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Abstract

We study hypoelliptic operators with polynomially bounded coefficients that are of
the formK = Z:’;l XT X, + Xo + f, where theX; denote first order differential
operators,f is a function with at most polynomial growth, add’ denotes the formal
adjoint of X; in L2. For anye > 0 we show that an inequality of the forfju|s,s <
C(J|lullo,e + [[(K + iy)u|lo,0) holds for suitable) and C' which are independent of

y € R, in weighted Sobolev spaces (the first index is the derivative, and the second the
growth). We apply this result to the Fokker-Planck operator for an anharmonic chain
of oscillators coupled to two heat baths. Using a method @fald and Nier [HNOZ2],

we conclude that its spectrum liesinacysptiy | z > |y|” —¢, 7 € (0,1],c € R}.

1 Introduction

In an interesting paper, [HN02],&iau and Nier studied the Fokker-Planck equation
associated to a Hamiltonian systdihin contact with a heat reservoir at inverse tem-
peratures. For this problem, it is well-known that the Gibbs measure

ns(dp dq) = exp(—BH(p, q)) dp dq

is the only invariant measure for the system. In their study of convergence under the
flow of any measure to the invariant measure, they were led to study spectral proper-
ties of the Fokker-Planck operatdr when considered as an operator &ifidg). In
particular, they showed thal has a compact resolvent and that its spectrum is located
in a cusp-shaped region, as depicted in Figure 1 below, improving (for a special case)
earlier results obtained by Rey-Bellet and Thomas [RBT02b], who showed thats
compact and thaf has spectrum only in Re> ¢ > 0 aside from a simple eigenvalue
at 0.

Extending the methods of [HNO2], we show in this paper that the cusp-shape of the
spectrum ofL occurs for many lrmander-type operators of the form

K=Y XIX;+Xo+f, (1.1)
i=1
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Figure 1 Cusp containing the spectrum 6f

(the symbol™ denotes the formal adjoint in?). when the family of vector fields
{ X}/, is sufficiently non-degenerate (see Definition 2.1 and assumptibelow)
and some growth condition ghholds.

The main motivation for our paper comes from the study of the model of heat
conduction proposed in [EPR99a] and further studied in [EPR99b, EH00, RBTQO,
RBTO02b, RBT02a]. These papers deal with Hamiltonian anharmonic chains of point-
like particles with nearest-neighbor interactions whose ends are coupled to heat reser-
voirs modeled by linear classical field theories. Our results improve the detailed knowl-
edge about the spectrum of the generafoof the associated Markov process, see
Sect. 5. As a by-product, our paper also gives a more elegant analytic proof of the
results obtained in [EHOQ]. A short probabilistic proof has already been obtained in
[RBTO2b].

The main technical result needed to establish the cusp-form of the spectrum is the
Sobolev estimate Theorem 4.1 which seems to be new.
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2 Setup and Notations

We will derive lower bounds for hypoelliptic operators with polynomially bounded
coefficients that are of the form (1.1). We start by defining the class of functions and
vector fields we consider.

2.1 Notations
For N € R, we define the seF?oIéV of polynomially growing functions by

Poly = { € c*(R") | ¥, sup (1-+ o)~ 10" f(@)] < Caf . @D
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In this expressiong denotes a multi-index of arbitrary order. We also define the set
PolYY of vector fields inrR™ that can be written as

G = Go(@)+ Y Gi)d;, G;ePoly .
j=1
One can similarly define seEoI{CV of kth order differential operators. It is clear that if

X € Poly andY € Poly’, then [X, Y] € Pol M, . If fisinPol, but notinPol) **
for anye > 0, we say it is of degreév.

2.2 Hypotheses

Definition 2.1 A family {A;}72, of vector fields iRR™ with A; = 37, A; ;0; is
callednon-degeneratiéthere exist constantd” andC' such that for every: € R™ and
every vectow € R" one has the bound

N m
ol < C(L+1|2]%) " D (Ai(2),0)?,
=1

with (A;(z), v) = 37, Ai j(@) v;.
The conditions orf{ which we will use below are taken from the following list.

a. The vector fieldsX; with j = 0,...,m belong toPoIf’ and the functionf
belongs taPol?’.

bo. There exists a finite numbe¥/ such that the family consisting ofX;},
{1X6, X510 { [[X5, X5, Xk]} ko @nd s0 on up to commutators of rank
M is non-degenerate.

b1. There exists a finite numbe¥/ such that the family consisting ofX;} ,,
{1X5, X510 { [[X0, X5, Xk]} + j.x—o @nd s0 0N up to commutators of rank
M is non-degenerate.

The difference betweely andb; is in the inclusion of the vector field (in by), so
thatb, is stronger tham,.

Definition 2.2 We call Ky the class of operators of the form of (1.1) satisfyingnd
by above, andC; the class of those satisfyingandb,. Clearly, b; is more restrictive
thanbg and thereforeC; C K.

Remark 2.3 If K is in Ky then K is hypoelliptic. If K is in ; thend, + K is
hypoelliptic.
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3 Localized Bound

The main result of this section is Theorem 3.1 which provides bounds for localized test
functions.
We letB(x) denote the unit cube arounde R":

B(m):{yeR" ly; — o] < 1 ,jzl,...,n}.
To formulate our bounds, we introduce the operatpdefined as the positive square
rootof A =1— 3" 07 =1— A. Later on, we will also need the multiplication

operatorA defined as the positive root of (multiplication by} = 1 + ||=||2.

Theorem 3.1 AssumeK € ;. Then, there exist positive constanis C., and N,
such that for every € R™ and everyu € C§° (B(:p)), one haauniformly fory € R:

1A% ul| < CL(1 + fJalf*)™

ul + [[(K +iy)u] - (CRY

If K isin KCy (but not inkC;) the same estimate holds, but the constantvill depend
generally ony.!

Proof. The novelty of the bound is in allowing for polynomial growth of the coeffi-
cients of the differential operators. Were it not for this, the result would be a special
case of Hhrmander's proof of hypoellipticity of second-order partial differential opera-
tors [Hor85, Thm. 22.2.1]. Since the coefficients of our differential operators can grow
polynomially we need to work with weighted spaces.

We introduce a family of weighted Sobolev spacs?® with «, 3 € R as the
following subset of tempered distributiod onR™:

S = fu e # | A*Nu € L2(R™)} .
We equip this space with the scalar product
(f,9)a,s = (A“A7f,AAg) 1 (3.2)

writing also (-, -), instead of(-,-), 0. We also use the corresponding norns||,,3-
Note that these spaces are actually a particular case of the more general class of Sobolev
spaces introduced in [BC94].
The following lemma lists a few properties of the spagés’ that will be useful in
the sequel. We postpone its proof to Appendix A.

Lemma 3.2 Leta, 8 € R. We have the following:

a. EmbeddingFor o/ > awand3’ > 3, the spaces®-#" is continuously embedded
into S*#. The embedding is compact if and only if both inequalities are strict.

b. Scales of space3he operators\” andA” are bounded fron$*-# into §@—7-%

and S*#~7 respectively. IfX < PolY then X is bounded fromS®# into
Sa—k:,ﬁ—N_

1The norms areinorms.
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c. Polarization:For everya, 8 € R, one has the bound

[(f,Dasl <C W flloarsr Ngllarpr s o +a" =20, '+ 5" =28,

which holds for allf and g belonging to the Schwartz spacé. The constant
C may depend on the indices.

d. Commutator:Let X € PolY andY € PolY. For everyy € R, [X,A"] is
bounded fromS®:# into So+1=F=7A=N_ Similarly, [X,[Y, A7]] is bounded
from 57 into S +2-k—K 7,0 N-N'

e. Adjoint: Let X € PolY and letf, g € .%,. Then

<f7 Xg>a,ﬁ = <Xvag>a,ﬁ + R(f,9)

where the bilinear fornR? satisfies the bound

[R(f, 9| < Cllfllar g llgllar s s
with
o +o"=2a+k—-1, f+p5"=28+N. (3.3)
The constan€ may depend on the indices.

Remark 3.3 A special case of poirg. is given byk = 1. SinceX” and—X then
differ only by a function inPoll’, one can write

(f: X9)as=—(XFf,9)ap+ R (f9),

with the bilinear formR’ satisfying the same bounds &s

Notation 3.4 We write K, instead ofK + iy. We also introduce the notatich < %4
to mean: There exist constants and NV independent ok and y such that for all
u € C5° (B(x)):
N
O <O+ =)™ (llull + [H<yull) -
We will show below that
|AAS || < A, (3.4)

holds for A taking values among all of the vector fields appearing ior by. Assuming
(3.4) one completes the proof of Theorem 3.1 as follows: Notice that if the collection
{A;}%_| is non-degenerate, then

k
N
IAw]® < Jlull® + Co (1 + l®) ™ Y Al

i=1

for everyz € R" and everyu € C3°(B(x)). Therefore, by (3.4) we find

k
_ _ N _
hull2 = ANl < ATl + Co (L4 [|2]?) 7 DD IIAAT ) < 2
i=1



LOCALIZED BOUND 6

Polarizing, we obtain:

IN

N.
lull fulle < Collull(@ + [|2]1%)™ (lull + [[Kyul)
N.
O3l (L + Nell®)*™ + (luall + 1 yul])?

2
N.
(Collull (1 + )™ + ] + 1Kyl

ullZ /2

A

IN

and hence (3.1) follows with, = £/2, N, = N5, andC, = Cy + 1.
It remains to prove (3.4).

Remark 3.5 To the end of this proof, we use the symb6land NV to denote generic
positive constants which may change from one inequality to the next.

By the bound on fl, A°~!] of Lemma 3.2(d)—and the fact that € C$°(B(x))

implies|jufo,y < C(1+ Hx||2)N/2Hu|| for every N > 0—we will have shown (3.4)
if we can prove

|Aull.y < 2. (3.5)
Notice that by Lemma 3.2(b), the estimate (3.5) yields
1AulZ_1 < Oy (1 + 21 (Jlull? + 1K yul?) (3.6)

for everyy > 0, z € R", andu € C§°(B(z)).

To prove (3.5), we proceed as follows. First, we verify it f#or= X, with 1 =
1,...,m (as well as forA = X in the caseCy). The remaining bounds are shown by
induction. The induction step consists in proving that if (3.5) holds for sdngePol¥
then

I[A, Xi]ull./s—1 < & for i =0,...,m. (3.7)

The first step. By the definition of K" and the fact thaf; mapsC§®(B(x)) into itself,
we see that

that is, (3.5) holds for < 1 andA = X;.

We next show that it also holds fof = X, whenever < 1/2. (This will be the
only place in the proof wher€ depends omy, but we need this estimate only for the
casely.) Using (1.1) and Lemma 3.2(c), we can write

m

1Xoull2 15 < I Xoull -1 (1 yull + [ ful + yl ull) + D~ (Xou, X X;u) /s .
i=1

Using Lemma 3.2(b) to estimatgXoul||_, the first term is bounded by?, so it
remains to boundXou, X7 X,u)_1 /. Using this time Lemma 3.2(e), (with = -1
andg = 0), we write

(Xou, X[ X;u) 1 /o = (XiXou, X;u)_1/2 + R(Xou, X;u) , (3.9)
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where R(Xou, X;u) is bounded byC'(1 + ||z[)™ || Xoul|_1|| X:ul|, which in turn is
bounded by%?, using the previous bounds ¢&Xyu| 1 and|| X;u||. The first term of
(3.9) can be written as

[(XiXou, Xsu) 12| < C|| X Xoul| -1 | Xiul| -

Since || X;ul| < £ by (3.8), we only need to bounflX; Xoul|—; by #. This is
achieved by writing

[ Xi Xoul| -1 < [[XoXiul[—1 + [ Xs, Xolul|-1 -

The second term is bounded B using Lemma 3.2(b). The first term is also bounded
by % since|| X; ullony < C( + ||z]))N||X; u| and X, is bounded fromS®" into
S—1.0 (for someN) by Lemma 3.2(b). Therefore, we conclude that

[ Xoull—1/2 < £, (3.10)

whereC will in general depend op.

The inductive step.Let A € PollY and assume that (3.5) holds. We show that a similar
estimate (with different values far, C', and V) then also holds foB = [A, X;] with

i =0,...,m. We distinguish the case= 0 from the others.

The casei > 0. We assume that (3.5) holds and we estimat.||.._; for some

¢’ <'1/2to be fixed later. We obtain

|Bul|2_, = (Bu, AX; u)er 1 — (Bu, X;Au)er 1 =Ty + Ty .
Both termsT} andT:; are estimated separately. Fgr, we get from Remark 3.3:
T, = —(ABu, X; u)or—1 + R(Bu, X; u) ,
where (since’ < 1/2),
|R(Bu, X; )| < O+ |z )V || Bull -1 [| X ull < CQ+ [l [l [ X;ul| < 5° .
(3.11)
The term{ABu, X; u)./_1 IS written as
[(ABu, Xju)er—1| < [| BAul|oer—2 || Xs ull + [[[A, Blul| -1 [| X ul| -

The second term is bounded 17 like in (3.11). The first term is also bounded 17
by combining Lemma 3.2(b) with the induction assumption in its form (3.6) (taking
2¢’ < ¢). The estimation of;, is very similar: we write again

T> = —(X;Bu, Au)./_1 + R(Bu, Au) . (3.12)

The first term is bounded by || X; Bu||—1||Aul|2e-—1. The second factor of this quan-
tity is bounded by# by the inductive assumption, while the first factor is bounded
by

X Bul| -1 < [|BX; ul -1 + [[[B, Xi]ul[-1 < £, (3.13)
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using Lemma 3.2(b) and the estimait&, ul/o, v < %. The remainder of (3.12) is
bounded by
|R(Bu, Au)| < C(1 + ||=|)™ | Bul| -1 [| Aull2e—1

which is bounded by%2, using Lemma 3.2(b) for the first factor and the inductive
assumption for the second. Combining the estimates,and7; we get

|Bulle—1 < % for & <¢e/2,

which is the required estimate.

The case = 0. To conclude the proof of Theorem 3.1, it remains to boliBd||.,_;
by 4. In this expression = [A, X] ande’ > 0is to be fixed later. We firstintroduce
the operator

K=Y x!'Xx,,
=1
which is (up to a term of multiplication by a function) equal to the real parkgf
when considered as an operator 3n\We can thus writeX, as

Xo=K-K+fi=K—-K"+f,,
for two functionsfy, f» € PolY for someN. This allows us to expresB as
B=[AXol=AK, + KL A+[K,A] —2KA+ Af1 — foA.

We write || Bul|?,_;, = (Bu,[A, Xo]u).,—1 and we bound separately 5y* each of
the terms that appear in this expression according to the above decomposition of the
commutator.

The two terms containing; and f, are bounded by#? using the inductive as-
sumption. We therefore concentrate on the four remaining terms.
The term AKy. We write this term as

(Bu, AKyu)er—1 = —(BAu, Kyu)or—1 + ([A, Blu, Kyu)or—1 + R(Bu, Kyu) ,

where the two last terms are bounded#y using Lemma 3.2(b,e). Using assumption
(3.6) (assuming’ < £/2) and Lemma 3.2(b,c), we also bound the first term;
The term KJA. We write this term as

(Bu, K} Au)er_y = (K, Bu, Au)or_y+(A*" 2 [K,A* | Bu, Au)or_y = Ti+Tp .

The termT is bounded by| K, Bu|| 1| Aul|2e-—1 by polarization. The second factor
of this product is bounded by, using the induction hypothesis and the assumption
¢’ < e/2. The first factor is bounded by

| K, Bull -y < |BE,ul| - + LK, Blul_: . (3.14)

The first term of this sum is obviously bounded & The second term is expanded
using the explicit form ofK as given in (1.1). The only “dangerous” terms appearing
in this expansion are those of the fotif"X” X;, B]u||_1. They are bounded by

10X X, Blull -y < IIXT, BIXul| -1 + 11X, BIX ull -y + || [XT X5, BlJul| -



LOCALIZED BOUND 9

The terms in this sum are bounded individually # using the estimates dpX; u||,
together with Lemma 3.2(b,d). We now turn to the tefg We bound it by

1| < C||A*2'[K, A%~ Bul|_y | Auljger 1 -

The second factor is bounded b by the induction hypothesis, so we focus on the
first factor. We again write explicitlys as in (1.1) and estimate each term separately.
The two terms containing(y and f are easily bounded by using Lemma 3.2(b,d).
We also writeX/' X; = X? + Y; with Y; € PolY’ and similarly bound by the terms

in Y;. The remaining terms are of the type

Qi _ HA2_25/[XZ-2,A25/_2]Bu||,1 )
They are bounded by
Qi < 2| A27F[X;, A% 72X, Bul| -1 + ||A*7 [ X4, [ X0, A% 2] By,

In order to bound the first term, one writé§ B = BX; + [X;, B] and bounds each
term separately by, using the bound X, u| o, < % together with Lemma 3.2(b,d).
The last term is also bounded 5§ using Lemma 3.2(d).

The term [K, A]. We write K = 3" | X' X, and we bound each term separately:

(Bu, [ X X,;, Alu)er—1 = (Bu, X]'[X;, Alu)or—1 + (Bu, [X], A]X; u)er
=T +Tio.

The first term is written as
Ti1 = (X;Bu,[X;, Alu)er—1 + R(u) ,

whereR(u) is bounded by”(1+ || ||)™ || Bul|_1||[X;, AJul|2/—1. The factor| Bul|_;

is bounded byZ using Lemma 3.2(b) and the last factor is bounded&yusing the
estimate for the case# 0 (we have to assume < ¢/4 in order to get this bound).
The term(X; Bu, [ X, A]u)._; is estimated by

(X Bu, [X;, Alu)er—1| < || XiBul|-1[[[X;, Alul[2er—1 -

The first factor is bounded by as in (3.13) and the second factor is again bounded by
2, using the estimate for the case* 0. It thus remains to bound; », which we write
as

Ti,2 = <Bu7Xz[XzTa A]U‘)E’—l + <BU, [[X1T7A]7 X’L]u>

e'—1"
The first term in this equation is similar to the terBu, X [X,, Alu).,_; and is
bounded by%? in the same way. The second term is bounded by

(Bu, [IXT, AL XiJu),, ;< [Bul f|[[[XT, AL Xiull,.,
V\ihiCh can also be bounded %2, using the estimate for the case# 0, provided
'€I'h§ tEe/rErgﬁ KA. In order to bound this term, we need the following preliminary lemma:
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Lemma3.6 Letv € 4, o,6 € R, and letK, be as above. There exist constafts
and N independent of such that the estimate

m

Re(,v.0)0 — D [ Xivl2] < O 1Xivlly s s lvllaps i+ Cllell? - (3.15)

i=1 i=1

holds.

Proof. Obviously RéK, v, v), = Re(Kv,v),. We decomposé& according to (1.1).
The terms containing, and f are bounded bVJHUHiW according to Lemma 3.2(b,e),
so we focus on the terms containiag@ X,. Using Lemma 3.2(e), we write them as

(XTI Xv,0)a = | X2 + Ri(v) ,

where R;(v) is bounded byC||X;v|/a—s5 n]||v||a+sn. This concludes the proof of
Lemma 3.6. O

We now write the term containini 4 as
(Bu, KAu)ory = ((X;Bu, X;Au)er 1 + R;) (3.16)

=1
and we apply Lemma 3.2(e) with= Bu, g = X;Au, X = X. Then we find
|Ril < [|Bul|-1, ]| XiAulloer 1 < [|Bull2, y + | XiAull3. _; -

By Lemma 3.2(b), the first term is bounded B8?. Using Lemma 3.2(c) to polarize
the scalar product in (3.16) we thus get

[(Bu, KAu)or 1| < 2%+ C Y || X;Bul®>, +C Y || XiAulf3.,_; .
=1 =1
The term involving| X; Bu||? ; is bounded by%? as in (3.13). The last term is bounded
by Lemma 3.6, yielding

[(Bu, K Au)or | < 2 + C|(K, Au, Aupoor | + C Y 1K Aul?,
=1

+C||Au\|f16

'—1,N *

The last term in this expression is bounded4y by the induction hypothesis if we
choose:s’ < ¢/4. The term containing(; Au can be bounded bys? as in (3.13), so
the only term that remains to be bounded (&, Au, Au),..—1|. By polarizing the

estimate obtained by Lemma 3.2(c), one gets

(K yAu, Au)oer 1| < Cl|Aulli + C|K, Aull?, .

The first term is bounded bgg? using the induction assumption. The second term is
bounded by#? exactly like (3.14) above. Summing all these bounds this proves (3.7)
and hence the inductive step is completed.

Since K was assumed to satisfy; (or ), we see that afted inductive steps
the proof of Theorem 3.1 is complete. 0
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4 Global Estimate

The results of the previous section were restricted to functiomgéth well-localized
compact support. In this section, we are interested in getting bounds foreery, .
The main estimate of this section is given by

Theorem 4.1 Let K € K; and define,, = K + iy fory € R. For everye > 0, there
exist constants > 0 andC > 0 independent afj, such that for the norms defined by
(3.2) one has

lulls,s < Cllullo.e + [[Eyul) , (4.1)

for everyu € .7, If K € Ky, the same bound holds, but the const@nay depend
ony.

SinceS?? is compactly embedded intd Lthis result implies:

Corollary 4.2 Let K be as above. If there exist constant§’ > 0 such that

l[ullo.c < Clull + [[Kull), (4.2)

then K has compact resolvent when considered as an operator actithg.on
Proof of the Corollary. Combining (4.1) with (4.2), we get
ulls,s < Cl[ull + [|Kul]) -

This implies that for\ outside of the spectrum @€, the operatork — )~ is bounded
from L2 into S%°. By Lemma 3.2(a), it is therefore compact. O

Proof of Theorem 4.1Let ¢, and N, be the values of the constants obtained in esti-
mate (3.1) of Theorem 3.1. Observe that Theorem 3.1 also holds for any bigger value
of N,, and we will assuméV, is sufficiently large.

We choose > 0. As a first step, we will show that there exist constangdC
such that, for anyg € R™ andu € C§°(B(z)), the following estimate holds:

lulls.s < CO+ 21 ulle. +CO + [|2]2)*?|lu] (4.3)
Denote byJ the smallest integer for which
g1+
g
and define i min{zN c i*} @
gl '

First, we note that whed is a positive self-adjoint operator on some Hilbert sphge
one has the estimate
[Au]|” < CllA ull [Jull”~ (4.5)
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whenever both expressions make sense. In the £ase2’ for j an integer, this can
be seen by a repeated application of the Cauchy-Schwarz inequality. It was shown in
[KS59] to hold in the general case as well.

We next use Jensen’s inequality to write

1A%
[l

Dividing this expression byl + ||z[|2)"* and using the definition of , we get

J
<1+||:c||2>N*+“/2||A“u||sc( ) ol 4+ CQ1+ 22N +5/20+ 75 o

_ Adul\?
1+ el 2%l < o+ ety (El)

+ C(l + Hw||2)(N*+6/2)(1+6/(8N*))7N*

Using (4.5), the fact thatz— < 55~ M by (4.4), andu € C§°(B(x)), we get (4.3).

In order to prove Theorem 4.1, we use the following partition of unity. }get
R — [0, 1] be aC** function with supportinz| < 1 and satisfying _,_, xo(z—17) =1
for all z € R. The family of functions

P={x.:R"—=[0,1]|z€Z"},
defined by
Xa(2) = H xo(zj — ;) ,
=1

is therefore a partition of unity foR™. By construction, wher, 2’ € Z theny, and
Xz have disjoint support if there exists at least one myiemth lz; — x'| > 2. We
can therefore spliP into subsetsP|,_, ;. such that any two 'different functions
belonging to the san®; have disjoint supports.

Consider next an arbitrary functian € .#,. We defineu, = x,u, and then the
construction of thé>;, implies

S ualloe < 3"[lullo.e - (4.6)

reln

Using (4.3), then Theorem 3.1 and (4.6), we find

lullss < 3 lallss < € 3 (@ + fal®)™

+ (1 2l ua )

reZ™ reZm
e/2

<C Y (lhuall + (1 + o)) (1 ) )
xeln
; —N.

<C %) Kyug|| .

ISyAl
Fork € {1,...,3"} we now define

fo= > el

Xz €Pk
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With this notation, we have

3n

lulls.s < Clullos +C Y I1Ky fuul -
k=1

The claim (4.1) thus follows if we can show that
Ky feull < Cllull + Cl| Kyul| - (4.7)

Since thef}, are bounded functions, it suffices to estimgt&’, fi.]u||.

By construction, every derivative of, decays like(1 + ||z[|2)~™*, so (for suffi-
ciently largeN,.), the functions ¥, f;] and [Xk, [Xj,fk]} are bounded. The only
“dangerous” terms appearing iK[ fi] are thus the terms of the fornX}, fi] X;. By
choosingN,. sufficiently large, it follows from (3.8) that[ X, fr] X u|| < C(||lu|| +
| Kyul), thus concluding the proof of Theorem 4.1. O
4.1 Cusp

Our statement about the cusp-like shape of the spectrughisinow a consequence of
Theorem 4.1.

Theorem 4.3 Let K € Pol}’ be of the type (1.1). Assume that the closur&af L is
m-accretive and thak’ € K. Assume furthermore that there exist constants > 0
such that

[ulloe < Cllull + 1Ky ull) , (4.8)

for all y € R. Then, the spectrum @ (as an operator or?) is contained in the cusp
{AeC|Re\>0,|Im\ <C(1+Re\"},
for some positive constansandv.

Remark 4.4 In principle, our proofs give a constructive upper boundotHowever,
no attempt has been made to optimize this bound.

Proof. The proof follows very closely that of Theorem 4.1 in [HNO2], however we give
the details for completeness. One ingredient we need is the following lemma:

Lemma4.5 Let A : L2 — L2 be a maximal accretive operator that ha as a core.
Assume there exist constaiitsa. > 0 for which

||Au|| < CHu”a,a y Yu € .9, .
Then, for everyV € N, there exists a constanty such that

AN u|| < Cnllullajyam . Vu€ SN
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Proof. By Lemma 3.2(b), one can boutid ||, . by
[ullaer < C|[ (AN AN 22NNy
The generalized Heinz inequality presented in [Kat61] then yields
|AYNu|| < C||A/2N AN ANy
This concludes the proof of Lemma 4.5. O

We now turn to the proof of Theorem 4.3. Sin&e € Pol’, one has forx =
max{2, N} the bound

1K+ Dull < Cllullaa, Yue 7.

By Lemma 4.5, one can find for evefy> 0 an integerd/ > 0 and a constant’ such
that:
(u, (K + 1) (K + 1)) < Clull3s , (4.9)

Furthermore, Theorem 4.1 together with (4.8) yields constanésdé such that for
everyu € ., and everyy € R:

ullf s < C(Ilull* + (K + iy)ul?) - (4.10)

Since K is m-accretive by assumption, we can apply [HNO2, Prop. B.1] to get the
estimate

1 , y ,
22 Pl < (4 1) (0 + 1) Mo ) + (K~ 2l
< Cllullfs + 0K — 2)ul®,

where the second line is a consequence of (4.9). Using (4.10) and the triangle inequality
for z = Rez 4+ ilmz, we get

1 ,
22 AP ul? < (@ + Rex ull® + (K — 2)ul?) -

Together with the compactness of the resolvenfofthis immediately implies that
every\ in the spectrum of< satisfies the inequality

1
AT 1Ml < O(1 + ReN)?|Jul| .
This concludes the proof of Theorem 4.3. O

5 Examples

We present two examples in this section: A first, very simple one, and a second which
was the main motivation for this paper.
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5.1 Langevin equation for a simple anharmonic oscillator

Our first example consists of one anharmonic oscillator which is in contact with a
stochastic heat bath at temperatiiteThe Hamiltonian of the oscillator is given by

2 V22 4

p q q

For this model the associated spectral problem can be solved explicitly avken,
because it is an harmonic oscillator. The spectrum lies in a cone as shown in Fig. 2.
We also show that in first order perturbation theory ithe spectrum seems to form a
non-trivial cusp, but this result remains conjectural, because of non-uniformity of our
bounds.

The Langevin equation for this system is

dp = —12qdt — eq® dt — ypdt + /27T dw(t) , dq = pdt, (5.1)

wherey > 0 measures the strength of the interaction between the oscillator and the
bath. Denote by(¢, P) the probability space on which the Wiener procegs) is de-
fined. We writep, () with w € Q for the solution at time for (5.1) with initial
conditionz = (p, q) and realizationv of the white noise. The corresponding semi-
groups acting on observables and on measurd®’are given by

(T.f) (@) = /Q (f © pr(@)) dP() (5.2a)
(T} 1)(4) = /Q (10 01 1(4)) dP() (5.2b)

whereA C R? is a Borel set. It is well-known that

dur(p, q) = exp(—H(p, q)/T) dp dq

is the only stationary solution for (5.2b).
The It formula yields forf; = T; f the Fokker-Planck equation given by

Oufr =T fr + pgfe — WPq+eq® +p) Opfy - (5.3)

We study (5.3) in the spack; = L*(R? dur). and make the change of variables
ft = exp(H/(2T))F} in order to work in the unweighted spagg = L2(R2,dgdq).
Equation (5.3) then becomésF, = —L.F;, where the differential operatat. is
given by

Y .2 Y
L p?

iT 57p3q+uzq8p+5q35‘p.

By rescaling timep andg, one can bring’. to the form

L. = f'yT(); +

Lo==(-024p"—1)+algdy —pIy) +ceq 0y ,

DO =

wherea = 2v/2Tv /v ande > 0.
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The operatoX = L. is thus of the type (1.1) witty = a(q 9, — pd,) + ceq® 9,
and X; = 0,. We now verify the conditions of Section 2.2. It is obvious that
these vector fields are of polynomial growth, thus conditiois satisfied. Since
[X1,X0] = —ad,, the operatorl, satisfies conditiorb; as well, and so the con-
clusion of Theorem 4.1 holds. Proceeding like in [EHOO, Prop. 3.7], one shows an
estimate of the type (4.8) (see also the proof of Theorem 5.5 below, where details are
given). Therefore, Theorem 4.3 applies, showing that the spectruip isflocated in
a cusp-shaped region. In fact, we show in the next subsection that the cusp is a cone
whene = 0, and then we study its perturbation to first ordeg.in

5.1.1 First-order approximation of the spectrum of L.

We will explicitly compute the spectrum and the corresponding eigenfunction&,for
and then (formally) apply first-order perturbation theory to get an approximation to the
spectrum ofL.. We introduce the “creation and annihilation” operators

a:p""ap a*:p_ap b:(J+aq b*:q_aq

in terms of whichZ. can be written as

L.=a"a+alb*a—a*b)+ceq® 0, .

With this notation, it is fairly easy to construct the spectruntgf Note first tha is
an eigenvalue foC with eigenfunction exp{p?/2 — ¢*/2). This is actually the vac-
uum state for the two-dimensional harmonic oscillator in quantum mechanics (which
is given bya*a + b*b), so we call this eigenfunctiof?).

A straightforward calculation shows that the creation operatordefined by

1 4a2 -1
* = * b* y = —— :l:  — y
k=a’+he B 2c ! 2c
satisfy the following commutation relation wiify:
[Lo.c"] = A N 1 w 402 — 1 a
cy] = Axch, = -t =——.
0, C+ +C4 + 2 2 ﬁi

Therefore \(""" = nA4 +mA_ with n andm positive integers are eigenvalues f&y
with eigenvectors given by

(€)"(c2)"Q) .

We conclude that forv > 1/2 the spectrum of consists of a triangular grid located
inside a cone (see Figure 2).

Remark 5.1 Although the spectrum of is located inside a sectat is notsectorial
since the closure of its numerical range is the half-plank Ré).
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ImA . ImA
ST - ’
——————=Re\ Re\
AT e . )
Figure 2 Spectrum ofZ,. Figure 3 Approximate spectrum of..

In order to do first-order perturbation theory for the spectrunf ofve also need
the eigenvectors fof, which can be obtained by applying successiv&lyandd* to
|©2), where

di =a" - 30" .

With this notation, €7 )"(d* )™|<2) is an eigenvector of; with eigenvalue\;"™. By
first-order perturbation theory, the eigenvalue£pfare approximated by
(Qldmdr g Dy ()" (€)™ 1)

)\:"m ~ AT 4 cgdnm On,m = ’ * * ) 5.4
0 7 : (Qdmdr (i)™ (e2)™|€2) e

The resulting spectrufris shown in Figure 3 (the sector containing the spectrumfyof
is shown in light gray for comparison). One clearly sees that the boundary of the sector
bends to a cusp. A (lengthy) explicit computation also shows that

X_A'_ o

+9 .

Via? —1 " 4a2 —1
In principle this confirms the cusp-like shape of the boundary, were it not for the non-
uniformity of the perturbation theory (in).

Ono=—12n(n —1)

5.2 A model of heat conduction

In this subsection, we apply our results to the physically more interesting case of a
chain of nearest-neighbor interacting anharmonic oscillators coupled to two heat baths
at different temperatures. We model the chain by the deterministic Hamiltonian system
given by

H = Z(% + Vl(qi)) + ZVé(qz‘ - qi—1) -
i=0 =1

(We will give conditions on the potentialg andV5; later on.) In order too keep nota-
tions short, we assume, ¢; € R, but one could also take themRf instead. The two

heat baths are modeled by classical free field theasiesnd oz with initial condi-

tions drawn randomly according to Gibbs measures at respective inverse temperatures

2Actually the Set{)\g’m + cgbn,m | n,m > 0}.
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61, andBg. (We refer to [EPR99a] for a more detailed description of the model.) Itis
shown in [EPR99a] that this model is equivalent to the following system of stochastic
differential equations:

dqi:pidt, iZO,...,N,
dpo = —V{(qo) dt + V5(qv) dt + rr, dt
dp; = —V{(q;) dt — V5(q;) dt 4+ V5(qj41) dt , j=1...,.N-1,

dpn = —V{(gn) dt — V3(qn) dt + g dt
dry, = —YLTL dt + /\ZL’quo dt — A\ \/ 2'YLTL de(t) ,
drg = —YrrR dt + N YRaN dt — Ar\/27RTR dwr(t)

whereT; = ﬁi‘l, ~; are positive constants describing the coupling of the chain to the
heat baths, and; are two independent Wiener processes. The variablesdry
describe the internal state of the heat bathg = Tr = T, the equilibrium measure
for this system islur(p, g, ) = exp(—G(p, q,7)/T) dp dq dr, where the “energyG

is given by the expression

7’32

2
7L
G —H L
(®,q,7) ®,q) + 5 qorr + 3

—4NTR -
AL
If T, # Tg, there is no way of guessing the invariant measure for the system. We can
nevertheless make the construction of Section 5.1 with the reference méaguiar
some temperature )
T >max{Ty,Tr},

which is a stability condition, as one can see in (5.6) below. The resulting operator
K = Lis given by

L=X; X, +XpXp+ [T+ 2+ X0, (5.5)
where
Xr.r= AL, RVYL,RTL,ROr; 1 »
fL.rR= \/’YL,R(TL,R/T~ —1)(re,r — AL,RGO.N) » (5.6)
Xo = VH Yy — VyH Yy + br(rp — A2.a0)ds, — 1.0y,
+ bR(TL - )\QRqN)aTR - rLapN ’
with - )
br.r = —(Tr—T).
A RT?

We are now in a position to express the conditions of Section 2.2 in terms of sufficient
conditions on the potentials of the model. The first two assumptions guarante® that
isinkCy.
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2n—|a|

Assumption 1 There exist real numbers, m > 0 such thatD*V; € Pol, and
DV, € Pol™ 1 for |a] < 2.

Assumption 2 There exists a constant> 0 such thatl,’(z) > cforall z € R.

Remark 5.2 The second assumption states that there is a non-vanishing coupling be-
tween neighboring particles in every possible state of the chain.

The verification that these assumptions implys easy, and the verification that
holds can be found in [EPR99a, EHOO].

Proposition 5.3 Let £ be defined as above and két and V5 fulfill Assumptions 1 and
2 above. Thef satisfies the assumptions of Theorem 4.1 and satisfies Eq.(4.X) with
and¢ independent of.

In order to show that the spectrum 6fis located in a cusp-shaped regidre(that
the hypotheses of Theorem 4.3 hold), two more assumptions have to be made on the
asymptotic behaviour df; andV5:

Assumption 3 The exponents andm appearing in Assumption 1 satisfy< n < m.

Remark 5.4 The physical interpretation of the conditian< m (actuallyl < n <m

would probably work as well, see [RBT02b], but we could not apply directly the results
of [EHO0O0]) goes as follows. Ifh > m, the relative strength of the coupling between
neighboring particles decreases as the energy of the chain tends to infinity. Therefore,
an initial condition where all the energy of the chain is concentrated into one single
oscillator is “metastable” in the sense that the energy gets transmitted only very slowly
to the neighboring particles and eventually to the heat baths. As a consequence, it is
likely that the convergence to a stationary state is no longer exponential in this case,
and so the operatat has probably not a compact resolvent anymore.

Our last assumption states that the potentials and the resulting forces really grow asym-
ptotically like |z|™ and|x|™ respectively (and not just “slower than”).

Assumption 4 The potentiald/; and V5 satisfy the conditions

Vi(z) > e (1+|z]*)" — ¢z, aV{(z) > cs(1+ ||2)*)" —ea,
Vo) > es(1+ [l2]*)" — o, aVi(a) > er(1+||2[*)™ — s,
for all x € R and for some positive constants
Theorem 5.5 Let £ be defined as above and It and V5 fulfill assumptions 1-4

above. Thenf has compact resolvent and there exist positive constartsd N such
that the spectrum of is contained in the cusp

{A eC ‘ Re\>0 and Im\<C(1+ |Re>\|)N} .
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Proof. We will apply Theorem 4.3, and need to check its assumptions. It has been
shown in [EHOO, Prop. B.3] thaf is m-accretive. The fact thaf € K; was checked
above, and (4.8) was shown fgr= 0 in [EHOO, Prop. 3.7]. However, closer inspection

of that proof reveals that whenev&g, was used, it only appeared inside a commutator.
Therefore, we can replace it b, + iy without changing the bounds. Thus, we
have checked all the assumptions of Theorem 4.3 and the proof of Theorem 5.5 is
complete. O

A Proof of Lemma 3.2

The pointsz andb of Lemma 3.2 are standard results in the theory of pseudodifferential
operators (see.g.[H6r85, Vol. 1l1] or, more specifically, [BC94, HT94a, HT94b]). The
pointcis an immediate consequence of the Cauchy-Schwarz inequality combined with
a. In order to prove the pointgande, we first show the following intermediate result:

LemmaA.l Letf : R® — Randa € R. Letk be the smallestveninteger such that
|a| < k. Then, iff satisfies

sup |°f(y) <k, V|0 <k,
yER™

the corresponding operator of multiplication is bounded fréf? into S*# and its
operator norm is bounded lyx. The constant’ depends only on andg.

Proof. By the definition of S®#, it suffices to show that the operatar fA~ is
bounded byCk from L2 into 2. Sincef is obviously bounded by as a multipli-
cation operator from3.into L?, it actually suffices to bound®[ f, A—*]. Assume first
thata € (0, 2). In that case, we write

Aa
T A2

1

2
[£. A% 5 d=

Aa[faAia] = Ca / Zﬁa/Q
0 /Z

The commutator appearing in this expression can be written as

£ A= (20:f 0+ 07 f) . (A1)
=1
Itis clear from basic Fourier analysis thg; (= + A2)~'/2|| < 1 and therefore
ILF. A%z + A%) 2 < O
Furthermore, the spectral theorem tells us that for any fundfighF'(A2)| is bounded

by sup >, F'(\). Therefore there exists a constahtndependent ot > 0 such that

C
Az + A7 <
1A%z + A <

yl-a/2 °
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Combining these estimates shows the claim when (0, 2). The caser = 2 follows
from the boundedness of [A?2]A—2. Values ofa greater thar2 can be obtained by
iterating the relation

Aa+2fA—a—2 _ AafA—(x _ Aa[f, AQ]A—a—Q )

Using (A.1), the fact tha); commutes with\, and the fact tha®; A—2 is bounded, we
can reduce this to the previous case, but with two more derivatives to control. The case
a < 0 follows by considering adjoints. This concludes the proof of Lemma A.11

Remark A.2 Since the direct and the inverse Fourier transforms both sifap con-
tinuously intoS#, the above lemma also holds for bounded function8,oénd not
only for bounded functions af.

We are now ready to turn to the
Proof of point d. Let X € PolY. We first considery € (—2,0). Since, in Fourier
spaceA? is a multiplication operator by a real positive function, we can write

v/2
[X,A7] C’/ z A2 A]Z+A2.

In order to bound this expression, we defiie= [ X, A%], commuteB with the resol-
vent, and obtain

Y dz oo /2 dz
— 7/2 =2 s 2
[X,A"]=C, / z G A2)2 AN~*B +Cv/o G A2)2[B’A ]z ek

The first term equalé’, A" 2B becausef,* 27/222~7(z + 2?)~% dz does not depend

onx > 0. This, in turn, is bounded frord®# into S**+1~%=75=N ysing B € Poly,
and Lemma 3.2(b). To bound the second term, we rewrite

/2 dz % /2N A?
2 B AN = [ ZIE B AYAR. .
/0 G A /0 (= + A2)? (B AN e e

The factorA?(z + A%)~! is bounded fromS®# into itself, uniformly inz. Using
Lemma 3.2(b) as before, we see that the factor'[B, A2JA~2 is bounded from
S8 into §ot1-k—7.A=N = go's6" Finally, using Lemma A.1 and counting powers,
we see that the first factor has norm boundedXfy 3/2) for largez and©(z"/?) for

z near0 as a map fron®-#" to itself. This proves the first statement of Lemma 3.2(d)
for v € (—2,0). The casey = 2 follows from [X, A?] € Pol{;ﬂrl. All other values ofy
can be obtained by repeatedly using the equalities

[X,A77?] = [X, A7]A? + [X, A%]A7
[X,A7"2] = [X,A"]A"2 — A=2[X, A2JAY 2

The second statement of Lemma 3.2(d) can be proven similarly and is left to the reader.
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Proof of point e. Recall that we want to bound

I={f,Xg)ap — (X" [, 9)asl,
whereX ¢ Pol?Y andX” denotes the formal adjoint (irf).of X. We write this as
I=[([APA2AP XTIAPA2AL £, g) 0 5] -
The operator appearing in this expression can be expanded as

[A=PAT20A=F XTIAPA2AP = [A=P, XTIAP + A=P[A72>, XT]A2*AP
+ APAT2AP XTIAPA2AS |

The first term belongs tt’e"olff_1 by inspection, and the required bound follows at
once from Lemma 3.2(b,c). A similar remark applies to the last term. The second
term is similarly bounded by using Lemma 3.2(d,b,c). This concludes the proof of
Lemma 3.2. O
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