

• For a given phonon mode in the irreducible wedge, fix p0

and p00.
• Sweep overall values of ðk0x; k

0
yÞ in the entire BZ to obtain

ðk00x ; k
00
y Þ using ~k þ ~k0 þ ~k00 ¼ ~g. If ~g is non-zero, it should

be noted that for a given ~k0 and ~k00, only one particular re-

ciprocal vector ~g brings back ~k00 into the first Brillouin

zone.
• Construct the surface Dxðk0x; k

0
yÞ : xþx0 �x00 and cal-

culate its zero contour. This results in a set of line seg-

ments kl which may or may not be connected.

A similar algorithm is followed for processes of type 2,

i.e., when a phonon decays into two different phonon modes.

Figure 1 shows two such Dxðk0x; k
0
yÞ (energy imbalance)

surfaces. Figure 1(a) corresponds to the process LA(kx¼ p/3a,

ky¼ 0)þLA(~k0) ! LO(~k00). Figure 1(b) corresponds to

the process ZA(kx¼ 1.3p/3a, ky¼ 0)þZA(~k0) ! TA(~k00).
The intersection with the plane Dx¼ 0 is the corresponding k0l
contour. Using this method we obtain all the valid three-

phonon interaction triads in the irreducible wedge of the gra-

phene BZ.

The second-order (harmonic) and third-order (anhar-

monic) interatomic force constants for the computation of

dynamical matrix and thermal conductivity are obtained by

central differences of energy on a periodic graphene crystal.

The harmonic and anharmonic force constants satisfy trans-

lational invariance.38,39 We have chosen the modified Ters-

off potential because we require a consistent set of second

and third derivatives, the former for phonon dispersion, and

the latter for thermal conductivity calculations. We also note

that the parameterization obtained in Ref. 18 fits the LA/TA

FIG. 1. (Color online) Surface of energy imbalance Dx in the first BZ of

graphene for the process (a) LA(kx¼p/3a, ky¼ 0)þLA(~k0) ! LO(~k00) (b)
ZA(kx¼ 1.3p/3a, ky¼ 0)þZA(~k0)! TA(~k00).
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group velocity and phonon dispersion curves (shown in35

fairly well. The linear system of Eq. (1) is solved exactly

using UMFPACK.40,41 We also point out that an unusually

fine mesh (� 4500 k points in the discretized Brillouin zone)

is necessary for obtaining a well converged result, i.e., to

capture the correct polarization wise thermal conductivity.

III. RESULTS AND DISCUSSION

A. Thermal conductivity

A discussion of phonon dispersion curves, density of

states, specific heat and ballistic thermal conductance of the

graphene lattice which set the stage for a general understanding

of thermal transport in graphene is given in the supplementary

materials.35 The density of states exhibits the usual van Hove

singularities near frequencies where the group velocity of pho-

non modes tends to zero.35 Graphene exhibits a nonzero DOS

even as frequency tends to zero because ZA mode exhibits

quadratic dispersion. Because the ZA branch exhibits quadratic

dispersion at low-to-moderate frequencies, it remains the domi-

nant contributor to the total volumetric specific heat capacity

even at room temperatures (see supplementary materials;35 the

contribution from the high frequency optical modes is negligi-

ble. The specific heat contribution and the population of ZO

phonons are non-negligible and comparable to LA phonons.

The high occupation of ZA phonons implies that they remain

the dominant contributor to ballistic thermal conductance even

at room temperature.35 This indicates that they would also con-

tribute to room temperature thermal conductivity even though

their peak group velocity of �104m/s is lower than that of LA

and TA phonons (�2� 104 and �1.5� 104m/s, respectively).

1. Temperature dependence

Figure 2 shows the variation of diffusive thermal con-

ductivity (sB ! 1) with temperature of the graphene sheet

(along with the contribution of each polarization) along the

C � M direction. At room temperature the net contribution

by each polarization (in W/m K) is ZA: 2859, TA: 242, LA:

91.5, ZO: 23. The contribution by ZA phonons far exceeds

that due to LA and TA phonons. However, it is worth noting

that the contribution of LA, TA phonons is still quite high

(�335) compared to most other crystalline materials such as

Si and Ge. This result derives from the high specific heat

capacity and moderately high group velocity of ZA phonons

but more importantly from the anharmonic selection rule

that arises out of the reflection symmetry of the graphene

layer. As noted by Seol et al.,8 this implies that any third de-

rivative of the potential of the form /zbc
l(0)m(i)n(j); a, b¼ x, y

and /zzz
l(0)m(i)n(j) or any other permutation of these is zero.

Since the eigenvectors of the in-plane modes are completely

decoupled from the flexural modes, this means that three-

phonon scattering processes involving any out-of-plane pho-

nons (such as ZA and ZO) must have an even number of

these out-of-plane phonons. Details about this selection rule

have been discussed by Lindsay et al.24 This potentially

eliminates a large number of possible three-phonon scatter-

ing processes that satisfy energy and momentum conserva-

tion and would be legitimate three-phonon scattering

processes. The theoretically obtained variation of graphene

thermal conductivity with temperature is also compared

against the experimental measurements reported in Chen

et al.7 for a wide range of graphene flake lengths, ranging

from 2.9–10 lm. The comparison between the two is remark-

ably close over the entire temperature range without the use

of fitting parameters and validates the theory presented here.

A similar set of calculations have also been performed to cal-

culate thermal conductivity of few-layer graphene.42 The

evolution from single layer graphene to bulk graphite with

increasing number of layers was found to be due to reduced

contribution from flexural phonons.

Our calculations show that finite graphene sheet diameter

can lead to lower thermal conductivity due to boundary scat-

tering of phonons. However, significant size effects on ther-

mal conductivity are seen only below a few microns. It is

observed that the diffusive thermal conductivity values pre-

sented here (which do not include the effect of boundary scat-

tering) are obtained for graphene sheet diameter, d> 10lm.

Furthermore, it is the component of thermal conductivity

from flexural phonons that exhibits the strongest dependence

on diameter.35 These results are in broad agreement with the

trends reported in.24 This may also explain why no clear size

dependence was seen in the measured thermal conductivity

of graphene flakes with diameter ranging from 3–10lm7

which was earlier attributed to scattering from grain bounda-

ries and wrinkles in the graphene sheet on the scale of

5–20lm. More details of the dependence of polarization wise

and total thermal conductivity on temperature, T and sheet di-

ameter, d can be found in the supplementary materials.35

2. Phonon population and frequency dependence

At room temperature, the diffusive thermal conductivity

calculated from a numerical solution of the linearized BTE is

3260W/mK, and is more than 3 times higher than the corre-

sponding value obtained from the single mode relaxation

FIG. 2. (Color online) Diffusive thermal conductivity variation of graphene

sheet with temperature along the C � M direction and comparison with the

experimental data of Chen et al.7
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time approximation (SMRT). At higher temperatures, as the

strength of anharmonic scattering increases, this factor

decreases to �2. The observed difference between the

SMRT and the computed thermal conductivity is much

larger than seen in 3D crystals such as Si, Ge21,39 but com-

mensurate with those of CNTs.43 In this section, we consider

the particularly unintuitive behavior of phonon population

that leads to high thermal conductivity of graphene and ren-

ders the SMRT approximation inaccurate in modeling its

thermal conductivity. Figure 3 plots ~W~k pð Þ and
~W0

~k pð Þ
(the cor-

responding value under the SMRT) for the acoustic phonon

polarizations along the C � M direction (þx). Under the

SMRT, the sign of ~W0
~k pð Þ

for a given phonon mode is deter-

mined by the sign of its corresponding velocity component.

LA, ZA, and TA phonons therefore have a positive value.

The exact value of the deviation function increases in magni-

tude for the most part, with a large increase for ZA modes.

ZA phonons along the C � M direction (also denoted here as

the þx axis) interact with many other ZA phonons through

scattering of types ZAþZA ! LA and ZAþZA ! TA

(shown in the supplementary materials.35 These type 1 proc-

esses contribute a positive value in the sum [Eq. (1)], so that

in the high wave vector region, values of ~W~k pð Þ for LA (and

also for TA) phonons ultimately become negative (through

the reverse LA ! ZAþZA and LA ! LAþLA processes).

The net effect is the creation of a small region in frequency

space (in the current paper, all the reported frequencies

should be read as angular frequencies; 1 Hz = 1 rad/s) where

LA phonons carry heat in the direction of the applied tem-

perature gradient. Clearly, this negative shift will be most

prominent for phonons in the C � M direction (due to high

vx). We emphasize that these processes make thermal trans-

port in graphene quite unique and render the SMRT approxi-

mation invalid as the deviation of each phonon mode

strongly depends on the deviation of the other phonon modes

with which it undergoes anharmonic scattering. Figure 4

plots the polarization-specific cumulative diffusive thermal

conductivity variation with frequency at 300 and 500K. It

should be noted that thermal conductivity contribution from all

acoustic modes spreads across the entire Brillouin zone or the

frequency range corresponding to each polarization (the corre-

sponding maximum/cutoff frequency for each acoustic branch

is also labeled in Fig. 4). Particularly for ZA modes, the fre-

quency dependence shown in Fig. 4 implies that most thermal

energy is carried by moderate-to-large wave vectors since low

wave vector phonons have very low frequency and group

velocity. This result contrasts with a common assumption in

phonon modeling12,13,15,16 that higher three-phonon scattering

rates are more than offset by lower phonon populations toward

the edges of the Brillouin zone. It should be noted here that

TA and LA phonons contribute a “negative” component to the

net thermal conductivity in the high frequency range, resulting

in wiggles in the cumulative thermal conductivity for TA and

LA contributions in Fig. 4. This negative contribution is

absent under the SMRT approximation because the phonon

distribution of each mode is shifted against the direction of

temperature gradient; thereby the cumulative thermal conduc-

tivity always shows a monotonic increase with frequency.

However, in the solution of Eq. (1), where the population devi-

ation of each phonon mode ~W~k pð Þ depends on the ~W vector of

all other phonons modes that ~k pð Þ interacts with, a negative

contribution to thermal conductivity from some phonon groups

may result; this is especially true as the strength of anharmonic

scattering increases. For example, along the C � M direction,

there exist a sufficient number of LA ! ZAþZA (and TA !
ZAþZA) processes (mostly U and some N) that generate ZA

phonons with momentum opposite to the LA (or TA) phonon

and contribute to this effect. This is only true for the high

wave vector LA/TA phonons with a sufficient number of such

U processes; indirectly these are the very processes that lead to

a relatively higher contribution by ZA modes.
FIG. 3. (Color online) Plot of the function ~W~k pð Þ

(solid lines) and ~W0
~k pð Þ

(dashed lines) at T¼ 300K.

FIG. 4. (Color online) Cumulative thermal conductivity contributions by

each phonon branch vs frequency at 300 and 500K.
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B. Selection rules, scattering channels, and their
relative importance

In this section, we explore the physical mechanisms that

lead to thermal conductivity variations seen in the previous

section. Of particular importance is the scattering detail of

ZA phonons that lends graphene its extremely high thermal

conductivity. We also present in detail the scattering mecha-

nisms associated with the longitudinal phonons which are of

prime importance in understanding electro-thermal transport.

This is because electron-phonon N scattering processes

generate phonons which have a polarization vector aligned

with the phonon wave vector, a condition satisfied only by

longitudinal phonons.34 This makes the efficiency of energy

transfer from LA/LO phonons to ZA phonons an important

factor in determining whether or not the high thermal con-

ductivity of graphene (which is due mostly to ZA phonons)

may be successfully exploited in electronic devices for heat

dissipation. C~k pð Þ [Eq. (2)] collectively quantifies all scatter-

ing mechanisms, accounting for their relative importance

based on:

1. The magnitude of the matrix element for three-phonon

scattering (which ties it to crystal anharmonicity);

FIG. 5. (Color online) Relative contri-

bution to C~k pð Þ
of different three-phonon

scattering channels for ZA, LA, and LO

phonons against the phonon wave vector

magnitude along the C � M direction.

(a)–(c) correspond to 300K while

(d)–(f) correspond to 800K.
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2. occupation number of different phonon modes involved

in the scattering processes (through the dependence on

n0~k pð Þ
, n0~k0 p0ð Þ

and n0~k00 p00ð Þ
; and

3. the joint density of states (the available number of phonon

pairs ~k0 p0ð Þ and ~k00 p00ð Þ for the scattering processes)

through integration along the contour of zero energy

imbalance k0l and the normal velocity component v0n.

Though it does not take into account the deviation from

equilibrium of the phonon occupation, C~k pð Þ serves as an im-

portant measure of the relative importance of various scatter-

ing channels (as it is a simple sum overall different

pathways). Figure 5 shows the relative contribution of each

three-phonon scattering pathway to C~k pð Þ for ZA (a), (d); LA

(b), (e), and LO (c), (f) phonon modes respectively against

their wave vector at 300K [(a)–(c)] and 800K [(d)–(f)]. The

contributions should sum to unity; where they do not, the

deficit corresponds to contribution by boundary scattering or

a few other pathways that are not significant.

It is seen that the primary anharmonic scattering of

ZA phonons occurs through the ZAþZA! LA or ZAþZA

! TA channels throughout most of the BZ. As pointed out

earlier, any other mechanisms involving an odd number of

out-of-plane polarized phonons are suppressed as the corre-

sponding third-derivatives of the potential are zero. Also,

due to the low frequency range of ZA phonons, processes of

type 2 do not play a significant role. The trend is similar at

800K except that the share of scattering by optical modes

increases due to their increased occupation. For LA phonons,

there is a variety of combinations that become active

depending on the wavevector region. Figure 5(b) and Fig.

5(e) show that the important scattering mechanisms are type

2, i.e., LA ! ZAþZA, LA ! ZAþZO, and LA ! LA/

TAþLA/TA throughout most of the BZ. This means that a

strong component of anharmonic scattering for LA phonons

involves the generation of ZA phonon modes. At higher

temperatures, the acoustic-acoustic-optical (aao) scattering

pathway dominates; this is common in other materials as

well, for example, in Si and CNTs. At low wave vectors, the

N processes LAþLA ! LA are also particularly strong.

Finally, the decay of LO phonons is mainly through the

LO ! LA/TAþLA/TA type 2 process. The high frequency

range of these phonon modes inhibits most type 1 processes.

In the midhigh wave vector regime, the creation of ZA pho-

nons through the LO ! ZAþZO channel is also active.

However, it contributes in a rather small proportion. This

FIG. 6. (Color online) Relaxation time of various phonon polarizations vs phonon frequency from 200–600K. Frequency range and the limits on relaxation

time are different for each polarization.
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means that most of the energy input into LO phonon modes

would not be received by ZA phonons directly, with a strong

possibility creating a phonon-phonon decay bottleneck.

C. Phonon relaxation times

The single mode relaxation time (SMRT) of a given

phonon mode may be written as

ssmrt
~k pð Þ

¼
n0~k pð Þ

n0~k pð Þ
þ 1

� �

C~k pð Þ

: (6)

Although the single mode relaxation time approximation is

inadequate for computing the thermal conductivity of gra-

phene, phonon relaxation times can be used to provide an

estimate of the scattering rate, especially at high tempera-

tures. From the single mode relaxation time, frequency-

dependent relaxation time for each frequency is obtained as

sx;p ¼

Ð

ssmrt
~k pð Þ

dðx� x~k pð ÞÞdkxdky
Ð

dðx� x~k pð ÞÞdkxdky
: (7)

This expression averages the relaxation time with the corre-

sponding density of states overall different phonon modes of

a certain polarization in the crystal.

Figure 6 shows the dependence of the single mode relax-

ation time for phonons of each polarization versus the pho-

non frequency. The temperature range considered here is

200–600K. The following observations can be made from

the plots of relaxation time versus frequency:

• A monotonic decrease of relaxation time with increase in

frequency, such as that predicted by typical long wave-

length approximations of the matrix elements and classical

approximations of the phonon distribution in12,13,15,16 is

not observed in the case of graphene. The reason is a com-

bination of high frequencies involved in the phonon disper-

sion coupled with the peculiar selection rules for three-

phonon scattering.
• Over the temperature range considered (200–600K), relax-

ation times for all ZA, LA, and TA phonon groups

decrease by an order of magnitude. The ZA phonon relaxa-

tion time is seen to increase with frequency in the low fre-

quency region.
• Overall, at 300K, the relaxation time of ZA phonons is

approximately 50–200 ps. ZO phonons exhibit a strong de-

pendence on frequency, with the relaxation time spanning

1–50 ps. Most other phonon modes, on the other hand,

show a relaxation time in a narrow range of 1–10 ps. This

comparable to the high frequency LA/TA phonon relaxa-

tion time in materials such as silicon.

In addition, we assess the characteristic relaxation time

for scattering processes in which ZA phonon generation

takes place due to anharmonic scattering with LA or LO

modes (including type 1 and type 2), owing to their particu-

lar importance in thermal transport. Figure 7 plots this char-

acteristic relaxation time between LA-ZA modes. This is

estimated by a selective summation in Eq. (2) over three-

phonon scattering events that involve generation of a ZA

phonon. Also plotted is the net relaxation time of LA pho-

nons. At 300K this LA-ZA relaxation time is about 5–15 ps

and is 3–4 times higher than the net relaxation time of LA

phonons. This difference is more pronounced as temperature

increases because the relative strength of other scattering

mechanisms for LA modes dominates over the LA!ZA con-

version (at higher temperatures, occupation of high fre-

quency acoustic and optical modes increases the scattering

to these modes). The implication of this time is that

exchange of energy from LA to ZA phonons takes place

over a length scale �200 nm at room temperature (using vLA

�20,000m/s). Suspended graphene electronics operating on

these length scales will therefore suffer from a bottleneck to

thermal transport.44,45 The same trend calculated for LO

phonons shows that the LO-ZA energy exchange time scale

is orders of magnitude higher than the relaxation time of LO

phonons which means that energy exchange from LO ! ZA

phonons will most likely occur indirectly through processes

such as LO!LA!ZA and LO!TA!ZA.

These processes are also important in thermal conduc-

tivity measurements using laser heating of graphene

sheets.3,4,6 Our computations indicate that the LA!ZA scat-

tering rate is about an order of magnitude smaller than the

rate at which electron-phonon energy exchange takes place.

Therefore, a bottleneck would be encountered in the energy

transfer from the longitudinal to the ZA modes. The effect is

exacerbated for larger laser spot sizes (for the same sample

size) because there would insufficient residence time for the

LA!ZA process to occur. Furthermore, we expect a high

level of non-equilibrium between phonon groups due to this

difference in the time scales of energy generation and dissi-

pation. Consequently, near-equilibrium approaches, based

FIG. 7. (Color online) Characteristic time scale for LA ! ZA energy

exchange along with the LA phonon relaxation time.
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for example on Fourier conduction, would yield erroneous

estimates of thermal conductivity if used to post-process

measurements. More importantly, recent measurements have

shown a clear dependence of measured thermal conductivity

on the laser spot size.3,4,6 Local nonequilibrium between LA/

LO and ZA modes in the heated region would ascribe a

higher value to the measured temperature (from Raman spec-

troscopy) than the true lattice temperature, which is a

weighted average overall phonon modes. Because the meas-

ured thermal conductivity is inversely proportional to the

temperature difference between the center and the contacts,

the measured thermal conductivity should decrease with

increasing laser spot sizes (due to the increased region of

nonequilibrium). Also, this non-equilibrium will be less

severe at higher temperatures since the energy transfer

between LA and ZA phonons becomes more efficient due to

increased anharmonic scattering. This trend is clearly evident

in the measurements reported by Cai et al.4 with the laser

spot radius of 170 and 280 nm. As inferred from the data, at

temperatures around 350K, the measured difference in ther-

mal conductivity is greater than 25% (with a higher value at

lower laser spot radius) but this difference quickly dimin-

ishes as temperature increases. The thermal conductivity of

graphene measured by Faugeras et al.6 is 630W/m K with a

laser spot radius of �1 lm and is significantly lower than

those for graphite and for single layer graphene in Cai et al.4

at the same temperature. We again ascribe this discrepancy

to the large laser spot radius. However, the measurements

reported by Balandin et al.3 are higher than those reported

by Cai et al.4 even though larger laser spot sizes were used,

but this result may derive from an overestimate of the

absorbed laser power in the former set of experiments.

D. Comparison with literature

Our total thermal conductivity predictions agree reason-

ably well with those reported by Lindsay et al.24 using the

same theory and parameters to analyze thermal conductivity

in graphene. The general conclusion about selection rules for

ZA/ZO phonons, and the frequency and temperature depend-

ence of thermal conductivity is similar to Lindsay et al.;24

our results also indicate that ZA phonons contribute signifi-

cantly to thermal transport. However, we find a significantly

lower contribution by LA/TA phonons and a higher contribu-

tion by ZA phonons. Nika et al.,12 also analyzed thermal

conductivity under the relaxation time and long-wavelength

approximations, and accounted for Umklapp scattering proc-

esses only. The computational method presented here is very

similar to theirs, and with the use of the Klemens matrix ele-

ment,14 we compute thermal conductivity values which are

in a good agreement with Nika et al.12 Their simulations

show much stronger size dependence (as N processes are not

accounted for) and attribute thermal conductivity mainly to

LA and TA phonons, in contrast to what is observed by us in

the present work. Our computation shows that the behavior

observed by Nika et al.12 arises mainly from the long wave-

length approximation. Numerous molecular dynamics simu-

lations of graphene and graphene nanoribbons have been

performed by various groups30–33 and have been reported

thermal conductivity in the range 400–10000W/m K. It is

noteworthy that while most MD simulations using the

REBO/Brenner potential have reported a diffusive thermal

conductivity of graphene in the range 400–700W/m K, the

use of Tersoff potential with the original parameterization17

has shown a much higher thermal conductivity, in the range

�8000–12000W/m K.33 The use of the original parameter

set in analyzing room temperature thermal conductivity

using the solution of linearized BTE has shown a lower ther-

mal conductivity compared to a previous report18 and our

simulations in this paper, which uses the modified parameter-

ization of Lindsay and Broido.18 A direct comparison with

these studies is difficult as the potential parameters are not

the same, and none of the published MD studies have given

a complete mode-wise detail of phonon transport in gra-

phene. Some of these discrepancies may arise from the clas-

sical nature of MD simulations which may entail significant

errors for carbon at room temperature.

IV. CONCLUSIONS

In this work, a framework for the computation of pho-

non dispersion and three-phonon scattering events is devel-

oped and applied to calculate the intrinsic phonon scattering

processes in graphene. Subsequently, single-mode relaxation

time and thermal conductivity values for graphene are pre-

sented. The results reveal a detailed mode-wise picture of

thermal conductivity in graphene, demonstrating which pho-

nons dominate heat conduction in graphene and those that

would suffer the effect of boundary scattering the most. The

detailed dependence of relaxation time on frequency and

temperature is presented to enable estimation of temperature

distributions and phonon decay channels. This information is

necessary for accurate characterization of electrothermal

transport and Joule heating in graphene-based electronics

and interconnects and in interpreting thermal conductivity

experiments based on Raman spectroscopy. The procedure

outlined above has also been used to calculate phonon scat-

tering mechanisms in few-layer graphene.
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