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FOREWORD.

In L988 the European Space Agency started with a ser ies of studies with

the goal to prepare the geodet ic user community for a dedicated gravi ty f ie ld

mission and st imulate cooperat ion among various groups. Thereby i t  was lef t

open whether the planned mission should be based on the pr inciple of

sa te l l i te - to -sa te l l i te  t rack ing ,  on  sa te l - I i te  g rad iomet ry  o r  on  a  combina t ion

of these two methods. In the course of these studies i t  turned out that the

group of the dipart imento di  ingegneria idraul ica, ambientale e del r i leva-

mento of the pol i tecnico di  Mi lano and that of  the faculty of geodet ic

engineering of the Delf t  Universi ty of Technology worked much along the same

l ine. At var ious occasions very exci t ing and st imulat ing exchange of ideas

took place between these two groups. In 1,991, i t  was therefore decided to

pub l ish  the  main  l ine  o f  the i r  deve lopment  in  g rad iomet ry  ana lys is ,  the

so-ca l led  t inewise  and spacewise  approach,  in  a  jo in t  repor t .

Compared with the benef i t  i t  would have been rather cumbersome to try to

homogenize the adopted style of presentat ion and notat ion of the two groups.

Thus l i t t le effort  was spent on this aspect.  We hope that this does not hamper

reading.

The authors l ike to thank the European Space Agency for i ts support  of

the CIGAR-studies and the Netherlands Geodet ic Commission for publ ishing this

r e p o r t .

D e l f t ,  a p r i I  1 9 9 3 ,

Reiner RummeI.





1. INTRODUCTION.

AI t  our  current  knowledge of  the g lobal  grav i tat ional  f ie ld of  the ear th

i s  de r i ved  f rom an  ana l ys i s  o f  t he  mo t i on  o f  a r t i f i c i a l  sa te l l i t es .  Wh i l e  i n

the p ioneer ing days only the oblateness coef f ic ient  J2 and thereaf ter  J3 could

be determined,  subsequent ly  complete sets of  spher ica l  harmonic coef f ic ients

up to degree /  and order  m 36 could be computed.  Very advanced laser  and radio

t rack ing  techn iques ,  more  and  more  sa te l l i t es  w i t h  a  l a rge  va r i e t y  i n  o rb i t

character is t ics,  an increasing number of  ground stat ions and last  but  not

least  more sophist icated computers and computat ional  models made th is

development  possib le.

However there ex is t  natura l  l imi ts  for  fur ther  improvement .  Whereas,  for

exanp le ,  t he  s t i l l  ex i s t i ng  i nde te rm inancy  o f  i nd i v i dua l  sphe r i ca l  ha rmon ic

coef f ic ients far  away f rom the resonance bands of  the sate l l i tes can probably

be overcome in the near future through a lmost  cont inuous space-borne t rack ing

o f  l ow  f l y i ng  spacec ra f t s ,  t he  a t t enua t i on  o f  t he  g rav i t a t i ona l  f i e l d  w i t h

increasing a l t i tude represents a natura l  barr ier .  The only way out  of  th is

d i l emma i s  sa te l l i t e  g rad iome t r y ,  t he  measu remen t  o f  second  de r i va t i ves  o f  t he

g rav i t a t i ona l  po ten t i a l  V .  When  exp ressed  i n  a  sphe r i ca l  ha rmon ic  se r i es ,

doub le  d i f f e ren t i a t i on  rough l y  resu l t s  i n  an  amp l i f i ca t i on  o f  t he  coe f f i c i en t s

represent ing the gravi ty  f ie ld by a factor  12 (wi th l '  the degree of  the

expans ion ) .  Th i s  way  the  a t t enua t i on  e f f ec t ,  wh i ch  i s  app rox ima te l y  1 -X -1 / ,-  H+n

can be compensated (R is  the ear th 's  mean radius,  h the a l t i tude of  the

sa te l l i t e ) .  Th i s  i s  i l l us t ra ted  i n  F igu re  L .  F igu re  1  shows  the  s igna l  deg ree -

order  var iances of  the unknown par t  of  the gravi tat ional  potent ia l ,  the

d i s tu rbance  po ten t i a l  T ,  a t  t he  ea r th ' s  su r face  (a l t i t ude  0  km)  and  a t  200  km.

For the h ighest  degree (24O) the at tenuat ion ef fect  is  three orders of  magni-

tude.  The second radia l  der ivat ive of  T,  T. . ,  has a much f la t ter  spectrum at

the  ea r th ' s  su r face  than  T .  The  i n fo rma t i on  abou t  t he  spa t i a l  de ta i l s  o f  t he

f i e l d  i s  much  more  p ronounced .  Thus ,  T==  a t  2OO km a l t i t ude  s t i l l  con ta ins

considerable in format ion at  h igh spher ica l  harmonic degrees.
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F igu re  1 :  A l t i t ude  a t t enua t i on  e f f ec t  o f  t he  d i s tu rbance  po ten t i a l  T  can  to  a

large extent  be compensated by deal ing wi th the second radia l

de r i va t i ve  T . .  ( deg ree -o rde r  va r i ances  based  on  OSU 86F ,  a l I  quan t i -

t i es  d imens ion less :  T / (G l4 /R ) ;  Tzz /  ( 2GM/R3)  ) .

A sate l l i te  gradiometer  measures at  maximum a} l  n ine components of  the

g rav i t a t i ona l  t enso r  f i J  =  
# ,  

(w i t h  V  g rav i t a t i ona l  po ten t i a l )  o r  ce r ta in

l inear  combinat ions of  these components.  Gradiometers are e i ther  based on the

p r i nc ip le  o f  d i f f e ren t i a l  acce le rone t r y  o r  on  tha t  o f  t o r s i on  measu remen t .  The

components may be g iven in a space f ixed coordinate t r iad,  in  case of  a space-

s tab le  o r i en ta t i on  o f  t he  i ns t rumen t  i n  t he  spacec ra f t ,  o r  i n  some  l oca l ,  e .g .

ro ta t i ng ,  t r i ad .  I n  t he  l a t t e r  case  the  measu red  e lemen ts  con ta in  componen ts

o f  i ne r t i a l  mo t i on  as  we l l .  A I I  t hese  po in t s  and  nany  re la ted  aspec ts  a re  l e f t

as ide  he re .  Fo r  a  d i scuss ion  o f  t he  i ns t rumen ta t i on  re fe r  t o  (We l l s ,  1983 ) ,

(Pa i k  &  R icha rd ,  1936 ) ,  (Re inha rd t  e t  d f . ,  7982 ) ;  f o r  a  t r ea tmen t  o f  t he

g rad iome te r  p r i nc ip les  re fe r  t o  (Rumme l ,  1986 ) .  He re  we  assume an  i dea l

s i tuat ion,  where the gradioneter  components are g iven in known or ientat ion,

a long per fect ly  a l igned axes and where the only s ignal  source is  the

g r a v i t a t i o n a l  f i e l d  o f  t h e  e a r t h .  N o  d i s t u r b i n g  a c c e l e r a t i o n  e x i s t s .  T h e
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gradient  components are prov ided in e i ther  the local  or thonormal ,  spher ica l

t r i a d  g i ,  i  =  I , 2 , 3  ( w i t h  9 r  =  e x  d i r e c t i n g  n o r t h ,  e 2  =  € y  d i r e c t i n g  e a s t ,  a n d

e 3  =  e z  r a d i a l l y  o u t w a r d s )  o r  t h e  o r b i t  t r i a d  9 0 ,  0  -  1 , 2 , 3  ( w i t h  € 1  =  q a

along t rack,  92 = 9"  crosstrack,  perpendicular  to  the orb i t  p l -ane,  and e3 = et

radia l ly  outwards) .  Each component  is  measured independent ly  of  aI I  o thers

w i th  a  ce r ta in  measu remen t  e r ro r .

The purpose of  th is  repor t  is  a d iscussion of  a l ternat ive ways of  deter-

m in ing  an  app rox ima t i on  o f  t he  ea r th ' s  g rav i t a t i ona l  f i e l d  f r om sa te l l i t e

g rad iome t r y  w i t h  t he  f i e l d  exp ressed  i n  a  se r i es  o f  sphe r i ca l  ha rmon ics .  E r ro r

p ropaga t i on  and  l i nea r  pa rame te r  es t ima t i on  sha l l  be  ana l yzed .  The  sub jec t  i s

no t  new.  F rom the  days  sa te l l i t e  g rad iome t r y  i s  unde r  cons ide ra t i on ,

rep resen ta t i on  and  ana l ys i s  o f  i t s  resu l t s  i n  t e rms  o f  sphe r i ca l  ha rmon ics  has

been  cons ide red ,  see  e .g .  (K6hn le in ,  7967 ) ,  (G lase r  &  She r r y ,  1971 )  o r  Reed ' s

d i sse r ta t i on  o f  1 ,973 .  Now,  howeve r  w i t h  ac tua l  n i ss ion  p lans  fo r  t he

gradiometr ic  sate l l i te  ARISTOTELES growing more and more concrete,  a rev is ion

seems appropr iate and t imely.

I t  is  renarkable to observe that  dynamic sate l l i te  geodesy and physical

geodesy,  a l though st rongly benef i t t ing f rom each other ,  developed as two

rather  independent  branches of  geodesy.  No ser ious at tempt for  a uni f ied

theory of  grav i ty  f ie ld determinat ion has been undertaken.  The former

add resses  g rav i t a t i ona l  f i e l d  es t ima t i on  f rom the  so lu t i on  o f  t he  equa t i ons  o f

mo t i on ,  t he  l a t t e r  soLves  g rav i t a t i ona l  f i e l d  and  shape  o f  t he  ea r th  i n  t he

form of  a boundary value problem re lated to the ear th 's  sur face.  Gradiometer

measu remen ts  a re  i dea l l y  su i t ed  f o r  a  s tudy  o f  t he  s im i l a r i t i es  and

d i f f e rences  o f  t hese  two  app roaches .  Cons ide r  f i r s t  t he  sa te l l i t e  as  a  ca r r i e r

o f  an  i ns t rumen t  t ha t  de l i ve rs  t he  g rav i t a t i ona l  t enso r  componen t=  f i j  a t

reguJ .a r  i n te rva l s .  A t  each  t ime  the  pos i t i on  o f  t he  i ns t rumen t  i s  exp ressed  by

t h e  c o o r d i n a t e  t r i p l e  { g , t r , r } ,  r e p r e s e n t i n g  t h e  p o s i t i o n  o f  t h e  s a t e l l i t e ' s

center  of  mass,  which is  usual ly  known only approximately .  Wi th each

revolut ion of  the spacecraf t  a  new c i rc le of  densely spaced measurements is

de l i ve red .  Depend ing  on  the  cho i ce  o f  t he  o rb i t ,  i n  pa r t i cu la r  o f  t he

inc l i na t i on  I  and  p recess ion  ra te  o f  i t s  node ,  n ,  an  a lmos t  a rb i t r a r i l y  dense ,

g loba l  cove rage  o f  t he  sphe re  can  be  ach ieved .  W i th  f i ; ( 9 , t r , r )  -  o r  by

a p p r o x i m a t i o n  f i . , ( g , t r ) ,  i f  t h e  h e i g h t  v a r i a t i o n  o f  t h e  s a t e l l i t e  c a n  b e

1 . 3



neglected or  aI I  observat ions are reduced to one sphere,  o(0,  r )  -  each tensor

component  represents a grav i ty  re lated funct ional ,  g iven on a known (or

unknown) boundary sur face.  The determinat ion of  the g lobal  grav i ty  f ie ld in

terms of  spher ica l  harmonics f rom such a funct ional  is  carr ied out  by

quadrature techniques or  the solut ion of  a geodet ic  boundary vaLue problem

(g .b . v .p .  ) .  As  t he  measu remen ts  a re  cons ide red  a  f unc t i on  o f  pos i t i on  on l y ,

th is  v iew is  denoted the spacewise approach.  I t  fu l ly  co inc ides wi th the

techniques wel l  establ ished in the f ie ld of  physical  geodesy.  This v iew shal l

be t reated in  chapter  two.

Equal Iy  wel I  the measured sequence of  tensor  components may be v iewed as a

d i s c r e t e  t i m e  s e r i e s ,  f i j  ( t ) ,  i d e a l l y  s p a n n i n g  t h e  e n t i r e  m i s s i o n  l e n g t h

w i thou t  i n te r rup t i on  I n  t h i s  case  the  de te rm ina t i on  o f  sphe r i ca l  ha rmon ics

becomes  poss ib le  on l y  a f t e r  connec t i ng  t he  sphe r i ca l  ha rmon ic  rep resen ta t i on

g i ven  i n  an  ea r th  f i xed  coo rd ina te  sys tem w i th  t he  t ime  se r i es  p rov ided  a long

the inc l ined,  sJ.owly precessing orb i ta l  p lane.  Var ious ways are conceivable

fo r  t h i s  connec t i on  and  fo r  t he  pa rame t r i za t i on  o f  t he  t ime  se r i es ,  bu t  t he

in t i na te  re la t i on  t o  sa te l l i t e  pe r tu rba t i on  t heo ry  i s  ev iden t .  We  deno te  t h i s

the t  imewise approach to be t reated in  chapter  3.  I t  is  par t icu lar  su i ted for

s tud ies  o f  t he  i n f l uence  o f  t he  cho i ce  o f  t he  o rb i t  pa rame te rs  on  g rav i t y

f i e l d  recove ry  and ,  as  measu remen t  samp l i ng  i s  ac tua l l y  a  t ime  p rocess ,  f o r

ana l ys i s  o f  r ea l i s t i ca l  i ns t rumen t  e r ro r  mode ls .

The  c lose  connec t i on  o f  t he  t imew ise  app roach  w i th  o rb i t  pe r tu rba t i on

ana l ys i s ,  as  usua l l y  app l i ed  i n  dynamic  sa te l l i t e  geodesy ,  becomes  even  more

pronounced i f  we Look at  a measured tensor  component  f rom a sJ. ight Iy  d i f ferent

ang le .  I n  d i f f e ren t i a l  acce le rone t r y ,  as  i t  has  t o  be  app l i ed  w i th in  t he

ARISTOTELES miss ion,  an arb i t rary tensor  component  is  measured by prohib i t ing

two  ne ighbo r i ng  tes t  masses  f rom the i r  f r ee  mo t i on  ( f a I I )  i n  o rb i t  and  by

cons t ra in ing  them to  a  f i xed  l ev i t a ted  pos i t i on  i ns ide  the  i ns t rumen t  by  means

o f  a  f eedback  mechan i sm.  The  feedback  s igna l  su i t ab l y  d i f f e ren t i a ted  i s

t rans la ted  i n to  t he  g rad ien t  measu re .  I t  pe rm i t s  t he  recons t ruc t i on  -  o r  i s

equivalent  to  the measurenent  -  o f  the re lat ive accelerat ion between two

ad jacen t  t es t  masses  i n  f r ee  fa l l  a t  known  d i s tance ,  as  d i scussed  i n  (M isne r ,

Tho rne  &  Whee le r ,  t 971 . ) .  Hence  the  s igna l  cou ld  be  mode l l ed  by  means  o f

pe r tu rba t i on  t heo ry  o f  two  ne ighbou r i ng  space  t ra jec to r i es .  As  the  two

r . 4



t ra jec to r ies  a re  h igh ly  s imi la r ,  the i r  abso lu te  shape and loca t ion  is  o f

Iesser importance. The gradiometr ic information is concealed in their  relat ive

d i f fe rences  (Rumnel ,  1978,  Schne ider ,  1984) .
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2. SPACEWISE APPROACH.

In the present chapter the determinat ion of the spherical  harmonic coeff i -

c ien ts  o f  the  grav i ta t iona l  po ten t ia l ,  s ta r t ing  f rom observa t ions  ass igned to

wel l  def ined points on a surface or averaged over sui tably chosen regions

(usa l l y  rec tangu lar  b locks) ,  i s  i l l us t ra ted .  A  pre l im inary  d iscuss ion

concerning the choice of the orbi t ,  in order to obtain a complete coverage of

the  ear th ,  by  da ta  d is t r ibu ted  in  a  very  th in  she l l ,  i s  p resented  in  sec t ion

1.  The er ro r  in t roduced by  sh i f t ing  the  da ta  to  a  s ing le  sur face  is  exp l i c i t l y

est imated, and is proved to be of the same order as the instrumental  error for

gravi ty gradient measurements. The observat ional model is introduced in

sect ion 2. The spat ial  distr ibut ion expected for measurements during the whole

mission, and their  block-averaging procedure are descr ibed; the use of Wiener

measures for the treatment of noisy data def ined in a cont inuum is i1lu-

s t ra ted .  Sec t ion  3  dea ls  w i th  the  leas t -squares  approach fo r  the  es t imat ion  o f

a  f in i te  number  o f  coe f f i c ien ts  f rom d isc re te  da ta .  The par t i cu la r  s t ruc tu re

o f  the  normal  mat r ix  i s  ana lysed,  in  o rder  to  i l l us t ra te  the  numer ica l

probJ.ems ar is ing in the solut ion of the normal- system. The presence of

a l ias ing  and i t s  ma in  fea tures  are  d iscussed.  The de terminat ion  o f  po ten t ia l

coe f f i c ien ts  by  quadra ture  fo rmulas  is  the  top ic  o f  sec t ion  4 ;  in  par t i cu la r ,

the  d isc re t i za t ion  er ro r  i s  eva lua ted  by  su i tab le  s imu la t ions .  The genera l

structure of boundary operators is analysed in sect ion 5; the procedures to

es t imate  func t iona ls  o f  the  so lu t ion ,  and in  par t i cu la r  spher ica l  harmon ic

coeff ic ients,  f rom a boundary condit ion expressed as an operator act ing on the

unknown funct ion, are i l lustrated. Such procedures are appJ. ied in sect ion 6 to

par t i cu la r  cases  o f  d i f fe ren t  g rav i ty  g rad ien t  components ;  f ina l l y ,  the

simultaneous use of di f ferent kinds of data ( for example, di f ferent components

of the gravi ty gradient) in an overdetermined problem approach is discussed in

s e c t i o n  7 .

2 . 1 .  I s  i t  p o s s i b l e  t o  u s e  s a t e l l i t e  o b s e r v a t i o n s  i n  a  b o u n d a r v  v a l u e  p r o b l e m

aPProach?

Our  ob jec t ive

I i t e  o b s e r v a t i o n s ,

design a reference

is  to  de termine the

to  a  cons iderab le

o r b i  t :

g rav i ty  f ie ld  o f  the  ear th  f rom sa te l -

degree o f  reso lu t ion .  To  th is  a im,  we

2 . 1



o as low as possible in order to decrease the exponent ial  damping of the

harmonic coeff ic ients of the potent ial ,  the l imit  being imposed by the drag

effects on the satel l i te of the upper Iayers of the atmosphere,

o  w i th  a  po la r  inc l ina t ion ,  so  tha t  a I I  the  f luc tua t ions  o f  the  po ten t ia l  a re

exp lo red ,  w i thout  neg lec t ing  po la r  caps ,

o  w i th  a  mean mot ion  hav ing  a  su i tab le  ra te  to  the  ear th 's  angu lar  ve loc i ty ,

so  tha t  sa te l l i te  subt racks ,  as  seen f rom the  ground,  tend to  d is t r ibu te  in

longitude without repet i t ions, and

o w i th  an  eccent r i c i t y  as  smaL l  as  poss ib le ,  so  tha t  the  sa te l l i te  i s  sampl ing

a potent ial  which has always the same spectrum, as a funct ion of g and tr .

Among many possible solut ions, in order to perform a spectral  analysis of the

observa t ions  a long the  orb i t  ( t imewise  Four ie r  approach)  a  poss ib le  o rb i t  has

been ident i f ied ,  wh ich  is  o f  g rea t  in te res t  because i t  i s  f rozen in  iner t ia l

space;  i t  i s  known as  Cook 's  o rb i t  and is  descr ibed in  de ta i l  in  (Co1ombo,

1994) .  Another  poss ib le  e lementary  cho ice  is  to  have,  as  cLose ly  as  poss ib le ,

a  pure ly  c i rcu la r  o rb i t ;  so ,  by  us ing  a  su i tab le  measur ing  ra te  and a  su i tab le

ra te  o f  the  sa te l l i te 's  to  the  ear th 's  per iod ,  one rea l i zes  tha t  the

measurement points,  as seen from the earth, tend to distr ibute in an i rregular

fashion, however approaching more and more the condit ion of a cont inuous

d i s t r i b u t i o n ,  i .  e .

S u p  I n f  d ( p i , p . ; )  =  0
r J

j  =  1 , . . . N )

over the sphere of radius r  equal

We shal l  come back, Iater on,

way and to the effects i t  has

c i e n t s .

Q . 1 . )

t o  t h e  o r b i t ' s  r a d i u s .

to  the  l im i t  d is t r ibu t ion  ob ta ined in  th is

on  the  es t imat ion  o f  the  po ten t ia l  coe f f i -

I i m
N+co

( i ,

We jus t  want  to  s t ress  here  tha t  th is  ra ther  s imp l is t i c  cho ice  has  a t

Ieast one good point f rom the pract ical  point of  v iew: the presence of a

re levant  d rag  e f fec t  tends  by  i t se l f  to  c i rcu la r ize  the  orb i t ,  i .e .  to

decrease the  eccent r i c i t y  e ,  so  tha t  i t  wou ld  be  a  waste  o f  fue l  to  t ry  to

keep e constant.

This can be seen for instance from the Lagrange dynamical equat ions in
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terms of Kepler 's elements. Let 's remodel the drag perturbat ion by a simple

force-funct ion l ike (cf .  Kaula, 7966, I  3)

r = * - - D a M
za

a = seni  major  ax is

p = GM = 3.986 1014 m3 sec-2

D = drag force, assumed to be constant

M = mean anomaly,

Q . 2 )

describing essent ial ly a satel l i te moving under the central  f ie ld trr . / r  within

a constant density atmosphere causing a constant tangential effeca 
I *{ 

- -D,

opposite to the direct ion of motion. With this force funct ion Lagrange

equations read

d e  ( 1 - e 2 )
- = - - D

dt nae

: T = f o  r t p * D M ) = ' * ? e v
( 2 . 3 )

$ i = o

(1 = pL/z a-3/2 = mean motion).

These equations already describe the main effects of drag, which does not

affect o,  i ,  O and gives r ise to a decay of a,  related to the law of energy, a

decrease of e and an lncrease in the angular veloclty t't aue to the necesslty

of balancing the stronger attract ion impl ied by the decrease of a.

da 2D- = - -
d t n

$ f = o

$ f = o
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So the satel l i te wl l l  spiral  down, towards the earth's surface, preserving

an osculat ing motion of almost circular type; after a certaln t lme, for

instance a few hours, the or iginal  state ls restored by f i r ing the rockets and

suitably manoeuvering the satel l i te.

We shaII  assune (see e.g. (Rummel & Colombo, 1985)) that these control

operat ions are sui table to keep the satel l i te in a layer of radial  distance

varying t5 km around a mean value. Already at that point, the lnage of the

mission we are designing suggests the idea of applying some boundary value

problem technique to determlne the unknown anomalous potential; in general

this can be pursued, on condition that the data we have are expressed in terms

of point-wise funct ionals of the anomalous potent ial  T. This can be very

dif f icul t  i f  our data are derlved from some type of t racking, because the

orbi t  anomaly vector ( i .e.  the di f ference between the actual posi t ion of the

satel l i te and that calculated from a model gravi ty by orbi t  integrat ion) is a

non-Iocal funct ional of  T; on the other hand gradiometr ic measurements are

local by their  very nature and so they lend themselves to be easi ly handled in

a b. v.  p.  mode. To this aim i t  is much simpler to treat data that are ascr ibed

to points on a very simple surface, l ike a sphere; i f  we want to have that

pioperty ful f i l led we need therefore to move the observat ion points to a mean

sphere. There might be some object ion to this approach, because i t  is very

much in the spir i t  of  modern geodesy to avoid "reduct ions";  af ter aI I  i t  has

been this concept to push for Molodenski i 's theory and, Iater oD, for the

foundat ion of col locat ion theory. On the other hand we should take into

account that in our case the observat ion point wi l l  move irr , r ." , r , r t1,  avoiding

errors due to the unknown mass density, and that we make computations within

the harmonicity domain where our functions are in any way smoothed2.

1' I t  
is easy to ver i fy that the var iat ions of density due to the residual

atmosphere in a layer of a few ki lometers, are inmater ial  for the computat ion

of the Znd order gradient.

2Tn. 
transformation of the spectrum of a second derivat ive, going from the

earth 's  sur face to the level  of  the sate l l i te ,  is  governed by the approximate

t rans fe r  f unc t i '  
h ' {+e

on  ( f  -  
R : ) - - "  

( f r  =  sa te l l i t e ' s  he igh t ,  R  =  ea r th ' s  mean

rad ius )  wh i ch  assumes  the  va lues  O ,2  o r  0 ,04  o r  O ,OOZ fo r  0  =  50  o r  1OO o r
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To move the gravi ty  gradient  components radia l ly  we need thei r

derivatives: since every component of f = tUff[rl i., the degree L

spherical  harmonic representat ion is also a homogeneous funct ion of

- (2+3) ,  we can wr i te  (no te  tha t  f ,  as  we l l  .=  F , r ,  a re  3  x  3  mat r ices) ,

rad ia l

of  the

degree

Just to f ix the ideas, we shal l  think of

nents. Then i t  is

( 2 . 4 )

f^ as one of the V.. harmonic compo-

o

E
( 0 + 3 )  -

t = - - l' { n  
r  

' 0 .

(r{,).. - t#l
F o r m u l a  ( 2 . 4 )  i s useful  in the I inearized eouat ion

I - ( r s ,  g ,  t r )  =  2 t  f  
t ( r s ,g ,  

t r )  =  X ,  X*

tor  Y{ ' .  (9 '  t r )

a 0 r ( . o , g , l )  =

u : , n  

( o + 3 ) f o , *  ( r '  9 '  I )

( L + I )  ( L + 2 )
-_--E-2- [:J"' ( 2 .  s )

( 2 . 6 )=  
, l ^  

r oo ' ( r ' 9 ' ) t )_ 6 r
r

where the correct ion is expressed in terms of the "observed" harmonic compo-

nents  fo { r ( . ,9 , t r )  and o f  the  rad ia l  sh i f t  6 r  =  ro - r .  The summat ion  in  Q.O is

o v e r  m  ( l t l  :  L ) ,  a n d  {  ( L  =  O , ! , 2 , . . . ) ;  w e  j u s t  a s k  o u r s e l . v e s  w h a t  i s  t h e

error we would commit,  i f  we computed the second term in the r ight hand side

of  Q.6)  by  cons ider ing  on ly  the  te rms fo ,o ,o  and fo ,2 ,o  as  g iven ( i .  e .  the

po in t  mass  and the  J2-d ipo le  te rms) .  Refer r ing  to  the  ( r r ) -der iva t ive  and
?

sett  ing"

2OO at the height of  200 km.

3P1. . " .  
no te  tha t  w i th  the  same nota t ion  u ,  in

sha l l  mean the  normal  po ten t ia l ,  wh i le  6u
customary T to mean the anomalous potent ial .

s l igh t ly  d i f fe ren t  con tex ts ,  we
wil l  be replaced by the more
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I
t

we get

o2( r )  =  :9P zne.+s)262(6r r . )  =

[ 1  +  J ,  u r , o P 2 ( s i n  9 )  J

( 2 . 7 )

( 2 . 8 )

assumed that the "orbi t  discrepancy" 6r

the  geograph ica l  pos i t ion  (g ,  t r )4 ,  so  tha t

d u = u
[ : ) 't9

(61" )
a m  n  r

By assuming the

cr tG) = 1. .6

and not ing that

f i nd

=  ( 6 u  ) ,
r r  [ m

= :g* z n(r.+3), (r.*z)z (r.*r,, 
[#J 

'[:J 'n. u 
,r,"u.,7*, .

I n  Q . 8 )  w e  h a v e  i m p l i c i t l y

d is t r ibuted independent ly  f rom

t
E { 6 r 2 (  E  6 u ,  Y o  ) z )  =

, m  c m  c m- L

1 S

T.
= (612> 

_!,n 
6"?,n = <6r2>oZ(6u) Q .  e )

(2 .  ro)

after neglect ing some minor terms, we

s imp le

1.0-10-F-

P/R3 =

K a u l a  r u l e ,  i .  e .

1 . 5  1 0 - 5  s e c  
- 2

oz(r )  =  
+2 e.z)

( q = f E ' l ' = 0 , e 4 )'  
[ r ]

o r d e r  t o  u s e  ( 2 . 1 . I )  ,

<612> and we have to

tO-ro X0 e.+1.) e.+D (/+3)q{*3r o - r 2  ( 1 . 6 )

I n

on

( 2 . 1 7 )

to  ob ta in  a  rough es t ina te  o f  the  er ro r  we must  dec ide

es t imate  the  sun

More  prec ise ly  we sha l l  agree  tha t  6 r  i s  un i fo rmly  d is t r ibu ted  in  re  t  5  km
and that we would f ind the same distr ibut ion of 6r even i f  we rotated the

under ly ing  anomalous  grav i ty  f ie ld .
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f ( q )  =
! + 3

( 2 + 7 )  Q . + 2 )  ( e + 3 ) q *  =

a 3  , * :  L + g  3  4 ,

a q s t i z q  
- q  - q '

= o. {# ,*{, - 6 - zuql

2t

3
q

As

i s

for the f i rst  problem, we st ipulate that

uniform. This is in reasonable agreement

Q . 1 2 )

the distr ibut ion of 6r in r  t  5 km

w i t h  t h e  l a w  ( 2 . 3 ) .  I n  t h i s  c a s e

(612> = d x  =  8 . 3  k m 2
1 5

. { r " '

and

< 6 1 2 > - . ^ ,- t  = 1.9 10-7

As fo r  (2 .9 )  a  rough computa t ion  shows tha t

Q. L3)

f ( q )  =  3 . 9  1 0 s

Summar iz ing  f  rom (2 .  I I )  ,  (2 .  12)  ,  (2 .  13)  ,  (2 .  14  )  we ob ta in

( 2 .  1 4 )

c ( f  )  -  5 .  1  70-12  sec-Z  =  5 .  1  10-3  E Q . L s )

The est imate (2.15) says that with a real ist ic gradiometer the measuring error

wiI I  in any way dominate the error committed by moving the measure point to a

f i xed  sphere ,  wh i le  us ing  t "  
#  

on ly  the  (O,O)  and (2 .0 )  te rms.

Even in case we avai l  ourselves of a very accurate instrument,  say with an

r.  m. s.  error of L0-3 E, we can easi ly understand that,  by accept ing a certain

b ias  (say  1O% of  the  coef f i c ien ts )  in  a  f i rs t  i te ra t ion ,  one can exp lo i t  a

much better model to compute the reduct ion * a. ,  so that a second i terat ion
or

is certainly not needed. At this point w3 can already say that,  af ter some

manipulat ions, our data are given at points on a sphere of radius R + h (where

e. g. h = 200 km) and we can proceed almost straightforwardly to form a f ie ld
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of mean block values, as customary in geodesy, after defining for instance a

suitable gr id of egui-angular blocks; e.g. in the sequel we shal l  use systena-

t ical ly a 10 x 10 geographical  gr ld.

The last point to be discussed, before we can reason only in an earth-

f i xed  coord ina te  sys tem (e .g .  in  rad ia l  coord ina tes  r ,  g ,  l ) ,  i s  how to  re la te

the gradiometr ic tensor,  which by i ts very nature is neasured in a

satel l i te-f ixed frame, to the same tensor in a local f rame referred to the

(g,., 9y, e.) unit vectors. The transformatlon from the instrument frane to an

orbi t  f rame where z points in the radial  direct ion, u is tangent (along track)

and v out of  plane (cross-track),  is a matter of  ident i fy ing the att i tude

either by some extra device (star-tracker) or by exploi t ing the observat ions

themselves; as pointed out we shal l  not deal with this problem here. Yet i t

remains  to  ro ta te  f rom the  orb i t - re la ted  (u ,v ,z )  sys tem to  the  loca l  sys tem

(x ,y ,z )  where  x  po in ts  to  nor th ,  y  to  eas t  and z  to  the  zen i th  o f  the

satel l i te.  The interest ing point here is that there is an asymmetr ic behavior

between the ascending and descending arcs, as i l lustrated in Figure 2.1..

Figure 2.1: The geometry of ascending and descending orbi t-related systems.

The azimuth A is given by the rat io of the earth's veloci ty e to the

sate l l i te 's  ve loc i ty ,  i .  e .  d is regard ing  the  s ign ,

e . o = g
u a n -

n

w i t h  a  s a t e l l i t e  o f  1 . 5

where i t  is maximal,  we

( 2 .  1 s  )

hours period and considering a local equator ial  f rame,

f i n d  A  s  3 . 5 o .

2 . 8



Now the rotat ion can be

f i rs t  o f  a I l  tha t  the  z

.  a z T
component 

6;! 
do"= not need

accompl ished ra ther  eas i l y

axis remains invariant so

to be changed, and that

if we take into account

that for instance the

( 2 . 1 6 )

two components of the tensor,  that do

measuring, because they involve only

is the most disturbed by the i rregu-

( 2 .  1 , 7  )

sign,  conveys only

c o s A - ' 1  , s i n A

one  can  wr i t e

A 2 T
^ ^ -  I  "  

'

oxoy

( 2 .  t 8 )

I i t t le  in fo rma-

is  ra ther  smaI I

Q . L e )

a
_  =  - q t n

dv.

s l n -  cos

With these two operators we can f ind the

depend  on  the  o r i en ta t i on  bu t  a re  wo r th

channels or thogonal  to  the u-axis ,  which

Ia r  d rag  e f f ec t s .  Name ly  we  can  wr i t e

azT
0vulz

azT
0v602

wh ich ,  comb ined ,  g i ve

A : _
dx

n . -
ox

- " o = e 1
oy

The or thogonal  combinat ion,  wi th the minus

t i o n  c o m p a r e d  w i t h  ( 2 . 1 , 8 ) ,  b e c a u s e ,  w h i l e

(<  6  10 -2 ) .  As  f o r  t he  second  de r i va t i ves

^ a
n ; -

oy
o- =

dva

t , a 2 T
,  

'av^az

a 2 T
aiz 

=
d

azT  azT
= -SIn A ;---=- - COS A =--=-oxoz oyoz

azT  azT
= SIn A ;----;- 

- COS A :----=-
oxoz oyoz

a2T  azT
+ ;------J = -COS A ;----=-

o v d o z  o y o z

{ i =  s i n 2 A  # .  c o s z A  # . 2 s i n A

s i n 2 A f : *  c o s 2 A f J -  2 s i n A c o s  A 2 ' T ^
dx-  oy-  oxoy

and again combin ing the two in a sum,

A 2 T
cos2 A 3

oy '
1
: ( # . f f i t = s i n 2 A # .

a d

2 . 9
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Taking advantage of  the harmonic i ty o f  T ,  we  eas i l y  reduce  (2 .2O)  t o  t he  f o rm

t  , o 2 T
; ' a i z

. f f i 1  + s i n 2  A # = ( c o s 2 A - s i n 2  o r i f r +
d

Q . 2 I )

( 2 . 2 2 )

In this relat ion the f i rst  member can be considered as an observable and we

get  in  th is  way a  func t iona l  re la t io . ,  to  S ,  na tura l l y  th is  c rea tes  a  cor re -

Ia t ion  w i th  the  ^L^^- "^L '  ^  azT 
oy '

observab l .  
# ,  

bu t  s ince  s inz  A  <  3 .7  10-3 ,  th is  cor re -

la t ion  is  smal l  and we sha l l  neg lec t  i t  in  the  fu r ther  t rea tment  o f  the  da ta .

Concluding and summarizing we can say that af ter the radial  correct ion,

after the block averaging and after creat ing the combinat ions (2.78) and

(2.2I) ,  we can assume that observat ion equat ions are given at the centers of

the blocks, which expressed in terms of spherical  coordinates, read

A 2 T
Lzz -  

672

- 1 A 2 T 1 .
'  =Y = 

r  cos g AraI 
-  

fJ cosl

, -  t  A z T  _ L g g 0 TI vv 
: 

rz-coge 6Xz 
- -Tz- 

dQ

O I

aI

L  O L
+ - = -

r o r

I t  is the task of the boundary value problem approach to analyze these as

boundary  re la t ions  fo r  T ,  to  ind ica te  the  more  or  less  op t ima l  methods  to

der ive  f rom these a  su i tab le  soLut ion  and demonst ra te  how the  theore t ica l

rec ipes  can be  imp lemented by  prac t ica l  numer ica l  methods .

As a very last remark we want to stress that the information coming from

sate l l i te  observa t ions  and e labora ted  in  the  fo rm o f  a  b .v .p .  w i I I  supp ly  us

in the end with a solut ion which represents the anomalous potent ial  T at the

sate l l i te 's  a l t i tude ;  i t  i s  then an  open ques t ion  how th is  mode l  can  be

backward  cont inued,  down to  the  ear th 's  sur face .  We wi l l  no t  tack le  th is

d i f f i cu l t  p rob lem here ,  bu t  we w i l l  con f ine  ourseLves  to  ment ion  tha t  the

eas ies t  way  o f  do ing  i t  i s  jus t  to  represent  T  in  a  spher ica l  harmon ic

expansion and then truncate i t  to a maximum degree N: the truncated model then

automat ica l l y  g ives  a  representa t ion  o f  T  a t  the  ground leve l .  Natura l l y ,  the

cho ice  o f  N is  a  c ruc ia l  po in t ,  because we wou ld  no t  I i ke  to  ampl i f y  and

propagate  too  much no ise  in  our  mode l ;  the  c r i te r ion  fo r  the  cho ice  o f  N w i l l

2 . 1 . O



be d iscussed in  the  nex t  paragraph.  I t  i s  a lso  wor th  ment ion ing  tha t  by  the

way our  ser ies  w i l l  no t  rea l l y  converge on  the  ear th  sur face ,  bu t  fo r tunate ly

the degree at which adding new terms to the sum gives a worse rather than a

bet te r  approx imat ion ,  i s  so  h igh  tha t  we w i I I  no t  be  ab le  to  come c lose  to

such a  reso lu t ion  (Mor i tz ,  1980) .  Hencefor th  we c lose  the  paragraph by  say ing

t h a t  o u r  a i m  i s  t o  s o l v e  a  b . v . p .  w i t h  b o u n d a r y  c o n d i t i o n s  ( 2 . 2 2 ) ,  i n  t h e

sense tha t  we want  to  es t imate  the  coef f i c ien ts  6u^  o f  the  expans ion  o f  T  in

a  spher ica l  harmon ic  ser ies  on  the  ear th 's  sphere  ( r  =  R) ,  up  to  some max imal

degree N to  be  spec i f ied  la te r .

2 .2 .  The observa t iona l  mode l  fo r  spec t ra l  es t imat ion  f rom b lock  averages .

In this paragraph we consider the problem of der iv ing est imates of the

harmonic coeff ic iet t"  t {n,  of  a funct ion u def ined on the unit  sphere so that

+ @ L

u ( P )  =  2 n  t  u n  Y ,  ( P )
f , " m ( m { m

o  - L

( 2 . 2 3 )

( 2 . 2 s )

e . 2 6 )

As  i npu t  da ta  we  sha l l  cons ide r  t he  va lues  o f  u  on  a  se t  o f  po in t s  {P r t

i  =  1 , . . . , { n . * )  d i s t r i b u t e d  i n  s o m e  w a y  o n  t h e  s p h e r e ;  s i n c e  t h i s  i s  f o r  u s

the most  important  case,  we shaI I  main ly  consider  Pi  as the centers of  a

regu la r  geog raph i ca l  g r i d ,  d i v i d i ng  mer id ians  i n  N  equa l  i n te rva l s  and

pa ra l . I e l s  i n  2N  equa l  i n te rva l s ,  so  t ha t  4n " *  =  2N2  ( f o r  i ns tance  i f  N  =  180 ,

h . *  =  64800 ,  co r respond ing  to  a  g r i d  o f  Lo  *  10  b locks ) .  Fu r the rmore  we  sha l l

assume tha t  t he  ava i l ab le  va lues  o f  u (P1 )  come  f rom obse rva t i ons  i nc lud ing

measu remen t  e r ro rs ,  i . e .  mode l l ed  by  t he  equa t i on

u 6 ( P 1 ) = u ( P i ) + v i ( 2 . 2 4 )

i f  we assume a  s tochas t ic  mode l  fo r  u i ,  fo r  ins tance

E { u i }  =  O

E { u i u ;  }  = 0 2  d , ,
V i

2.  r1 ,



we can fo rmula te  our  p rob lem as  to  der ive  es t imates  fo r  t , ,n  f rom (2 .23) ,

( 2 . 2 4 )  ( 2 . 2 5 ) ,  Q . 2 6 )  w h e n  u e ( P i  )  a r e  g i v e n .

Sta ted  in  th is  way,  i t  i s  a  pure  prob lem o f  spec t ra l  es t imat ion  on  the

sphere  and we use i t  as  a  p repara t ion  to  t rea t  the  more  compl ica ted  b .v .p . ' s ,

which however faI I  in a class of problems very close to this whenever the

boundary operator has diagonal representat ion in terms of spherical  harmonics.

This problem has natural ly received much attent ion from geodesists and we

just mention some authors for reference, without any pretension of complete-

n e s s :  ( C o l o m b o ,  1 9 8 1  ) ,  ( M a r s h  e t  d 1 .  ,  1 9 8 8 ) ,  ( M o r i t z ,  1 ' 9 7 6 ) ,  ( P a v l i s ,  1 9 8 8 ) ,

(Rapp and Cruz ,  1986) ,  (Rummel ,  Teun issen,  and Van Ge lderen,  1989) ,  (Sansd,

1990 )  .

There are essent ial ly two ways in which this problem can be approached:

one is  to  reduce the  so lu t ion  space by  t runcat ing  the  ser ies  (a t  most )  a t  the

degree N, so that the number of unknowns, (N+1)2, becomes smaLLer than the

n u m b e r  o f  o b s e r v a t i o n s  2 N 2  ( t h i s  h a p p e n s  a t  l e a s t  i f  N : 3 )  a n d  t h e n  a  s i m p l e

leas t  squares  approach can be  app l ied ,  w i th  o r  w i thout  p r io r  in fo rmat ion ;  the

other  one is  to  cons ider  f i rs t  the  da ta  as  a  cont inuum,  app ly  the  very

def ini t ion of ur,n by a quadrature formula, i .  e.

u s ( P ) Y & ( P ) d o ( 2 . 2 7 )

and then try to approximate this in terms of the discrete avai lable data. AIso

in  th is  second case,  as  fo r  the  f i rs t  one,  there  is  a  na tura l  l im i t  over  wh ich

any  d isc re t i za t ion  o f  (2 .27  )  wou ld  Loose i t s  mean ing  namely  0  =  N.

In  fac t  i t  i s  jus t  enough to  cons ider  u (P1)  a long para l le ls  and observe

that for each paral lel  one has 2N observat ions, so that the corresponding

maximum frequency, above which the spectrum starts folding and the

cor respondence be tween va lues  and coef f i c ien ts  i s  los t  ( i .e .  the  so-ca l led

Nyquist  f requency),  is exact ly N. Before we come, in the next paragraph, to

describe the error propagat ion we can expect by fol lowing one or the other

approach, we must give some thought to the covariance structure (2.26) and see

whether and how i t  is ver i f ied under the theoret icaL hypothesis of an

ins t rument  o rb i t ing  on  a  po la r  c i rcu la r  o rb i t  and measur ing  a t  a  cons tan t  ra te

o f  7 /s  Hz ,  e .  g .  1  measurement  every  s  =  4  seconds.  As  a  f i rs t  computa t ion ,  Ie t

o ^ = h r

2 . 1 , 2



us s ta r t  by  d is regard ing  the  e f fec t  o f  the  ro ta t ion  o f  the  ear th  on  any  s ing le

orb i t ;  s ince  the  angu lar  ve loc i ty  o f  the  sa te l l i te  i s  cons tan t  and equa l  to  n

(mean mot ion) ,  the  sa te l l i te  spends a  t ime r  =  L :  
to  c ross  a  be l t  o f  ampl i tude

n
Ag in lat i tude, taking r /s = Lg/ns observat ions; moreover i f  the nodes tend to

d is t r ibu te  un i fo rmly  a long the  equator ,  as  fo r  a  miss ion  o f  dura t ion  T  there

..  nT nT
are  N" - -=  

f r  
cyc les ,  i .e .  2N"  =  l r -  gp6ss ings  o f  the  equator ,  we expec t  tha t

N A
dN.  = : - :  Nc  o f  t hem w i l - l  f a ] l  i n  a  sec to r  o f  w id th  A ) , .  The re fo re  i f  we  have  a

block of  60 x 60 we f ind in  i t  about

obse rva t i ons .  Fo r  a  m iss ion  o f  a

expect  6O observat ions per  b lock

d i f f e ren t  t r acks .

( 2 . 2 8 )

du ra t i on  o f  6  mon ths  and  a  10  x  Lo  b lock ,

d i s t r i bu ted  as  a lmos t  4  obse rva t i ons  a long

A<PAtr
ns = 

Znz-
6 2T

S 64800 s

we

T 6

F i g u r e  2 . 2 :  D i s t r i b u t i o n  o f  o b s e r v a t i o n  p o i n t s .

As  we  can  see  th i s  d i s t r i bu t i on  does  no t  depend  on  I ,  so  t ha t ,  i f  we  a l l ow

the ear th to rotate under i t  in  the average we must  expect  the same number of

observat ions per  b lock.  I f  we assume that  each observat ion has an independent

e r ro r  u  w i t h  t he  same va r i ance  c2 ,  we  can  a l so  say  tha t  by  ave rag ing  the

obse rved  u6  va lues  ove r  t . he  po in t s  P1 - ;1  f a l l i ng  i n to  t he  bLock

B i j  =  { i 6  =  I  =  ( i + 1 ) 6 ;  j 6  =  ^  =  ( j + 1 ) 6 } ,  i . e . ,  b y  f o r m i n g

2 .  1 3



u o ( P r j ) u e  ( P i  
i 1 )

we should f ind a quant i ty  af fected by independent  random noise

1 n os- " o i u

1 n o

,ro- ?*

( 2 . 2 e )

( 2 . 3 0 )

i rs  i s  no t  the  on ly  e r ro r  we commi t  by

the  b lock  B1 i  th rough (2 .29) ,  because there

formula

i t J  =

wi th  var iance

expressing the

is  as  weI I  the

u i  j t

o.2
^ v

o,2 = --j-. Indeed
o n o

average of  u over

b ias ,  g i ven  by  t he

b ( P r J )  =  u ( P i . ; ) u  ( P i ; 1 ) ( 2 . 3 7 )

This error  depends on the speci f ic  shape of  u and on the exact  locat ion of

P i J r .  A  b ig  e f f o r t  has  been  devo ted  to  t he  reduc t i on  o f  b ;  t he  s imp les t

solut ion is  probably to note that  the second term in the r ight  hand s ide of

(2 .37 )  rep resen ts  some  k ind  o f  ave rage  o f  u  ove r  t he  b lock  B i . 1 ,  so  t ha t  we  can

expec t  more  c lose l y

b ( P i J )

1 n o- * ? -

1 n o
- :r.
r r o  1

').
= -

B i i
J  u ( P ) d c p  -

B i J

u  ( P i ; 1 )  =  0 ( 2 . 3 2 )

fo rward ,  i f  we took  i t

a  square  b lock  is  compl i -

authors accept the appro-

c i rcu la r  cap  C o f  rad ius

B  a t  t h e  e q u a t o r ,  i . € . ,

Formula (2.32)  would not  be such a good step

r i go rous l y ,  because  the  ac t i on  o f  ave rag ing  u  ove r

cated when expressed in spectra l  terms;  however most

x ina t i on  o f  cons ide r i ng  (2 .32 )  as  an  ave rage  ove r  a

{o such that  the area of  C equals the area of

Tt2
Zn I  I -CoS  t /OJ  =  

N2 .

In  t h i s  way  the  i n teg ra l  ope ra to r  i n  (2 .32 )  becomes  a  s imp le  mov ing

ave rage ,  o f  wh i ch  i t  i s  easy  to  ve r i f y  t he  rep resen ta t i on

u ( Q ) d o q  =  [ ( P )  =  x ,  -  B  u r _  Y r _ ( P )
f , , m  t m  L m

( 2 . 3 3 )

where  [3n  a re  t he  famous  Pe l l i nen  coe f f i c i en t s

1 1
e c
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F 2Ws) 
=

1 - c o s

Vo

u. j  
P,  (cos / )s in  t /  d t / ( 2 . 3 4 )

(2 .  3s  )

From (2.33) we see that our problem has just been changed from the est imation

o f  r U .  f r o m  u s ( P i J ) ,  t o  t h e  e s t i m a t i o n  o f  [ r ,  =  B L  r , . n  f r o m  u e ( P r J ) .  A s  w e

have c la r i f ied ,  the  s tochas t ic  s t ruc tu re  o f  the  er ro rs  Dr i  i s  tha t  o f  a  zero

average white noise of uni form variancu o3 = cz/no. This is ver i f ied i f  we are

r ight in claiming that the residual bias impl ied by the var ious approximations

is  neg l ig ib le  as  compared to  the  no ise ;  a  deeper  d iscuss ion  on  the

representa t ion  o f  b lock  averag ing  in  spec t ra l  te rms,  w i th  more  re fe rences ,  can

be found for instance in (Rapp, 1989).  Before closing this paragraph we want

to  d iscuss  the  s tochas t ic  mode l  we wou ld  ob ta in  by  le t t ing  the  s ide  o f  our

square blocks tend to zero.

We f i rs t  no te  tha t  by  us ing  (2 .28)  and (2 .30) ,  where  we se t  N6 =  J /s  =

total  number of the observat ions, we can wri te for any pair  of  blocks, ident i-

f i e d  b y  t h e  c o o r d i n a t e s  ( g i , t r J ) ,  ( e I , \ y )  o f  t h e i r  c e n t e r s ,

Now we observe that  the area of  a b lock is  g iven by Aoi j  = cos g i  Ag A)\ ,  so

that  af ter  in t roducing the f ie ld of  measures

dpij = Dry aory

for  the noment  def ined only on our  fami ly  of  b locks,  we get

E{t '  '  i ! . )  = 6,/  6i  .  " i  #^

2n2c2

E { d p . i  d t r U x }  =  6 i l  6 i -  - #  
" o . 9 ,  

A o , , ( 2 . 3 6 )

Consequent ly  fo r  any  pa i r  o f  se ts  A ,B cons t i tu ted  by  a  number  o f  b locks ,  we

discover that

Zttzc2
v

J  c o s g d o

AAB

E { p ( A ) p ( B )  }  =
No

2 . 1 , 5
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Now if A and B are

o f  mu l t ib lock  se ts ,

any A

E { P ( A )  }  =  O

any measurable sets over  o,  by consider ing then as l imi ts

we  see  tha t  Q .37  )  con t i nues  to  ho ld ;  s i nce  i t  i s  a l so  f o r

that they are
the measurement

( 2 . 3 8 )

we see tha t  our  f ie ld  o f  s tochas t ic  measures ,  ex tended in  th is  way,  i s  in  fac t

a f ietd of Wiener r""" ,rr .=5, with density 
'# 

cos 9; the relevance of such
r r o

m e a s u r e s  t o  b . v . p . ' s  i s  i l l u s t r a t e d  i n  ( S a n s d ,  1 9 8 8 ) .  T h e  m o s t  i m p o r t a n t

appl icat ion of  such a measure is  the def in i t ion,  as a l imi t  in  the mean square

sense,  of  the corresponding in tegra l  of  any square in tegrable funct ion f

I r = J f ( P ) d p ( P ) ( 2 . 3 e )

which is indeed a random funct ion belonging to the l inear space spanned by

i d p ( P )  ) .

Notab ly  fo r  such in tegra ls ,  the  Wiener  ru les  ho ld

E { I r }  =  E {  J  f ( P ) d p ( P ) }  =  0 ( 2 . 4 0 )

E { I r I q )  =  E i  J J  r ( P ) e ( Q ) d p ( P ) d p ( P ) }  =

2nzc2
=  

- J  J  f  ( P ) e ( P ) c o s  s  d o  ( 2 . 4 1 . )

These formulas wi l l  be of fundamental  importance for the computat ion of error

mode ls  in  the  b .v .p .  approach.

q
"The o ther  charac ter is t i c  o f  Wiener  measures ,  i .  e .  the  fac t

normal  random var iab les ,  i s  p laus ib le  in  th is  case w i th

no ise .

2 . 1 , 6



2.3 .  The leas t  ssuares  approach.

From the d iscussion developed in the preceding paragraph we receive the

fo l l ow ing  p rob lem;  by  de f i n i ng  a  f unc t i on

{ : : : ,

L , m

, u
{Jtr

l l /

u ( P )  = : ,  t  u ,  Y ,  ( P )
O a  _ L ^  

c m  f , m

u ,  Y ,  ( P )
l^ (m

Ln

Q . 4 2 )

( 2 . 4 3 )

( 2 . 4 4 )

( 2 . 4 s )

of  which we have observed values at  the centers of  a reguJ.ar  gr id ,

l o { R , r )  =  [ ( e , r )  *  i t i

w i th  a  no ise  charac ter ized  by  the  s tochas t ic  behav iour

L l U i ; ,  =  U

E { t . .  i n . )  =  5 . "  6  .  c ?
i j  L k  i L  j k  o

we want  to  es t imate  i r , r i .  S ta ted  in  th is  way the  prob lem is  na tura l - l y

underdeterminated  (2N2 observa t ions  fo r  a  se t  o f  in f in i te  unknowns) ,  however

s ince  we know tha t  we cannot  f ind  any  so lu t ion  w i th  a  reso lu t ion  h igher  tha t

tha t  imp l ied  by  the  max imum degree N,  we jus t  subs t i tu te  (2 .42)  by  the

truncated formula

wi th  (N+1  )2  unknown  pa rame te rs ,  so  t ha t  t he  p rob lem becomes  ove rde te rm ined  and

we  can  app l y  t o  i t  a  l eas t  squa res  c r i t e r i on .  Le t  us  see  how does  i t  wo rk  i n

th is  case.  By forming the nornal  system we get

t ,  {  :  Y  ( P  ) Y ,  ( P  ) } [ ,  =  !  Y  ( P  ) u - ( P  )  ( 2 . 4 6 )
( , m  

i . i  n k  i j  { m  i j  L m  i , j  n k  i j  O  i j

( / = H )
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that we shal l  div ide by 2N2, just for convenience in further computat ions. So

(2 .46)  i s  a  c lass ica l  normal  sys ten  w i th  the  vec tor  o f  unknowns

x  =  { [ ,  ;  l m l  .  L ,  0  =  N ] ,  w i t h  n o r m a l  m a t r i x
L m

1
i v  = {2yz x i  

,  i  
Y. ,n  ( t ,  

,  
) t / '  (P '  '  )  }

and wi th known normal ized tern

o  
=  { #  E r , J  Y , , u ( t r r ) [ o ( P '  ' ) ]

( 2 . 4 7 )

( 2 . 4 8 )

have two indices, the

ind ices .  But  i t  i s  easy

t h e  s o l u t i o n  o f  ( 2 . 4 6 )

fo r  the  regu la r  pa t te rn

app ly  fo rmula  (2 .a7)  by

index  j { t r ;  =  j6 ,  j  =

or thogona l i t y  re la t ions

Natural Iy since the components of our unknown vector

same is true for L9, whi le the elements of N have four

to  unders tand how to  vec tor ize  i t .  The conputa t ion  o f

would become a hard test whenever N > 100, was i t  not

o f  t h e  g r i d  p o i n t s  P i 1 .

In  fac t ,  as  po in ted  ou t  by  Co lombo (1981) ,  i f  we

summing f i rs t  a long the  para l le ls ,  i .  e .  over  the

0, 1, .  .  .  2N-1 i ,  we can take advanta$e of the usual

ho ld ing  fo r  f in i te  Four ie r  t rans forms,  i .  e .

2 N - 1

: j

o

sin mtr.;

cos mtr;
{s in ktr ;  cos k}. i }  = N6ru

{ : , : ..,"I( 2 . 4 e )

( 2 .  s 0 )

Accordingly  the e lements of  the normal  matr ix  i /  become

i l ,k,  z,"  
= !9# u,"u 

| ,  
u" 

l .  |  
(e,  'un 

l ' l  
( ' ,  )

Formula  (2 .50)  imp l ies  tha t  by  reorder ing  the  unknowns as  we l l  as  the  normal .

mat r ix  f i r s t  by  degrees  and then by  orders  (see f igure  2 .3 )  we f ind  tha t  /V  has

a b lock  d iagona l  s t ruc tu re  w i th  max imum b lock  d imens ion  N+1.
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N + 1

)

0

' h - l
t t t -  |  t t -

m - - l

h - N l  ^ - N l
t t t - t t  t t - l t

m : - N  n : N

Figure  2 .3 :  S t ruc ture  o f  the  normal  mat r ix  a f te r  su i tab le  o rder ing

of the unknowns.

The inversion of such a natr ix poses no problem from the numerical  point of

view. So we can f ind our least squares solut ion and we know that i t  is

e f f i c ien t ,  i .e .  o f  m in imum var iance in  the  c lass  o f  l inear  es t imators .  Th is

n ice  proper ty ,  however ,  ho lds  on ly  i f  the  de termin is t i c  mode l  i s  cor rec t ,  i .  e .

i f  there are no biases, s ince, as we know, the least squares approach is very

sens i t i ve  to  b iases .  The method in te rpre ts  the  b iases  as  add i t i ve  no ise  and

spreads them among the residuals of al l  the observat ions in an effort  of

reduc ing  the i r  ampl i tude.  Th is  i s  indeed our  case s ince  we can wr i te  fo r  the

known normal term:

0

1

N

l

N

i
N

n :

r - ^  =  t #  : . .  Y  . ( P . . ) t u . . ( p . . )  + i . . +  u N ( p  ) 1 )
o  z t \ '  i j  n k  i j  N  i j  i j  i j

- L  + L  + L N
N Y

where we can put

(2 .  s1. )
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[ ( p )  =  [ N ( p )  +  [ N ( p )  =

N + @

=  x ,  [ ,  Y ,  ( P )  *  X n  [ ,  Y 0  ( P )  ( 2 . 5 2 )
o { r  m  t m  f , m  

" * i ,  

*  c m  c m

In te rchang ing  the  summat ion  in  [x  w i th  tha t  in  (2 .51  )  we see tha t

N 1
L - _  =  { X "  - #  [ : .  Y  .  ( P . . ) Y ,  ( P . . ) l u ,  ]  -

N  O t , m  Z N o  I , J  n k  i j  { m  i j  L m

= l l x

Subsequent ly the normal system can be wri t ten as

i l i = 1 V x + L r + L N  ,

( 2 .  s 3 )

(2 .  s4 )

showing that the L s.  est imate i  would be unbiased only on condit ion that

L N = O

Otherwise we have a b ias in  i  g iven by

P{x-x}  -  l / -1  LN

( 2 .  s s )

(2 .  s6 )

To understand whether (2.55) has any chance to be ver i f ied, we can imagine to

study the l imit  of  LN i f  we keep f ixed the truncat ion degree N, but we l-et  the

number of blocks Ns (which formerly was exact ly 2N2) tend to inf ini ty.  After

we observe that

2n2

- = A P A I
I I B

and that

Ao(P)  =  cos  9  A9 A) ,  ,

we can wri te

2 . 2 0



L N = {#

{+
, , , . (PrJ ) [N(P ' r )  *3 f i i

( P )  [ N ( P )  
d r ]

cos  I

i J

J Y,,n

This formula shows that  LN does

( c o s  g ) - 1  d e s c r i b i n g  e s s e n t i a l l y

tends to increase towards the

f r e q u e n c i e s  ( 0 , k )  w i t h  I  >  N  b u t

( 2 .  s 7 )

not vanish because of the presence of the tern

the  dens i ty  o f  da ta  d is t r ibu t ion  wh ich  indeed

p o I e s .  I n  f a c t  ( 2 . 5 7 )  t e L l s  u s  t h a t  a l l

such that

TE/2

J  P , ( , p ) P .  ( < p ) d p * O
n k k

-T(. /  2

. . r  _  l e s t . c o e f f .  ( 0 , m )  -  t r u e  c o e f f .  ( l , m ) l
-

I t r u e  c o e f f  .  ( l ,  m )  l

( 2 .  s 8 )

wi l l  con t r i bu te  t o  t he  b ias  i n  t he  (n , k )  componen t  o f  LN ;  i n  o the r  wo rds  the re

i s  a n  a l i a s i n g  o f  p o w e r  f r o m  t h e  c o m p o n e n t s  ( l , k )  ( ! . .  N )  i n t o  t h e  l o w e r

f requency  componen ts .  Th i s  a l i as ing  i s  cha rac te r i s t i c  o f  t he  L .  s .  app roach .

We can  obse rve  tha t  f o rmu la  (2 .58 )  en fo rces  a  " se lec t i on  ru le "  say ing  tha t

odd  deg rees  w i l l  gene ra te  a l i as ing  i n  odd  deg rees  onLy  and  s im i l a r l y  w i t h  t he

even degrees.  A few s inple numer ical  tests have been designed to g ive ev idence

to  t h i s  phenomenon .  A t  f i r s t  t o  x  1o  b locks  we re  gene ra ted  w i th  a  f i e Id6

t runca ted  a t  N* . *  =  90 ;  t he  coe f f i c i en t s  o f  t h i s  f i . e l d  we re  then  es t i na ted  v ia

leas t  squa res  and  compared  to  t he  o r i g i na l  coe f f i c i en t s .  The  so f twa re  used  was

a  m o d i f i e d  v e r s i o n  o f  t h a t  w r i t t e n  b y  C o l o m b o  ( 1 9 g 1 ) .

The  compar i son  i s  d i sp layed  i n  F igu re  2 .4  i n  t e rms  o f  t he  h i s tog ram o f  t he

re la t i ve  d i f f e rences  de f i ned  as

6I . r  
th i=  as  we l l

used.

(2 .  se)

as in the subsequent s imu la t i ons  t he  mode l

2 . 2 1 ,
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Least Squares Estimate
Input  and Output  Degrees:  0 -  90

Thousands

4

3

2

.t

o -
NNt-NI

1E-4.il;;- 1E-3 1E-2 1E-1 I > 1

coe f f  c

coe f f  s

0.014

0.084

o.17

o.172

. 534

.543

1 .898
'1.814

0.254

o.294

o.o27
0.023

0.001

0.oo2

0.035

o.001

I  coef f  c  N coef f  s

Note :  On ty  deg rees  21  -  90  we re  compared

F i g u r e  2 . 4 :  H i s t o g r a m  o f  t h e  i n d e x  d  Q . 5 9 ) '

InPut  degrees 0-90.

OutPut  degrees 0-90 '

As  one  can  see  the  resu l t  i s  no t  f u l l y  sa t i s fac to ry .  Th i s  howeve r  i s  mos t l y

due to numer icaL probJ.ems that  ar ise in  handl ing together  unknown coef f ic ients

wi th magni tudes ranging over  6-7 orders.  In  fact  i f  we repeat  the same exper i -

men t ,  on l y  e l im ina t i ng  t he  f i r s t  20  deg rees ,  we  ge t  t he  resu l t  shown  i n  F igu re

2 .5 ,  wh i ch  seems  ve rY  good  i ndeed .

Th i s  f i r s t  expe r imen t  ac tua l l y  con f i rms  the  co r rec tness  o f  t he  l eas t  squa res

es t ima tes  when  the  de te rm in i s t i c  mode l  i s  a l so  co r rec t .

2 . 2 2



Least Squares Estimate
Input and Output Degrees: 21 - 90

I  coerr  c  *nnr*  coerr  s

l c ( E s t )  -  C ( R a p p 8 1 ) l / C ( R a p p 8 1 )

F i g u r e  2 . 5 :  H i s t o g r a r n  o f  t h e  i n d e x  d  ( 2 . 5 9 ) .

Input  degrees  21-90.

Output degrees 21.-90.

In the next experiment we rather want to put in evidence the presence of

al iasing. To this aim we have generated a Lo x 10 sphere by using only the odd

degrees between 9I and 101 of the OSU-81 model;  with this input we then

es t imated,  by  the  leas t  squares  a l .gor i thm,  a I I  the  odd-degree coef f i c ien ts

between 21 and 89. In order to weigh the amount of bias generated in this way,

we have compared the  es t imated  coef f i c ien ts  w i th  the  (phys ica l l y  mean ing fu l )

mean power of the same degree in the or iginal  model,  i .e.  we have computed the

index

Thousands
4

3

2

I
I

0
<  1E-6 1E-5  |  1E -4

= f f i f
t l

1 E - 3 t 1 E - 2 t 1 E - 1 I =7
coe f f  c

coe f f  s

3.82

3.821

o.124
o.124

0.009

0.01

0.002

0

0

0

0

0

0

0

0

0
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r a t i o  =
l in , l

L

-?' "?,"
u ,  es t ima ted  coe f f i c i en t s

t ,  l l l

u,  t rue  coef f i c ien ts .
Lt f r

I n  F igu re  2 .6  we  d i sp lay  t he  behav iou r  o f  t h i s  ra t i o  f o r  t he

8 7 .

One  shou ld  be l i eve  tha t  t he  on l y  coe f f i c i en t s  a f f ec ted  by

a l i as ing  a re  t hose  wh ich  a re  c l ose  to  t he  cu t  f r equency ;

obse rv ing  the  abso lu te  ra t i o

1
2u-T

( 2 . 6 0 )

degrees 89 and

a  s i g n i f i c a n t

i n  f ac t  j us t

( 2 . 6 t )

i s  l a r g e r  t h a n  0 . 5

F igure  2 .7 .  One can

a lso  in  the  lower

abso lu te  ra t io  =
u r l

{ r l
- l

tz,n I

and p lot t ing only the orders and degrees where th is  index

and  0 .1  respec t i ve l y ,  one  ge ts  t he  d i s t r i bu t i on  shown  i n

see  tha t  t he  i n f l uence  o f  a l i as ing  i s  i n  f ac t  d i f f used

deg rees ,  i n  pa r t i cu la r  a t  I ow  o rde rs .
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L . S .  E s t i m o t e :  D e g r e e  8 9
Rotlo: Eat.Cocfl.,/R.M.S.(L)
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L .S .  Es t imo te :  Degree  87
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Figure  2 .6 :  Index  (2 .60)  fo r  degrees  89 ,  87 .
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Rot io :  Es t .Coef f .  /  RAPP81 Coef f .
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Figure 2.7: Spectral  posi t ions of the coeff ic ients for which the index (2.61

is larger than 0.5 and 0. 1 respect ively.
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2.4. The quadrature formulas approach.

We return to the problem stated at the beginning of paragraph 2.3, as

d e f i n e d  b y  f o r m u l a s  ( 2 . 4 2 ) ,  ( 2 . 4 3 ) ,  ( 2 . 4 4 ) .  I n  t h i s  p a r a g r a p h  w e  f o l l o w  a

d i f fe ren t  s t ra tegy  o f  so lu t ion ,  namely  we f i rs t  t ry  to  t rans form the  obser -

va t ion  equat ion  (2 .43)  in to  i t s  con t inuous  counterpar t ;  then we g ive  the  exac t

so lu t ion  o f  the  es t imate  o f  un ,n  fo r  the  cont inuous  case,  wh ich  is  no th ing  bu t

a  su i tab le  quadra ture  fo rmula ;  f ina l l y  we use a  d isc re t i zed  vers ion  o f  the

quadra ture  fo rmula  to  a r r i ve  a t  the  po in t  where  we can exp l i c i t t y  es t imat .  i l { ,n

in  te rms o f  the  observab le  quant i t ies .

This approach is not opt imal,  contrary to the 1. s.  approach, however i t

avo ids  the  a l ias ing  imp l ied  by  the  t runcat ion  o f  the  representa t ion  (2 .42)  a t

a cut-off  f requency. The only bias contained in i t  is the unavoidable approxi-

mation of the quadrature formula by means of a summation.

Instead we need at least to compute the model of  the error propagat ion,

w i th in  th is  approach,  f i r s t  o f  a l l  to  be  ab le  o f  judg ing  upon i t s  per fo rmance

and a l ,so  to  use  i t  in  fu r ther  combina t ions .

In this paragraph we shal l  onJ.y analyze the case in which the orthonorma-

t i t y  p roper t ies  o f  the  spher ica l  harmon ics  a t  {Y{ r (P) }  a re  exp lo i ted ;  more

general  cases wiI I  be analyzed in the next paragraph.

So f i rs t  o f  a l l  we cons ider  the  l im i t  o f  fo rmula  (2 .43)  and we no t ice  tha t

this cannot be performed straightforwardly as the var iance of 01; would tend

t o  i n f i n i t y  f o r  ( A 9 A ) , ) ;  O ,  a c c o r d i n g  t o  f o r m u l a  ( 2 . 3 5 ) ;  s o  i n  o r d e r  t o  g i v e  a

su i tab le  mean ing  to  th is  I im i t  p rocess ,  we jus t  wr i te  the  equat ion  by  mul t i -

p l y i n g  i t  b y  A o 1 r ,  i . e .  a s

u s ( P i . ; ) A o i J  =  u ( P i ; ) A o i ;  +  u i i A o i . ; ( 2 . 6 2 )

on the unit  sphere. Weand we re in te rpre t  i t  in  te rms o f  f ie lds  o f  measures

there fore  de f ine  a  measurement  f ie ld  dFo(P)  as

d p e ( P 1 : )  -  u o ( P 1 ; ) A o 1 i ( 2 . 6 3 )

i ts  propert ies being def ined by equat ing i t

Fu r the ron ,  we  de f i ne  t he  de te rm in i s t i c  f i e l d ,

to the second

r e l a t e d  t o  i t s

member

dens i ty

1 n

! l

2 . 2 7
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d p t - ( P . . )  =  u ( P . . )  A o . .
U  T J  I J  I J

( 2 . 6 4 )

Final ly we def ine a purely random Wiener neasure dp"(P),  descr ibing the obser-

va t iona l  no ise

dp"  (P11  )  =  D11Aor ,  , ( 2 . 6 s )

whose s tochas t ic  p roper t ies  have been i l lus t ra ted  in  I  2 .2  u l t imate ly  in

fo rmulas  (2 .36) ,  (2 .38) .  Le t  us  no te  tha t  in  th is  case we do  no t  have a  rea l

dens i ty  t (P) ,  s ince  there  ex is ts  no  regu la r  func t ion  D(p)  ver i f y ing  the  Wiener

p r o p e r t i e s  ( 2 . 1 8 ) ,  ( 2 . 1 9 ) .  F o r m u l a  ( 2 . 6 2 )  t h e n  b e c o m e s

d f o ( P )  =  d p - ( P )  +  d p * ( P ) Q . 6 6 )

With such measures we can for instance compute Wiener integrals on the sphere,

so  tha t  (2 .66)  cou ld  be  wr i t ten  in  the  equ iva len t  fo rm

" f  
f  d p s ( P ) = J f  u d o ( P ) + J f  d p " ( P )  , ( 2 . 6 7 )

fo r  any  f  square  in tegrab le  over  o .  I f  we take  f  =  
h rU 

in  (2 .67)  we ge t

1 _ 1

f u _ J t f ^ d p o = r , , n * f u J Y r . d f r ,  ,  ( 2 . 6 a )

and s ince

1
E{4u J Yr,  dlr , }  = 0

we see that the funct ional

r r  = j _ f  v  r P ) d p o ( P )- Z r n  
4 n  "  

^ l r " Q . 6 e )

i s  a  cor rec t  es t imator .  Natura l Iy  we cannot  rea l l y  compute  (2 .69)  f rom the

observa t ions  a t  hand,  i .e .  f rom [e (P lJ ) ,  however  we can approx imate  Q.69)  by

the  d isc re t i zed  fo rmula

2 . 2 8



In  th is  way we in t roduce a  b ias  wh ich  represents  the  d isc re t i za t ion  er ro r .  As

we have a l ready  s ta ted ,  in  o rder  tha t  these es t imates  be  mean ing fu l ,  i .e .  in

order  tha t  the  d isc re t i za t ion  er ro r  be  reasonab ly  smaI l ,  we nus t  l im i t  fo rmula

(2 .7O)  to  the  degrees  L  fo r  wh ich  0  s  N,  i f  the  sphere  o  has  been gr idded by

2N2 square blocks.

As for the random noise propagated to i ,  ,  we can get
c m

ui{,n = 
*L J tr, ou* ( 2 . 7 1 )

i r ,  =  
a , . L : , J  

[ o ( P i J ) Y { , ( P 1 i ) A o - 1  J

sz = Elh, t '  e2(p)dol  ,

Q . 7 0 )

( 2 . 7 3 )

Therefore the error in the model that we can construct from the estimates ur.,

i s

e ( p )  =  0 ( p )  -  [ r p )  =  ] "  6 i ,  y ,  ( p )  -  
. ; ,  

u ,  y ,  ( p )  ( z . T z )
O t ,  m  L m  f , m  

N * f ,  
t  t m  t m

We def ine the g lobal  mean square error  as

where the expectat ion E is taken over the populat ion of the noise d;r*.  From

( 2 . 7 3 )  w e  c a n  w r i t e

E 2 = E 2 + 8 2
c O

where we have def ined the commission error  as

- 2  I  - . ^ ^ zzZ = 
Et, ,  

E{6'1,}  ,

and  the  om iss ion  e r ro r  as

( 2 . 7 4 )

( 2 . 7 s )
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+ @  + @
^2 -2
E 5 =  x t . r t / ^ =  2 l

N + 1 -  N + l

O..
- r - ^ c  ,  V
E{6u! . }  =  

8N- :  J  Y4r (P)2  cos  g  do

On the other hand by recal. l ing the summation rule

n
X,n  Yr -  (P)Yr_  (Q)  =  (Zn+ ' l . .  )P ,  (cos  ry 'pq)

- \ c m L m L

a n d  t h e  f a c t  t h a t  P n ( I )  =  I ,  f r o m  ( 2 . 7 7 )  w e  f i n d

c z  ( 2 L + l )
^ . ^ ^ 2  ,  V
E{6u!n,} = --gR;- -f cos I do -

4

o "
L

( 2 . 7 6 )

(czn = 
]t ";:,

The Iat ter  par t  can somet imes be analyt icaJ. ly  computed i f  we assume some

s imp le  l aw  fo r  t he  deg ree  va r i ances ,  e .8 .  l i ke  Kau la ' s  ruLe .  As  fo r  t he

compu ta t i on  o f  t he  commiss ion  e r ro r ,  f r om (2 .36 )  we  have

( 2 . 7 7  )

I.
tm

- L

a z  ( 2 L + I ) 1 2
v ( 2 . 7 8 )

8No

I t  i s  no t  des i rab le  to  push fu r ther  th is  computa t ion  because the  d i rec t  obser -

va t ion  o f  [o (P i j )  i s  no t  a  case o f  rea ] .  in te res t  here ;  whence,  a f te r  hav ing

expJ.ained the pr inciple of the computat ion of E2, we close the paragraph only

report ing a smalI  nunerical  experiment designed to control  the bias intro-

duced by  the  d isc re t i zed  fo rmula  (2 .7O)  (and by  the  numer ica l  no ise) .  To  th is

aim we have produced a Lo x 10 gr id of values of a potent ial  u truncated at

degree 160; more precisely we have used the OSU-81 model f rom degree 21. to

degree 160.

We have then used fo rmula  (2 .70) ,  d isc re t i zed  w i th  Ao i j  -  10  x  Lo  and

computed the corresponding coeff ic ients r ] ,  ,  wi th no other noise but the
t m

i n t r ins ic  numer ica l  one.
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The

d =

resu l t ,  in  te rms o f  re la t i ve  d i f fe rences
t ^  |

l 'z^ - tz* l
-Tu,-f-

'  f , m '

i s  d isp layed in  F igure  2 .8 ,  showing tha t  the  es t imat ion  procedure  is  qu i te

sa t  i  s fac to ry .

B.V.P. Estimate
Input and Output Degrees : 21 - 160

1 2

1 0

I

6

4

2

o

I  coe f f  c N coef f  s

l C ( E s t )  -  C ( R a p p 8 1 ) l z C ( R a p p 8 1 )

Figure  2 .8 :  H is togram o f  d isc re t i za t ion  er ro rs  o f  quadra t ic  fo rmulas

in  te rms o f  re la t i ve  d i f fe rences .
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2 . 5 .  F r o m  b . v . D . ' s  t o  q u a d r a t u r e  f o r m u l a s .

The problem now is to see whether and how we wi l l  repeat the reasoning of

I  2 .4 ,  i f  ins tead o f  [ (Pr1)  we are  ra ther  g iven ,  a lways  a t  the  centers  o f  the

grid blocks, a funct ional relat ion def ined through some boundary operator B

( B u )  ( P 1 1 )  =  f s ( P 1 1 ) ( 2 . 7 e )

Since the  opera tors  o f  in te res t  con ta in  rad ia l  der iva t ives  a lso  (e .g .  in  f " "

as  de f ined in  (2 .22) ) ,  fo rmula  (2 .79  )  wou ld  no t  be  mean ing fu l  i f  no t

complemented by the harmonici ty condit ion in the exter ior of  the boundary

sphere

A u = 0  ,  ( r > r o )  ; ( 2 . 8 0 )

i t  i s  in  fac t  the  harmon ic i ty  cond i t ion  tha t  re la tes  the  va lues  o f  u  w i th in

the  domain  ( r  >  rs )  w i th  the  va lues  o f  u  on  the  boundary  ( r  =  rs ) .

Aga in  we must  t rans form (2 .79)  in to  an  observa t ion  equat ion  invo lv ing

f ields of measures on c; whence we put

f o ( P r 1 ) A o i ,  -  d p 6 ( P 1 1 )  ( o b s e r v a t i o n  f i e l d )

u i . l A o i ,  -  d p , r ( P 1 ; )  ( o b s e r v a t i o n  n o i s e )

and we wr i te

dpe (P )  =  (Bu )  (P )do 'p  +  dp " (P )

( g , p ) = 4 r . - J g ( P ) d p ( P )

We nust give a precise meaning to Q.83),  We then take any square integrable

funct ion g def ined on o, (g e I- f  ) ,  and set

( 2 . 8 1 . )

Q . 8 2 )

( 2 . 8 3 )

( 2 . 8 4 )

where the integral  should be interpreted as an usual integral  i f  p has a

regu lar  L2  dens i ty  (dp  =  pdo,  p  e  L2  ) ,  o r  as  a  Wiener  in tegra l  i f  p  i s  a

2 . 3 2



Wiener  measure .  Wi th  th is  convent ion ,  we s t ipu la te  tha t  (2 .83)  means

(9, po) = (8, Bu> + (9, p*) ( 2 . 8 s )

wha teve r  i s  g  i n  L2 .

As  we  can  see ,  i n  (2 .85 )  i t  i s  w r i t t en  t ha t  i f  we  compu te  t he  func t i ona l

(8 ,  po ) ,  w i t h  t he  f i e l d  o f  obse rva t i ons  ps ,  we  ge t  a  de te rm in i s t i c  pa r t  and  a

s tochas t i c  pa r t ,  ( g , l r * ) ,  o f  ze ro  mean ,  wh i ch  has  the  cha rac te r i s t i cs  o f  a

no i se .  I t  f o l l ows  tha t  i f  i t  i s  ou r  a in  t o  f i nd  some  func t i ona l  h  o f  u ,  name ly

i f  we  wan t  t o  es t i na te  (h ,u ) ,  w i t h  no  b ias ,  we  mus t  on l y  f i nd  g  such  tha t

(g ,  Bu)  =  (h ,  u ) ( 2 . 8 6 )

Any opera tor  o f  in te res t  to  us  i s  a  po lynomia l  in  the  d i f fe ren t ia l  opera tors
U U U ,

, - ,  - ,  -  whose  coe f f i c i en t s  a re  smoo th  f unc t i ons  o f  g ,  I  w i t h  t he  excep t i on
o9 oA or

o f  i so la ted  po Ies ,  I i ke  ; ; f  e t c .  Unde r  t hese  cond i t i ons  i t  i s  easy  to  see
cos (p

that  the domain of  B in  L2

D n = { u e e L2)'
o

i s  dense in  tha t  space.  Consequent ly  i t  i s  poss ib le  to  g ive ,  in  a  un ique way,

the  de f in i t ion  o f  the  ad jo in t  o f  B ,  namely

(B+v, u) = (v,  Bu) ( 2 . 8 7 )

I f  we  ex tend ,  when  necessa ry ,  t he  de f i n i t i on  o f  B  t o  make  i t  equa l  t o  (B* ) * ,

we  f i nd  t ha t  bo th  B  and  B+  a re  c l osed  ope ra to rs ,  i . e .  t he  g raph  {u ,Bu } ,

cons ide red  as  a  man i fo ld  i n  t he  p roduc t  space  L2  s  L2 ,  i s  c l osed .  Fo r  t hese

operators a very usefu l  theorem was stated by Banach,  the c losed graph theorem

( c f .  Y o s i d a ,  1 9 7 8 ,  c h a p .  I I ,  I  6 )  m a i n t a i n i n g  t h a t  i f  B  ( o r  B * )  i s  d e f i n e d  o n

the whole space,  L2 in  our  case,  then i t  is  cont inuous.  Now assume that  both B

and  B+  a re  i nve r t i b l e ,  i .  e .  t ha t

B * v = 0 + v = 0

L 2 ; B u
o

B u = 0 + u = 0

2 . 3 3
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and that the range of

dense in L2 as i f  v  a
o

B ,

RB

Rs =  {Bu;  u  e  Ds} ,  i s  c losed;  then f i rs t  o f  a l l  Rs  is

then,  V  u  e  Ds (wh ich  is  by  hypothes is  dense in  L2) ,

(2 .  eo)

0  =  ( v ,Bu )  =  (B+v ,u>  +  B+v  =  0  +  v  =  0

consequent ly  Rs is  the whole Lza s ince i t  is  a c losed set ,  dense in such a

space;  therefore B-1 happens to be a c losed operator  def ined on the whole

space L? and then i t  is  a lso cont inuous ( i .e .  bounded) by the c losed graph
' ( t

theorem. The same holds true for B* by the symnetry of the adjunct ion opera-

t ion .  A  very  use fu l  su f f i c ien t  cond i t ion  guarantee ing  the  app l icab i l i t y  o f  the

above theory is that

(u,  Bu) = (B+u, u> i  c l lu l lz ( 2 . 8 e )

a s  m e n t i o n e d  i n  ( Y o s i d a ,  i b i d  ( C h a p .  V I I ,  5  5 ,  c o r o l l a r y  2 ) ) .

Before  re tu rn ing  to  our  spec i f i c  p rob lem,  Ie t  us  ment ion  tha t  even i f  fo r

a  cer ta in  opera tor  B  i t  i s  no t  t rue  tha t

B u = 0 + u = 0

but we can f ind a subspace of L2 such that Q.gg) holds in this subspace, then

our theorem wi l l  be true on this subspace only and in part icutar both B-1 and

(B*) -1  w i l l  ex is t  as  bounded opera tors  in  th is  subspace.  Now we can go  back  to

the  prob lem (2 .86)  and assume tha t  B  is  such tha t  (2 .89)  i s  sa t is f ied  (a t

least for a subspace of Lfr) ;  we observe that in (2.86) the unknown is g, whi le

u is an arbi trary element in DB, which is by hypothesis dense in L'r ,  then

(2 .86)  i s  equ iva len t  to

B * g = h

and the  so lu t ion  o f  th is  equat ion ,  i .e .

g  =  ( B + ) - 1 h
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exists and is unique for every h e t to O, vir tue of our assumptions. Let us

take now

h = Y ,
am

and we see that  we can formulate the fo l lowing theorem.

Theo rem:  I f  B  has  a  dense  doma in  i n  L2  and  i f  cond i t i on  (2 .89 )  i s  f u l f i l l ed ,

t hen  the re  ex i s t s  one  and  on l y  one  sequence  o f  f unc t i ons  Zn  i n  L2 ,  i . e .

Z n  =  ( B + ) - r Y ,  ,
tm tm

such  tha t  {Zn  ,BY  n  }  f o rm  a  comp le te  b i -o r thogona l  sys tem
{Jrr tln

< 2 "  . B Y  )  =  6 "  6 "
L m '  n k  L n  L k

and that the funct ionals

iz,n = <zh' Po>

( 2 . e 7 )

( 2 . e 2 )

Q . e 3 )

are unbiased est imates of . { . ,  i f  Fo is related to u by the observat ion

equat ion (2.S5).  The same holds true for any closed subspace of L2, spanned by

a  s u b s e q u e n c e  o f  { " r r r , } ,  i f  c o n d i t i o n  ( 2 . 8 9 )  i s  f u l f i l l e d  i n  t h i s  s u b s p a c e

o n l y ;  i n  t h i s  c a s e  { = n r ^ r l  =  {  ( B * ) - 1  t n , , n ,  }  i s  b i - o r t h o g o n a l  t o  a I I  { t t r r r ,  i

as wel l  as orthogonal to al f  tYZm) not belonging to the subsequence nent ioned

above. Some important remarks are in order when considering the possible

app l ica t ions  o f  th is  theorem to  our  p rob lems.

Remark  2 .5 .1 :  I f  B  commutes  w i th  the  ro ta t ion  group,  i .e .  i f  we can s ta te  tha t

for any rotat ion operator R def ined by

R f ( x )  =  f ( R x ) 7 (2 .  e4 )

7'  
On the r ight hand side R means only the 3-D rotat ion matr ix to be appl ied

to  the  vec tor  x ,  iden t i f ied  by  a  po in t  on  the  un i t  sphere  o .
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we have

RBu(x)  = BRu(x)

diagonal  in  the spher ica l .

BY,  =  bn  Yn
tm tm tm

Remark  2 .5 .2 :  Up to  now we have no t  cons idered the  ac t ion  o f

our  observa t ions .  As  i t  was  po in ted  ou t  in  chapter  2 .2  th is

approximateLy described by a moving average operator A def ined

A u ( P ) Ja"  r (Q)doq

where Cp is  the spher ica l  cap of  center  P and of

su r face  e  =  2 r (1 -cos  /o )  has  a  p re -es tab l i shed  va lue .

w i th  ro ta t i ons  and  i t  has  t he  d iagona l  r ep resen ta t i on

AY,  =  FnYn
L m  L ( m

(2. es)

harmonics representat ion,  andthen the operator B is

more  par t i cu la r ly

BYr, = br.Ylrn (2 .  e6 )

so  tha t  B  i s  a l so  se l f - ad jo in t  and ,  i f  b0  *  0 ,  we  have

7  - 1 v-In 
bl. 

' lrn ( 2 . 9 7  )

In  case br .  =  0  fo r  a  sequence o f  degrees  { [ i l  ,  we s t i ] ,  1  have fo rmula  Q.97)

fo r  n {n i } ,  and we a lso  know tha t  the  coef f i c ien ts  r0 r r . r .  no t  es t imab le  f rom

our observat ion f ie ld pe. The same remark is val id for operators not commuting

in  genera l  w i th  ro ta t ions ,  bu t  in  any  way d iagona l  w i th  respec t  to  the  bas is

{Y, ' } ,  i .  e.  such that

1

e

( 2 . e 8 )

block averaging

ac t ion  can be

by

(2 .  ee)

radius Vo such that i ts

The operator A commutes

2 . 3 6

( 2 .  1 0 0  )



where  Bn  a re  t he  Pe l l i nen  coe f f i c i en t s  a l ready

( 2 . 3 3 )  t h e r e ) .  F o r  t h e  b l o c k  a v e r a g e d  f i e l d

o b s e r v a t i o n  e q u a t i o n  ( 2 . 8 3 )  w i t h

m e n t i o n e d  i n  c h a p t e r  2 . 2  ( c f .

we must  then subst i tu te the

( 2 . 1 . O 1 . )

s t ruc tu re  re la ted  to

2 .2 .  Accord ing ly  the

d l r o =  ( A B u ) d o + d l r *

where  dp , ,  i s  aga in  a  W iene r  measu re  w i th  t he  s tochas t i c

the  i nd i v i dua l  e r ro r  va r i ance  o -2 - ,  as  i n  f o rmuLa  Q .36 )  o f
v

sought  sequence Z^ becomes in th is  case

Z "  =  ( B * A ) - 1 Y "
(n (m

=  A - 1  ( B * ) - 1 Y

=  A - 1 2 "
lxl

When  B  i s  d iagona l

s i nce  then

[^

( 2 . 1 . O 2 )

over  the  bas is  4Y 
Un l ,  

then Q.  L02 )  i s  very  eas i  I y  computed,

i f  B  i s  no t  d iagona l  howeve r ,  ( 2 .  IO2 )  can

exp l i c i t  f o rm  o f  t he  rep resen ta t i on  o f  ZU  i n

( 2 .  1 0 3 )

be  eas i l y  compu ted  on l y  i f  t he

terms of  Y"  is  known.
LK

V

2L^ = e-' o-h = 
ffit^

2 . 6 .  T h e  n u m e r i c a l  s o l u t i o n  o f  s r a d i o m e t r i c  b . v . p . ' s :  e x a m p l e s .

I n  t h i s  pa rag raph  we  sha l l  app l y  t he  t heo ry  o f  chap te r  2 .5 ,  t o  cons t ruc t

g lobal  models s tar t ing f rom the knowledge of  the observables 1" .  ot  l="  ot  l " "

( c f .  chap te r  2 .  I ) ,  g i ven  as  t he  ave rage  a t  t he  cen te rs  o f  t he  bLocks  o f  a  L0

x 10 degree gr id.  Assuming that  one has about  60 measurements per  b lock wi th

o--  = LO-2 E,  one would expect  for  the average noise a o6 value
v

0 o  =  O .  1 3  1 0 - 2  E ( 2 . 1 . O 4 )
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We have appl ied the same noise (2.IO4) to each of the components, al though we

know that f  is expected to be a more noisy observat ion.
zy

To be nore precise we have performed numerical  experiments with f= and

F ,  fo r  wh ich  the  sys tem {2 ,  )  i s  eas i l y  found.  As  fo r  the  f  ,  a l though we
z y ' - t m - Y Y -

have a theoret ical  recipe to f ind approximately ZU, the corresponding nuneri-

ca l  example  is  s t i l l  a  work  fo r  the  fu tu re .

a. The I 'r" conponent.

In this case the boundary operator i s  ( c f .  Q . 2 2 )  i n  c h a p L e r  2 . I )

B = #

t h i s  i s  n a t u r a l l y  a

,  ( ! . + t )  ( L + 2 )
tL = -----pz-

As  we see b ,  a re  a l l  pos i t i ve

can simply put

^ I

u, - '-______r_ <y^, Fo) =
al o 

l+Tt

( 2 .  1 0 s )

ro ta t i ona l l y  i nva r i an t  ope ra to r  w i t h  e igenva lues

[ : ) " '
(2 .  106)

so that the theory of chapter 2.5 appl ies and we

X i i  Y l , ( P 1 i ) A p e ( P 1 i )

(Ap6  (P1  j )  =  l r . o (P1 . ;  )Ao1 ;  )  , (2 .  ro7)

express ing  our  es t imates  in  te rms o f  the  observab les .  What  i s  in te res t ing  in

fo rmula  (2 .1 .06)  i s  no t  so  much to  p rove i t s  e f fec t i veness  in  re t r iev ing  the

poten t ia l  coe f f i c ien ts ,  bu t  ra ther  to  s tudy  how the  no ise  is  p ropagated

L

through i t .  A f i rst  look at the rat io between input power per degree ( : ,"  uf-)
,  v u r

[  

- L

and est imated power per degree ( :  ni  I  as i t  is shown in Figure 2.9,
- { t  

{ m

conf irms the qual i ty of the est imate when no other noise but the numerical  one

is  added in  the  exper iment ;  the  osc iL la t ion  band,  as  one can rea l i ze ,  i s

smal le r  than t  1 .%.

1.=
b  "4n(
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BVP:  Coef f i c ien ts  Es t imote
Z Z Derlvotlve (odd Dcgrcea)
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Figure  2 .9 :  Rat io  o f  es t imated  power  over  input  ( t rue)  power  per  degree.

I t  should be noted that in this case no t l '  coeff ic ients have been appl ied,

because we have as a matter of  fact used point values for l=r.  As for the

er ror  p ropagat ion ,  i t  can  be  der ived  theore t ica l l y  f rom (2 .107)  and the  Wiener

rule; not ing that p* is the random part  of  Po we can wri te

6u,  =
m

Y, dF,
m

( 2 .  1 0 8 )

Fo l low ing  the  same reason ing  as  in  chapter  2 .4 ,  fo rmulas  (2 '73) ,  (2 .74) ,

( 2 . 7 5 ) ,  ( 2 . 7 7 ) ,  ( 2 . 7 8 ) ,  w e  f  i n d  h e r e

L r

6 / J . "
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n  o 2 , ( 2 L + 7 ) n 2
t r 2 = 7'" - 

Zt 
--tr-;r7-

We can transforrn this

the  Bruns '  re la t ion  so

c = f- T

In th is  way we f ind

F  ( r )
E^(() = :ej- j-

t

and  we can p lo t  E . (<)

t i o n  w e l l  v i s u a l i z a b l e

1 . 5

1 . 4

1 . 3

't.2

1 . 1

1

0.9

o.E

o.7

0.6

0.5

i n to  the  commiss ion

tha t  a  po ten t ia l  T

er ro r  f o r  geo id

is  t ransformed

( 2 . 1 0 9 )

undulat ions by using

into a height anomaly

( 2 . 1 . L 0 )

obta in ing  a  representa-

in Figure 2. 
'1.O.

E
u

L

P
f

ul

against  the rnaximum degree N,

in cm uni ts :  the curve is  shown

Cumu lo t i ve  Commiss ion  E r ro r

EO

Degrce L

Figure  2 .1 ,O:  Theore t ica l  cumula t ive  commiss ion  er ro r .

Thcorctlcol Curvo
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This curve has been

d i sc re t i zed  ve rs ion

tes ted  aga ins t  i t s  empi r i ca l

o f  (2 .  1O7 )  ,  i .  e .

counterpart  obtained from a

X t l  Y { . , , ( P i 1 ) A p " ( P 1 1 ) (2 .  r7r )

where  Ap" (P i i )  was  gene ra ted  f rom

A p " ( P i : )  =  D i j  A o i j  ,

by  ex t rac t i ng  a  wh i t e  no i se  - i ;  w i t h  an  r .  m .  s .  0 .  13  IO -2  E .  The  resu l t  can

be  seen  i n  F igu re  2 .1 , I  and  desp i t e  t he  p resence  o f  a  sma l l  sys tema t i c

d i f f e rence ,  we  cons ide r  i t  as  a  con f i rma t i on  o f  t he  t heo ry .

Cumu lo t i ve  Commiss ion  E r ro r
I  h <

1  . 5 6

1  . 4 9

r . 4 2
1  . 3 5

L  . 4 6

I . Z T
1 . 1 4

1  . 0 7

1  . 0 0

0 . 9 3

0 .  8 6

0 . 7 9

0 . 7 2
0 . 6 5

0 . 5 1
0 . 4 4

0 2 0 4 0 6 0 8 0

)cgrcc L
Thoor.

Figure  2 .  1 .1 . :  Compar ison be tween theore t ica l

commiss ion  er ro r  func t ion .

1 0 0 120 .|40

Emp

and  s imu la ted  cumu la t i ve

I

o u ^ = -
tm b n4Tt

L

E(,

L

P
f

ttl

Thcoroticol ond Emoiriool
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Another

experiment

est imated

impo r tan t  qua l i t a t i ve  i n fo rma t i on  we  wan t  t o  d raw  f rom th i s

is  the rat io  between the mean square power of  the s ignal  to  be

and the mean square power of  the noise af fect ing i t ,  i .  e .  the index

(2.  t rz)

This is shown in Figure 2.1,2 and we see that in the range 2 = I  = 160 the

s igna l  to  no ise  ra t io  i s  we l l  above 1 . ,  in  fac t  i t  ranges  f rom 500 to  10 .

Before passing to another example we want to solve the probJ.en of def ining

the  cu t -o f f  degree in  th is  case.  To  th is  a im we must  no te  tha t  the  commiss ion

?. -  
6 'z ( l [a l)nz

er ror  E i  w i f  l  inc rease degree by  degree by  the  quant i t y  - -S [ f  
b?- ,  

wh i ]e  the
O L

omiss ion  e r ro r ,  i f  we  assume a  s impJ ,e  Kau la '  s  ru l -e ,  w i  I  I  dec rease  w i th
f , , ' \  1 n - 1 O

f * fz  t .6 : : - " - - :  we must  s top  our  es t imat ion  a t  tha t  degree N where  the  fo rmer
IHJ LJ
equa ls  the  la t te r  s ince ,  f rom th is  po in t  on  we expec t  the  osc i l la t ions  caused

by the propagated noise to be J.arger than the power of the corresponding

degree.  Equat ing  the  two te rms and reca l l ing  fo rmuLa (2 .106)  we f ind  a f te r

some obv ious  s imp l i f i ca t ions

4 . a  .  1 0 6  q ' L * u  =  !

,  6 . 6 0 0 ,
( q  =  

6 ! 4 o o j

which has the solut ion

L = 2 5 O ( 2 .  1 L 3 )

not  too  fa r  f rom o ther  resu l ts  onTh is  va lue  seems a  I

the  same prob lem (c f .

i t t l e  p e s s i m i s t i c  b u t

,  O .  C o l o m b o ,  1 9 8 9 a ) .
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BVP: Signol  to  Noise Rot io
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b.  The f  component .
zy

In this case the boundary operator is

B =  
1  A z  1  A

r  cos  9  a im 
-  

;z  
" "=  

9  E f  '  (2 '174)

so that,  observing that

ar Yr- = -t Yz, -, ,

we f ind

Now we must  observe that  the operator  {cos gB} is  such that  i ts  range is

spanned by {Y, ' ,  m *  0} ,  i .  e .  i t  is  a subspace of  Lra.  In  th is  subspace i ts

e igenva lues  b r ,  a re  a l l  pos i t i ve  so  t ha t  we  can  de f i ne  a  b i -o r thogona l  sys tem

{Z^l  bV the formula

( 2 .  1 1 s  )

( 2 . 1 . 7 6 )

The b i -o r thogona l i t y  o f  ZO wi th  BYo is  obv ious  and thus  we see tha t

a

, t  =  
+ n J z U d p o =

= - -1 -  J  Y ,  -  cos  g  dpo ,  f r  *  o  (Z . I1 ,T)
b,  4n  c r  - r

f,m

i s  the  proper  unb iased es t imat ion  fo rmula .  The cor rec tness  o f  (2 .1 .1 ,7  )  can  be

ver i f ied  fo r  ins tance by  a  g raph ana logous to  tha t  in  F igure  2 .9 ,  where  the

rat io between mean input power and mean output power is displayed degree per

d e g r e e .  T h e  o s c i l l a t i o n  b a n d  i s  n o w  s m a l - l e r  t h a n  t  1 0 , / 6 6  ( c f .  F i g u r e  2 . 1 . 3 ) .
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BVP:  Coe f f i c ien ts  Es t imo te
Z Y Derlvotivc (Odd Degroca)
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Figure  2 .  13 :  Input  and ou tpu t  power  ra t io  per  degree,

In this case the propagated noise and the corresponding curve of the cumu-

Ia t i ve  commiss ion  er ro r  in  te rms o f  geo id  undu la t ions  is  no t  easy  to  compute

theore t ica l l y ,  however  i t  can  be  computed fo r  a  numer ica l  exper iment  f rom

1 N T '- t t

r, ;2 _V^
- ^ 2
O U n

Zm
(2 .  r1 .8 )

6it* = 

*- 
J Y/,-. cos s dP*
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The  resu l t  i s  shown  i n  F igu re  2 .  ! 4 ,  whe re  we  immed ia te l y  see  the  i n fe r i o r

qual . i ty  of  the coef f ic ients determined f rom lzy as compared to those

determined f rom f r r .

Emp i r i co l  Cumu lo t i ve  Commiss ion  E r ro r
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1 0
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4

2

Th is  f ac t  i s  a l so

reaches the value

i n  F i g u r e  2 . 1 5 .

a  l ess  f avo rab le

degree = 1,60:  the

120 140

commlSSIon  e r ro r .

s i gna l  t o  no i se  ra t i o ,  wh i ch

corresponding curve is  shown

F i g u r e  2 . 1 . 4 :

50 E0

Degroe L

The cumulat ive

40

re f l ec ted  i n

L  a l ready  a t

Y Z Derlvotlve
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c. The f,, commponent.

This  case is  s ign i f i can t ly  more  compl ica ted  than the  o thers ,  because o f

the form of the boundary operator

1  A z  t e p  E  I  AB = 
Fz  .ose l  d=  

-  
; *  aA 

*  
;  a .  

(2 '1 '20)

I t  i s  no t  obv ious  here  how to  v isua l i ze  the  se t  {ZU) ;  so  i t  becomes

nean ing fu l  to  check  cond i t ion  (2 .89)  o f  chapter  2 .5 ,  to  be  sure  tha t  such a

sequence ex is ts .  As  a  mat te r  o f  fac t  we see tha t

1- r ---t- (f,1, ao
fu . 'T '  

BT)  =  
4n  u  r2  cosz  to  dA

* "  J  d ^  J  d s  s i n  e  r  
# .

. f i r r r | f f r a "

-  
m5- r  o^ rs in e ) r , r : | i , .  h  # r  do rz

= -  
# rz(p = r tz)  + rz(e = -  r /z) t  .  #tn,^ui , .^  [ : ) 'n . '

( 2 .  r 2 1 . )

The f i rs t  in tegra l  in  (2 .1 .21 . )  i s  negat ive  or  zero ;  the  second can be  wr i t ten

A S

The th i rd in tegra l  is  easy to conpute in  harmonic components,  to  g ive

By combining the three integrals we see that

1  |  r .  z  ( r y ) z ! . * +  ,
fu .T,BT> I - 

Fz tte . ;)" i , [-.1

:  
1  -  z ( R \ z ! . * q ,- T p E r l , t ; J - -  ,  Q . 7 2 2 )
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so  tha t  -B  sa t i s f i es  t he  requ i red  cond i t i on  and  the  theo ry  o f  chap te r  2 .5

app l  i es .

As  fo r  t he  de te rm ina t i on  o f  ZU ,  t h i s  can  be  dev i sed  on l y  by  an  app rox i -

ma te  a lgo r i t hm,  t ha t  we  summar i ze  i n  t he  seque l  The  f i r s t  s tep  comes  f rom the

cons ide ra t i on  t ha t  BYr ,  i s  p ropo r t i ona l  t o  cos  m) ,  o r  s i n  m l ,  acco rd ing  to  t he

s ign  o f  m .  Acco rd ing l y  i t  becomes  na tu ra l  t o  pu t

( 2 . 1 . 2 3 )

( X ,  = X ,  )
t , - m  { , m

where  the  cho i ce  o f  i n t roduc ing  a  f ac to r  cos  g  i s  j us t  f o r  conven ience .  By

app l y i ng  the  o r thono rma l i t y  re la t i on

< Z n  , B Y  i r )  =  6 r . 6  ,( m '  J ^  t i  m k

a f te r  sepa ra t i ng  t he  dependence  f rom l ,  we  a r r i ve  a t  t he  re la t i on

T t /2
r  romo n

f  c o s m ) t  m > O
Z ! ^ = * I ^ @ ) c o s c l

[ - s i n m ]  m < 0

-  
h ' '  i m  i m

-T t /  2

where

D j '  =  [ - m 2  -  I  s i n  2 e  
h  +  

( 1  +  c o s  2 e ) 1  ( 2 . 1 2 s )

On the other hand we can put

; 5 "  " f  
x n  ( p ) D  p .  ( 9 ) d 9  =  6 , .

+  ( J n  l m  l m  a l
Q . 1 . 2 4 )

)
{ 2 . 1 2 6 )

i n  t e r m s  o f  K a u I a ' s

AccordingJ.y i  t  comes

a j /21+r (cos 2k9 s in 2kg )  (  j  e , ren

D;.P;' = Xk l;I 'l I'
o  

[ s i n ( 2 k + 1  ) 9  c o s  ( 2 k + 1 ) 9 . J  (  j  o d d )

( m  e v e n )  ( m  o d d )

where  the  coef f i c ien ts  D lu  can be  expressed exp l i c i t l y

i n c l i n a t i o n  f u n c t i o n s  ( c f .  ( B r o v e l l i  &  S a n s d ,  1 9 9 0 ) ) .

na tura l  to  pu t
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+ cxt

X " = E
(m 

Ok

s in  2kg

c o s  ( 2 k + 1  ) 9

( 2 . 7 2 7 )

w i t h  t h e  s a m e  o r d e r i n g  a s  i n  f o r m u l a  ( 2 . 1 , 2 6 ) .  I n s e r t i n g  ( 2 . 1 . 2 6 )  a n d  Q . 1 . 2 7 )  i n

(2 .1 ,24)  we ge t  four  in f in i te  sys tems accord ing  to  whether  m is  even or  odd and

both j  and 0 are even or odd; the cases j  even and I  odd or vice versa are

automatical ly accounted for by the simple fact that cosine and sine funct ions

are orthogonal (over l -n/2,n/21) because one is an even and the other an odd

func t ion .  Natura l l y  we are  no t  ab le  to  so lve  numer ica l l y  in f in i te  sys tems,  bu t

we can a lways  t runcate  the  sum in  (2 .127)  a t  a  cer ta in  number  L ;  one shou ld  be

aware that in this way sone al iasing is introduced, however we expect i t  to be

very  smal l  i f  we take  e .g .  L  =  300,  because in  th is  way a l l  f requenc ies  up  to

600 are  represented .  An in te res t ing  remark  is  tha t  once the  coef f i c ien ts  )S .
L k

are  computed,  and th is  can be  done once fo r  a l l ,  i t  i s  poss ib le  to  g ive  an

exp l ic i t  fo rmula  fo r  the  es t imate  i ,  by  combin ing  them wi th  the  Four ie r
(m

coe f f i c i en t s  o f  t he  obse rva t i ona l  f i e l d  f " " .

2 .7 .  How to  dea l  w i t h  t he  ove rde te rm ined  b .  v .  p .  ' s .

So far  we have d iscussed how to determine the coef f ic ients of  the

anoma lous  po ten t i a l  f r om one  se t  o f  da ta ;  f o r  i ns tance  we  have  t rea ted

separate ly  the three types of  observabLes l=. ,  1 . " ,  f " " .  In  th is  way we get

th ree  d i f f e ren t  es t ima tes  o f  t he  same se t  o f  coe f f i c i en t s  w i t h  t he  excep t i on

o f  t he  coe f f i c i en t s  o f  o rde r  ze ro ,  wh i ch  canno t  be  es t ima ted  f rom l . y i

moreove r  i t  i s  t o  be  no t i ced  tha t  i n  p r i nc ip le  i t  i s  no t  reasonab le  t o  assume

that  f rom each of  the three observables the coef f ic ients are est imated up to

the same maximum degree L.

Hence we can say that  i f  we int roduce a vector  x  def ined as

(cos 2k9

4* 
t"r" 12y+r)e ) ,
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x = ( 2 . 1 2 8 )

and  a  p ro jec to r  P  se lec t i ng  wh i ch  coe f f i c i en t s  a re  es t ima ted  f rom one  spec i f i c

obse rvab le ,  we  can  wr i t e  t he  obse rva t i on  equa t i ons

P ; x  +  v , (2. rze)

and  cons ide r  t he  p rob lem o f  de r i v i ng  one  common  es t ima te  i  f . o r  ( 2 .129 ) .  We

wi l l  do that  by apply ing the least  squares method,  which is  known to supply

op t ima l  es t ima tes  (among  I i nea r  es t i na to rs ) ,  when  the  co r rec t  s tochas t i c

s t ruc tu re  o f  t he  res idua l s  v j  ( i . e .  i j  wh i ch  en te r  i n to  (2 .129 )  as  pseudo

observables)  is  taken into account .  Before doing that  however an important

remark  i s  i n  o rde r .

Remark  2 .7 .1 :  When  we  pu t  t he  p rob lem o f  comb in ing  the  es t ima tes  i J  by

equat ions (2.129) ,  we have a l ready abandoned the request  of  an opt inal

exp lo i t a t i on  o f  t he  obse rva t i ons ,  even  i n  t he  f i e l d  o f  l i nea r  es t ima to rs .

I n  f ac t  i n  p r i nc ip le  no  f i n i t e  vec to r ,  I i ke  x ,  can  d raw  comp le te l y  t he

informat ion conta ined in a cont inuous f ie ld,  €.8.  f . r t  on ly  pushing the degree

o f  es t ima t i on  t o  i n f i n i t y ,  i n  sp i t e  o f  t he  f ac t  t ha t  each  s ing le  coe f f i c i en t

can  ca r r y  on l y  ve ry  l i t t l e  s i gna l  as  compared  to  t he  no i se ,  can  we  have  a

comp le te  ex t rac t i on  o f  t he  i n fo rma t i on  f rom the  obse rva t i ons .  Th i s  pu rpose  can

be  pu rsued  and  wou ld  l ead  to  op t ima l  es t ima tes  ob ta ined  as  so lu t i ons  o f

su i t ab le  i n teg ra l  equa t i ons  ( c f . ,  Sansd ,  1988 ) ;  t h i s  app roach  howeve r  i s  more

conpl icated and i t  is  beyond the scope of  th is  work.

Then we go back to the problem Q.IZ9)  and,  for  the monent ,  we assume to

be able to compute the covar iance matr ices C;  of  i . ; ;  i t  should be noted that

uoo

u t  - t

u t o

u t t

uz-z

:

ULL

x =
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i f  we assume tha t  each es t imate  i ,  i s  der ived  f rom

observat ion, then we can assume that also i . ;  and i1

Wi th  th is  spec i f i ca t ion  the  leas t  squares

obtained by the formula

-  +  - 1  . - 1  ,  ^ + ^ - 1 ^= (XtP jC;  ̂P t  
)  X lP  jC ;  

^x . ;

We can observe that,  should each observabLe supply

se t  o f  coe f f i c ien ts  so  tha t  P1 =  I ,  then fo rmula  (2 .

of a single vector weighted average

r  - l  - 1  - l  a

x = ( x l C _ i ' ) ' x l C l ' x ;

a d i f ferent  and independent

are independent  for  j  ; t  k .

e s t i m a t e  f r o m  ( 2 , 7 2 9  )  i s

( 2 .  1 3 0 )x

an  es t ima te  f o r

130 )  wou ld  assume

the

the

same

form

AIso, according to the Ieast squares theory, we are

compute the covariance matrix of i ,  namely

c : :  =  ( : , n ] c l l P i ) - t
xx

(2 .  r31. )

i n  p r i nc ipJ .e  abLe  to

and to  tes t  the  hypothes is ,  imp l ic i t  in  our  fo rmula t ion ,

va lue  o f  o !  i s  1 ,  based on  the  sample  es t imate

(2. t32)

tha t  the  theore t ica l

^ z  : , 0 1 c ] 1 v  ,oo = 
t.ia-GiF

( 2 . 1 . 3 3 )

( r j  =  d imension of  P.1x i  )

and on  the  cus tomary  use  o f  the  22  s ta t i s t i cs .  Not ing  tha t  the  d imens ion  o f

the  normal  mat r ix ,  i .e .  the  d imens ion  o f  x ,  i s  (L+1)2 ,  the  computa t ion  o f

(2 . I3O)  wou ld  be  a  ser ious  prob lem,  was i t  no t  fo r  the  par t i cu la r  shape o f  C. ; ,

wh ich  comes ou t  to  be  b lock  d iagona l ,  a t  leas t  fo r  the  cases  o f  in te res t  in

grad iomet ry .  In  fac t  we can observe  tha t  fo r  a I I  th ree  observab les  s tud ied

here ,  the  b i -o r thogona l  sys tem {Zn* }  i s  such tha t  i t  i s  p ropor t iona l  to  s imp le

tr igonometr ic funct ions in I ,  so that for any funct ion p depending only oD g,

we can state
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1
, Z L ^ , p K n , = h J Z L ^ ( P ) Z n k ( P ) o ( O " ) d o = 0  ( 2 . 1 , 3 4 )

whenever m + k.

Subsequent ly let  us start  f rom est imates of the type

,1, = <Z^, Ito> , ( 2 .  1 3 s )

where  the  obse rva t i ona l  f i e l d  con ta ins  a  no i se  (W iene r  f i e l d )  dF "  w i t h  cova r i -

ance st ructure

E i d p , ( P ) d p , ( Q )  )  =  6  ( P ,  Q ) p ( 9 p ) d o ' " ( 2 . 1 . 3 6 )

a s  i t  i s  f o r  u s  ( c f .  f o r m u l a  ( 2 . 4 )  i n  p a r a g r a p h  2 . 2 ) .  T h e n  f r o m  f o r n u l a

Q.1 .34)  we see tha t

E { ( i r ,  - u ,  ) ( i r  .  - u  .  ) }  =  E { < 2 "  , p  > < Z  - , p  > }  =
t m  L m  n k  n k  L m "  w  n k "  w

-  1 Z o  , p k p ) Z  .  )  -  C ,  6
r m  n K  c n ,  m  m k

( 2 . 1 . 3 7 )

Formula (2.1.37) shows that when the components of x are reordered, f i rst  by

order and then by degree, we f ind for the covariance matr ices a block diagonal

s t ruc tu re .  In  o ther  words ,  fo rmula  (2 . I3O)  can be  app l ied  by  sp l i t t ing  the

computat ion order by order,  so that at  most we must solve systems of a few

hundreds unknowns each time.

Remark  2 .7 .2 :  A l though w i th  the  above d iscuss ion  we see tha t  our  so lu t ion  is

now computab le ,  one cou ld  be  w i l l i ng  to  p roduce a  qu ick  es t imate  o f  x  a t  the

expense o f  op t imaJ. i t y ,  bu t  w i thout  in t roduc ing  b iases .  Th is  can be  done by

s imp ly  tak ing  a  we igh ted  average o f  the  es t imated  coef f i c ien ts .
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3. TIMEWISE APPROACH.

The c lass ica l  theory  o f  g loba l  spher ica l  harmon ic  ana lys is  o f  the  ear th 's

grav i ta t iona l  f ie ld  f rom t rack ing  observa t ions  to  a r t i f i c ia l  sa te l l i tes  has

r e c e n t l y  b e e n  d e s c r i b e d  e . g .  i n  ( M a r s h  e t  a I . ,  1 9 8 8 )  o r  i n  ( R e i g b e r ,  1 9 8 9 ) .  I n

essence, in a I inear least-squares adjustment the spherical  harmonic coeff i -

c ients are determined from a Iarge number of t racking observat ions, such as

range, range rate, or Doppler measurements. Now and in the sequel the coeff i -

c ients shal l  be denoted Oei,  and OSA (the di f ference between the actual

ser ies coeff ic ient and an approximate value, used for the computat ion of the

reference orbi t) .  The elements of the design matr ix,  connect ing the

observat ions with the unknown harmonic coeff ic ients,  are derived from the

equat ions of motion. They are computed by numerical  integrat ion simultaneously

wi th  the  in tegra t ion  o f  the  re fe rence orb i t .  In  the  ear ly  days  o f  sa te l l i te

geodesy considerable effort  has been invested into the development of adequate

ana ly t i ca l  theor ies  fo r  the i r  de termina t ion .  The es t imab i t i t y  o f  ind iv idua l

coeff ic ients largeJ.y depends on the qual i ty of the employed measurements and

on the  orb i ts  o f  the  invo lved sa te l l i tes ,  in  par t i cu la r  the i r  resonance

charac ter is t  i cs .

Wi th  the  in t roduc t ion  o f  new sa te l l i te  techn iques ,  such as  sa te l l i te - to -

sa te l l i te  t rack ing  (SST)  and grad iomet ry ,  the  c lass ica l  theory  needed to  be

rev is i ted .  Typ ica l  fo r  the  new techn iques  is

-  the  orb i t  a l t i tude  is  chosen ex t remely  low (160 to  22O kn) ;

-  t h e  i n c l i n a t i o n  i s  c l o s e  t o  9 O o  ( p o l a r  o r b i t ) ,  a n d

- in pr inciple a cont inuous stream of homogeneous measurements becomes avai l -

abIe, independent of t racking from ground stat ions.

Thus the expectat ion is that the spherical  harmonic coeff ic ients can be deter-

n ined comple te  up  to  h igh  degree and order ,  f rom one sa te l l i te  miss ion  on ly .

This impl ies, for example, for an expansion up to N = 200 or 300 an adjustment

w i th  40  000 or  90  000,  respec t ive ly ,  unknown coef f i c ien ts .  In  p r inc ip le  even

for  p rob lems o f  th is  d imens ion ,  w i th  the  use  o f  nodern  vec tor ized  computers ,

the  c lass ica l  approach can be  fo l lowed and s imu la t ions  in  th is  d i rec t ion  have

been success fu l l y  car r ied  ou t  by  Ba lmino  & Bar r io t  (1990) .  However  the  e f fo r t

is enormous and i t  is logical  that more economic methods are invest igated. The
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computa t iona l  burden bu t  a lso  the  new s i tua t ion  o f  ob ta in ing  prac t ica l l y  a

cont inuous data stream suggested to look into semi-analyt ical  methods that

would produce block symmetr ies in the system of I inear equat ions to be solved.

Such an approach promises computat ionaL advantages so important that a sl ight

loss  in  mode l  p rec is ion  wouLd be  acceptab le ,  i f  the  la t te r  can  be  compensated

by  car ry ing  ou t  severa l  i te ra t ions .  Th is  approach sha l l  be  denoted  t imewise  in

the sequel s ince the observat ions are considered funct ions of t ime.

The t imewise approach was conceived for spherical  harmonic analysis of SST

data ,  see  (Kau la ,  1983) ,  (Wagner ,  1983) ,  and (Co lombo,  1984a) .  Thereby  the

observable range rates or the coeff ic ients of their  expansion into a Fourier

ser ies  a re  connected  w i th  po ten t ia l  coe f f i c ien ts  th rough the  so lu t ion  o f

H i I l ' s  o r  Lagrange p lanetary  equat ions .  More  recentJ .y  Co lombo (1987 and 1989a)

fo l lowed a  s imi la r  approach fo r  the  components  o f  the  grad ien t  tensor .  In  a

cer ta in  way th is  case is  eas ie r  than tha t  o f  SST,  because grad iomet ry  and

orb i t  improvement  can be  kept  a lmost  separa te ly .  I t  requ i res  in  a  f i rs t  s tep

computat ion of the second derivat ives of the disturbance potent ial  expressed

e.  g .  in  Kep ler ian  e lements ,  (Kau la ,  1966) .  Th is  way a  l inear  connect ion

between grad ien ts  and po ten t ia l  coe f f i c ien ts  i s  es tab l i shed.  In  a  second s tep ,

the  l inear  re la t ion  is  used fo r  e r ro r  p ropagat ion  so  as  to  y ie ld  the  a

pos ter io r i  var iance-covar iance mat r ix  o f  the  po ten t ia l  coe f f i c ien ts .  I t

becomes block diagonal s ince the expressions decouple according to order n and

par i ty  (n -m) .  Hence no  orb i t  uncer ta in t ies  a re  taken in to  account .  The i r

inclusion would however be straightforward.

3 . 1 .  P r i n c i p l e s  o f  t i m e w i s e  m e t h o d .

The pr inciples of the t imewise method for the error-analysis of gradio-

meter measurements have been developed by Colombo (1987 and 1989a).  They shal l

be described and extended in this and fol lowing parts of chapter three.

Thereby the notat ion shaLL be simi lar to that comnonly employed in dynamic

sateL l i te  geodesy  and there fore  qu i te  d i f fe ren t  f rom tha t  used in  chapter  2 .

From the solut ion of Laplace'  equat ion outside the attract ing masses the

grav i ta t iona l  po ten t ia l  o f  the  ear th  can be  wr i t ten  as  an  in f in i te  ser ies  o f

spher ica l  harmon ics :
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V ( P ) tt

t =o
L+t

[ ] , )" '

_ p
R

9 _
t "  tC" cos m)t

t m P
m=O

+  S ,  s in  mt r  lP ,  ( cos  e  )
A I P & n P

( 3 .  1 )

wi th  p  =  GM the  g rav i t a t i ona l  cons tan t  t imes  the  ea r th ' s  mass ,  R  the  nean

radius of  the ear th,  {Op,  t rp,  rp}  the spher ica l  coordinates of  the computat ion

po in t  P ,  {e / r ,SZ r }  t he  i n f i n i t e  se t  o f  f u l l y -no rma l - i zed  sphe r i ca l  ha rmon ic

coe f f i c i en t s  o f  deg ree  0  and  o rde r  m ,  and  P^  the  fu l l y -no rma l i zed  assoc ia ted

sphe r i ca l  ha rmon ics .  I n  case  a  geo -cen t r i c  coo rd ina te  sys tem i s  chosen ,  t he

coef f ic ients of  degree one become zero by def in i t ion.

I n t roduc t i on  o f  a  known  se t  o f  app rox ina te  coe f f i c i en t s  c r ,  and  sn  l eads

to  a  co r respond ing  exp ress ion  o f  t he  d i s tu rbance  po ten t i a l  T :

T ( P )

where OeU. = e,,n - 60, and OS/'n = S{,n - E,,n are considered the unknowns of

our problem.

For the t imewise approach the problem has to be formulated along the

orb i t .  Hence (3 .2 )  i s  t rans formed f rom the  ear th - f i xed  {0 ,  l ,  r } -sys tem to  the

orb i t  sys tem,  where  the  d is tu rbance po ten t ia l  becomes a  func t ion  o f  the  Kep ler

o r b i t  e l e m e n t s  a ,  e ,  I ,  Q ,  u ) ,  a n d  M  ( s e m i - m a j o r  a x i s ,  e c c e n t r i c i t y ,

inc l ina t ion ,  r igh t  ascens ion  o f  the  node,  a rgument  o f  per igee,  and mean

anomaly).  This transformation is descr ibed in (Kaula, 1966) and has been

recent ly  d iscussed in  (Sneeuw,  1991, ) .  I t  leads  to

= F o
R

7 ^  1  { + 1

: '  l l - l  zL [Ae^ cos r t r "  *  A5^ s in  ml"JPn*(cos 0")  (3 .  Z)
[ .=o  [ rp /  m=o

2+t

T  ( P ) :,
L=o [:T];:[*oJ"'_ F o

K

. [^:"1
Lot*.1

0 0

t '  t ' F ,  ( I ) i
trnp

m = O  p = O

cos  ry ' ,  (3 .  3 )
<Jnp

l,-^, 
"

s in ry ' ,  )
<Jnp

!,-m;O

J . J



where

F ,  ( I )
<Jnp

and

norma l i zed  i nc l i na t i on  f unc t i ons

{ I ^ o =  ( ! . - 2 p ) o o  1 r l @ e ( 3 . 4 )

wi  t h

o o = o + M

and

o . = O - O 5

( " o "  r e f e r r i n g  t o  " o r b i t " )

( " e "  r e f e r r i n g  t o  " e a r t h " )

With  ry ' r__= Ur__( t - to )  tne  d is tu rbance po ten t ia l  T  i s  expressed as  a  func t ion(rnp <Jnp

o f  t ime  a long  the  o rb i t .

I n  eq .  (3 .3 )  a  number  o f  assumpt ions  i s  con ta ined .  The  o rb i t  i s  assumed  to

be  c i r cu la r  (e  =  0 ) .  Consequen t l y  e  does  no t  appea r  i n  (3 .3 )  and  no  eccen -

t r i c i t y  f unc t i ons  need  to  be  i n t roduced ,  c f .  (Kau la ,  1 ,966 ) .  Sma l l  eccen t r i c i -

t j . es  cou ld  be  i n t roduced  qu i t e  eas i l y ,  howeve r .  Fo r  t he  nomina l  o r  r e fe rence

o r b i t  i t  i s  a s s u m e d  i  = .  =  i  =  0  a n d  c o n s t a n t  Q ,  ; ,  M  a n d  e 6  ( e a r t h ' s  a n g u l a r

v e l o c i t y ) .  E q .  ( 3 . 3 )  h a s  t h e  s t r u c t u r e  o f  a  t i m e  s e r i e s  o f  T  f r o m  w h i c h  i t

should be possib le to determine the unknown coef f ic ients Aer.  and ASr. .

I n  g rad iome t r y  t he  second  de r i va t i ves  V i j  o f  t he  g rav i t a t i ona l  po ten t i a l

a re  measu rab le .  I dea l l y  t hey  a re  measu red  i n  a  l oca I  o r thono rma l  ca r tes ian

t r i ad ,  t he  i ns t rumen t  f r a rne .  A f te r  sub t rac t i on  o f  t he  app rox ima te  g rad ien ts

U r r ,  c o m p u t e d  w i t h  t h e  c h o s e n  n o r m a l  f i e l d ,  w e  a r r i v e  a t  f i j  -  V i j  -  V i i .  T h e

f i j  can  be  bu i l t  f r om the  f i r s t  and  second  de r i va t i ves  o f  V  i n  t he  o rb i t

e l emen ts  r ,  I ,  @o ,  and  c , r . .  Deno t i ng

3 . 4



ot^= | 
^*l

1-Ns"J

0-m: even

l-m: odd

0-m: even

/-m: odd

i t t e n  a s

[ * l ' . t  , L  , 0  F r , " o ( i ) { a n *  c o s  f ' , p  *  F L ^ " i r  r r , o }
[ r /  m = o  p = o  

L

for example, for T"" = AzT/Arz

and

F n  =
LM

e q .  ( 3 . 3 )  i s

j
wr

[^;

t = # ' ] l

Then we obta in,

( 3 .  s )

Tr. \L X  F ,  ( I ) { a ,  c o s  r y ' ,  +  B n  s i n  r y ' ,  }  ( 3 . 6 )
tnlp cm tmp tm {Jnp

p

and

) . ,  =  (0+1 )  (L+2)  / rz
L

For convenience the index range of  the L,  m and p summat ions has been sup-

p ressed .  Ana logous  exp ress ions  a re  f ound  fo r  a I l  o the r  de r i va t i ves  i n  r ,  I ,  ( r o

and ar . .  They are conta ined in Table A-1 of  Appendix L.

From Appendix L we take the expressions for  the second der ivat ives T, ,  in

the  l oca l  ca r tes ian  g rad iome te r  t r i ad .  They  a re  g i ven  i n  Tab le  3 .1 .

[l)'.' :
- F o  s- R  

i
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TABLE 3 .  t :  T t_ ;  components  in  locar  car tes ian  grad iometer  t r iad .

T** l r - * L r
f ' f ' 0 O Q O

Txy
4- I

I  tan
r z s i n  I

1

a'4ln %

cos  oo

[ - c o t  o  T
U I

t a T
o o .

- tan a l  cos
o

T T + C O S  I T
@oQo

+T
Q"Qo

l
@ g

T T
l , o  

]

T*"
l - T

- l

r r @ o
- 5 r , o

T"" T
^ x x  ' z z

T".
t  , 1  -

F--fi-l cos % 
tF tr"

a 4

1

; - s l n  %  
t -  ' I  r  r r l l

c o s l -

r  t o
- T  + c o s I T

@ e r r @ o

T.. T " "

From Table 3.1 i t  is seen that the components T*" and T".  can be wri t ten in

two ways depending on whether they are based on the curvi l inear coordinates

{ r , I , t l o }  o r  { r , o r . , o o } .  T h e  s a m e  h o l d s  t r u e  f o r  T " " ,  b u t  w e  p r e f e r  t o  d e r i v e  i t

ind i rec t l y  f rom T**  and T .=  v ia  Lap lace 'equat ion .  Fur thermore  we observe  tha t

T*" and T"= contain sin 0)o or cos &)o in the denominator.  They wi l l  cause

s inguJ-ar i t ies  fo r  cer ta in  a rguments ,  bu t  much worse ,  spo i l  the  or thonormal i t y

proper t ies  o f  our  "s ine-cos ine" -ser ies  to  be  used a t  a  la te r  s tage.  There

ex is t  two s t ra teg ies  to  c i rcumvent  th is  p rob lem.  One is  descr ibed in  (Schrama,

1990; appendix B).  Thereby the upper expressions of T*" and T",  are mult ipl ied

by cos2 oo and the rower ones by sin2 oo. The sum yields e. g.  for Tyz

? ^ l  = t  I
- ' y z  . s i n  

I
1 _

' a r o  -  
, "  

' r o J l c o s  . , o  +r 1 1
r

1

r

'l

? _ I

r '  u)e
l + c o t

f @ e

1
. L

+ [ -
r

T -
-  - - o  1 1  I S I I I  @ oT.r

3 . 6

( 3 . 7 )



The s ingu la r i t y  i s  gone,  the  or thogona l i t y  o f  the  "s ine-cos" -ser ies  i s  ma in-

tained by manipulat ions described in (Schrama, ibid).  The second approach,

proposed in  (Bet t i  &  Sansd,  1989)  s ta r ts  f ron  the  orb i t  sys tem.  The orb i t

plane def ines the equator of a rotated coordinate system, with lat i tude g'  =

0 .  The der iva t ive  in  c ross- t rack  d i rec t ion  can there fore  be  wr i t ten  as

and

r " = i r p ,

1 -  s in  <r '
rxv = 

f2 cos-Et 
'g'ro - 

rT-cofT 
tuso

Ty. = ! ,  , rr ,  -  
I  rr ,

The  de r i va t i ves  a re  eva lua ted  a long  the  o rb i t  ( g '  =  O) .  Thus  
'  1
r*y = 

fu Tp, r;
Hence a l l  tha t  i s  requ i red ,  i s  the  der iva t ive  o f  T ,  eq .  (3 .6 ) ,  w i th  respec t  to

g '  .  As  shown in  (Bet t i  &  Sansd,  ib id )  and d iscussed in  (Sneeuw,  1991)  i t  i s

rs, = #,] l  [ lJ' . ' ,": j  
"] j- 'al,"(r){a!, 

cos /{,, 'p * Btr^sin /z, 'p} (3.8)

where

or, = 
t^:.;]

3r.=t ; l

and F f_- ( I )  i s  a  new type o f  inc l ina t ion  func t ion  tha t  incorpora tes  the  der i -
rmp

v a t i v e  w i t h  r e s p e c t  t o  g ' .
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A c t u a l l y  i t  i s

( c f .  ( S n e e u w , 1 9 9 1 )

tk l - ! .Q)+ ! . )

o r

t k  l - 2 + t  Q ) L - 1 . 1

more  l og i ca l  t o  i n t roduce  an  i ndex

) .  Fo r  t he  range  o f  k  i t  ho lds

the  ser ies  conta in .  F , ro  =

i t  con ta ins  f 'T  =  F lk
f,mp cm

k = ! , -2p, replacing p

F *  o r  i t s  d e r i v a t i v e s
f,m

Then  the  gene ra l  exp ress ion  o f  an  a rb i t r a r y  second  de r i va t i ve  ( i , j )  becomes

t  - F o. i j  -  
R

t r f i  j )  p 1 * 1 t  l c r [ * )  c o s  r y ' .  *  B t * )  s i n  r y ' .  ]  ( 3 . 9 )
L k  t . m  L m  k m  c m  K m

I I

i f

? t:)'.' : i
wi  th

U 6 = k t l o + 1 1 L 1 . ( 3 .  1 0 )

A I I  I [ i : l  a r e  I i s t e d  i n  T a b ] e  3 . 2  t o g e t h e r  w i t h  a  p o i n t e r  *  i n d i c a t i n g  t h e
LK

re fe rence to  F Ik ,  o l 'n  u .d  F I . ,  respec t ive ly ,  and a  second one (+- )  ind ica t ing

LhaL -un /-o ' ] ,  takes the place of B, /B| and Bn /B| that of  an /o- ' j
(^ tm 

- 
tm tm f,Jn {m f,{n tm

Eq.  (3 .9 )  t oge the r  w i t h  Tab Ie  3 .2  p rov ides  the  l i nea r  mode l  connec t i ng  t he

tenso r  o f  t he  g rav i t a t i ona l  d i s tu rbance  po ten t i a l ,  T i j ,  w i t h  t he  unknown

coe f f i c i en t s  Ae ,  and  AS ,
Lm tm

Let  us now assume a cer ta in component  T i j  is  measurable and has been

obse rved  a t  N  equ id i s tan t  po in t s  a long  the  o rb i t .  The  obse rved  va l -ues  a re

c o l l e c t e d  i n  t h e  v e c t o r  I ' o f  d i m e n s i o n  ( N  x  1 ) .  A I s o  t h e  u n k n o w n  c o e f f i c i e n t s

fo rm one  vec to r  c .  I f  t he  summat ion  ove r  deg ree  /  i s  t r unca ted  a t  a  max imum

degree  l ,max  and  the  th ree  f i r s t  deg ree  te rms  a re  kep t  ze ro  by  de f i n i t i on  i t s

Ieng th  i s  L  =  ( /max  +  1 )z  -  3 .  Then  w i th  (3 .9 )  a  l i nea r  ad jus tmen t  mode l  can

be  fo rmu la ted :

f = A c +

3 . 8
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TABLE 3 .2 : ^ri" of the tensor components

T i  3  i n  t he  l oca l  ca r tes ian  g rad iome te r t r i a d

component  ( i j t I "
t k

po in te rs

XX -  (  l + 1 + Y z 1  7 t z

xy -k/rz *

xz -  ( L + Z ) k / 1 2 ( +  - )

vy - ( ( 0 + r ) 2 - k 2 ) / 1 2

yz -  (  l + 2 )  t r z * ( + - )

zz (  0+1 )  (  [ .+2)  / r2

wi th  obse rva t i on  e r ro r  vec to r  € ,  whe re  E {e }  =  Q  and  the  a  p r i o r i  va r i ance

covar iance matr ix  Ue E{ZZT} = Q- = o?I  wi th I  a  N x N uni t  matr ix  and o!  the' f o o

va r i ance  o f  t he  obse rved  g rad ien ts .  The  coe f f i c i en t  ma t r i x  A  i s  o f  d imens ion

N x L.  I f  N = L and A of  fu I I  rank the least-squares solut ion becomes

6 =  (Ar  e ; t  e1- t  A t  Q i ,

and the a poster ior i  var iance-covariance matr ix:

Q"  =  (Ar  Q; t  a ) - t

which becomes under the above assumption of constant var iance

Q"  =  o3(ArA) -1

{ 3 . 1 . 2 )

( 3 .  1 3  )
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Thus wi th A g iven the expected error  propagat ion of  a gradiometer  miss ion can

be  tes ted  fo r  a  va r i e t y  o f  assumed  a  p r i o r i  e r ro r  va r i ance  l eve l s  w i t hou t

g rad iome te r  da ta  ac tua l l y  be ing  ava i l ab le .  I t  shou ld  be  obv ious  tha t  t he  ma in

d iagona l  o1 '  Q .  con ta ins  t he  expec ted  va r i ance  o f  t he  i nd i v i dua l  coe f f i c i en t s

Ae,  and AS, and the of f -d iagonal  terms thei r  covar iances.  The feasib i l i ty  of
tm tm

such an error propagat ion experiment depends on the complexi ty of solving the

l inear  sys tem (3 .13) .  Wi th  A  o f  d imens ion  (N x  L )  the  normal  mat r ix  ArA is  o f

dimension L x L. For emax = 2OO i ts size is of the order of 40 000 x 40 OO0.

The solut ion of a system of this size would put extreme constraints on the

accuracy, speed and size of even the most advanced supercomputers, cf .

( B a I m i n o  &  B a r r i o t ,  1 9 9 0 ) .

Co lombo (1989b)  cou ld  show tha t  under  a  number  o f  s imp l i f y ing  cond i t ions

ArA a t ta ins  a  b lock  d iagona l  s t ruc tu re  w i th  the  max imum sub-b lock  o f  s ize

e  0max +  1)  x  G 0max +  1) .  Thus  a  s i tua t ion  comparab le  to  the  spacewise

approach of chapter 2 can be achieved. The main l ine of the steps required to

ach ieve  the  b lock-d iagona l i t y  sha l l  be  d iscussed in  the  fo l low ing .

Each element of the normal matr ix ArA consists of the inner product of two

co lumns o f  A  re fe r r ing  to  two spher ica l  harmon ic  coef f i c ien ts  (21 ,m1)  and

(L2,n2) .  The inner  p roduc t  ex tends  over  a l -1  sampl ing  po in ts  s ,  s  =  1 . . .N .  Le t

one arbi trary element of the normal- natr ix,  belonging to the gradient compo-

nent  ( i j l  and  re fe r r ing  to  the  coef f i c ien ts  ( {1 ,m1)  and (L2 ,m2) ,  be  denoted

h f i j ) ,  T h e n  e q .  ( 3 . 9 )  g i v e s :
Ll-mTLzrnZ

h ( i  j )  ̂
(1n1L2m2

2
_ & o- t r z

2
_ F o- R z

f*f t.t Ftr.t \.N
f;J IFJ "!t

c o s  / n r r ,  ( s ) )f :  r l t j ,  p l * ) n t
[ k r  t t k t  { 1 m l

*  [ :  r  l t  
j '  

r ' l * ) n '
l k z  L Z Y Z  L 2 n 2

cos  fn r r r (s ) ]

6111+L2*z I

t:l 
' 

i, ?,^;.il ^;:il t[]l' ,;:::'

cos ry'.  (s) cos ry'.  fr) l
K1n1 RZnZ )

( 3 .  1 4 )

[=:i
3 .  1 0



wi th  ana logous express ions  fo r  the  produc ts  cos  U*r r r ( . )  s in  f * r r r (= )  and

s in  ry ' ,  -  
(s )  s in  f , , ,_  (s ) .  Any  b lock  d iagonat i t y  depends now on theK1m1 k2mz

app l icab i l i t y  o f  the  or thogona l i t y  re la t ionsh ips  o f  t r igonomet r ic  func t ions  to

the sum over s.

W i t h  ( 3 . 1 0 )  i t  i s

0r,  =, i rnr{ t- to) = i lL + ry 'not

a n d  ( 3 . 1 S )

Pn* = k(o+M) + m(A-e6) = k6o * *r ,

I t  i s  assumed tha t  the  to ta l  m iss ion  Iength  T  is  exac t ly  one repeat  per iod  (no

repet i t ion  o f  g roundt racks) .  Wi th  a  sampl ing  in te rva l  A t  th is  resu l ts  in
T

N = 
fu .  

Then the  miss ion  per iod  cons is ts  o f  the  re la t i ve  p r imes N.  noda l  days

and N6 orb i t  revo lu t ions ,  o r  T  =  N"  ? I  =  no  3  I t  fo l , Iows (neg lec t inC p?,
@e {ng

which  s imp ly  resu l ts  in  a  cons tan t  phase sh i f t )

0k," = (kNo + mru.) fl i6t = 2n(k + * trl ru" $l ro r \

=  2 z  b 6  N e  
$  

j  =  1 ,  . , N  ( 3 . 1 6 )

The condit ions for br,n (and consequent ly each frequency) to be unique are

derived in (Schrama, 1990).  I t  can be shown that the number of revolut ions

N9 must be a prime number and

Ns > 2 {max ( 3 .  1 7 )

Wi th  these cond i t ions  fu l f i l l ed  and the  t ime ser ies  be ing  un in te r rup ted  the

or thogona l i t y  re ra t ionsh ips  o f  t r igonomet r ic  func t ions  y ie ld

3 .  1 1



0

N

2

I I m 1 * m 2

IIll = IIl2 =0

and./or

and

and

and

k 1 + k 2

k r = k z

( k r = k 2 * O o r k 1 = - k z * 0 )

k 1 = k 2 = O

F l * ) t  F l * l t  f o r  m  *  O
t 1 m  ( 2 m

( 3 .  1 8  )

F ( * l t  +  p [ * l - t  f ' l * l t )  f o r  m  =  O .
L2m LIn LZ^

i f  m 1 = m 2 * 0

Or IIll = Ill2 = 0

i f

I f  now the sequence of  e lements of  c ,  i .  e .  of  the coef f ic ients ACr,  and ASU'

i s  chosen  f i r s t  acco rd ing  to  m  and  then  acco rd ing  to  pa r i t y  ( {  even  o r  odd )

the  des i red  b lock -d iagona l i t y  i s  a t t a i ned  w i th  t he  l a rges t  b lock  o f  s i ze

G { .max +1)  x  G Zmax + 1)  for  even lmax,  even I  and m = 0.  An indiv idual

non -ze ro  e lemen t  o f  t he  no rma l  ma t r i x  A rA  i s  f i na l l y

h t i j l  =
L l m L 2

and

h t i  j )  =
LlmLz

} * F)t'1+t'2+z ? 
^,ii' ^,:i'

} * F)t',*n',*' I ^rii '  ̂r;i ' (F;]-

w i t h .  i n  a d d i t i o n

h l i j l  t 4 e ,  , A e ,  I  =  h f i i )  [ A S ,  , A S ,  ]  ( e x c e p t  f o r  m  =  0 )
(1mL2 { lm LZm Llr r iLz t1m L2m

n|it,^:r.r'oen,,'osnr,l = hriiirlosr,'' oenr'l - o

T h e  I [ i j )  t o g e t h e r  w i t h  t h e  a p p r o p r i a t e  i n c l i n a t i o n  f u n c t i o n s  f o r  a  c e r t a i n
L k

componen t  i j  a re  t aken  f rom Tab1e  3 .2 .

We  a re  now in  a  pos i t i on  l o  compu te  f o r  a I I  g rad iome te r  conponen ts  o r

a rb i t r a r y  comb ina t i ons  o f  t he  l a t t e r  t he  e lemen ts  o f  t he  no rma l  ma t r i x .  A f t e r

so l v i ng  the  L  x  L  sys tem o f  l i nea r  equa t i ons  and  i n t roduc t i on  o f  t he  a  p r i o r i

measu remen t  e r ro r  va r i ance  o f  each  componen t  t he  pos te r i o r i  va r i ances  o f  t he

3 . 1 , 2



coe f f i c i en t s  a re  de r i ved .  The  so lu t i on  p rocedu re  can

each sub-block.  We shal l  return ]ater  to  th is  method

be  done  i nd i v i dua l l y  f o r

w i t h  some  examp les .

3 .2 .  Lumped  coe f f i c i en t  me thod .

The method just descr ibed could be classi f ied as t imewise approach in the

t ime domain, because the observables are provided as a t ime series and solved

as such. An important modif icat ion of this method, also from the pract ical

point of  v iew, is the t imewise approach in the frequency domain. Thereby the

or ig ina l  t ime ser ies  i s  t rans formed to  the  f requency  or  spec t ra l  domain .  Th is

means a DFT is computed. The Fourier coeff ic ients serve as intermediary

(pseudo-)observables fron which the OeA and OSA are derived in a second

step. Since these pseudo-observables represent l inear combinat ions of a

sequence of spherical  harmonics they are comparable to lumped coeff ic ients

we l l -known f rom dynamic  sa te l l i te  geodesy  (c f .  (Wagner  &  K losko,  1977) ) .  The

idea descr ibed here  has  been proposed fo r  sa te l l i te - to -sa te l l i te  t rack ing  by

Kau la  (1983) .  I t  has  been app l ied  to  sa te l t i te  g rad iomet ry  in  (Schrama,  L990

a n d  1 9 9 1  ) .

The prac t ica l  advantage o f  th is  method is  the  fo l low ing .  I t  i s  reasonab le

to assume that a gradiometer measures with homogeneous precision throughout

t h e  e n t i r e  m i s s i o n ,  e . g .  w i t h  t h e  e a r l i e r  q u o t e d  O . 0 1 ,  E / / f r , .  H o w e v e r  i t  i s  n o t

real ist ical  to assume that the measurement errors represent perfect ly white

noise from the zero to the Nyquist  f requency, def ined by the sampl ing rate. We

know, for example, that the measurenent spectrum of the ARISTOTELES gradio-

meter  w i l l  be  wh i te  on ty  in  the  band f rom 5 ' tO-3  Hz to  0 .725 Hz,  cor respond ing

to  a  range f rom 27 to  675 cyc les . / revo lu t ion  (cpr ) .  We sha l l  re tu rn  to  th is

aspect later.  With the frequency domain approach an arbi trary type of noise

nodel can convenient ly be introduced.

Le t  us  re tu rn  to  eq .  (3 .9 ) ,  the  ser ies  representa t ion  o f  the  grad ien t

d is tu rbance T i ; .  I t  i s  a  summat ion  over  degree ! , ,  o rder  m and index  k .  I f  we

carry out a summation over degree 0 we f ind

l A ( i j )  c o s  r /  +  B ( i j )  s i n  r /  l-  
k m  

' k m  
k m  

' k m: t
m k

T i j  =

3 .  1 3
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wi th  coe f f i c i en t s

and

B ( i j )  =
km

oli,, = # IrtJ) Fr*)k c(r*)

" 
[:J"'

&o s  fR) l * t
R  , I F J

rri j) Fr.)k Fr;)

Eq.  (3 .19)  i s  a  Four ie r  ser ies .  Under  the  cond i t ions  descr ibed in  the  prev ious

chapter ,  eq .  (3 .L7) ,  the  (k ,m) -combina t ions  un ique ly  f i I I  the  en t i re  spec t rum.

Hence i t  must be possible, with the observabls Ti j  given as a funct ion of

t ime, to derive the coeff ic ients OIl j )  and t f i r ,  by straightforward Fourier

transformation and then consider them as pseudo-observat ions. Per order m the

Four ie r  coe f f i c ien ts  a re  a  l inear  combina t ion  in  L  o f  the  po ten t ia l

coeff ic ients ACr* and ASrr.  Hence the name lumped coeff ic ients.

C o l l e c t i n g  a l l  A ( i J )  a n d  B ( i j )  i n  t h e  v e c t o r  Z  t h e  l i n e a r  s y s t e m

7 = B c + v

can be  es tab l i shed w i th  E i ; )  =  0  and E{ ; ; r }

coe f f i c ien t  mat r ix  B  fo l low f rom (3 .20)  and

the frequency domain. In this case the

matr ix becomes

o  =  ( B r  Q - 1  B ) - 1
c z ' ,

( 3 . 2 0 )

( 3 . 2 1 )

O ,  where the elements of the
T

denotes the residual vector in

poster ior i  var iance-covariance

( 3 . 2 2 )

a

Error modell ing: In the case of a white noise error spectrum Q- and Q become

diagonal, where Qa = o2I and Q, = rtf  f  .  In the 
".t" 

of O"'"o-t i t iX"a.rraz

or  co foured no ise  Q,  s t i l l  remains  d iagona l ,  w i th  the  d iagona l  con ta in ing  the

variance elements of the noise model,  =.y ofr .  An example of the lat ter type

is  d iscussed in  (Schrama,  1990) .  In  tha t  case Qf  i s ,  as  expec ted ,  a

f u l l - m a t r i x ,  e . g .  w i t h  T o e p l i t z  s t r u c t u r e  ( c f .  ( L e v i n s o n ,  1 9 4 7 ) ) .  F r o m  ( 3 . 2 0 )
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and  (3 .22 )  t he  e lemen t  o f  t he  no rma l  ma t r i x  B tQ ; te  -  t h i s  t ime  w i th  t he  e r ro r

model  o2 bui l t  in  -  becomes
km

h,iilL.- pz (n)h'tz*z
R' |.;J

^iii, ̂ r:i, Fri]- Fi:]- ( 3 .  2 3  )

For white noise it  is of, = 
"3 + 

ana 
[. 

= ru. Thus we see that in this case

the frequency domain method coincides with the t ime domain approach.

Or in other words: After a long derivat ion i t  turns out that the frequency

domain method is more convenient.  The t ine domain method only adds the DFT

f rom t ime to  f requency  domain ,  wh ich  is  car r ied  ou t  in  (3 .23)  imp l ic i te ly .

The variance-covariance matr ix of the observat ions in the frequency domain

approach remain diagonal both in the white noise and the band-l imited,/coloured

no ise  case '  and b lock-d iagona l i t y  can  in  a l l  cases  
-eas i l y  

be  proven.  In  the

t ime domain approach the var iance-covariance matr ix is diagonal only under the

assumption of white measurement noise. Al though block-diagonaJ. i ty is main-

tained in the band-I imited,/coloured noise case too, this is much more

d i f f i cu l t  to  show.

3 .3 .  Er ro r  ana lys is  o f  g rad ignet r i c  miss ion  scenar ios .

The two t imewise  methods  descr ibed in  chapters  3 .  1  and 3 .2  permi t  ra ther

rea l i s t i ca l  ana lyses  o f  miss ion  ou tcomes pr io r  to  any  sa te l l i te  launch.  S t i l l ,

the  so lu t ion  o f  the  b lock  d iagona l  normal  mat r ix  fo r  g rav i ty  f ie ld  es t imat ion

simulat ions up to degree 2OO or 300 requires a considerable effort  and

requ i res  most  o f  a l l  fo r  e f f i c ien t  computa t ion  a lgor i thms fo r  the  inc l ina t ion

funct ions, see Appendix A-3. We shal l  now describe in short  the main elements

of an error propagat ion study. Then, with some examples, the effects of the

measurement bandwidth t imitat ion and of a non-polar orbi t  shal l  be shown.

Eqs.  (3 .13)  and (3 .22)  y ie ld  the  er ro r  var iances  o f  the  es t imated  po ten-

t ial  coeff ic ients Oe{,n and OSZ'.  Let us note the individual var iance of a

coef f i c ien t  czo  (e )  o r  o f r  (S) ,  respec t iveJ .y .  The er ro r  degree var iance is  then(m Lm

I

&-
k n

:
k

1
2
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T.
o?(e ,s )  =  z  G?  (e )  +  o f r  (S ) )

f ,  m = O  f , m  t m

and the expected average error  var iance of  the indiv idual  coef f ic ient :

cr t . (e ,g  = c i te  ,9 t12{+L) ( 3 . 2 4 )

Both quant i t ies are d imensionless.  The corresponding error  degree-order  and

deg ree  va r i ances  o f  a l I  t hose  quan t i t i es  re la ted  to  t he  d i s tu rbance  quan t i t i es

by  a  l i nea r ,  se l f - ad jo in t  ope ra to r  a re  de te rm ined  by  t he  e igenva lue  o f  t he

Ia t t e r .  I n  gene ra l  i f  t he  e r ro r  deg ree  va r i ances  o r  deg ree -o rde r  va r i ances  o f

a quant i ty  q are to be comPuted i t  is

crt(a) =  ̂ 7.ro,r)of (c's) ( 3 . 2 5 a )

and

( 3 . Z s b )

We a re  mos t l y  i n te res ted  i n  t he  expec ted  e r ro r  o f  geo id  he igh ts  o r  g rav i t y

anoma l i es .  The i r  e i genva lues  a re  (w i t h  d imens ions  i nc luded )

) ,  ( A e ,  T )  =  r ( 1 1 )  g r a v i t y  a n o m a l y  ( 3 ' 2 6 )

where 7 is  normal  grav i tY and

l l  ( N ,  T )  =  R  C e o i d  h e i g h t  ( 3 '  2 7 )

A  I i s t  o f  r e l evan t  e igenva lues  i s  g i ven  i n  Tab le  3 .3 '  Mean  va lues ,  e '  g '  o f

s ize 10 *  10,  can be incorporated in  the sane manner by the e igenvalues Bn of

a  s m o o t h i n g  o p e r a t o r ,  c . f .  ( M e i s s t ,  I 9 7 I ;  P e I I i n e n ,  1 9 6 6 ) '
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1

- I /  ( L + 1 . )

TI{WTTT

t /  ( L - 1 . )

t / ( ( L + I ) ( L + 2 ) )

r/ UT([+TT(L+21's

4 / ( ( L - 1 .  )  ( / + 4 )  )

v(T(T+T} (z-1) )

vW

( R / r ) L *  |

f3 2Wo)

QL0 !o )  / 2

T A B L E  3 .  3 :  D i m e n s i o n l e s s  E i g e n v a l u e s  I { ( T ,  . ) .

I 2 ( T '  N )

tr{ (T, Tr )

t r r (T ,  e )

) ,n (T ,  AS)

I { ( T ,  T r r  )

Ar(T ,  e" )

^ 0 ( T ,  L l z z )

t r { (T ,  (A fxz ,  A fy r )  )

) r / (T ,  {zL txy ,

Arxx-Aryyl  )

I 0 ( T ( r ) ,  T ( R )  )

r 0  ( A ,  A )

t r r (6T,Ae)

geo id  he igh t

g rav i t y  d i s tu rbance  (Ho t i ne )

sur face gradient  (vector ia l

d e f l e c t i o n  o f  t h e  v e r t i c a l )

g rav i t y  anoma ly  (S tokes )

ve r t i ca l  g rad ien t

h o r i z o n t a l  g r a d i e n t s  ( T * = , T y . )

gradient  anomaly Af '

vec t .  g rad .  anoma l i es  (A f * " ,A I ' y " )

g rad .  anoma l i es  {2A f *y ,A fxx -A I ' yy }

upward  con t i nua t i on  o f  T ,  T " ,  T " .

ope ra to r  f r om quan t i t y  A  to  i t s

smoo the r  ve rs ion  A

S tokes  t runca t i on  ooe ra to r

the  commiss ion  er ro r  spec t rum o f  a

(or  c* (O)  )  the  omiss ion  par t  the  two

The  e r ro r  p ropaga t i on  o f  ch .  3 .1  and  3 .2  l eads  to  es t ima tes  o f  t he

commiss ion  e r ro r  i n  a  f unc t i on  space  o f  f i n i t e  d imens ion .  Ac tua l l y  one  a l so

needs to know the ef fect  of  the neglected h igh degree and order  par t ,  the

omiss ion  e r ro r .  I t  i s  usua l l y  mode l l ed  by  a  s i gna l  deg ree -va r i ance  mode l ,  € .9 .

o f  Tsche rn ing  &  Rapp  (1974 )  o r  Mor i t z  (1980 ) .  A  deg ree -va r i ance  node l ,  w i t h

s igna l  deg ree -va r i ances .L ,  p rov ides  an  es t ima te  o f  t he  expec ted  s igna l

con ten t  pe r  deg ree  o f  t he  ea r th ' s  g rav i t y  f i e l d .  S ince  we  have  no  re l i ab le

observat ional  ev idence of  the h igh degree par t  -  the par t  we want  to determine

by  sa te l l i t e  g rad iome t r y  -  t hese  mode ls  cou ld  be  o f f  by  o rde rs  o f  nagn i t ude ,

as they represent  pure ly  an extrapolat ion to h igh degrees of  the wel l -known

lower ones.

With art(c.) (or o!.(C) ) representing

des i red  ( smoo thed )  quan t i t y  q ,  and  c r (C )

error  var iances become

3 . 1 , 7



o3o(q, = 
n]j'". 

crtj^) = 
n:l^"" 

(2|+r)crt^@)

(q) = 
,=^11., 

cn(c) = 
,=*11., 

QL+1')c''(a)

commi ss ion

( 3 .  2 8 a ,  b )

om iss ion

and

The Lota l  error  var iance becomes

o 2 ( q )  =  o 2 " ( 9 )  *  o z x ( q )

This procedure corresponds to ideal

8max.  A  more  op t ima l  s i tua t ion  is

f i l t e r

( 3 . 2 e )

low pass  f i l te r ing  w i th  cu t -o f f  degree

attained with a Wiener-Kolmogorov type

commlss l0n

o,2
ol{

c '  ( q )

hz = 
"nrqi;61of 

(3'30)

w h i c h  s i m u l a t e s  a  l e a s t - s q u a r e s  c o l l o c a t i o n  s i t u a t i o n .  I n  t h a t  c a s e  i t  i s

hio,2
co

t q j = L
n ^
L =  Z

czn@)

and

o m t s s 1 0 n .

E q .  ( 3 . 2 9 )  s t i l I  h o l d s .  T h i s  c o n c L u d e s  t h e  d e s c r i p t i o n  o f  a l l  e l e m e n t s  o f  o u r

ne thod  o f  e r ro r  p ropaga t i on  s imu la t i on .

I t  remains now to show what  type of  quest ions we can address wi th these

methods .  I n  ch .  3 .1  aLL  assumpt ions  we re  desc r i bed  tha t  app l y  t o  t h i s  mode l .

T h e  s i m p l i f i c a t i o n s  r e f e r  ( 1 )  t o  t h e  o r b i t ,  ( 2 )  t o  t h e  c o m e n s u r a b i l i t y  o f  N 6

and  N" ,  i .  e .  t o  a  ba lance  o f  t he  m iss ion  l eng th  and  o rb i t  cho i ce ,  ( 3 )  t o  t he

max imum reso lu t i on  Zmax  (<  F f  and  (4 )  l o  t he  regu la r  samp l i ng  w i thou t
z

in te r rup t i on .  The  o rb i t  i s  assumed  to  be  c i r cu la r  (e  =  0 ) .  Fo r  t he  re fe rence

"fr"(q, 
= 

nl_-, 
0 - h?cr(a)

3 .  1 8



o r b i t  i t  i s  a s s u m e d  a = e = i = 0  a n d  c o n s t a n t  C I ,  ; ,  M ,

deviat ions from these assumption can be taken into account by

miss ion  Iength  must  be  one (o r  severa l )  fu l , l  repeat  cyc le (s ) .

The fo l low ing  var iab les  remain  (see aga in  (Co lombo,  1987) )

and e" .  Actual

i t e ra t i on .  The

to  be  de f i ned :

1. Each gradient component Ti . ;  or a combinat ion of components

2 .  Measurement  no ise  leve l  and no ise  spec t rum ( inc l .  bandwid th

l im i ta t ions)  o f  each component .

3 .  S a m p l e  r a t e  A t .

4 .  M iss ion  dura t ion  T  (N =  T /L t ) .

5 .  I n c l i n a t i o n  I .

6 .  M i s s i o n  a l t i t u d e  h  =  r  -  R .

Out  o f  t he  s i x  poss ib i l i t i es  t h ree  can  be  va r i ed  w i thou t  hav ing  to  so l ve  t he

la rge  sys tem o f  equa t i ons  aga in ,  j us t  by  resca l i ng  (A rA ) -1 .  These  a re  m iss ion

leng th  T  and  samp le  ra te  A t  and  i n  case  o f  wh i t e  no i se ,  t he  a  p r i o r i  no i se

level  06.  Sl ight ly  more ef for t  is  requi red for  a change in h,  as shown in

(Colonbo,  ib id)  and (Schrana,  I99O).  The downward cont inuat ion operators

fn){*r  f  n ){*r
l - l  =  l - l  

-  
f o r  each  deg ree  a re  no t  i nc luded  i n  t he  no rma l  ma t r i x

l.J [R+hJ
e l e m e n t s  ( 3 . 1 8 )  o r  ( 3 . 2 3 ) .  I n s t e a d  t h e i r  r e c i p r o c a l  v a l u e  i s  p u t  i n t o  a  d i a g o -

na l  mat r i x  D.  Then the  so lu t ion  fo r  anv  des i red  h  becomes

Dr (ArA ) 
-1D

Fina l l y  changes in  (1 .  )  o r  (5 .  )  requ i re  a  fu l l  new computa t ion .
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3.4. Case studies of sradiometric eIIqI -pI-qpeg-alj-e-Q.

Wi th  a  f ew  examp les  we  t r y  t o  demons t ra te  t he  use  o f  t h i s  t ype  o f  g rad io -

me t r i c  e r ro r  s imu la t i on .  Two  cases  sha l I  be  cons ide red :  t he  consequences  o f  a

band l im i ted  e r ro r  spec t rum,  and  the  e f f ec t  o f  a  non -po la r  o rb i t '

3 .  4 .  1 .  B a n d w i d t h  I i m i t a t i o n .

In the course of  the ARISTOTELES system studies i t  became c lear  that  i t

wou ld  no t  be  rea l i s t i ca l  t o  assume tha t  t he  g rad iome te r  no i se  i s  wh i t e  ove r

the  en t i r e  measu remen t  spec t rum (O  Hz  to  O .1 '25  Hz )  w i t h  a  s td .dev .  o f

O .  01 ,  E / {8 .  Th i s  spec i f  i ca t i on  can  on l y  be  me t  ove r  t he  band  f  r om 5 '  L0 -3  Hz

( =  2 7  c p r )  t o  O . I 2 5  H z .  W h a t  t h e  e x a c t  n o i s e  c h a r a c t e r i s t i c s  w i l l  b e  b e l o w

5 . 1 0 - 3  H z  i s  s t i l I  u n c e r t a i n .  I t  i s  c e r t a i n ,  h o w e v e r ,  t h a t  t h e  z e r o  f r e q u e n c y

and  the  f requenc ies  c l ose  to  t he  ze ro  f r equency  a re  no t  measu rab le  a t  a l l .  I n

o the r  wo rds  the  g rad iome te r  i s  no  abso lu te  measu remen t  and  sha l l  exh ib i t  l ow

f requency  d r i f t .  Causes  fo r  t hese  sho r t - com ings  a re  e .  g .  t he rma t  no i se  (no

c ryogen i c  coo l i ng )  o r  imper fec t i ons  i n  t he  ma tch ing  o f  t he  acce le rome te r

componen ts ,  t ha t  r esu l t  i n  v i o l a t i ons  o f  t he  common-mode  re jec t i on  p r i nc ipJ -e .

I t  i s  t he re fo re  use fu l  t o  l ook  i n to  t he  e f f ec t  o f  any  band - I im i ta t i on  o f

bhe  i ns t rumen t .  To  s imu la te  t h i s  case  the  bp*  f r equency  l i nes  be low  a  ce r ta in

f requency  a re  g i ven  a  c l ose  to  i n f i n i t y  va r i ance  va lue  o2 . .

Le t  us  assume cond i t i ons  Q .  17  )  o f  ch .  3 .3  a re  me t ,  wh i ch  means  no

ove r l app ing  o f  f r equenc ies  b r ,n  occu rs .  We  tes t  t he  e f f ec t  o f  a  wh i t e  no i se

spec t rum l im i ted  be tween  B1  and  B2 .  The  uppe r  l im i t  [ 32  i s  de te rm ined  by  t he

sample f requency,  in  our  case O. I25 Hz,  and therefore Bz = 665.  For  B1 three

c a s e s  s h a l l  b e  t e s t e d :  F r  =  2 7  ( 5 ' 1 0 - 3  H z ) ,  B t  
-  4  ( 8 ' 1 0 - 4  H z )  a n d  B t  

-  0 .

W i t h  t h i s  i n f o r m a t i o n  a  I i s t  c a n  b e  e s t a b l i s h e d  o f  a t l  
. ( k , m )  

o u t s i d e  t h e

f r e q u e n c y  r a n g e .  F o r  t h e  s p e c t r a l  l i n e s  ( k ,  m )  t h e  w e i g h ,  *  i n  3 . 2 3 )  t a k e s

t h e  v a l u e  z e r o ,  i . e .  t h e  e r r o r  v a r i a n c e  g o e s  t o  i n f i n i t y '  

K m

Close  i nspec t i on  o f  eq .  3 .23 )  revea l s  t ha t  t hese  ze ro  we igh ts  can  have

two consequences.  Ei ther  the value of  e lement  nb; l l ,  o f  the normal  matr ix

s impJ -y  dec reases  w i thou t  ge t t i ng  ze ro .  Th i s  imp l i es  t ha t  t he  i nvo l ved  sphe r i -

c a l  h a r m o n i c  c o e f f i c i e n t s  a r e  s l i t l  e s t i m a b l e  b u t  w i I l  g e t  a  h i g h e r  a

3 . 2 0



pos te r i o r i  e r ro r  va r i ance .  gp  S t l j ) ,  becomes  ze ro ,  wh i ch  l eads  to  a  s i ngu la -
L lmLz

r i t y  o f  t he  no rma l  na t r i x ,  i f  11  =  Lz  (d iagona l  e lemen t ) .  One  can ,  f o r

examp le ,  eas i l y  see  tha t  a I I  sphe r i ca l  ha rmon ic  deg rees  Z  l ess  t han  B1  cause

s ingu la r i t y .  They  a re  no t  es t imab le .

The re  a re  two  ways  to  dea l  w i t h  t he  s i ngu l , a r i t i es .  One  can  s inp l y  dec la re

these  coe f f i c i en t s  no t  es t imab le  and  e l im ina te  t he  co r respond ing  rows  and

co lumns  o f  t he  no rna l  ma t r i x .  Th i s  co r responds  to  e l im ina t i ng  t he  coe f f i c i en t s

f rom the or ig inal  l inear  system. I t  is  saying that  no in format ion about  these

coe f f i c i en t s  i s  ava i l ab le ,  ne i t he r  f r om g rad iome t r y  no r  f r om e l sewhere .  Th i s

is  the appropr iate approach when analyz ing the in format ion content  pure ly  f rom

the  g rad iome t r i c  expe r imen t  i t seL f .  I n  rea l  wo r l d  i n fo rma t i on  abou t  t hese

coe f f i c i en t s  i s  ve ry  l i ke l y  t o  be  ava i l ab le  o r  comes  f rom comp lemen ta ry

senso rs ,  such  as  on -boa rd  GPS,  see  (Sch rama ,  1 .991 ) .  Th i s  p r i o r  i n fo rma t i on  can

easiest  be implemented by adding to each d iagonaJ,  e lement  of  degree 0 and

o rde r  m  the  p r i o r  va r i ance  o f r  ( p r i o r ) :

h f i j )  ( n e w )  =  h l i j )  ( o I d )- -LnL  - -hL  
o f , (R r i o r )

( 3 .  3 1 )

The  p rocedu re  i s  ca l l ed  regu la r i za t i on .  I t  can  be  app l i ed  t o  a l l  d i agona l

eLemen ts  and  i s  i n te rp re ted  as  op t ima l  we igh t i ng  be tween  p r i o r  and  measu red

in fo rma t i on .  A  ve ry  common  cho i ce  fo r  o ! , n  (p r i o r )  a re  t he  deg ree -o rde r  s i gna l

va r i ances  c0  as  de r i ved  f rom one  o f  t he  ava i l ab le  s i gna l  deg ree -va r i ance
tm

models such as Kaula's rule or the Tscherning-Rapp degree-variance model.  More

appropriate seems the use of the error var iances of one of the geopotent ial

mode ls  tha t  came ava i lab le  recent ly ,  such as  GEM-T1,  GRIM-4,  o r  TEG- I .

In  F igure  3 .1  the  e f fec t  o f  bandwid th  l im i ta t ion  on  the  degree-order

er ro r  spec t rum is  demonst ra ted  w i th  an  ex t reme example .  I t  i s  assumed tha t

e i t h e r  n o  b a n d w i d t h  l i m i t a t i o n  e x i s t s  a t  a I l  ( w h i t e  n o i s e  o v e r  t h e  f u l l  s p e c -

t rum) ,  o r  tha t  no  in fo rmat ion  is  ava i lab le  e i ther  be low Fr  =  Fr i r ,  =

4  (8 '  7O-a  Hz)  o r  be low Ft  =  /3min  =  27  (5 '  10-3  Hz)  .  The f  o l  low ing  miss ion

scenar io  i s  assumed:  measured grad iometer  components  (zz )  and (yy) ;  e r ro r

s td .  dev .  O.OI  E / {8 ,  miss ion  dura t ion  6  months ;  sample  ra te  4  s ;  a l t i tude  200
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km;  i nc l i na t i on  90o .  Regu la r i za t i on  i s  app l i ed  w i t h  t he  Tsche rn ing -Rapp

degree-var iance model .  For  compar ison a lso a s ignal  degree-order  spectrum is

inc luded based on Kaula 's  ru le of  thumb. I t  can be seen that  wi th Br i r ,  = 27

very I i t t Ie  improvement  of  our  current  grav i ty  f ie ld knowledge would be

ach ieved .
I = 9 0 . 1 ' " * 1 , ,

\

Pmin  
-

F*ir =

P m i n  
-

Kaula6

I
EO
a
U O

o ! .
o r

I  o  60  tzo  180

degree

F i g u r e  3 . 1 :  E f f e c t  o f  c o m p l e t e  l o w e r  b a n d w i d t h  l i m i t a t i o n

( p e r  d e g r e e  a n d  o r d e r ) .

240

on error spectrum

For  compar ison a  more  favorab le  s i tua t ion  is  shown in  F igure  3 .2 .  I t  i s  based

on the noise character ist ics expected for the ARISTOTELES gradiometer.  The

grad iometer  measures  the  components  (zz )  and (yy) .The measurement  band is

l imited between l3r i r ,  = 4 and [32 = 665. For the range between l3min = 4 and,27 L

coloured noise is assumed, for the range between B = 27 and B2 white ,roise

wi th  O.  01  E/v lE .  A I I  o ther  parameters  agree w i th  those used fo r  F igure  3 .  1 .

Regu lar iza t ion  was car r ied  ou t  w i th  the  Tschern ing-Rapp mode l .
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I = 9 2 . 3 , t y y + f

F * i , : 4 . 4 < l / f < 2 7

Kaula

120

degree

Figure 3.L  Er ror  degree-order  spec t rum fo r  a  combined band l im i ted

(<  l3 r in  =  4 ) ,  co loured  no ise  (q  <  !  <  27) ,  wh i te  no ise  O.  OL E/ {E
f

model .  For  compar ison  idea l  no ise  mode l  o f  F igure  3 .1  and the

s igna l  spec t rum are  inc luded too .

Figure 3.3 shows the scenario expected for the ARISTOTELES mission. The

miss ion  parameters  a re  a l t i tude  2OO km,  dura t ion  6  months  and inc l ina t ion

92o.3 .  The grav i ty  f ie ld  i s  de termined f ron  a  conb ina t ion  o f  g rad iomet ry  (Qz)

* (yy) )  and GPS carr ier phase neasurements. For GPS the assumptions are

s td .  dev .  3  cm wh i te  no ise  in  x ,  y ,  z  and sample  ra te  30  s ;  fo r  g rad iomet ry  1 / f

coloured noise between B 
- 4 and 27 and white noise O. 01 E/ l /E above 27;

sample  ra te  4  s .
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b0
0
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i l .
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l = 9 2 . 3 , 1 w + f,, (L = 240), Ax.Ay,Az (L = 80)

-  F - n = 4 ' 4 < l / l < 2 7

' -  -  K a u l a

60 120

degree

240

grad iome t r y  (Qz )  andF igu re  3 .3 :  Comb ina t i on  o f  spacebo rne  GPS (3  cm)  and

(yy)  ) :  the ARISTOTELES scenar io.

3 .  4 . 2 .  N o n - p o l a r  o r b i t .

A second  aspec t  o f  spec ia l  i n te res t  i s  t he  e f f ec t  o f  a  non -po la r  o rb i t .

The  po la r  o rb i t ,  usua l l y  assumed  i n  t he  spacew ise  app roach ,  wou ld  l ead  to  a

comp le te  cove rage  o f  t he  sphe re  w i th  da ta .  I t  i s ,  howeve r ,  no t  a  ve ry

rea l i s t i c  assumpt ion ,  as  i t  i s  no t  poss ib le  t o  keep  a  spacec ra f t  i n  a

"pe r fec t "  po la r  o rb i t .  Usua l I y  one  w i l l  have  to  do  w i th  a  sJ . i gh t l y  non -po la r

o rb i t ,  say  I  =  92o  o r  e .  g .  a  sun -synch ronous  o rb i t  w i t h  I  =  96 .330 .  I t  i s  t hen

the  ques t i on  wha t  t he  e f f ec t  o f  t h i s  non - i dea l  s i t ua t i on  i s .  So  fa r  we  d id  no t

s tudy  th i s  ques t i on  i n  dep th .

I t  i s  obv ious  tha t  w i t h  an  i nc l i na t i on  I  +  90o  the  two  po la r  reg ions  w i th

ha l f  ang le  (90o  -  I  )  a re  no t  cove red  w i th  da ta .  Th i s  shou ld  a f f ec t  t he

es t ima t i on  o f  sphe r i ca l  ha rmon ics ,  as  t hey  depend  on  g loba l  suppo r t .  I f  r egu -

l a r i za t i on  i s  app l i ed  t he  po la r  gaps  ge t  so - to -say  cove red  w i th  da ta  ( va lue

ze ro )  bu t  o f  i n fe r i o r  qua l i t y .  S ingu la r i t y  i s  avo ided  i n  t h i s  case .  W i th  t he

m iss ion  du ra t i on  unchanged  the  to ta l  da ta  ra te  rema ins  unchanged  as  we ] I .

Hence  non -po la r  i nc l i na t i on  resu l t s  i n  dense r  da ta  cove rage  o f  a l l  cove red

3 . 2 4



regions. FinaIIy the outcome shal l  depend on the type of observed gradient

component.  At naxinun lat i tude (g = I)  the out-of-plane gradient components

are looking towards the po1es. AII  these aspects together are of inf luence.

105

l0-e

l0-10

l0- l l
60

Dcgrcc I

F igure  3 .4 :  The r .  m.  s .  per  coef f i c ien t  per  degree der ived  f rom T="  fo r

I  =  9Oe,  93o and 960 a t  h  =  2OO km.  The mean r .  m.  s .  per  coef f i c ien t  per

degree is computed using a least squares approach for T.= assuming 4 < B <

co, a 1,/B behavior below l3min = 27 cpr,  a sampl ing t ime of 4 s and mission

durat ion of 6 months.

Figure 3.4 shows the effect of  non-polar data coverage with the f""  component.

The effect ive measurement band used for this case is that of  Figure 3.2. More-

over we assumed a 4 s sampl ing rate and 6 months of data. I t  must be pointed

out that the choice for /nax dominates the outcome of these computat ions. Here

we have chosen /max =  L2O wh ich  cor responds to  la t i tude  s teps  o f  1 .5o  on  the

sphere. Yet is remarkable that the [  = 93o case resu]ts in an opt imum for

4max = 120 whereas I  = 90o and I  = 960 are subopt imal.  A reason could be an

.9

€ ro'?
E()

; 10*

&
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i np roved  cove rage  fo r  a  1 .50  equ i va len t  g r i d  nea r  t he  po les  a t  I  *  93o ;  name ly

for  the most  nor thern and southern paral le ls .
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4. SPACEWISE VERSUS TII'IEI{ISE - A CO}IPARISON.

In the previous two chapters the main character ist ics of the spacewise and

t imewise analysis were described. We shal l  conclude with a short  comparison.

In chapter 2 two versions of the spacewise approach were discussed, the

Ieas t -squares  method (ch .  2 .3 )  and the  quadra ture  method (ch .  2 .4 ) .  I t  was

denonstrated that,  al though the quadrature approach is not opt imal,  i t

possesses a number of advantages, such as the avoidance of al iasing and most

of aI l  s inpl ic i ty.  Both spacewise approaches are int imately connected to the

s o l u t i o n  o f  t h e  g e o d e t i c  b o u n d a r y  v a l u e  p r o b l e m  ( g . b . v . p .  ) .  S a t e l l i t e  g r a d i o -

metry becomes one data source in the geodet ic arsenal and various

overdetermined or  mixed b .v .p .  can  be  addressed.  An imned ia te  p rac t ica l

advantage of the spacewise approach is that i t  does not depend on a cont inous

data  s t ream.  Data  gaps ,  in te r rup t ions ,  jumps e .  g .  as  a  resu l t  o f  manoeuvres  do

not pose a problem as long as the sphere is covered suff ic ient ly dense. Even

Iarger  da ta  gaps  a f te r  comple t ion  o f  a  miss ion  can be  cor rec ted  fo r  by  in te r -

po la t ion  or  inser t ion  o f  a  p r io r i  in fo rmat ion .  On the  o ther  hand the  spacewise

approach lacks  any  connect ion  to  the  pecu l ia r i t ies  o f  the  orb i t ,  i t s  var ia -

t ion  in  he igh ts ,  i t s  resonance behav iour  o r  i t s  uncer ta in ty .  In  add i t ion ,  i t

is not obvious how to implement coloured measurement noise models.

A Iso  the  t imewise  approach was d iv ided in to  two ca tegor ies ,  the  t imewise

approach in  the  t ime domain  (ch .  3 .1 )  and tha t  in  the  f requency  domain  or

Iumped coeff ic ient approach (ch. 3.2).  However we could show that under the

assumption of an uninterrupted data stream the t ime domain approach can be

reduced to the J.umped coeff ic ient nethod. The t imewise methods are closer

related to the physics of a space experiment.  AII  orbi t  features are natural ly

bu i l t  in ,  o rb i t  e r ro rs  can eas i l y  be  added,  combina t ion  w i th  t rack ing  measure-

ments in one model is possible, and sanple and measurement noise charac-

te r is t i cs  a re  par t  o f  the  mode l .  The b lock  d iagona l i t y  o f  the  normal  mat r ix

can be maintained, however,  only under the very str ingent condit ion of the

ava i lab i l i t y  o f  a  fu l l  number  o f  repeat  cyc les .  Hence there  ex is ts  no  easy  way

to test for example the effect of  orbi t  manoeuvres or data gaps.

Thus we see that f rom the theoret ical  and pract ical  point of  v iew t imewise

and spacewise approach are complementary, the former closer related to the

g.b .v .p .  and there fore  to  phys ica l .  geodesy  and the  la t te r  to  o rb i t  dynamics
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and  consequen t l y  t o  sa te l l i t e  geodesy .  Fo r  a  po la r ,  sphe r i ca l  o rb i t  and  dense r

data both methods should approach towards the same l imi t .  This  l imi t  must  be

the solut ion of  the f ixed (c lass ical )  boundary value problem wi th one,  several

o r  a I l  second  de r i va t i ves  o f  t he  g rav i t a t i ona l  po ten t i a l  as  bounda ry

funct ions.  The boundary sur face is  a sphere at  sate l l i te  a l t i tude and

generated by the tota l  set  of  observat ions.  In  the case of  the spacewise

method th is  l imi t  is  understood in the sense descr ibed in chapter  2,  in  that

o f  t he  t imew ise  me thod  i t  i s  a t t a i ned  as  an  i n f i n i t e  se t  o f  consecu t i ve

revolut ions that  densely cover  the sphere in  the l imi t .  However th is

p ropos i t i on  needs  to  be  p roven .  See  i n  pa r t i cu la r  (M ig l i acc io  &  Sansd ,  1989 )

a n d  ( B r o v e ] l i  &  S a n s d ,  1 9 9 0 ) .

Af ter  th is  being said the equivalence of  the four  methods ( IA = spacel ike

quad ra tu re ,  IB  =  space l i ke  l eas t - squa res ,  I IA  =  t ime l i ke  t ime  doma in ,  I I  I  =

t ime l i ke  l umped  coe f f i c i en t )  i s  shown  expe r imen ta l J . y .  Fo r  t h i s  pu rpose  the

propagated error  spectrum is  determined for  the observed component  I ' r=.  I t  is

assumed measurement  noise std.dev.  a = !O-2 E/y 'D, ,  a l t i tude h = 200 km, eccen-

t r i c i t y €  = 0 ,  i n c l i n a t i o n  I  = 9 0 o ,  s a m p l e  r a t e A t  = 4  s ,  m i s s i o n  l e n g t h T =  4

months.  For  method IA the degree-order  var iance is  computed according to eq.

( 2 . 7 8 )  w i t h

c ] =
L M

For  me thod  IB  i t  i s  assumed  tha t  f i r s t  Lo  x  10  b lock  equa l  angu la r  ave rages

a re  compu ted  f rom the  po in t  measu remen ts .  Th i s  y i e l ds  60  samp les  pe r  b lock .

The  s td .  dev .  o f  each  b lock  i s  de te rm ined  as

-z o'2
c1x l  =  -

{m

I n  t h e  c a s e  o f  m e t h o d  I I A  a n d  I I B  f o r m u l a s  ( 3 . 1 3 )  a n d  ( 3 . 1 4 )  a n d  ( 3 . 2 3 ) ,

respec t i ve l y ,  a re  app l i ed .  E r ro r  p ropaga t i ons  showed  tha t  t he  f ou r  me thods  a re

in  comp le te  ag reemen t .

nz LL
g r o '
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APPENDICES.

A-1: Coordinate systems.

The grav i ta t iona l  po ten t ia l  i s

harmonics using the spherical

( o  =  9 o o - p ) .

usual ly expressed as

coord ina tes  r ,  I ,

se r i es  o f  sphe r i ca l

( s e e  f i g .  A - 1 .  1  )

a

o

F I G U R E  A - 1 . 1 .

When deal ing with satel l i te methods an expression of the geopotent ial  as

func t ion  o f  the  orb i ta l  e lements  a ,  e ,  I ,  Q,  b ) ,  M ( respec t ive ly  the  semi -major

ax is ,  eccent r i c i t y ,  inc l ina t ion ,  r igh t  ascens ion  o f  node,  a rgument  o f  per igee

and mean anomaly )  i s  more  conven ien t .  Here  we sha l l  dea l  w i th  c i rcu la r  o rb i ts

(hence e = O) and consider a to be constant throughout a mission, leaving us

wi th  four  o rb i ta l  e lements ,  wh ich  may be  cons idered var iab les  to  loca te  a

point on the orbi t .  For convenience we furthermore introduce the var iables uro

and oe def ined as:

O o = o + M

( A - 1 .  1 )

0 e = Q - O c

A - 1 .  1



where ec is  the r ight  ascension of  the Greenwich mer id ian.  In  the case of  a

c i r cu la r  o rb i t  @ i s  no t  de f i ned .  The  subsc r i p t  "o "  re fe rs  t o  o rb i t  and  the

subsc r i p t  "e "  t o  ea r th  ( see  Sch rana ,  1989 ) .

Po in t s  a long  a  sa te l l i t e  o rb i t  a re  no t  a rb i t r a r i l y  l oca ted  i n  space  bu t

a re  re la ted  to  each  o the r  due  to  t he  sa te l l i t e  mo t i on .  Cons ide r  a  sa te l l i t e

o rb i t  w i t h  cons tan t  o " .  Le t t i ng  t he  th ree  pa rame te rs  r ,  I ,  t , r o  va ry  a l l  po in t s

in 3-d imensional  space can be located.  Hence r ,  I ,  u)o may be considered as

coordinates.  However,  th is  is  not  the case i f  we consider  an orb i t  wi th

constant  I  and vary ing u)e.  Then a l l  the points in  3-d imensional  space wi th

o < 90o -  I  can not  be located us ing r ,  @",  oo as coordinates.  But  s ince we

are  on l y  i n te res ted  i n  t he  po in t s  a long  o rb i t s ,  t h i s  poss ib i l i t y  ( cons tan t  I ,

va ry ing  r ,  @e ,  oo )  i s  a l so  o f  use  to  us .  I t  w i l l  appea r  l a te r  t ha t  bo th  cases

may  be  used  to  desc r i be  t he  po ten t i a l  de r i va t i ves .

The angles t r ,  e ,  @e, a)o are in  fact  taken wi th respect  to  a geocentr ic

ca r tes ian  coo rd ina te  sys tem (X ,Y ,Z ) ,  connec ted  to  t he  ea r th  i n  such  a  way  tha t

the X-axis  points in  the d i rect ion of  the Greenwich mer id ian and the Z-axis

c o i n c i d e s  w i t h  t h e  r o t a t i o n  a x i s  o f  t h e  e a r t h  ( s e e  F i g u r e  A - 1 . 1 ) .

The last  coordinate system we have to consider  is  the local ,  r ight-handed

Car tes ian  coo rd ina te  sys tem (x , y , z )  i n  wh i ch  the  ac tua l  g rad iome t r i c

measurements are taken.  The z-ax is  of  th is  system points radia l ly  outwards,

the  x -ax i s  po in t s  a long - t rack  and  the  y -ax i s  c ross - t raek .

Whenever convenient ,  the four  coordinate systens ment ioned above wi l l  be

denoted by:

{ x i ,

{ x 1 ,

{ x . ,  a  =  1 , 2 , 3 )

{ x 1 ,  A  =  1 . , 2 , 3 1

i  =  1 , 2 , 3 \ ( x , y ,  z )

I  =  J . , 2 , 3 ) ( x , Y , z )

( r ,  I , t l o )  o r  ( r , a l " , o o )

( r ,  t r ,  o )

l oca l  ca r tes ian  coo rd ina tes

geocen t r i c  ca r tes ian  coo rd ina tes

o rb i t  coo rd ina tes

sphe r i ca l  coo rd ina tes

In the fol lowing the relat ionship between these di f ferent coordinate systems

wi l l  be  t rea ted  as  fa r  as  necessary  fo r  the  grad iomet ry  ana lys is .  We need

these relat ions since we want to express the measurenents done in the local

car tes ian  coord ina te  sys tem in  te rms o f  po ten t ia l  coe f f i c ien ts  as  they  appear
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i n  a  ser ies  expans ion  o f  the  grav i ta t iona l  po ten t ia l ,  e i ther  in  spher ica l

coordinates (spherical  harmonic expansion) or in orbi t  coordinates (expan-

s ion  in  inc l ina t ion  func t ions) .

Potent ial  expansion.

The express ion  fo r  the  ear th 's  g rav i ta t iona l  d is tu rbance po ten t ia l  in  a

ser ies  o f  spher ica l  harmon ics  us ing  the  spher ica l  coord ina tes  X1 =  ( r , t r ,O)  i s :

-  -  r ro  :  fn )  
{ . t  

1  r .=t  = 
f f  

r ]o t ; j  , :o 
[AC{m cos mtr *  AS0, s in mtr ]Prr(cos o) (A-1, .2)

2 * t

where 1ro

R

grav i ta t iona l  cons tan t  t imes mass  o f  the  ear th

mean equator ia l  rad ius

normal ized  po ten t ia l  coe f f i c ien ts

normal ized Legendre funct ions

degree and order.

ac{r'ASz^

F "  ( c o s  o )
f,In

l , m

This expression may be transformed to a ser ies expansion in the orbi tal  para-

meters  ( r , I ,o " ,oo)  (see Append ix  A-3  or  Kau la ,  1966)  wh ich  y ie lds  fo r  a  c i r -

c u l a r  o r b i t :

'= #,i [:J"',i" oi" *o,',{[ ::J 
c.s,,mp.fiil " ",,^o]] ,^-, ,,

where r rerr  
refers to the case where 2-n is  even and r ro '  

refers to 0-n is  odd

and

F ,  :  no rma l - i zed  i nc l i na t i on  f unc t i ons
tmp

Vo-- :  (L-2p)aro + p1, ,1" .' r n p
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r "  =  
f  ?  

^ r - ,  
[ : J " ' : :  

F [a r111  (o f f i '  
"o=  U ' ,o  *  B l i '  ' i 'U r .o )  (A -1 '4 )

Poten t i a l  de r i va t i ves '

F rom eq .  (A - I .Z )  and  (A -1 .3 )  a I I  t he  f i r s t  and  second  o rde r  de r i va t i ves  o f

t he  po ten t i a l  w i t h  respec t  t o  r ,  t r ,  o  and  r ,  I ,  6e ,  oo  can  be  de r i ved '

The  de r i va t i ves  w i t h  respec t  t o  t he  sphe r i ca l  coo rd ina tes  f r om eq .  (A - I . 2 )

are wel . l  known and easy to der ive.  Since they are not  real ly  needed in th is

con tex t  t hey  a re  no t  expJ . i c i t l y  g i ven  he re .  l . Je  need  the  pa r t i a l  de r i va t i ves

w i t h  r e s p e c t  t o  r ,  I ,  Q o ,  @ e  f r o m  e q '  ( A - i . 3 ) .  S i n c e ,  a s  e x p l a i n e d  e a r l i e r ,

e i t h e r  t h e  o r b i t  p a r a m e t e r s  ( r , I , o o )  o r  ( r , o " , o o )  a r e  c o n s i d e r e d  a s  c o o r d i -

nates we do not  need the mixed second order  par t ia l  der ivat ives wi th respect

to I and ar".

A I I  t he  pa r t i a l  de r i va t i ves  can  be  wr i t t en  i n  t he  f o l l ow ing  manner :

w h e r e  t h e  
, , a "  

i s  n o t  a n  i n d e x  b u t  a  s y m b o l i c  n o t a t i o n  f o r  e x p r e s s i n g  o n e  o f

t h e  p a r t i a l  d e r i v a t i v e s .  S o  a  c a n  t a k e  t h e  v a l u e s :

r ,  I r o o r t D a

o r  a s  ( a b )  f o r  t h e  s e c o n d  d e r i v a t i v e s

r r , I I , o o @ o , u ) e D e

r I ,  roo, ru)", I I io, a)oLo"

With  th is  convent ion ,  fo r  example  when ab  =  r I ,  the  no ta t ion  T .6  I le?DS 
#

Now le t  us  in t roduce the  fo l low ing  no ta t ion :
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oL^

FL^

Then we

p ( a b )  n ( a b )^ 
/rp 

'- 
Lm

=lAC"
um

-As"
LM

F I ,' 2 m p tr' / m p

AS/,n

n F-"lm

=l ^ 2
a -

F ' :  = -  P ^
tmp ^-2 tmp'  o L

the factor lfaut and the products Ffi:, ( I ) claur and

l i s t ed  i n  Tab ]e  A -1 .  t  be low .

l; : ..." a= -
A I

] ,_:  
" . ."

f i nd  f o r

the values
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T A B L E  A - 1 . 1 .

ab r f a u  I Fr ; : , " [ ; o , F ( a b )  a ( a b )^  
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r

I

I i
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r I
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@ o @ "

I t l o

&)o

I/) e

r r

_  ( 0 + 1 )

r

1

( L + I )  (  L + 2 )

- T

( ! .+1. )
r

( { + 1 )
r

- t

n
t

- 1

_  (  ! .+1 . )
r

o{r Fzrp

q. ̂  P'"
{m {mp

( ! . -2p)F0rF, *o

m B ,  F ,' r m  r m p

a ,  F "
rm rmp

a,  P ' ;
f ,m rmp

( l -zp) 'o0*F0*o

2 =
t olrt 

{ 'rp

a" f""
tm tmp

(  L-zp) /32*Ft*p

m B .  F ". r m  r m p

m ( l - 2 R ) a n * F r ,

( L - 2 p ) B  
"  F ' "'  tm tmp

F/r Furp

Fe* Firrp

- (L-2i lan Fr*o

-to/.F/rp

P/,nFo*p

FzrFz*p

(L-zp)' lt{*Fu,no

*'13orForp

Fz*Fir*p

-  (  L-zp)oU 
*F,ro

-*o{rFo*p

n(L-zi lF 
2rF,ro

-( t -Z i lan Frro
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Coord ina te  t rans forna t ion .

We assume that the gradiometer del ivers the second order potent ial

der iva t ives  (o r  a f te r  l inear iza t ion  those o f  the  d is tu rbance po ten t ia l  T )  w i th

^ 2 , ,

respec t  t o  t he  l oca l  ca r tes ian  coo rd ina tes  * i t  V i i  =  
# j .  

So  we  wan t  t o
- r J

exp ress  these  V .  .  i n  a  se r i es  expans ion  i n  t e rms  o f  po ten t i a l  coe f f i c i en t s .

S ince  we  can  eas i l y  ob ta in  t he  de r i va t i ves  o f  V  w i th  respec t  t o  x^  (eq .  A -1 .4 )

we  need  the  t rans fo rma t i on  f ron  xa  to  x . .

D i f f e ren t i a t i ng  t he  po ten t i a l .  once  and  us ing  the  cha in  ru le  o f  d i f f e ren -

ta t i on  g i ves

v .  =
I

x ,  ( P '  )

in  wh ich

av aV 
-^a

- =
0x .  0x  0x .

1 a l

= A?V
1 a

(summat ion  over  a ) ( A - 1 .  s  )

( A - 1 .  6  )

( A - 1 . 7 )

Di f f e ren t i a t i ng  aga in  y i e l ds :

^ 2 . .
d v

V = - =' i  
i  0 x . 6 x .- l 1

"  / l * \ r  \  -
-  t n . Y  )  -  -
d x -  r  a  d x .

J J

^ 2o *^ 
av 

o*^
- + -

dx.  Ex  .  6x  Ex .
r J a l

^ ^ l -

A:.v + eieYv .
r J a  r J a o

n l re l * .  t e '  I

6x
( a
t  

a x .

AV
- l  =

Ex
d

%
r9L r
ox

a

0x.
o- =

6 x .
I

W e  h a v e  t h e  V  a n d  V  f r o m  e s .  ( A - 1 . 4 )  a n d  T a b l e  A - 1 . 1 .  W h a t  w e  s t i l l  n e e d  i n
a a b

o rde r  t o  ca r r y  ou t  t he  t r ans fo rma t i on  a re  t he  pa r t i a l  de r i va t i ves  be tween  the

two  coo rd ina te  se t s :  A?  and  A? , .  These  can  be  ob ta ined  i n  t he  f o l l ow ing  way .
I  1 J

Consider  a point  P '  in  the neighbourhood of  P (P is  the or ig in of  the local

s y s t e m ) .  T h e  g e o c e n t r i c  c a r t e s i a n  c o o r d i n a t e s  o f  P ' ,  x r ( P ' ) ,  c a n  b e  w r i t t e n  a s

o= * I *

A-1 , .7



h ,  ( P )  =

and B is  the t ransformat ion matr ix  der ived through successive rotat ions over

- @ o ,  - I ,  - @ e ,  o r

B  =  R : ( - o " ) R 1  ( - I  ) R 3 ( - o o )

Eq .  (A -1 ' . 7 )  s ta tes  t ha t  t he  geocen t r i c  ca r tes ian  coo rd ina tes  o f  P '  a re  t he  sum

of  t he  geocen t r i c  coo rd ina tes  o f  P  ( f i r s t  t e rm  on  the  r i gh t  hand  s ide )  and  the

r o t a t e d  l o c a l  c o o r d i n a t e s  o f  P '  ( s e c o n d  t e r m ) .  F o r  a l l  p o i n t s  P ' d e f i n e d  i n

th i s  way  the  e lemen ts  o f  
" !  

ana  n l t f )  a re  f unc t i ons  o f  t he  ( cons tan t )  o rb i t

coo rd ina tes  xa  o f  po in t  P .  Thus  ;  (A -L .7 )  g i ves  t he  geocen t r i c  Ca r tes ian

coo rd ina tes  o f  P '  as  a  f unc t i on  o f  i t s  l oca l  Ca r tes ian  coo rd ina tes .

Assuming  P '  l i es  on  a  (nea rby )  o rb i t  we  may  a l so  w r i t e  t he  geocen t r i c

ca r tes ian  coo rd ina tes  o f  P '  as

"?  
=  r i (P )h r (P )

x r ( P ' )  =  t j ( P ' ) h J ( p ' )

[.i,,]

( A - 1 . 8 )

where  the  e lements  o f  B l  and h ,  a re  now func t ions  o f  the  orb i t  coord ina tes  o f
l - t

P ' .  F r o m  e q .  ( A - 1 . . 7  )  t h e  p a r t i a l  d e r i v a t i v e s  b e c o m e

E x .
r  -  ^ l

- = f l .

o x .  L
L

and f rom eq.

E * ,  T
.  _  l .

6 x a
a

^ 2 . ,t  ^ T  
T

; - - - - - = - = 4 .
d x ,  d x  ,  

- - i  j
r J

( A - 1 . 8 )

^ 2
o  x ,  r

t  -  r I

;---:- = A '
ox ox,  aD

a o

A - 1 .  8



Us ing  the  cha in  ru le  o f  d i f f e ren t i a t i on  t he  des i red  pa r t i a l  de r i va t i ves  e ]  a re
I

obta ined s ince

e l  = a l a ?  +  a ? = ( n l ) - t e l
r  a f  I  a  I

The second par t ia l  der iva t ives  e ] .  a re  ob ta ined in  a  s imi la r  manner  by  aga in
I J

d i f fe ren t ia t ing  the  cha in  ru le  above.

As mentioned above, we can take as x.-coordinates ei ther (r ,  I ,  { rro) or

( r ,o . , tao) .  In  the  fo rmer  case,  we f ind  fo r  the  par t ia l  der iva t ives :

a I  7  a z I  -  
- 1  a z r  -  - c o s  @ o

6y r s in aro 6yoz 
r2 sin oo 

6xoy 
.2 r i . rz ,o

^ 2
o a o _ c o s ( l ) o

^ 2  
-  

2  .
o y  r  s l n  o o

A11 the  o ther  par t ia l  der iva t ives  are  zero .  In  the  la t te r  case we have:

^ 2
o @ o

AxAz

0@" = 
-1 0@" = 

-cos I  s in a lo

6y r  s in I  cos t ' ro  
ay '  r2 s inz I  cos3 r , ro

^ 2
o @ . -

^ 2
o @e _  

-s ln  a )

z - 1 x E v z - z
oyoz  r  s ln  l  cos  @o 

-  
r  s ln  I  cos  0)o

^ 2
0 @ o  _ 1  1 - a o _ - I  6 a o _  s i n o o c o s l

a x  
- F  

a x a z - -  A i N -  z  z  .
r -  r -  cos -  t ao  s i n  I

A r
= l

d z

g  = r
oz

2
E-r 1,- = -
^ 2  r
ox

2
6 - 1  1- = _
^ 2  r
ox

^ 2
o r  I- = _
^ 2  r
oy

^ 2
o r  I- = _
^ 2  r
oy

'l

= - -

r

6 r o  = !
0 x r

A - 1 .  9



6Y r  s in I  cos t ' r  o  6yoz 12 s in I  cos aro

azoo  -  s i n  oo (s in2  I  s i n2  a ro  -  2s in2  I  +  1 )

^ 2  2  - 2 -  3
dy  r  s rn  r  cos  uo

and a l l  the others being zero.

Note that  the der ivat ives of  too are not  the sane in both cases.  Now we may

compu te  f r om eq .  (A -1 .6 )  t he  l oca l  g rad ien ts  U r j  and  f i nd  i n  t he  case  o f

( r ,  I , { r l o  ) :

v  = 1 v  * 1 - v
x x r r r r Q o @ o

V  _  
- c o s o o  

V _  *  
1  

V -
x y 2 2 L 2 . r ( d ^-  r  s l n  a o  r  s r n o o

v  = - 1 - v  * 1 v
x z 2 @ o r r ( / ) o

r
( A - 1 .  e  )

v  =  c o S  @ o  
v  *  1  v  *  1  

v _ _
vv  2  u^  r  r  2  2  L l

r  s ln cdo " r  s ln u)o

v  -  - 1  
v , + - - - 1 - v -

y z  _ 2  _ , _  . .  I  r  s l n  o o  r r'  r  sLn aro

V  = \ , r
zz  r r

In  the  case o f  the  parameter  se t  ( r ,o . , r . lo  )  we f ind

v  = 1 v  * 1 - v
x x r r r r a o a o

V - - - - =  -  
- 1  

[ t a n c . r o V . .  - t a n a r o c o s l V  + V  + c o s I V . . . . ]
xY 

rzs in I  cos t lo  
u)e -  @o 0"oo @o@o

6uo _ cos I
^ 2
1 - a o  _  

- c o s  I

A - 1 . 1 0



v  = 1 v  - 1 v
xz r 0o 

,t 
a)o

V  = 1 V  *  7  
[ - t a n a r ^ c o s I V  + V  +

YY r r  
r2 sin2 I  cos2 ,o 

ae aeae

+ tan  aro(s inz  I  s inz  a ro  -  2s in '  r  *  1 )v@o -

- 2 c o s I V  * " o = ' I V  l
@ e @ o  Q o A o

v  = - - - - - 1 - t 1  v  - c o s I u  - V  + c o s I V  I
yz  r  s l n  I  cos  oo  I  0e  I  @o  0 " f  @o f

V  = \ , 1
zz rr

which simpl i fy in the case of I  = ! ,  t " ,

v  = 1 v  * 1 - v
x x r r r r Q o o o

V  =  
- 1  

V  -  s i n o o  
u

xY 
t' 

"o" 
'o 

Qeao 
12 cos2 ttlo 

0)e

v  = 1 v  -  1  v
x z  |  0 o r  _ 2  a o

v  = 1 v  +  1  
v  *  

- s i n a r o  
u

YY r r 
, ,  ao", ,o 

@eQe 
,^, 

"o" 
,o 

,o

v = 1 v - 1 v
yz 

a, 
"o" 

,o 
u)e r cos oo oef

V  = \ r I
zz  r r

Note  tha t  some grad ien ts  expressed in  the  parameters  ( r , I , r . ro )  have a  s ingu la -

r i t y  a t  the  po in tS  @o =  0  and oo  =  f r  and those expressed in  ( r ,&r " ,oo)  in  the
. T t

points @o = t  j  due to the respect ive s ine and cosine terms in the denomina-

tors.  This is  noth ing to be surpr ised about  s ince a lso the wel l -known

A - L .  1 1



exp ress ions  fo r  t he  g rad ien ts  i n  sphe r i ca l  coo rd ina tes  ( see  e .g .  Rumme l ,  1986

or Tscherning,  1976) have the sane k ind of  s ingular i t ies for  the points

. T t
g  - -  ! ;  ( po les ) .  O f  cou rse  these  s ingu la r i t i es  have  no  phys i ca l  mean ing  bu t

are caused by the choice of  the coordinate system.

A-1,.  L2



A-2: Legendre recursions.

A numerical  evaluat ion of Legendre polynomials and funct ions up to high

degree and order  i s  most  eas i l y  done us ing  recurs ive  re la t ionsh ips .  S tar t ing

from the recursive formulas for the Legendre funct ions the equivalent

recursive formulas for the f i rst  and second order derivat ives are obtained by

s imp le  d i f fe ren t ia t ion  w i th  respec t  to  the  argument  e .  We f ind  fo r  the

recursive relat ionships:

1 .  D iagona l  recurs ion  (n  >  2 ) :

FL , l  =  f1  s in  t  F0_r , r ,_ ,

Fr ,L  =  f1 (cos  t  FL- r , r - ,  *  s in  g  F ! - r ,u r )

F ' l ,L  =  f1 ( -s in  
"  

FLr , ! , - ,  *  2  cos  
"  

Fr - r , ! , - ,  *  s in  o  F i - r ,L - . , . )

2 .  Hor izon ta l  recurs ion  -  f i r s t  s tep  (n  >  1  ) :

F n , n - t  =  f z  c o s  o  F L - r , n - ,

F ' L ,  
L _ r  

=  f  z ( - s i n  ,  P  
L _ t ,  L _ r  

+  c o s  t  P ' L _ r ,  
L _ r )

F ' n , n _ t  =  f z ( - c o s  
"  

P U t , L _ t  +  2  s i n  
"  

F ' L _ r , L _ r  +  c o s ,  F ' | . _ r , L _ r )

3 .  Hor izon ta l  recurs ion  -  nex t  s teps :

P r , ,  =  f 3 ( f 4  c o s  o  F l _ r , ^  -  f s  P 2 _ r , r )

F / , ^  =  f 3 ( - f 4  s i n  O  F L _ r , ,  *  f a  c o s  o  F ' n _ r , ,  -  f s  P ' n _ r , ^ )

P { , , o  =  f 3 ( - f 4  c o s  o  P  
r _ r , ^  

-  2 f n  s i n  o  F ' r _ r , ,  *  f +  c o s  o  F ' r _ r , ^

A-2.  r



where

f _ p n'1 - 
1/ 

-Z[-

fz = {7[+T

r - f--Z[+T-'3 - 
{ Tz:mx{-+mt

f+ = y'2[17

- t@=i=TrTT+-n4-l
rs = 

{ 
------Z[4-

As  s ta r t ing  va lues  we use:

P  - 1  P  = y ' 3 s i n o
o o  1 1

P '  - o  P '  = € c o s e
o o  1 1

F "  = e  P ' l  = - { 3  s i n o
o o  1 1

Al l  the above re lat ionships are val id  for  normal ized Legendre funct ions.

Vert ica l  (downwards)  recurs ions are a lso possib le,  but  they have the

disadvantage that  a factor  s in- l  O appears in  the formulas.  For  smal l  O th is

factor  can Iead to numer ical  s ingular i t ies.  Another  d isadvantage of  downwards

recu rs ions  i s  t ha t  poss ib le  numer i ca l  e r ro rs  o r  unde r f l ows  w iL l  d i s to r t  a  much

g rea te r  pa r t  o f  t he  0 ,m-scheme (see  Koop  and  S te tps t ra ,  1989 ) .

A - 2 . 2



A-3.  Inc l ina t ion  func t ions .

A-3 .1 .  An exp l i c i t  express ion  fo r  inc l ina t ion  func t ions .

Incl inat ion funct ions appear in the transformation of the potent ial  func-

t ion  V( r ,  C , I )  to  a  func t ion  V( r ,  a ro ,  r r r " ,  I  ) .  Here  r ,  0  and I  represent  the

spherical  coordinates, radius, lat i tude and longitude respect ively whereas r,

@o, o" and I  are related to orbi tal  elements, conpare f igure A-3.1.

xe

F igu re  A -3 .1 :  O rb i t a l  e l emen ts  r ,  @o ,  ue ,  and  I .

The re lat ion between ( r ,  C,  t r )  and ( r ,  t , l6 ,  r .1 . ,  I  )  is

=  R s ( - o e ) R 1 ( - I )

r

r

cos

s i n

0

where R denotes a r o t a t i o n  m a t r i x .

td6

(t)9

X

v
z

@ c o s l

@ s i n )

0

cos  I

cos I

s i n

ae

ae

( t ) 9 -

@ o +

cos oe

sin oe

This  resu l ts  in :

cos tr cos @

sin ), cos @

s in  @

cos

cos

s i n

cos

S1II (dg

sin oo

sin ar6

= cos

= cos

I = s i n

( A - 3 . 1 a - c )

compare  a lso  (Schrama,  1989;  p .  16  and 71) .  In  o rder  to  der ive  the  inc l ina t ion

func t ions  eq .  (A-3 .  La-c )  a re  subs t i tu ted  in  the  express ion :

A - 3 . 1



, ,  rp \  4+1

r { , ( . ,o , t r )  =  
f i  L : ,J  

[c r .  cos mtr  +  sr ,  s in  mtr ]Pr . (s in  d)  (A-3.2)

First  we wi l l  der ive binominal expansions for cos mtr and sin m)' .  Using the

formula of De Moivre we f ind that

u j ' t r  =  (cos  t r  +  j  s in  I ) *  =  cos  ml  +  j  s in  mt r

where j  = {1. Accordingly

cos mtr  = I  lu j 'n t r  *  
" - j ' t r1  

,

s in  m) ,  =  : 1  1e  
j ' I  -  . -  

jm ) ' 1

2

Furthermore we know that

.  \  jm ( I - oe )  jm@e
l m / 1

e - = e e

.  \  
- jm ( I - t , l e )  - jmoe

-  lm^
e -  - e  e

( A - 3 . 3 a ,  b )

( A - 3 .  4 a ,  b )

Add i t i ona l l y  t he  t e rms  cos ( t r -o " )  and  s in ( I - ra " )  a re  re la ted ,  i n  t he  sphe r i ca l

t r i ang le  A ,  B ,  C  i n  f i gu re  A -3 '  1 ,  t o  os ,  I  and  f :

'  cos go s in( t r - ra- )  = = i . ,?g 
!o= 

I
c o s (  - o e r = " o = g  -  c o s @

A  s u b s t i t u t i o n  o f  ( A - 3 . 5 a - b )  i n  ( A - 3 . 4 a - b )  r e s u l t s  i n :

jm  ( I - oe )  jmoe

e e

( A - 3 . 5 a - b )

= 
-=td 

[cos oo + j  cos I  s in arslm [cos moe + j  s in mta"J

= g  f t l  . , s  
coss  I  s ins  oo  cosm-s  t ' ro  

[cos  mo"  +  j  s in  mo. )  (A-3 .6a)
= Io  [ "J  

-  cosm@

A-3.2



and

- Jm (tr-oe ) - Jmoe
e e

= ts  f l l  ( - . i ) '  coss I  s i { t l -gq cosn-s ( ' )o  
[cos mor"  -  j  s in  mo"J (A-3.6b)

. Io [s. l  
I  w'  cosmp

From eq.  (A-3 .6a-b)  subs t i tu ted  in  (A-3 .3a-b)  i t  foL lows tha t :

c o s m t r = R e  t.io t:) is
I  fm l  . -  coss  I  s i ns  0n  cosm-sg COS"'  -  tdg I

- t cos rnoe + j  s in  mo" i
cosn{

( A - 3 . 7 a - b )

s i n n t r = R e  t
cosmf

compare also (Kaula, 1966).  Secondly we mult iply (A-3.7a-b) with the Legendre

funct ions:

Pr.(s in @) = cos' t  
. !o 

Tr^.  s inu-n-2L, ,
( A - 3 . 8 )

( - 1 ) t  ( 2 1 . - 2 L ) l
- -

t m t  
z L t t  ( { - t ) !  ( L - n - 2 t ) l

(k = integer part  of  (L-n)/Z)

which can be found in (Kaula, ib id) or (Heiskanen and Mori tz,  7967).  Subst i-

t u t i o n  o f  ( A - 3 . 7 a - b )  a n d  ( A - 3 . 8 )  i n  ( A - 3 . 2 )  r e s u l t s  i n :

u  r R ) / * 1r0, = 
fi l ;J 

{ (CU* cos moe * SU. sin mta")

k - [.-n-zL
*  i ( C , *  s i n  m o .  -  S { ,  c o s  m o " ) t  *  

. l o  
T n * .  s i n - " ' - -  ( I )

* 
, !o t ] )  

i '  [cos= I  cos'- '  ,o =i . , { - ' - "* '  ,o]  (A*3'  9)

t  fml  . -  coss I  s ins &)n cosn-so cos-- -  . ,o  
[s in mo"sin mo" -  j  cos mar.J.io t:l is

A - 3 . 3



where  we rep laced s in  f  by  s in  os  s in  I .

L e t  a  -  L - m - 2 t  +  s  a n d b  = m  -  s ,  t h e n  c o s b  t r r g  s i n a  a r 6  i s  e x p r e s s e d  i n  a

binomial  expansion:

s i n a  a r e  c o s b  r , r o  =  l -  
)  

G J " o  -  e - j ' o ) l " t J  t . j ' o  * . - j ' o ) l o

- ( -1 )"j" 3 3 f"l fl l ( -r ) " 
"J 

(a+b-2c-2d)oo- 
Z;rE- 

"io olo |."J |.aJ

E q .  ( A - 3 . 1 0 )  s u b s t i t u t e d  i n  ( A - 3 . 9 )  r e s u l t s  i n :

'4," = 
-* [:J'. '  .!o 

rn,. =', '4-m-2t (r) 
=io tg 

js cossr x

(  - .1 ;u- ' -zt* 
s 

,21-I '  
{ -m-2t+s m-s 

[L-m-zt+s' l  [ t : " ]
c = o  d = o  I  c  J [  a  /

( - 1 ) '  . J [ ( / - z t t * ' + d ) ) o 6 + m o ' l  ( c { ,  - j  s z . )  ( A - 3 . 1 1 )

Note  tha t

( j ) ' ( - . 1 1 u - ' - z t * '  =  ( - t r 0 - m - 2 t + s  ( 3 y { - ' - z t * z

Remember that

( A - 3 .  1 0 )

j  
t  =  ( - r ) r / 2

j t  =  j  j t - t  =  j ( - 1 ) ( r - t ' / z

For {-m: even one gets

. ! - - m + 2 ( s - t )  -  ( _ I ) Q . - i l / 2  
4 5 - t  

=  ( _ 1 ) k * = - t

, - r  r / -m+zt-= = ( -1 ) '

so that

for even i and

fo r  odd  i .
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( - 1  ) '  ( - 1  ) k + s - t  =  ( - 1  ) k * t

For /-m: odd one gets

. 0 - m + 2 ( s - t )  =  3 ( _ 1 r ( / - m - r l / 2  
+ s - t

1 - r  r / -m-z t+ '  =  ( -1  )  ( -1  ) '

so that

( - 1 ) ( - 1 ) '  j ( - 1 ; ( 0 - m - t ) / 2  
+ s - r  =  - i ( - t ) ' " ( - 1 ) k - t  =  - i ( - t ) n * '

I n  e q .  ( A - 3 . 1 1 )  f o r  2  -  m :  e v e n :

( C / ^  -  i  S U . ) e j *  -  ( C U ,  -  i  S , . ) ( c o s  x  +  i  s i n  x )

=  ( C U ,  c o s  x  *  S 0 *  s i n  x )  *  i ( - S / ,  c o s  x  *  C / .  s i n  x )

and for 0 -  m: odd:

- i ( C , ,  -  i  S / * ) s J x  =  - i ( C { ,  c o s  x  *  S / ,  s i n  x )

*  ( -S4.  cos  x  *  C0.  s in  x )

Keep ing  on ly  the  rea l  par t  o f  eq .  (A-3 .11) :

A - 3 . 5
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v ^  =  g  | ' E ] n . t  5  r "  = i r , 0 - * - " ( r )  ( - 1 ) n * t  $  | ' * )  ̂ ^ ^ S t  "tt," = 
fi [.;,J t=o tmt s=o l.=J 

cos r x

,zt-' ".i.'." ,!. f-'-:t.=J [';=) 
(-1). x

{ f  
'*  

I  cos(x) + f  :"  I  s in(x,} ' - ' ' ' """
l L - t o " ' l  L . z . " l  / o - n : o d d

where (x)  = (L-2( t+c+d) )oo *  no)e.  The nex!  s tep is  a rearrangement of  the

i n d i c e s .  W e  s u b s t i t u t e p =  t  +  c  + d .  T h e  r a n g e s o f p a r e a s f o l l o w s :

P m i n = O  f o r  t = 0 ,  c = 0  a n d  d = 0

Taking in to account  that  crax is  decreased when dr .*  is  increased,  Ct .x  is

opt imal  when

d = O ;  S = m  +  c ^ u * = 1 , - 2 t

a n d  a s  a  r e s u l t  p = t + { - 2 L + O - l -  t  f r o m  w h i c h  w e  c o n c l u d e  t h a t

0  =  p  =  I  and  t  =  p .  W i th  t h i s  we  f i nd :

, , " , =#  [ : J ' . '  o i o , , , " o , , , {  [ , ; ]  
cos / r . p .  

l . ; ]  
= , " r , . " ] ; : " . . "

VL^o=  ( ! . - 2P )us  a  l l l oe

F ,  ( I )  =  
t B " *  

, ,  r i r , / - ' - " ( r )  , - r r u + t  , z t - L
t m P  t = O  L m E

c

I f-l .os= r 
";"" 

[z-m-zt+s') f _r, 
=^l ( _1 ) "

sro [ tJ c=c_,- l .  c /  lR-t-c, l
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wi  th k = (L-m)/z,

c n t n  =  m a x ( 0 , p - t ) ,

.  L - n - 2 L ,
x  S l n  t

m i n ( k ,  p ) ,

m i n ( 0 - m - 2 t + s ,  m - s )

tr-*

cra*

As a  resu l t  the  exp l i c i t  express ion  fo r  the

becomes:

i n c l i n a t i o n  f u n c t i o n  F , ' " ( I )

t m a x  t  
c m a x

F "  ( I )  =
t m p  t = o  s = o  

c = C n i n

e t - z t ) r ( - 1 ) k + 2 t + c

zz t - z r t !  ( z - t  )  !  ( o -m-2 t  )  !

c o s s ( I )r) t:l f-m-2t+s)[,];:.J
1966) .Note  tha t  ( - t )n*2 t * '  =  ( -1 )n- "  as  i s  found in  (Kau la ,

A .  3 .2 .  Re la ted  inc l ina t ion  func t ions .

In appendix A.1 we computed the

l o c a l  c a r t e s i a n  c o o r d i n a t e s  ( x , y , z ) .  W e

in  y -d i rec t ion  (c ross- t rack)  :

po ten t ia l  der iva t ives  w i th  respec t  to

found,  fo r  example ,  fo r  the  der iva t ive

( A - 3 .  2 .  1 )

In  o rder  to  compute  V1 we need the  der iva t ives  o f  the  incL ina t ion  func t ions
or g^^

w i t h  r e s p e c t  t o  I :  t e r o t t )  =  - # . T h e s e  d e r i v a t i v e s  c a n  b e  e a s i l y  c o m p u t e d

as wi l l  be shown in the next sect ion. However,  when trying to integrate eq.

(A-3 .2 .1 )  over  the  who le  sphere ,  o r thogona l i t y  p roper t ies  a re  los t  due to  the

factor sin os in the denominator.  Furthernore, the point for which tds = 0

appears  to  be  a  s ingu la r i t y .  Fo l low ing  (Bet t i  &  Sansd,  1989)  the  idea is  now

to  wr i te  the  c ross- t rack  der iva t ive  as

v " = i V p , ( A - 3 . 2 . 2 )

where  g '  i s  t he  ang le  pe rpend i cu la r  t o  t he  o rb i t a l  p l ane  ( see  f i gu re  A -3 .2 )

A-3.7



F igu re  A -3 .2 t  O rb i t  p l ane  and  c ross - t rack  ang le  g ' .

In  that  case both problems nent ioned above wi l l  not  occur .  When compar ing eq.

( A - 3 . 2 . 1 )  a n d  ( A - 3 . 2 . 2 )  w e  s e e  t h a t

1

V = V
SIII tr)g I 9'

so that a ser ies expansion for Vr,  has to exist  in which the term sin- l  &rs

already incorporated. This expansion can be found in an analogous manner as

the  fo rego ing  sec t ion  A-3 .  L ,  where  we der ived  the  inc l ina t ion  func t ions .

Tak ing  the  der iva t ive  o f  eq .  (A-3 .1 .9 )  w i th  respec t  to  I  and dev id ing

sin ar6 we f ind

l s

l n

by

"  
l Y n

r  t m _ p

sin ars AI  R

where

" io  t : )  
i '  r ( I )g(o" )nroo) ][*J"'*"[.!.T "

t{nt

f ( I )  -  
" ' n l - m - z t - t I  " o " " - ' l l ( [ - ^ - z t ) c o s z l  

-  s  s i n 2 l ]

Jm@e

g ( o " )  =

h(ars )  =

( cu ,  -  j s r , )e

.  {-rn-2t+s-1
SIn (d6

( A - 3 . 2 . 3 )

m-s
cos &)g
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Proceeding now in an equivalent  way

I oY !.^ = * fEl 
t*";t 

,: ( rsln % 
-61- - 

F IFJ olo 
'/'o

where

as

, { [

1n

Su'

cL^

the

] "

foregoing

cos ry'| +
cmP

sec t ion  we ar r i ve  a t

f-.r. I "i,., ,r,1
L tr, Jo "oJ

vi^, =

F ;  ( I )
tmp

(2-2p-7)&rs + mo"

t  m a x
= l T "

t=O trnt

cmax

x X

c =  c m i  n

( A - 3 . 2 .  4 )

.!" [:J '' '

[z-m-zt+s-r)

) z z t - I ' + l  ( - 1 ) k * l  *

[,];:"J (-1 )'

f ( I )  a s  i n  e q .  ( A - 3 . 2 . 3 )

k = integer part  of  ( t -n)/Z

t r . *  =  min(k ,  p )

C*"*  =  min( l -m-2 t+s-1 ,  m-s)

Crir ,  = max (0, p-t  )  .

Computat ion of the related incl inat ion funct ions Fj  ( I )  is done in an equi-
cmp

valent manner as the incl inat ion funct ions and their  der ivat ives w. r .  t  I  as

wiI I  be shown in the next sect ion.

A-3 .3 .  Computa t ion  o f  inc l ina t ion  func t ions .

Incl inat ion funct ions may be conputed using recurrent relat ions as we did

in the former sect ion for the Legendre funct ions. Another possibi l i ty is to

formulate the problem in terms of an unit  potent ial  funct ion developed along a

great circ le with incl inat ion I  as descr ibed in Wagner (1983) and Schrama

(1989).  The related incl inat ion funct ions t i ro can be computed in the same

wdy, as weII  as the derivat ives of the incl inat ion funct ions with respect to

T

Since the procedure for  computat ion of  F*o (or  the normal ized inc l inat ion

func t i ons  F r__ )  i s  c l ea r l y  desc r i bed  i n  Sch rama  ( i b i d ) ,  we  w i l l  show he re  on l y
unp

A - 3 . 9



the analogous method for the Flro.

A l o n g  a  c i r c u l a r  u n i t  o r b i t  ( d e f i n e d  b y  Q = O c = e = 0 '  a = 1 '  a n d

0 Y o

|,{  + 6 = u) we evaluate the funct ion 
; f r ,  

which can be obtained by applying

the chain rule

6vo^ oY L^ a, 
6vo' aI

W 
= --6e 

69' 
' 

a^ ae'

0 Y n

= "  =  F ;  ( c o s  m ) .  +  s i n  m I )  ( A - 3 . 3 . 1 )

OQ cm

a v ,

a# 
= mP^ (cos mtr - sin mtr)

where we used the uni t  potent ia l  funct ion V^ def ined by p = R =.  = e{ .n = Sl ,n

=  l .

Now we have to f ind the part ical derivatives 
ff i ,  # 

From Figure A-3' 2

we have

{ =

t =

l =

Between the two

a n g l e  I  e x i s t s :

cos I  cos

cos  g  s i n

s i n  g

0

C O S  I

s i n  I

i n  ( A - 3 . 3 . 2

X '  =  cos  p '  cos  @g

Y '  =  cos  g '  s i n  a l6

Z '  =  s i n  g '

cos I

cos I

s i n  g

x ' l

: l
o :

o l
s i n l  

I
c o s l l

)  Ieads

T

I

@g

trr6 COS I -

o s s i n l +

cos ),

s in t r
( A - 3 . 3 . 2 )

systems x1 and Xl  only  a rotat ion about  the X-axis  by an

T

0

0

3 )

I

I

f - l f
l Y l = l
l ,  )  L

U s i n g  ( A - 3 . 3 .

=  cos

=  cos

= cos

cos

s i n

s i n

9 '

9',

9',

( A - 3 . 3 . 3 )

( A - 3 . 3 .  4 a ,  b ,  c )s i n  g '  s i n

s in  p '  cos
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D i f f e r e n t i a t i n g  ( A - 3 . 3 . 4 c )  y i e l d s  f o r  e '  =  O ;

E g _ c o s I
0g '  cos  g

a n d  d i f f e r e n t i a t i n g  t h e  q u o t i e n t  o f  ( A - 3 . 3 . 4 b )  a n d  ( A - 3 . 3 . 4 a )

A t r  =  _  s i n  I , q o s  l ,
0g'  cos g

Now we have f rom eq.  (A-3 .2 .4 )  fo r  the  un i t  po ten t ia l

wh ich  i n  f ac t  i s  a  Fou r i e r  se r i es .

I n t roduc ing  k *  =  l -Zp - I  t h i s  y i e l ds

L - t

'X|^ = 
n*=|r ,  , ,  

{Gi^r t - r+k*) /2 *  Fi ' rz-r-n *)rr) tot  k*u +

+ (F i  F*  f - t  l '
Ln(L-r-v*t t ,  

-  Fi .^ t | - r*n*tr t )  
l ,  I  

s in ku)

L  I  I o

where k* = 0, 2,  4,  ! . - I  for odd L

k*  =  t ,  3 ,  5 ,  2 - l  fo r  even {

Comparison with an ordinary Fourier ser ies

! . - r
v 9 ^ '  =  !  c 9 ' c o = i u + S 9 ! i . r i ,

L m  t = o  I  i

y i e l ds

, ,r '^ = j i .  . l ," ,cos(/-2p-1)u + 
f l  ] .  

sin(0-2p-1)u)

A - 3 . 1 1



F* -  a9'r .  .  -  u  f o r  o d d  {
Lm(L- l ) /Z o

Fi'to-r*r.*l /z 
= (cY'* * spn')/z

F!rr2-r-r.*l 
,, 

= (cgn'* - spn')lz for {-m: even

Firt/-r*r*l 
,, 

= (cg*'* - sp*'*)lz for 0-m: odd

Fi,^<L_r_**>r, = (cf: . s!')n for {-m: odd

The coef f ic ients Ct*  and Sn* are der ived by comput ing the uni t  potent ia l  a t

d i sc re te  po in t s  a long  a  g rea t  c i r c l e  and  pe r fo rm ing  a  FFT .

for 0-m: even

A-3 .1 ,2
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