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Spectral representation of the Love wave operator

M. H . K azi * Department of Applied Mathematics and Theoretical Physics,
University of Cambridge, Silver Street, Cambridge CB3 9EW

Received 1975 November 6

Summary. This paper is concerned with the spectral representation of the
two-dimensional Love wave operator, associated with the propagation of
monochromatic SH waves in a laterally uniform layered strip or half-space.
A method is presented for obtaining a complete set of proper or improper
eigenfunctions belonging to the operator, in terms of which the displacement
field may be represented generally. The method is illustrated by means of
two-layer models of an infinite strip, overlying another infinite strip or a
half-space, with constant rigidity and density within each layer.

1 Introduction

In many problems of diffraction, reflection and transmission of Love waves at a horizontally
discontinuous change in elevation (vertical step) or in material properties of layered struc-
tures, we need to express the displacements on either side of the discontinuity, in terms of
a complete set of eigenfunctions, proper or improper, associated with the Love wave
operator. We may wish to do this, for instance, in order to be able to use such powerful
techniques as the integral equation formulation together with the application of the
Schwinger—Levine variational principle, which has proved effective in the treatment of
acoustical (Miles 1946), electromagnetic (Marcuvitz 1951) and water wave (Miles 1967)
problems. Ordinarily it is straightforward to determine the eigenfunctions belonging to the
discrete spectrum, but the calculation of the improper eigenfunctions for continuous spec-
trum presents greater problems. We, therefore, present in this paper the spectral representa-
tion of the two-dimensional Love wave operator, associated with the propagation of mono-
chromatic SH waves in a laterally uniform layered strip or half-space. In the former case, we
obtain a regular Sturm—Liouville system, and in the latter case a singular Sturm—Liouville
system, both with discontinuous coefficients and corresponding interface conditions. Such
systems have been discussed in detail by Sangren (1953) and Stallard (1955). Hudson (1962)
has applied Sturm—Liouville oscillation theorems to the Love wave operator for such a
medium,
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226 M. H. Kazi

The spectrum of eigenvalues, when the layered structure is of finite depth, is discrete
(i.e. a point-spectrum), whereas the spectrum for a layered half-space is the disjoint union
of the point-spectrum, giving rise to proper eigenfunctions, and the continuous spectrum,
which yields improper eigenfunctions. These eigenfunctions (proper as well as improper)
may be generated from a Green function. The essential step is to construct a Green function
G as a function of a certain parameter A, and to integrate it around a large circle [A| =R
in the complex A-plane. For the case of a strip of finite depth G is meromorphic, and the
sum of the residues at simple poles, lying on the real axis, gives the representation of the
delta function as a series in the eigenfunctions. For the half-space problem, we have in
addition to poles, a branch-point singularity. The sum of residues at the poles and the contri-
bution from the branch-cut yield the representation of the delta function in terms of proper
and improper eigenfunctions. The method which we use here is a straightforward modifica-
tion of the method described by Friedman (1956) and Stakgold (1967).

2 Equations of motion

We wish to represent the two-dimensional motion of a laterally homogeneous structure in a
general way; the motion will consist of waves propagating along the x-axis (see Fig. 1). The
medium to be considered is made up of N +1 parallel, isotropic and solid layers. It may be
finite in depth, with the N +1 layers contained between two parallel surfaces or may be
semi-infinite in depth with MV layers overlying a half-space. The upper plane surface is sup-
posed to be stress-free. The lower surface in the case of finite depth may be stress-free or
may be rigidly fixed. In the case of a layered half-space, we assume that the displacements
are square-integrable as a function of depth, relative to the rigidity function, over the semi-
infinite interval.

The density p and the rigidity pu of the material in each layer may vary continuously
with depth, but are uniform in any direction parallel to the boundaries. The density p and
the rigidity 4 may, however, be discontinuous across the /V plane interfaces.

We choose the axes in such a way that the xy-plane coincides with the upper free surface,
the positive z-axis is directed into the medium and all displacements are uniform in the
y-direction. The various layers and the interfaces are numbered from the free surface as
shown in Fig. 1.

The N interfaces have the equations z=z;i=1,2,...,N, the upper free plane-surface has
the equation z = zo= 0 and the lower bounding plane-surface, in the case of finite depth, has
the equation z =z 4, = H.

We shall consider horizontally polarized shear waves only, which means that there are no
displacements in the x and z directions and the motion is in the y-direction only. Let
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Figure 1. Geometry of the problem.
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The Love wave operator 227

x, z. t) be the y-component of displacement. It must satisfy the differential equation

L) 2 v . ) v
P2 = = (w2 a) = (105). @.1)
where
w(z) = ul2),
and (2.2)

p(z) = pi(2),

when ze [;=12: z; <z <z;41},i=0,1,...,N. (In the case of a layered half-space, we take
Iy =1z: zy < z}.) We assume that the functions ug(z), 8u;/9z and p;(z) are continuous and
; and p; are positive in the subintervals I;,i=0, 1, ..., N and that their limits, when z - z;
or z;4, are finite.

In order to obtain a general representation, we first of all examine harmonic waves,
travelling in the positive x-direction with positive real frequency w and wave number k:

v(x,z,1) = V(2)exp [i(wt — kx)]. 2.3)

(We shall assume w to be fixed and choose k to satisfy the propagation conditions.)
Equation (2.1) becomes

L(V) = 4 (u(Z)?-Y)ﬂwzp(Z)— Ku@)) V=0
dz dz ’

V() = Vi(2), ze I}, 24

L being the Love wave operator.
The interface conditions of welded contact between the layers are given by the equations:

Vk(zk) = Vk_l(zk), k = 1,2,...,N, (2.5)
and
Me(zic) Vi(zi) = mx-1(zx) Vie—1(zi), (2.6)

where (') denotes differentiation with respect to z.
The end-conditions for the finite depth problem will be chosen as

Vo(0) = 0 } @7
Vn#H) = 0,

or

Vo(0) = 0 } 28)
Vn@) = 0.

For the layered half-space problem, we shall assume, in addition to the end-condition
V4(0) = 0, the following condition:

f " 4@ 1 V@) Pdz < o 29)
0
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The system (2.4)—(2.8) is a regular Sturm-Liouville (S—L) system, and the system
(24)—(2.6), (2.9) is a singular S—L system, with N points of discontinuity and corre-
sponding interface conditions. Such systems have been discussed in detail by Sangren (1953)
and Stallard (1955). Hudson (1962) has applied standard Sturm—Liouville theory to investi-
gate the existence of Love waves in a heterogeneous medium and to find the form of
variation of the wavelength and the group velocity of the waves with period. Here, we shall
describe a technique, based upon the use of Green’s function, to obtain the representation of
any displacement in terms of the proper and improper eigenfunctions belonging to the
system. We will seek wider application by taking a more general form of the S—L problem.

3 Regular S—L systems with discontinuous coefficients. The finite depth problem

Consider the differential equations

LO)-Wy = (@) Y'(@)) +q@y-Ap@)y =0 (3.1

defined over an interval (a, b), where
1=-2loz] e
= —— r(z) — ),
dz dz 1

and (') denotes differentiation with respect to z; \ is a parameter, real or complex. (Equation
(3.1) reduces to (2.4) when p(z) = —n(z) = u(2), q(z) = p(z) w? and \’= k2)
Let

a=2p<z1<Z3<...<Zy4 = b,

and p(z) = pj(z), q(z) = qj(z), r(z) = r;(z) and y(z) = y;j(z), when z€[; = {z:2j < 2 < Zj41},
j=0,1,...,N.We assume that in each subinterval /;, the functions p;(z), ;(z) and r;(z) are
continuous and single-valued and that their limits when z tends to z; or z;,; exist and are
finite. Moreover, r(z) does not vanish at any point of a subinterval and preserves the same
sign in all the subintervals.

We suppose that at each interface or point of discontinuity zx, k= 1,2,...,N, the y;
satisfy the conditions

Ye(z) = devie (@) + ey \(zi) (3.22)
V@) = by (@) +ave-@),  dick — bee # 0, (3:2b)
and at end-points y(z) satisfies the Sturmian conditions:

B,(y) = ay(@) +oyy'(a) = 0, (3-32)
By(y) = By (6) +8,¥'(b) = 0, (3.3b)
where

gl +layl = 0 and |6 +(B,] # O.

The system (3.1)—(3.3) is the regular, self-adjoint S—L system with N points of dis-
continuity. The usual results of ordinary S—L theory for regular systems hold for discon-
tinuous, regular, S—L systems with interface conditions after necessary modification. We
quote the following results, the proofs of most of which can be found in Sangren (1953):

(1) The eigenvalues A, of the system are real, if the following conditions are satisfied:
(a) r(z) preserves the same sign and does not vanish throughout its domain of definition,
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The Love wave operator 229

(b) p;(z) is positive or identically zero in the subinterval [, i=0,1,..., N and for at least
one subinterval pi(z) > 0, (¢) ¢;d; — bje; >0,j=1,2,.. ., N.

(2) The eigenfunctions form a complete orthonormal set. The modified orthonormality
condition is given by:

b
Dom(2), B(2)) = f A(2) PE) b(@) Fn(2) dz = Bpum G4)

a

where ¢,,(z) and ¢,(z) are the normalized eigenfunctions belonging to the distinct eigen-
values A,, and A,, respectively, ¢,(z) denotes the complex conjugate of ¢,(z), and A(z)
is a piecewise constant function defined by

A(z)=Ai’ ZeIi; i=0,1,2,...,N, (35)
where
ri_(z; _
A,' == l( ’) (C,'d,'—b,'e,') l'Ai,l, i= 1,2, PN ,N, (36)
ri(z;)

and A, is a non-zero constant which may be chosen arbitrarily. Condition (3.6) ensures the
self-adjointness of the system.
(3) The spectrum of eigenvalues is discrete.

We now return to the system (2.4)—(2.8). It is a self-adjoint, regular S—L system with
N points of discontinuity and / interface conditions with

pi = "ri = ul(z)a i = 07 1, 2,"'7N$ q; = piwza x = k2
de=1,e,=0,b,=0 and cx = up_1(ze)uelze), kK =1,2,..., N

Hence

ri_(z;
A = tie 1) (cidi —biey'-A;_y = Ay, 1= 1,2,...,N.
ri(z;)
We choose Ay =1, thus giving 4;=1,i=1,2,...,N. The conditions (a), (b), (c), given
above are all satisfied. Hence the results (1), (2) and (3) are valid and the orthonormality
condition of eigenfunctions becomes:

H

D (@), Bn(2)) = J U(Z) G (2) @) dz = Bonn- (3.7)

0

Hudson (1962) has also shown that the Love waves exist for any variation in density,
such that it is integrable as a function of depth, and any variation in rigidity such that it is
a piecewise continuous function of depth.

4 Green’s function for regular S—L systems. The formula for spectral representation

Green’s function G(z, ;) for the S—L system (3.1)—(3.3) satisfies the following con-
ditions:

(G1) Gi(z,$; ), the restriction of the function G(z,§;0) to the interval z; < z < zj4y,
j=0,1,...,N,is continuous at each point of the interval.
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230 M. H. Kazi

(G2) Each Gj(z,{;\) possesses a continuous first-order derivative for j# k, where k is
such that { <[ ; G, possesses a continuous first-order derivative at each point of the interval
I except at the point z = {, where it has a jump discontinuity, given by:

1
G EN - Ge(E. 6N = "0 4.1)

(G3) L(G)=0,zel;,j+ k;L(G)=0,z # §.
(G4) G(z, ¢; \) satisfies the interface conditions (3.2) and the end-point conditions (3.3).
The inhomogeneous problem, where y satisfies

L(y)—Ap(2)y = f(2) 4.2)

together with equations (3.2) and (3.3) can be solved with the help of Green’s function of
the associated homogeneous problem. y(z) is given by

b
y@) = f G &N Q) de. 4.3)

We can also set up the series expansion of y(z) in terms of the complete set of normalized
eigenfunctions {¢,(z)} of the homogeneous system. Let

y@) = Z oy 9n(2)- 4.4)

n

Forming the generalized inner product (relative to the weight function A(z)p(z)) of
equation (4.4) with ¢,(z), we obtain:

Y@, 0@ = Y on (b, Ok = 0,
n

whence

y(@) = Z (¥, 8n) On(2). 4.5)
In particular, if y = 6(z - {), then

b
5 — ). ) =f A@) P (@) Fn(2) 5(z - §) dz

a

=A@ PE) 6. ()- (4.6)
Equations (4.5) and (4.6) yield the following representation of the delta function:
5(iz-¢) —
= n n (§). @.n
Ao 2 O#O

Next, we find the bilinear series for Green’s function. On multiplying the differential
equation in (4.2) by A(z) ¢,(z) and integrating with respect to z between the limits a to b,
we get:

b o b _
f AG) 3n @) - L) dz ~ N D, 60 (@)) = f A@) n @) f (@) de. @.8)
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The Love wave operator 231

But

b .
f L) AR 3, @) dz

b o
f Y@ - A@) LG (2)) dz

b -
Ao f YD ARD P - 3nE) dz

Aap(2), 8n (2)), (4.9)

whence equations (4.8) and (4.9) yield

b _
A =N @), 0. = an(\, =) = ( A(2) f(z) 9, (2) dz. 4.10)

If X # A,, then (4.10) implies

1 b _

n = A () dz. 4.11
“ = 6 f (@) 1) #n 2) dz @.11)
From (4.4) and (4.11), we obtain

< 0 [P _
y@ = £ 75 [ 4010 56 d: @12)

which is the unique solution of (4.2).
In the case f(z2)=6(z — §), y(2)=G(z, ¢; N) and so
A($) ¢,,(2) 0,(z
GG = 3208 4G (4.13)
n A — A

which is the bilinear series for G(z, {; A). It can be shown (Stakgold 1967) that Green’s
function G(z, {; M) is a meromorphic function of A with simple poles located at the points
A A5 .-, Ay ... On the real axis. On integrating (4.13) around a large circle [A] =R in the
complex A-plane and using (4.7), we find

1 N §(z-¢
lim - — GG HENAN = — LAQ) 622 3.0 = — ) (4.14)
R—e 2miJix =R p)
(The limiting process is such that R does not take the values |A,[.)
For the system (2.4)—(2.8), the formula (4.14) becomes:
1 — 6(z-19)
lim  — Gz GNAN = = ) 6D dn(§) = ———— (4.15)
R~ 27 IAI=R Z /J(g-)

The equation (4.15) is useful, because it enables us to find the spectrum and the corre-
sponding eigenfunctions from the knowledge of Green’s function. In order to determine
the eigenfunctions of the problem, we integrate the Green function G(z, ;) over a large
circle of radius R in the complex A-plane, and find the residues at the poles. The set of poies,
all lying on the real axis in the complex A-plane, constitutes the spectrum of eigenvalues. The
corresponding eigenfunctions normalized according to the condition:

(D> $n) = Spmn (4.16)
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may then be identified from the sum of the residues. The representation of the delta func-
tion as a sum over eigenfunctions can be utilized to obtain similar representation for any
function u(z). We shall illustrate the method by means of a two-layer model, with piecewise
constant distribution of the rigidity and the density functions, in Section 7.

5 The condition at infinity for the layered half-space problem

If in the system (3.1)—(3.3), (3.6), a or b is infinite, or if on the finite interval r(x) vanishes
or g(x) or p(x) become infinite at the end-points, then the S—L system is called a self-
adjoint singular S—L system with discontinuous coefficients and interface conditions.

Since the interval is semi-infinite in the layered half-space problem, the system (2.4)—
(2.7), (2.9) is a singular S—L problem with N points of discontinuity and corresponding
interface conditions. The method for finding the spectral representation of the Love wave
operator associated with the layered half-space problem is based on the integration of
Green’s function in complex wave-number domain, as in the case of the finite depth problem.

First of all, let us consider the Green function G(z, {;A) which is the solution of the
system:

L(G) - Ap(2)G = 8(z - %),
B,(G) = 0, (5.1)
interface conditions (3.2),

together with a condition at infinity. It is the condition at infinity which presents certain
difficulties for the construction of a unique solution to the singular problem. The difficulty
may be investigated by the following argument.

Let ¢(z, A) and Y(z, A) be two linearly independent solutions of the associated, homo-
geneous differential equation:

L) - Ap(Du = 0, (5.2)

satisfying the interface conditions (3.2) and the following initial conditions at the point a;

@) = —a, 9@, = a—’, (5.3a)
r@)

V@ = @, V@ = 22, (5.3b)
r(@)

where oy and a, are real and oy | + |a, | # 0.
Each solution of 5.2 (except the multiples of {/) can be expressed as a multiple of

u=¢+my, (54)

where m is a complex number.
Further, we impose the following boundary condition at a point b, < oo:

Biu(bo, X) + B,r(bo) t'(bo, N) = 0, (5.5)

where §; and §, are arbitrary real numbers and | 8, |+ |8, | # 0, and investigate the limit as
by — o=. Following the argument given by Stakgold 1967, Section 4.4), it can be shown that
u = ¢ + my satisfies (5.5), if and only if m satisfies the equation:

r(bo) [W(9, $; bo) + minW (¥, Y; bo) + mW(Y, ¢ bo) +m-W(p, ¥;bo)] = 0, (5-6)
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The Love wave operator 233

where bar denotes the complex conjugate and W(¢, v bo) is the Wronskian evaluated at the
point bo. As the ratio 2 = 3,/8, takes up all real values (and provided #(\) # 0, m describes a
circle in the complex plane with

W, ¥ b
centre § = — —M .7
and
2, 22
radius R = (o + a2) (5.8)

2 uf(x)l[ L""A(Z),,(z) I" sz]'

As by increases with A fixed, the radius R decreases and each circle is contained in those for
smaller values of by. Hence in the limit as by — oo, the circles approach a limit-circle Co.(\)
or a limit-point m=(). It can be further shown that if m = m..(\) or m lies on Co.()), then
the solution u = my + ¢ is square-integrable over the interval (a, ), relative to the weight
function A(z) p(z). It follows from (5.8) that in the limit-point case there is just one solution
u=¢z,\) + m(N) ¥(z, \), which satisfies the condition:

lull = f " A@) p @) u(@)Pdz <oo, (5.9)

and in the limit-circle case the independent solutions ¥ and ¢ + my and therefore every
solution of (5.2) satisfies the condition (5.9). We recall that we assumed .#(A) # 0. It can be
shown (Stakgold 1967, Section 4.4), that if for some value of A\ every solution of (5.2)
satisfies the condition (5.9), then so does every solution for any other value of \. We
conclude therefore, that in the limit-circle case all solutions are square-integrable, relative
to the weight function A(z) p(z), over the interval (g, =°). This is the extension to singular
S—L systems with discontinuous coefficients and interface conditions of the following
fundamental theorem due to Weyl. Defining the s-norm to be

“ b ) 1/2
fully = slul®dz|
a

we have:

WEYL’S THEOREM
Let a be a regular point and b a singular point and consider the equation

(—pu') +qu — Asu = 0, a<z<b, (5.10)

where p, g, s are continuous fora < z < b.

1. If for some particular value of A, every solution is of finite s-norm over (a, b), then for
any other value of A, every solution is again of finite s-norm over (a, b).

2. For every A\ with #(A\) # 0, there exists at least one solution of finite s-norm over
(a, b).

The ordinary Love wave operator, when the substratum is a homogeneous half-space, for
example, is in the limit-point case at infinity, and so the boundary condition at infinity may
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be taken to the requirement that the solution must be of finite y-norm. This confines the
solution in exactly the same way as a homogeneous boundary condition at a finite point and
therefore with equations (5.1) define the solution precisely.

6 Singular S—L systems with discontinuous coefficients. Spectral representation for the
layered half-space problem

The Green function G(z,¢; ) is characterized as the only solution of the system (5.1)
which satisfies:

J.NA(z)p(z) |Gi2dz < oo, 6.1)

when #£()\) = 0 and the singularity at infinity is of the limit-point type. For real values of
A, we apply the principle of analytic continuation and define the Green function as the limit
of G, regarded as a function of complex A, as A approaches the real axis. As A may approach
the real axis from either side, we may ensure uniqueness by supposing, for example, that
#(\/A) > 0 — see Friedman (1956, pp. 230—231).

We follow Stakgold (Section 4.4 loc. cit.) in assuming the validity of the formula

09y G(z, &; N dA (4.14)
— = m — Z, 4, .
) R—w 2 Jiz =R

in the singular as well as the regular case.

Unlike the Green function in regular case, this Green function G(z, ¢; A), regarded as a
function of A in the complex A-plane has, in addition to poles, branch-point singularities
described by Friedman (pp. 214 loc. cit.) and Stakgold (Section 4.4 loc. cit.) the integral
reduces to a sum of residues at the poles plus the integral along the branch-cut. The
spectrum (of eigenvalues) is the disjoint union of the discrete spectrum and the continuous
spectrum. The points belonging to the discrete spectrum are real and arise from the poles of
the Green function. The continuous spectrum is the set of points on the branch-cut along a
portion of the real axis. We obtain the following representation of the delta function:

5z —~8) = TAQ)pE) bn(2) n D + j A®) p@) ¥z N TE N dh, 6.2)

where ¢,,(z) are the eigenfunctions and ¥ (z, ) are the improper eigenfunctions.
The normalization of eigenfunctions {¢, (z)} may be achieved by the condition

(@ (2), P (2)) = fmA(z) p(2) om (2) M) dz = b,pn- (6.3)

a

In order to obtain the normalization conditions for the improper eigenfunctions
{¥(z, N)}, we multiply (6.2) by ¢ (¢, X) and integrate from a to = to get

Y N) = Y on(2) W EN), 9n (§)) + fw(z, N WE,N), Y E AN d (6-4)
For (6 4) to be valid, we must have

(Y(z,X), ¢, @) = [ wA(z) V(z,X)¢,()dz = 0 (6.5)
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The Love wave operator 235

and

W@ X) Yz ) = fmA(z)p(z) Y M) TE N dz = S - N). (6.6)

a

Hence the improper eigenfunctions must be normalized according to (6.5) and (6.6).
For other methods of obtaining improper eigenfunctions along with their proper normaliza-
tions, reference may be made to Kato (1966) and Friedman (1956).

The spectral representation of the Love wave operator for a layered half-space can be
found by the procedure given above. For the system (2.4)—(2.6), (2.9), the formulae (6.2),
(6.3), (6.5), (6.6) become:

5z -9 = Y u@) 0a @) + f 1) ¥z N TE N A, (6.7)
G, B = Jmu(z)csm(z)a;@dz = B (6.8)
[1]

Wz X, bm(2)) = f " @) V@ N) @ dz = 0, (6.9)
0

and

Wz, X), ¥z, N) = qu(z) Y, )Yz, Ndz = §(A —X). (6.10)
0

Any function V(z), which is square-integrable, relative to the weight function u(z), can
be expressed as

V() = Z<V,¢,.>¢n(z)+f<V, WUz ) dn ©.11)

We shall find the spectral representation of the Love wave operator for a homogeneous
surface layer, overlying a homogeneous half-space, in Section 8.

7 Example I: Spectral representation of the Love wave operator for an infinite layered strip

As an illustration of the method, outlined in Section 4, for finding the spectral representa-
tion of the Love wave operator associated with layered strips, we consider an infinite strip
consisting of a layer of depth H — 4, rigidity u,, shear velocity 8, and density p,, overlaid
by another infinite strip, consisting of a layer of depth #(<H), density p,, rigidity u, (<u,)
and shear velocity §,(<8,) (see Fig. 2). We suppose the density and the rigidity of each layer
to be constant and the top and the bottom plane-surfaces to be stress-free.

Let

v(x,z,t) = V(z)exp [i(wt — kx)]
where

V(z)

Vi(z), O<z<h
Vo(z), h<z<H.

220z 1snbny |z uo 1senb Aq |L06869/522/1/L7/101ME/B/W0"dno olwspese//:Sdiy Woly papeojumoq



236 M. H. Kazi

Figure 2.
Then V;(2) and V,(2) satisfy the following equations:

w? ) u
_7\), A=k g=" 0<z<h,

dz? g2 1
dazv; w? M
zz—asz =0, o} = ()\——2), g = = h<z<H,

2 P2

) = Vy(h),

My Vll(h) = Mo V2'(h),

Vi) = o,

V:(H) = 0.

First we find the Green function G (z, {; A) belonging to the system (7.1)—(7.4).

(a) GREEN’S FUNCTION
Let
Gz, $N = Gy

(7.1)

(7.2)

(7.3a)
(7.3b)
(7.42)
(7.4b)

(7.5)

where [,j=1,2; the subscript { refers to the z-interval and the subscript j refers to the
{-interval, and ‘1’, 2° refer to the intervals (0, 4) and (k, H), respectively (see Fig. 3). Then

G;; determine the Green function completely.

{

(H,0)

(n,0)
Gu

Pq

0 (0,h) (O,H)
Figure 3. The Character of Green’s Function.
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The Love wave operator 237

(i) If 0 < ¢ < h then G|, and G, satisfy the differential equations:

Gy, )

2 +01Gy = 8(z-%) (7.6)
oz
and
9’G

2l—03021 =0, (71.7)
0z*

together with the following conditions:

aGy
=0 at z=0, (7.82)
0z
G” = GZI at z = h, (7.8b)
oGy, Gy,
My —— = Hp— at z = A, (7.8¢)
0z 0z
Gy,
—— =0 at z =H, (7.8d)
0z
Gu(z,§ +0;0) = Gu(z,§ —0;N) (7.8e)
and
oG oG 1
lim — _ lim . (7.86)
z>¢+0 0Z z—t—0 0Z My
We find
7 I . .
Gu(z, &;0) = — coso ¢ cosa,z +—— [sing¢-cos0,z-0(§ — 2) +cosoy§sinoyz-0(z - )],
M0,y H10,
9
and (7.9)
cos 0, ¢ cosh 0,(z — H)
Gy (z, 8N = {yicosaqh +sinoh}  —————, (7.10)
My oy cosh 0,(H — h)
where
_ M0y + U,y0, tan 01h tanh Oz(H‘—h) (7 11)
0y tan o, — 40, tanh o(H — Y '
and
(¢ -2)=1, s”>2l
=0, ¢<z]|
is the Heaviside unit function.
(i) If h < { < H, then G,, and Gy, satisfy the differential equations:
3*G
2, 0:G, = 0 (7.12)

972
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and
TGn a6, =0 (7.13)
—— a‘ = .
622 222
together with conditions (7.8a)—(7.8d), given above, and the conditions:
G22(Zy ( + 0; )\) = 622(2, ;’ - 09 A), (7.86,)
and
aG. aG 1
lim 22— lim —2=_, (7.8f)
z¢+0 02 z—¢-0 0z U
We find
1 COs 0,2
Gia(z, &;N) = —— coshoy(H — ¢) - {72 cosh 0,(H — h) — sinh 0,(H — h)} , (71.14)
U0y cosoh
and
72 1
Gn(z, ;N = — —— coshoy(z — H) - cosh 0,(§ — H) — —
H20, H20,
X [{sinh(z — H)0,-cosh(H — £) 0,-0(¢ — z) +sinh (§ — H) o,
x cosh(z — H)o,-8(z — )], (7.15)
where
0, tan o, h tanh (H — h) 0, — p,0
72:#113111 anh ( )o, #22_ (7.16)
My 0; tan Ulh — Ma0, tanh 07 (H — h)
It may be noted that
1 cos 0;¢ cosh 0,(z — H)
Gi2(§,2;0) = Gu(z, §30) = >
My 01tan 0,h — W50, tanh 6,(H — h) cos o,k cosh 0,(H — h)
(7.17)
and that the Green function is symmetric, as shown in Fig. 3.
(b) SPECTRAL REPRESENTATION
We use formula (4.15):
1 T 8(z-3)
lim — G 5N AN = = Y ¢(2) 6(F) = ———— (4.15)
R— o 2mi IAI=R Z Il(f)

to find the spectrum and the corresponding orthonormal and complete set of eigenfunctions

{¢n(2)}.

(i) Consider
Iy = lim — Gz, £ 1) dA
R— o 27 IANI=R
. -1 TN 1
= lim — — c0s 03¢ cos 0,z + — {sin6,{-cos g,z -0 (¢ — 2)
R-w 21 Jix=r Lyo My 0y

+coso,¢-sinoyz-0(z — §)}] d\x (7.18)

where 7, is given by (7.11).
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The Love wave operator 239

We note that the integrand is an even function of ¢, and ¢; and therefore the points
A = w?/B% and A\ = w?/P3 are not branch-points of the integrand. The only singularities of Gy,
are poles, which are the roots of the equation

w0, tanoh — w0, tanh o, (H — k) = 0 (7.19)
the LHS being the denominator of +,. All the poles are simple and are located on the real

axis.
On evaluating (7.18) as the sum of the residues at the poles:

(n) n) (n) (n)
o o\ + 0" tanoy™h - tanh 0V (H — h
Iy = -3 (n;l1 L2 : Bl -cos 6§ . cos 0{z
n=1 i 0y 2 (3/ON) [y 0y tan 0y — py0, tanh 0(H — h)a<y,
(7.20)
where
wZ 1/2 (4)2 1/2
m = | ) = —
oln) - (612 - )\n) B Ogn ()\n _{322) s
{M}(n=1,2..)) being the infinite set of roots of equation (7.19).
Since
90, 1 q o0 1
— = - — an — = —_— ,
afy 20" af, 20"
we have
2
> [m 0y tan o,k — p,0, tanh 0y (H — mla,,
Ia 0 2., , M2
= - | = 2 My _
5 [o,(") tanoy ' h +uh sec’o; h+ o§") tanh o™ (H — h)
+u(H — h) sech? o (H — h)]. (7.21)

It is convenient to express (7.21) in terms of the surface phase and group velocities. If
we regard equation (7.19), which is also the dispersion equation between A and w, we have:

w
phase velocity G, = NG (7.22)
n
and
H 172 dw
group velocity U, = 2A;% —. (7.23)

dM\,
We obtain

b 1 [u
5 oy tan 0k — 150, tanh 0, (H — b))y, = — 5 [027:) tanh o (H — h) + w,(H — h)

x sech?o{™ (H — h)] B -6 (B - Uy G
(7.29)
Substituting (7.24) in (7.20) and simplifying, we get

L= Y 6" @), (7.25)

n=1
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where
) cosoz
¢1 (2) = D, — ™y (7.26)
coso; ' h
and
(n)\1/2 2 -1 -1\1/2 n) _
o -U,'C cosho)”-(H - h)
Dn =2 (L) (IT. P ) " i Q) : 0] V2 (7.27)
Hy 8% — B3 {sinh 26\ (H — h) + 20,"V - (H — h)}
(ii) Next, we consider
|
122 = llm — G22(Zy ;‘9 A) d)\
R= 2mi Jixj=g
1 r 1 ‘ .
= lim — — [vacosho,(z — H) - cosh 6,(§ — H) +sinh (z — H) 0,
R-o 2m Jixj=R 202
x cosh 0,(¢ — H)-0(¢ — z) +sinh({ — H) 0
x cosh(z — H)og,-6(z — O] dA, (7.28)

where 7, is given by (7.16).

Again the integrand is an even function of ¢, and 0,, and so the points A = w?/f% and
A = w?/B2 are not branch-points of the integrand. The poles of the integrand of I, are the
same as those of /,;. Calculating the sum of the residues at the poles, we get

by = i (n)“(ln)a(ln) tan o} tanh o7 H_1) - L cosh o (z - H)
n=1 py05" (8/dN) [0, tan o,k — p,0, tanh 03(H — h)]\=x,,
x cosh o§") (¢ — H),
= 20 B2 U;'C;' 2cosh oV (H — z) - cosh o (H - §)
2w BB [sinh 208 H - h)+ 26 H - k)]

(using (7.24) and simplifying)
= ¥ o) P ), (7.29)
n=1

where

(n)
- _ coshoy ' (z — H)
2)=D, ————— | (7.30)
2 " cosh ol (H — h)

and D,, is given by (7.27).
(iii) We now consider:

5Ly = lim — Gz, $ ) dX
R—w 21 JIN =R
—1 cos 0,¢-cosho,(z — H)dA
= lim — 1 iz~ H) (7.31)

R—w 2mi J\j=g cos 01k cosh 0,(H — h){y, 0, tan 6,k — 1,0, tanh o, (H — h)}'
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Again, the poles of the integrand are the same as those of the integrands in Iy, /,,, and
A = w?¥B%, w?B? are not branch-points of the integrand.
On evaluating (7.31) as the sum of the residues at the poles — using (8.24) — we get

b= § 0600, (7.32)

where ¢ and ¢{" are given by (7.26) and (7.30).
Since G,,(z, &; A) = Gy, (&, 23 N), we also have:

oo —1
I,z — ZI ¢$n)(z) . ¢gn) (g—) = Rhm ——21” GIZ(Z’ §, )\) d)\ (7.33)
n= el IAI=R

From (4.15), (7.25), (7.29), (7.32)—(7.33), we obtain the following representation of
the delta function:

5z -8 = 3 u) ™ @) o™ ), (7.34)
n=1
where
M) = (), 0<z<h
¢ (Z) ¢l (Z) z ’] (735)
= ¢§") (z). h<z<H,
= My, 0< < h
u(z) = u z } (7.36)
= U, h<z< H

and ¢ (z) and ™ (2) are given by (7.26) and (7.30).
If /(z) is any function of finite g-norm, then on multiplying (7.34) by f({) and integrat-
ing with respect to { over the interval (0,H), we obtain the following representation for

@)

f@z) = ‘Z F9™(2), (1.37)
n=1
where
"
fu = (6" = f u@) 1) oM Q) ds. (7.38)
0
In particular, when f(z) = ¢(m)(z) we get the following orthonormality relations:
"
(¢ gy = f u(2) 6" (2) 6 (2) dz = §mn. (7.39)
0

which may be verified by direct integration.

8 Example I1: Spectral representation of the Love wave operator for a half-space

We shall now find the spectral representation of the Love wave operator, associated with a
homogeneous layer of thickness h, density p,, rigidity u;, shear velocity B, overlying a
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homogeneous half-space of density p,, rigidity u, > u, and shear velocity 8, > B, (see Fig.
4). The method we shall follow is described in Section 6. The system of equations is given
by (7.1)-(7.4a) with (7.4b) replaced by the following condition:

J.mu(z) |V (2)’dz <o, 8.1)
0

(a) GREEN’S FUNCTION
Let
Gz, 80 = Gy (8.2)

where G;; have the same meaning as before — see explanation after (7.5) — with the interval
(h, H) replaced by (h, =).

(i) If 0 < { < h then Gy and G, satisfy the differential equations (7.6) and (7.7) together
with conditions (7.8a)—(7.8c), (7.8e)—(7.8f) and the condition

J.m w(2) |G (2) |*dz < . (7.8d")
o

First of all, we observe that, since V, = exp (—0,2) and V, = exp (0,2) are two linearly
independent solutions of the differential equation in z > A&, it follows that one of the
solutions v(z) is not of finite y-norm. Hence the Love wave operator is in the limit-point
case at infinity, as noted earlier in Section 6.

9y,
0 3z - B
p|_/‘|.ﬂ| -
pz,/‘z.ﬁz
Figure 4.
We find
M 1
Gulz, &N = — cosoy ¢ - cosoz + —
0y M0
x [sino;§ cos o1z -0(§ —2) + cos 0§ sinoyz-0(z - §)) (8.3)
and
1 !
Gy (z,80) = — cosa ¢ - {7 cosoh +sin oh} - exp [—02(z nl, (8.4)
LY
where

, M0y +I1202 tan U|h R
i ) (8.5)
o tan o,k — 150,
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and choosing

Reo,> 0 for .#F(N) # 0.

(i) If h < ¢ then Gy, and G,, satisfy the differential equations (7.12), (7.13) together with
the conditions (7.8a)—(7.8c), (7.8d")—(7.8f).

We obtain
Gz, &N = -exp[—02(§ — )] [12 — 1] cos a1z, (8.6)
cosah 2u,0,
and
Gyu(z,$N) = [v2 - exp [-02(z +§ — 2h)] —exp(—021§ — 2z 1)]. 8.7
21,0,
where

!

_ Moy tanoh + 1,0,

110y tan oy — 0,
We note that
cos 0, - exp [—0:(z — h)]

G(§,z:0) = Gz, 5N = (8.8)
cos Olh . [ﬂlal tan olh - [.1202]

and that the Green function G is symmetric.

(b) SPECTRAL REPRESENTATION

In order to find the discrete and the continuous spectrum along with the corresponding
eigenfunctions {¢,(z)} and improper eigenfunctions {y (z, \)} we use formulae (4.14) and
(6.2):

-1 — 5G-))
lim — G 5N dn = Lo () 97 (@) + j ¥ N VG V= .(89)
R— o 2mi IAI=R ”(f)
(i) First, we consider
-1
Iy = lim o Gu(z, &N dA
R-e 2mJ |x|=R
-1 [ M
= — — ¢0s 0;¢ cos 0,2 + —
R—w 2mid yj=r LMoy My 0y
x {sino,¢ - cos 01z - 6(§ — 2) + cos olﬁ'-sinolz-G(z—f)}] d.
(8.10)

We note that A = w?/8? is the only branch-point singularity of the integrand and the
poles of the integrand are the roots of the equation

woytan g h = [,0,, (8.11)

which is the period equation for the Love waves and appears in the denominator of 7 -
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The poles are all simple, finite in number, and are located in the open interval [w?/62,
w?/B3]. The set of these poles constitutes the discrete spectrum. The continuous spectrum
is related to the integral over the branch-lines £*, 27" and the path of integration is shown
in Fig. 5.

4

£ wz/ﬂz

+
/ t N Love poles

Figure 5. The Contour of Integration.

The condition Re(o,)>0 means that on the branchline 8%, 0,=is; and on £
6, = — is,, where 5, = (w?/82 — )% is real and positive for A < w?/B3.
The contribution to [j; from £* and 2 is

1
ﬁGﬁ—G{l)dk = f— (1t —y17) cos g, ¢ cosoz dA, (8.12)

My 0y

where the superscripts + and — refer to the values at the branches £ and 27 respectively.
But

2i 0,8
YA = H1H20, 82 , (8.13)
1 1 2,2 ;2 2.2 2
Mi ot sin“oyh + u3s5 cos®oh

and so the branch-line contribution to the integral (8.10) is given by

Mo wz/ﬁg hP)

- cos 0,¢ cos 0,z dA
7 ) w {utolsin?oh + uis? cos?o k)

w8}
- [T nennena (8.14)
where
COS 0,2
iz, D) = Gy , (8.15)
cos g h
and
sin@
(8.16)

AT T ,
\/77#232
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0 = tan-! (u2s2 cot o,h)
oy

The sum of the residues at the finite number of the poles, which lie in the interval

[w?/B3, w?*B7] is given by:

N @ ¢

M1 0y )+ #202n) tan ol(n)h

cosa®™¢ - cosaz,

A21 o™ (3/0N) [w 0 tan 01k — 1202 ]a=1,,

where
w? 172
Ol(n) = (E - >\n) ’
and
wl 1/2
Ogn) = ()\n ——2) .
2
Now

b} I w, - _
= o tanoh —y00]5, = — = — G -6 B - U 'GYY
a 2 0P

where G, and U, denote the surface phase and group velocities respectively.

From (8.18) and (8.19), we obtain the contributions from the poles as

N
RO RO}

where
FOR Ly
cosa; ' h
and
g - {205")(6;2_ U;lc;l)}lﬂ‘
253 Bt — 6’

From (8.10), (8.14) and (8.20) we obtain

S SR w?/B;
= 3 @O hennea,
n=1 — 0
where , is given by (8.15) and ¢\ is given by (8.21).
(ii) Next, we consider

12’2= lim —§ Gz, &) dX
R~ 2mi Jix|=R

-1

R—e 2w IAl=R 20,0y

[v2exp{—0y(z +§ — 2h)} —exp (— 031§ — z[)]d.

245

(8.17)

(8.18)

(8.19)

(8.20)

8.21)

(8.22)

(8.23)

(8.24)

Again the point A = w?/g% is the only branch-point of the integrand and the poles, being

the zeros of the denominators of the factor 7y, are the same as for /5.
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On 2% and £, we have
G = Gn*,
where * denotes the complex conjugate, and so
Gy — Gy, = 2LHGyy).
Moreover,
re _ H10ptan oh+iu,s,

T - = exp (2i6),
L0y tan oyh — ilys,

where 0 is given by (8.17).
Thus

Gy — Gy = s [—cos {s2(z + ¢ — 2h) — 20} + cos{s,(§ — 2)}],
M2S2

= —2—1 sin{f — s,(¢ = h)} - sin {0 — s,(z — h)}.
M8

Hence the branch-line contribution is

1 pws; 1
- —J- —— sin{0 — s,(¢ — h)}-sin{0 — 5.(z - K)}dA
TJ_ HarSo

wZ

163
- - J 932, N) a6, N X,

where

G, -sin {6 - s,(z — h)}

sin 8

\1’2(2, )‘) =

and G, is given by (8.16).
Contribution from the poles is given by

{10 tan o h + 1,097} exp [—0§P (z +§ — 2h)]

N
-3 - 3 O,

2u20§"’ -(8/0N) [mo, tan 01k — p,0,],,,
where

¢ (z) = Fnexp (037 (h - 2)],

and F,, is given by (8.22).
From (8.24), (8.28) and (8.30), we obtain

RS ) e
= 3 80@0- [ T venvaa,

where ¢{” (2) is given by (8.31) and (2, \) is given by (8.29).

(8.25)

(8.26)

8.27)

(8.28)

(8.29)

(8.30)

(8.31)

(8.32)
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(iii) Finally, we consider

, =1 cos 0; ¢
I = lim — Gu(z, ) dA = lim —
R—o 2m Ji\ =R R-=2m Jyx\|=g cos0,h

exp [-022 - W]

, (8.33)
0y tan 61 — 130,

and note that A = w?/B is the only branch-point of the integrand. The poles of the integrand
are the same as those for I, and I5,.
Now

_ cos0;¢ sin#
GHh—Gy = 2 -—— -sin{f — s,(z — h)},
cosoh U8,

and so the branch-line contribution

1 ¥

- - f_ )

where Y, and , are given by (8.15) and (8.29), respectively.
Contribution from the poles

8
\bl(g-s A) lp?-(Z? )\) d)\a (8'34)

_ N cos oM exp [-o(z — 1)) (8.35)
n=1 COS O(I’I)h (a/a)\)[/.llol tan Ulh —ﬂ202])\n '
&4
=Y #P@) ¢{(2),
n=1
where ¢, and ¢, are given by (8.21) and (8.31), respectively. Hence,
C &y g™y L[
I = Z ¢1°(§) #2 (Z)—;f Vi€, N Yalz, N) dA. (8.36)
n=t — o0

Moreover, since G,(z, ¢; A) = G1»(¢, z; A), we have

2

! . N l “
Iy = tim Gadr = 3 67 () 6 - f
R— o 27 IAI=R n=1 T J_. o

62
Uiz, A) Y28, M) d.
(8.37)
From (8.9), (8.23), (8.32), (8.36) and (8.37), we obtain the following representation of
the delta function:
N w’/B3
5c-5 = L u0eP@e00- [ ue)ven s an (8:38)

where

¢M@e) = ¢ (@), 0<:z
= ¢M(), h<z,

A

"
(8.39)
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(with u(2), ¢§")(z), ¢§")(z) given by (7.36), (8.21) and (8.31), respectively), are the normal-
ized proper eigenfunctions, and

v(z,N) = di(z,N), O0<z<h,
wZ(z) x)’ z= h’

(8.40)

(with ¢,(z,\) and Y,(z,\) given by (8.15) and (8.29), respectively), are normalized
improper eigenfunctions. K can be verified after some effort, that the normalizing factors,
which have arisen for eigenfunctions and improper eigenfunctions, are indeed correct.

If f(z) is of finite p-norm over the interval (0, <o), then the representation of f(z) in
terms of eigenfunctions {¢, (z)} and improper eigenfunctions {{(z, A)} can be obtained on
multiplying (8.38) by f({) and integrating with respect to { from 0 to co.

We get

CESWILON| °:m;fA YO\ 2) s 8.41)
where

fo = ™) = fo T RE)FE) 6P ) d, (842)
and

fo= V&) = fo ICY YR (8.43)

In particular, if f(z) = ¢(m)(z) or Y(z,X\), then (8.41)—(8.43) yield the following ortho-
normality relations:

f 1) 8" (@) 9 (2)dz = 6 = W, 0™, 1<m,n<N, (8.44a)
0

J“"’#(z) VDY, N)dz = 8(A=X) = Yz, N), ¥(z, X)), —oe< AN < w?/B3, (8.44b)
0

fm#(z) @) Yz, N dz = 0 = (@, Y) 1<m< N, —»=< < B (8.44¢)
0

9 Conclusions

The spectral representation enables us to tackle a class of problems associated with the
transmission and reflection of Love waves at a horizontally discontinuous change in
elevation (vertical step) or in material properties of layered structures. Alsop (1966) has
given an approximate method for calculating reflection and transmission coefficients for
Love waves incident on a vertical discontinuity, which is based upon the representation of
motion in terms of the discrete Love modes only. The continuous part of the spectrum
neglected by Alsop (1966) is related to body waves and is of considerable significance.
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The method of integral representation and Schwinger—Levine variational principle
used by Miles (1946, 1967) in the treatment of acoustical and water wave problems, and
Marcuvitz (1951) in Electromagnetic problems, presupposes the existence of a complete
set of proper and improper eigenfunctions, in terms of which the displacements on either
side of the discontinuity may be expressed. The present paper fulfils the necessary pre-
requisite for the application of the method which will be described in a subsequent paper.
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