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Abstract

In this note we study spin chain operators in the N' = 6 Chern-Simons-matter
theory recently proposed by Aharony, Bergman, Jafferis and Maldacena to be
dual to type IIA string theory in AdS; x CP3. We study the two-loop dilatation
operator in the gauge theory, and compare to the Penrose limit on the string
theory side.


http://arxiv.org/abs/0806.4589v2

Contents

(="

1 Introduction

2 The N = 6 Chern-Simons-matter theory
2.1 Lagrangian . . . . . . . ...

2.2 Supersymmetry transformations . . . . ... ..o

3 Spin chains in N =6 CS
3.1 SU2)ax SU(2)p Sector . . . . . . it
3.2 The SU(2J2) infinite chain . . . . . . . ... ... oL
3.3 Scattering and bound states . . . . . .. .. ... L.
331 (212)a® (2[2)asector . . ..
332 (202)a®(2]2)psector . . . ...

(ool > Y~ Y o Y v [ N 20 =1 N

d

4 Penrose limit of type ITA string theory on AdS; x CP?

&

5 Giant magnons

1 Introduction

The long standing problem of finding an exact description of the CFT dual to M-
theory on AdS,; x S7 (and orbifolds thereof), or the low energy limit of the world
volume theory of N coinciding M2-branes, was solved beautifully in a recent paper
of Aharony, Bergman, Jafferis and Maldacena [1]. The dual gauge theory is a special
case of the N = 3 superconformal Chern-Simons-matter (CSM) theories studied in
[10] (see [11, 12, 13|, 14l 5] for earlier works), which has quiver type matter content
and enhanced N' = 6 supersymmetry. In particular, the 't Hooft limit of the N' = 6
CSM theory is argued to be dual to type IIA string theory on AdS,; x CP3. See also
[9, [16], 17, 18, 19} 20] for subsequent works on this theory, and [2], 13, 4l [5] 6 [7, 8] for
recent works on M2-brane world volume theories.

In this paper we make a step toward understanding the details of the duality be-
tween the N' = 6 CSM theory and type IIA string on AdS; x CP? in non(near)-BPS
sectors, by exploring both spin chain operators in the superconformal gauge theory
(continuing on [10]) and the Penrose limit of the string theory dual. We study the



two-loop dilatation operators in subsectors of the spin chain, as well as the dispersion
relation and scattering of impurities in an infinite chain that preserves a centrally ex-
tended SU(2|2) superconformal algebra. The central charge of the SU(2|2) algebra
plays a key role in determining the exact dispersion relations of the impurities. It is
related to the momentum P along the spin chain in the form

Z = f)(1— ")

where f(A) is a nontrivial function of the 't Hooft coupling A\ = N/k. We find that
f(A) scales differently with A at weak coupling (from perturbative gauge theory) and
at strong coupling (from the Penrose limit). We discuss operator mixing and match
multiplets in the weak coupling regime with those in the pp-wave limit. We also present
some preliminary discussions on the giant magnons in AdS, x CP?.

Note added in proof: Upon completion of the bulk of this work, we received [19]
and [L16], which contain results that overlap with different parts of this paper.

2 The N =6 Chern-Simons-matter theory

2.1 Lagrangian

It will be useful for us to formulate N' = 6 Chern-Simons-matter theory in the N' = 2
language. The gauge group will be U(N)xU(N), with a pair of chiral fields 4; (i = 1,2)
in the bifundamental representation (N, N), and B; in the conjugate representation
(N, N). There is an N = 2 superpotential
4

W = %Tl" (AlBlAng - AlBgAgBl) (21)
This theory possesses N' = 6 supersymmetry, and is exactly conformal, with supercon-
formal group OSp(6|4). The scalar components of (Ay, Ay, Bl, B) transform in the 4

of SU(4) g, whereas (By, By, Al, Al) transform in the 4.

The scalar potential can be written as V = Vp + Vi, where Vi = [OW/0A;|? +
|OW/OB;|?, and Vp comes the coupling of the scalar fields to the auxiliary fields o and
& (which lie in the N’ = 2 gauge multiplet and take values in the adjoint of the two

U(N)’s),

Vp=Tr [(UAZ- ~ A5)(Alo — GA! )} 4T [(aB,- ~ B,o)(Blé — UBJ)] (2.2)
where 9
i (2.3)
G = —?(BZ-BJ AT A;)



There are quartic boson-fermion coupling of the form

o= o s (i~ 003) T (S50 o)

(2.4)
—Tr (AZTXWAi — )ZTAMAZ- + c.c.) —Tr (BJ)ZWBZ. — XTBZ-Tz/JBi + c.c.)
where y and x are fermionic auxiliary fields in the N = 2 gauge multiplet,
= <wA BJ Vs,),
(2.5)
X = ——(TPB — Ala,).
and Ly is the Yukawa coupling,
02
L —— i + c.c
" 0%ds; 26)
47
= ?Tr(AlBl¢A2sz )

2.2 Supersymmetry transformations

In manifestly N' = 6 supersymmetric notation, we can write the supercharges as
Qi = Q") = Ler k. Q%F, where I, J,K,L =1,--- 4. The scalars and fermions are

denoted by ¢r, ¢!, (¢1)o and L. One can explicitly identify them with the components
fields of A/ = 2 chiral multiplets as

o =A, ¢o=Ay, ¢3=DB], ¢,=B]
br=—Yh,, =, s =, Yy =1

The action of the supercharges on the fields is as follows

Qrriox = eryx”,
Q[J&K = 5K¢J - 6§w17

(Qry)a(VK)s = EIJKLZUaﬁDu¢ + Qk caperinn(@"ond™ — oM ") + —EaBEIJLJvﬂZ? L™,

(2.7)

(Qr)a(®™) = o7 [iUZgDuch 6aﬁ(¢J¢ O — Pud ¢J)]

47

— o [iUZﬁDM¢1_ 6aﬁ(¢1¢ Orr — dud ¢1)} ——€a5(¢1¢ b5 — 0" ¢r),

. 211 1 R
QIJAM =W0uX1J = 7Uu(¢[lwﬂ + —EIJKL¢K¢L)>

2
~ L 271 1 S
QIJAM =10uX1J = T%W[ﬂﬁl} + §€1JKL¢L¢K)-



3 Spin chains in N =6 CS

3.1 SU(2)4 x SU(2)p sector

Let us focus on the SU(2)4 x SU(2)p x U(1) subgroup of SU(4)g, where A; transform
in the representation (2,1, +1), and B; in the representation (1,2, —1). Consider spin
chains of the form

Tr(AilBlAigBlAi_gBl T ) (31)
These are chiral operators, but in general not primaries due to the superpotential. At

two-loop, the sextic scalar potential coming from the superpotential contributes to the
anomalous dimension of the above operator. The relevant potential term is

1672

L2
The potential terms in Vp does not contribute at two-loop. Similarly, the terms cou-
pling the scalars to fermions in L do not have the right structure to contribute to the

TI' [(AlBlAQ — AgBlAl)(AlBlAQ — AgBlAl)T} (32)

two-loop anomalous dimension of the chiral operator either (other than an overall shift
which is fixed by the BPS bound for the chiral primaries, i.e. the operators with all
the A;’s symmetrized).

B N B
Ay } A
B >< B
Al A2
B } By
The two-loop integral in the above diagram is
/ d3y 1 1 InA (3.3)
(4m)° |yPle —y> 8 (4r|x])? ’

where 1/(47|x|) is the scalar propagator in position space. There is also a factor of
1672A? from the vertices and contraction of color indices, and a factor of 1/2 since we
were calculating the two point function of the spin chain operator as opposed to the
anomalous dimension. Putting these together, we then find the two-loop spin chain
Hamiltonian

H=-X) (Pu—1) (3.4)

This is the Hamiltonian of the Heisenberg XXX spin-1/2 chain. The dispersion relation
of an impurity in this SU(2) sector moving with momentum p is

E = 4X\*sin’(7p) + O()\?) (3.5)

4



There may be a regularization scheme dependent order A\* term, but its structure is the
same as the A2, since the corresponding three loop diagrams are obtained by attaching
gauge propagators to the two-loop diagrams.

Now let us allow the B;’s to change into B, as well, so that the spin chain takes
the form
Tr(Ai Bj, Ai, Bjy Aig By -+ +) (3.6)

Once again, at two-loop the only potential term that contributes to the anomalous
dimension are the (N = 2) F-terms. Furthermore, the exchanges of A; and Ay across
B; or By have the same amplitude, and similarly for the exchange of By and B,
across A;. Therefore, we find that at two-loop the SU(2)4 x SU(2)p spin chain is two
decoupled XXX spin-1/2 chains (of A’s and B’s respectively).

3.2 The SU(2|2) infinite chain
To gain further insight we shall consider the infinite chain (the “vacuum”)
TI"(AlBlAlBlAlBl s ) (37)

It preserves an SU(2|2) subgroup of OSp(6|4). The bosonic part of SU(2|2) is SU(2)q %
SU(2),xU(1)p, where SU(2)¢ rotates Ay, Bl as a doublet, SU(2), is the rotation group
in spacetime, and U(1)p is generated by D, defined to be the anomalous dimension.
More precisely, D = A—J, where A is the conformal dimension and .J is the eigenvalue
of the Cartan generator of SU(2)¢r, which is the group rotating A;, Bl (and similarly
11,13) as a doublet . Therefore one has J(A4;) = J(By) = 3,J(42) = J(By) =
0, and similarly for the fermions. The odd generators of SU(2|2) are denoted by
Q A, S, Where A is an SU(2)g doublet index, and « is the spacetime spinor index.
The superalgebra is

{Qa0:QBs} = €an€apZ,  {Saa, Sps} = €ancapZ,

© (3.8)
{Q40,SBs} = €ap€apD + €apJap + €apTas.

where Z is a central charge, related to the momentum of the impurities in the infinite
chain, to be determined later.

Comparing with the supersymmetry transformations (2.8), the pair of supercharges
that preserve the vacuum spin chain is (Q12, —Q14) ~ Q4. In particular, J(Q4) = %,
and D = A — J commutes with the supercharges as required by the SU(2|2) algebra.

1Choosing the “vacuum” (B.7), one considers the breaking SU(4)g — SU(2)gr x SU(2)g x U(1),
and the vacuum preserves SU(2)g x U(1). The extra U(1), which assigns charge +1 to Ay, BI and
charge —1 to Ay, B}, commutes with the generators of SU(2|2).

>



The basic impurities are A, B;, (1”92)0‘ in place of Ay, and similarly A;, By, (wLQ)a
in place of By. At zero momentum they transform in the minimal short representation
of SU(2|2). We will write ¢4 = (As, BY) = (¢, ¢4), and yo = (¢g2)a. From (2.8)) we
have the supersymmetry transformations on (¢4, Xa)

QAa ¢B ~ €EABXa»

omi (3.9)
QAaXB ~ €a6%(¢ABIA1 - A131¢A)-

In terms of impurities with momentum p, we have

Qaal®B(P)) ~ €aB|Xalp)),

ori . (3.10)
Qaalxs(p)) ~ Eaﬁ7(1 — ¥ |pa(p)).

In (38) we have normalized Q4 and S4 to be complex conjugates of one another
in radial quantization. In general they are related to the supercharges in (2.8) by a
rescaling, which a priori may depend on the coupling A due to quantum corrections
to S4. The central charge of the SU(2|2) algebra takes the form Z = f(\)(1 — ™),
where f(\) is an undetermined function of A\. The basic impurities (4 bosonic and 4
fermionic) fall into two short representations:

{[L, 0]1[0, 17} @ {[1, 0][[0, 1]} (3.11)

We will call them (2|2) 4 and (2]2) g impurities for short. The short multiplet saturates
the BPS bound [22] 23],

A—J=D= \/i +Af(V)? sin?(mp) (3.12)

By comparison with the two-loop spin chain Hamiltonian (B3.4]), we determine that
f(A) =~ X in the weak 't Hooft coupling limit. Let us check this relation for the fermionic
impurity 1@2. There is in fact only one diagram allowed by the index structure that
contributes to the exchange of A; with 1”92 across a By along the chain, as follows.

By By
vl A
Bl ¢A2 Bl
Al - ¢TB2
By By

There is a factor of 1672A? coming from the F-term vertices, and a factor 1/2
to convert to the anomalous dimension. The fermion propagator in position space is

6



it/ (4m|z|®). The loop integral involved is

3,73 _ _
B Z/ dPyd’z £ —-2(Z-9)Y (3.13)
(4m)" 22(z —y)?lyPle — 2Py — 2
whose logarithmically divergent part is
3, 73 ). 3
ot [ LydE (—y)y d’y yuﬁ / 5, 1
2> ] (4m)" 22y Ply — 2 2> ) (4m)T[ylP™ oy Ply== (314
1 iglnA '

~ 82 (4m)3|z]>

The resulting anomalous dimension is identical to that of the Ay (or B;) impurity,
which is expected since they are in the same short multiplet.

3.3 Scattering and bound states
3.3.1 (2|2)4 ® (2]2)4 sector

Now let us consider the scattering of a pair of basic (2|2) impurities, working perturba-
tively at two-loop. First consider a pair of impurities both in the (2|2)4 multiplet (or
similarly, both in the (2|2)z multiplet), consisting of the fields (A, BJ; 1”32). In partic-
ular, two A, impurities with momenta p; and py scatter according to the Hamiltonian
(3.4), and can form a bound state with dispersion relation [25]

A — J—1=2\sin*(7p). (3.15)

This saturates the BPS bound for the (4]|4) short multiplet of spin content {[2, 0], [0, 0]|[1, 1]}
under SU(2)g x SU(2), C SU(2|2). The bosonic part of this short multiplet consists
of the bound states of the pairs

AsAs, BIBY, A;BY, P (Yl )a(¥)))s (3.16)

moving with momentum p. The wave function decays exponentially as the pair is
separated along the chain. There is another (4|4) “multiplet” of asymptotic scattering
states of two (2|2)4 multiplets, of spin content {[0, 2], [0, 0]|[1, 1]}, whose bosonic part
consists of

|A2(Z91)B2(p2)T - Bz(Pl)TAz(Ib)T)a Ugﬁ|Wgz)a(Pl)(@ng)ﬁ(pﬂ) (3.17)

However, they cannot form bound states at two loop. This is easiest to see from
the scattering of a bosonic (2|2)4 impurity, say A,, with a fermionic (2|2)4 impurity
wgz. There is an exchange amplitude between A, and wgz (or By and wLQ), as in

7



the diagrams below, which allows only one bound state between them of given total
momentum p. This bound state is already included in the {[2, 0], [0, 0]|[1, 1]} multiplet,
and hence there are no fermionic bound states to pair up with potential bound states

coming from (3.17)).

Bl - Bl Bl o Bl
Bl wAl Bl Bl ¢B1 Bl
Az - Vb, B] . V,
By By By By

It is plausible that the (4|4) bound state of a pair of (2|2) 4 impurities, which we denote
by (4/|4) 4, remains a short multiplet at strong coupling.

3.3.2 (2[2)4 ® (2]2)p sector

From the earlier discussion on SU(2)4 x SU(2)p sector of the spin chain we know that
the Ay and B, impurities from (2]2) 4 and (2]2) 5 do not interact at two-loop (but this is
not necessarily the case for other pairs of impurities in (2|2) 4®(2]2)5). In particular we
have two-impurity states, with Ay of momentum p; and By of momentum p,, denoted by
| Aa(p1) Ba(p2)), which are eigenstates of the two-loop dilatation operator. By SU(2|2)
symmetry, there must be a 16-dimensional long multiplet of threshold (non-)scattering
states, of spin content {[2,0], [0,2],[0,0],[0,0]|[1,1],[1,1]}. The [2,0] part consists of
the scalar triplet

|[Aa(p1) Ba(p2)), [B3(p1)A3(p2))s | Ao(p1)Ab(p2) — Bh(p1) Ba(p2)).- (3.18)

The product representation (2]2) 4®(2|2)p also consists of the SU(2), triplet of fermion
bilinear

o)L (1) ($a,) 5(p2))

Naively one may expect this to be the [0, 2] part of the long multiplet. However, these
pairs of basic impurities are interacting at two-loop, and the corresponding states are
not eigenstates of the Hamiltonian. In particular, the exchange amplitude

o] ()L ()b Ay ) = o Ay b))

vanishes at two-loop, as the above diagram vanishes when the spinor indices «, § are
symmetrized. This effect leads to a repulsive contact (i.e. nearest neighbor) interaction
between the impurities (¢g,)](p;) and (¢A2)Tﬁ(p2) in the SU(2), triplet sector.



The resolution to this seeming puzzle is due to operator mixing, between say
a,(fﬁ)|(¢Bg)2(p1)(¢A2)Tﬁ(p2)) and |D,(p)), the state of an impurity D, A; or D, B; mov-
ing at momentum p = p; + pa. At two-loop this can be computed from the amplitude

afﬁﬁ)\~-~(¢32)L(¢A2)};“->H|"'A1Du31"'>

via the following Feynman diagrams

(8 (8
(0
(0 D, D, A,

It will turn out that we can determine the coefficients of these amplitudes simply based
on the consistency requirement that there are threshold non-scattering states of such

mixed operators.

A simple example of such mixing at zero momentum (more precisely, at momentum
p = 1) is the following protected operator obtained by acting on the vacuum chain with
supercharges,

(Qu)a(@e)sl AtBiABy---) = = > (W) h(n) () (m)

n=even, m=odd

+ ok, Z |D,A1(n)) — i€qp <Z |oaa(n)) — Z |524(n)>)

n odd n even

n even (3'19)

(Qu)s(Qus)al ABLABL -+ ) = Y |(¥,) () (¥0a,) L (m))

n=even, m=odd
+iohy > |DuBi(n)) + ieas (Z joas(n) = > |524(n)>)
n odd n odd n even
where 094 and 94 are defined as
Oy = 2%(—¢1¢1 + *py — 3 + &4054)7

(3.20)

Oy = 2%(—%@51 + 920” — 930° + ag?).

The sum of the two lines in ([BI9) gives the total derivative of the vacuum chain,
whereas the difference gives another protected operator (in both the SU(2), triplet
and singlet sector). A special case is when the length of the chain is 2, and we obtain
a component of the SU(4)g current

(Ju)1i* = Tr |A1D, By — (D, A1) By — i(¢Bz)l(pl)aﬁﬁ(wz)é(pz)] (3.21)

9



Let us now compute the operator mixing in the sector of a (¢p,)!, and a (wAQ)Tﬁ
impurity in the triplet of SU(2),, or a single impurity D,. Denote by |n,m) the state
with (¢p,)! at position 2n and (Q/JAZ)E at position 2m + 1, with the spinor indices
contracted by ¢4”. Denote by |D(n)) the state of a D,, acting on the site 2n, and by
|D'(n)) the state of D,, acting on the site 2n + 1. The two-loop dilatation operator
then acts on these states as

Hn,m) = —N(Jn—1,m) + [n+1,m) +|n,m — 1) + |n,m + 1) — 4|n, m)),

11
— _— = > —
(In=m—5l>3)

Hn,n) = -\(ln—1,n) +|n,n+ 1) — (4 — §)|n,n))
—aX(|D(n)) —|D'(n))) = c2X*(|1D'(n = 1)) — [D(n + 1)),
Hin,n—1)= - X(In+1,n—1)+|n,n—2) — (4 —0)|n,n — 1))
—aX(|D'(n = 1)) = |D(n))) = 2X*(|D(n — 1)) — [D'(n))),
H|D(n)) = —c1X*(In,n) — |n,n — 1)) — e A*(In+1,n) — [n — 1,n — 1))
—csA(|D'(n = 1)) + |[D'(n)) — 2|D(n))),
—cX*(|D(n = 1)) + [D(n +1)) = 2[D(n))),
H|D'(n)) = —c1X*(Jn + 1,n) — |n,n)) — oA} (ln+1,n 4+ 1) — [n,n — 1))
(
(

(3.22)

—sA(|D(n) +|D(n + 1)) = 2|D'(n)))
—c(|D'(n = 1)) + [D'(n+ 1)) — 2|D'(n))).

where 0, ¢, ¢, c3, ¢4 are constants that can be computed from the two-loop diagrams.
In particular, § is a potentially nonzero correction to the anomalous dimension when
(¢B,)l and (’(/)Az)g are next to each other (although it will turn out to be zero in this
case). The coefficients ¢; and ¢y are due to the mixing between adjacent fermion pair
(V)1 (¥ AQ)% and a D, on the nearest and next-to-nearest neigboring sites, respectively.
c3 is due to the mixing of a D, impurity with another D, on nearest neighboring sites,
according to the diagrams

g g =

whereas ¢4 is due to mixing of D,’s on next-to-nearest neighboring sites, from the

D
following diagrams
D D
D D D
10
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We will not compute these diagrams directly, but simply determine them from the
existence of the threshold states at general momenta below. The result is

1 1 1
—, Cg=———, c3=1, c4=—. 3.23
NG 2 /s 3 1= 3 ( )

A general state of total momentum p takes the form

) = 30 e (= i, m) 49 30 D) + g 3 DD ()

n,m

5:0, C1 =

(3.24)
Suppose |¥) is an energy eigenstate H| W) = \2E|¥). This is equivalent to the equations

2cos(mp)(f(n—1)+ f(n+1)) —4f(n)=—Ef(n), mn>2orn<-1
2 cos(mp) f(2) — 4f (1) + V2 cos(mp)(—e ™/2g + "P2¢) = —Ef(1),
2 cos(mp) f(=1) = 4f(0) + V2 cos(mp)(—e /2 + e™P2g) = —~Ef(0),

(cos(2mp) — 1)g + 2(cos(mp)g’ — g) + V2 cos(mp)(—e™P/2 f(1) 4+ e~ ™P/2 £(0)) = —Ey,

)
(cos(2mp) — 1)g’ + 2(cos(mp)g’ — g) + V2cos(mp) (=™ f(0) + e ™#2 (1)) = —Eq,
(3.25)
The threshold state is given by
i —i(n— « —ix
f(n) = 5 D% (cos(mp) —e7),  (n>1)
f(n) = ——ze 71D (cos(mp) — &), (n <0)
V2 (3.26)
s —a) ’—sin(ﬁp‘l—a)
2 ) g - 2 )
™ — ™+«
2 )

g = sin(

E = 4sin®( ) + 4sin’(

where o = 7(p; — po) is the difference between the momenta of the two v impurities.
In particular the protected operators in the triplet sector of ([B.I9) are given by the
special case p = 1, a = 0. One can also check that there are no bound states at two
loopE A priori these threshold states may not survive at higher loops, but they may
survive in the pp-wave limit as unbound (2|2)4 and (2|2) s impurities.

There is also operator mixing in the [0, 0] part of the long multiplet. For instance,
the fermion bilinear singlet

WL, (p) ¥l (p2)) = €| (V)] (1) (4, (p2)) (3.27)

2An attempt to find such bound states is to set say e'® = cos(mp) with purely imaginary « in
BZ8), but this state is growing as opposed to decaying, exponentially, in the separation between 1/12,2
and 1/11‘42.

11



can mix with four bosons, via diagrams such as the following

Bl Al
vh, A
Ya,
i By
Vg,
- Al
Bl Bl

We have seen this mixing at zero momentum already in (B.19).

4 Penrose limit of type ITA string theory on AdS, x
CP?

The 't Hooft limit of the A/ = 6 superconformal Chern-Simons-matter theory is dual
to type ITA string theory on AdSy x CP? [I]. The metric on AdS, x CP? can be written
as [27]

ds* = R? {— cosh? pdt? + dp?® + sinh? pd)2

1 1
+4dp® + 4sin” p |da® + = 1 sin® a(0? + o5 + cos® ao3) + 1 cos? ju(dy + sin? 040'3)2:| }

4.1
Here R is the radius of the AdSy, and o0y 3 3 are left-invariant 1-forms on an S3, paiam?
eterized by (6, ¢, 1),
01 = cos df + sin ¢ sin 6d ¢,
09 = sinYdf — cos 1) sin Od, (4.2)
03 = dy + cos Ode.
The range of the coordinates is 0 < p,a < 7/2,0< 0 <7,0< ¢ <2m,0< x,¢ < 4.

The Penrose limit is defined by focusing on the geodesic along x, with = 7/4, a = 0,
p = 0. To do this we can define the new variables
T U r

dt + dx/2
= — —_— = —— d+:7
y M 4+2R7 a \/§R7 T 2 )

and scale R — oo. The metric then reduces to

dx~ =R , (4.3)

dt —dx/2
p= 2%

ev] RS¥!

1
ds? = —Adxtde + du? + dj? + P2 + dr® + Z of = (u? + (%) (da*)? + Sriosda’

3 2 2
- _ i
= —ddatdr™ + du® + g dy? + g dz;dz; — (u* + E y?)(dx™) —3 ;:1 zidz; — zjdz;)dx™

i=1 j=1

(4.4)
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where 21, 2, are standard complex coordintes on the C? with radial coordinates (r, 0, ¢, 1).
To put the metric in standard pp-wave form, we make a further coordinate change

__—izt/2 > _ ixt/2, -
zj=e w;,  Zj =€ fwj, (4.5)

and the metric becomes

3 2 3 2
1
2 — 2 2 — 2 2 2 2
ds’ = —ddxtdr™ +du® + ) dy? + > dwd; — (u? + 'El vi Tt E' 1ijl )(dz™)
1= J]=

i=1 j=1
(4.6)
There are also fluxes in the AdS; x CP? background, reducing to
Fy = —dx™ Ndu,
2 (4.7)

Fy = —3dz™ Ndyy A dys A dys,

in the Penrose limit. This pp-wave solution was found in [28] (see also [29]), and
preserves 24 supersymmetries as the AdS, x CP? background does. We shall organize
the coordinates (u,y;) as (X1, X2, X3 X%, and w;, w; as (X°, X5 X7, X®). In the light
cone gauge X = 7, 'O = 0, the Green-Schwarz action for the type ITA string is
(we follow the conventions of [30]; for earlier studies of the GS string in this pp-wave
background see [31],[32])

S = 2730/ /dt /:mw do {% > ()2 = (x7)] - %Z(XZY - %i(&f

=1 i=1 j=5 (4.8)

Flrll _ ZF234:| @}

~

—i0r- [af +THy, —

| =

The bosonic excitations of the type IIA string in this pp-wave background have light
cone spectrum

1 © 2 8 0o
i : 1 n2
H= S N1 o NG 2 1
pr S RCTRE ;nzz_oo 1T (49)

In terms of the gauge theory spin chain variables, p* = J/ RQE p=n/J, R?/a/ = V2
[1], we find the dispersion relations

EW = \/14+2X(mp)2, i=1,--- 4,

. 1 (4.10)
EY = 1 2Am)? G=5 8
3To see this, note that p* = —%p_ = #6% = R%(%at — 0y). Since x ~ x + 4w, the charge

quantization is such that —i0, = J/2, and 9, = A. For the chiral primary with A = J (J is the
length of the alternating A; By chain divided by 2), we have p™ = J/R2.
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It follows from the fermion equation of motion that

(02 - 92)0 = (0, —I'"0,) (6, +T''0,) ©
— ll—\lrll + §F234 ? ()
1 1 (4.11)
5 3
_ (2 Spespn) g
(8 T3
Hence there are four fermions of mass 1, satisfying I'#I'!@ = I8 = O, and
four fermions of mass 1/2, satisfying I'*T'HO = 50 = —0. Consequently the
fermion spectrum takes the same form as the bosonic one (4.9). Note that the Green-
Schwarz action has symmetry group SU(2)"x.SU(2|2), which contains bosonic subgroup
SU(2) x SU(2)g x SU(2), x U(1)p. Here SU(2)" x SU(2)g ~ SO(4) is the rotation
group on (X° X¢ X7 X?®) whereas SU(2), rotates (X2, X3, X*). The supersymmetry
transformations of the X*’s take the form

daatt ~ O 4q,
Saats’ ~ (07)a" O, (4.12)

54a X BC ~ 680C,

where X42 stand for (X® X¢ X7 X®) in SU(2)¢ x SU(2) bispinor notation. This
is consistent with the fact that © 4, (satisfying I'*"®© = ©) have the same mass as
(u,y%), and © ;. (satisfying I8 @ = —O) have the same mass as X45. The SU(2)’
symmetry appears to be an accidental symmetry in the pp-wave limit, and reduces to
a U(1) away from the Penrose limit.

We shall note an important difference of this pp-wave limit from say the BMN
scaling of NV = 4 SYM [26]: the limit here is defined by taking \,J — oo, while
keeping \/J? fixed. This may appear surprising from perturbative gauge theory, as we
might have expected from the two-loop dispersion relation (3.5) that the BMN scaling
might be defined by A/J kept fixed. On other hand, in general the ¢-loop corrections
may contribute to the dispersion relation in the form

1£/2]
E® = )\ Z C.p S (p) (4.13)

n=1

where ¢, are generically nonzero (say for n = 1 and ¢ > 2), and hence alters the form
of the BMN scaling at strong coupling. This indeed seems to happen in N’ = 6 CSM
theory.

At classical dimension 1/2, there are 4 bosonic and 4 fermionic excitations. They
are the modes of (X4 ©5) where B is an SU(2)’ spinor index, and lie in the two short
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multiplets (2]2)4 and (2|2)p with respect to SU(2|2). Their exact dispersion relation
at general 't Hooft coupling is given by the BPS bound (812]), where the function f(\)
scales differently with A in the weak and strong coupling limits, see (8.5) and (£.10)

fO)~X Ak,

FO) ~ VA2, A> 1. (4.14)

A similar phenomenon was observed in [29]. This is in contrast with A" = 4 SYM,
where the central charge of the extended superconformal algebra of the infinite spin
chain is proportional to v/A in both the weak and strong coupling limits (although there
is no reason why this should be true at general finite 't Hooft coupling, as pointed out
in [33]).

At classical dimension 1, we have pairs of free excitations in (2|2)4 ® (22)4,
(212)p ® (2]2) B, (2]2) 4 ® (2|2) 5, as well as an additional (4|4) multiplet of spin content
{[0,2],10,0]|[1,1]} under SU(2)¢ x SU(2),, which are the modes of (y’,u, O ,). Note
that the dispersion relation of the (4]|4) multiplet is consistent with the form of the
BPS bound for (4]|4) short multiplets at generic coupling,

D= \/1 +4f(N\)Zsin?(p) (4.15)

It is plausible that this (4|4) multiplet survives as a short multiplet away from the
pp-wave limit. Naively, we may expect this multiplet to include the D, impurities.
But as we have seen at two-loop, the D, impurities mix with the (2|2)4 ® (2]2) g sector
to form threshold scattering states, and there are no bound states (at least not at two
loop). It is a puzzle to us how to describe this (4|4) multiplet perturbatively in the
gauge theory, if it exists.

In the (2[2) 4 ® (2|2) 4 (or (2|2)p ® (2]2) ) sector, at two-loop we have found bound
states that saturate the BPS bound; they may survive as short multiplets at finite
coupling, and may become free pairs of (2]2)4 (or (2]|2)p) excitations in the pp-wave
limit. In (2]2)4®(2]2)p sector, we have found an 8+8 long multiplet of threshold (non-
)scattering states at two-loop. It is unclear whether these survive at finite coupling,
and match onto the free pairs of (2|2)4 and (2|2)p excitations in the pp-wave limit.

5 Giant magnons

It is easy to find giant magnon solutions to the Nambu action in AdS x CP?, following
[33]. Corresponding to our vacuum spin chain is a string moving along a geodesic in the
CP?, with 1 = 7/4 and o = 0, parameterized by Y, in the coordinate system of (&I
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Alternatively, we can work with projective coordinates [z1, 22, 23, 24], and consider the
geodesic given by |z1| = |z3|, 20 = 24 = 0. The first type of giant magnons move on
the S? parameterized by x and u, at a = 0. In projective coordinates, this is the CP!
defined by z5 = z4 = 0. Note that this sphere preserves the SU(2)g which rotates 2,
and z4. In particular it is consistent to restrict the giant magnon solution to this S2.
The S?, or CP', has its radius equal to the AdS, radius R = \/W(Q)\)%. The giant
magnon solution takes the identical form as the one in [33], with dispersion relation

E—J=1V2) sin(%ﬂ = V2| sin(mp)| (5.1)

where the angular difference between two ends of the magnon, Ay/2, is identified with
27p (x has periodicity 47). This is consistent with (and saturates) the large A limit of
the BPS bound due to the centrally extended SU(2|2) algebra of the infinite chain.

Interestingly, there is a second class of giant magnons, which lie in an RP? ¢ CP?,
rather than the CP'. The RP?’s that contain the geodesic |z| = |z3], 20 = 24 = 0 are
defined by

zZ2 Z4
= ax,
21 — 23 21 — %3

=pz, zekR. (5.2)

|21] = [z],

This is seen more explicitly in rotated coordinates (21, 22, Z3, 24) = (Zl\gf" , 22, i“\;’gS ,24),

where the original geodesic is Z3/2; € R, Z; = Z; = 0, and the defining equation of the
RP? becomes

? € R, 2 _ awx, ? =fBz, xz€R. (5.3)

21 21 21

where o and /3 are complex constants, and we have a family of RP?’s parameterized by
(v, 3), which transform as a doublet under SU(2)¢. In particular, a given RP? lies in a
CP? c CP? which is fixed by a U(1) symmetry, and it is the fixed locus of an involution
of the CP?. It is therefore consistent to restrict the giant magnon solution to this RP?.
We can describe the RP? as the quotient of an auxiliary sphere S2 by the antipodal
map. Note however that this 52 has radius 2R. Hence the giant magnon solutions that
move along the geodesic, which is half the equator of 52 (with ends identified by the
antipodal map), has dispersion relation

E—J=2V2)\ sin(%ﬂ (5.4)

where ¢ is the angular variable on the equator of 52, ranging from 0 to 27, and Ay is
the difference between the two ends of the giant magnon. On the RP?, however, ¢ is
identified with periodicity 7, and it is natural to propose the identification with spin
chain momentum Ay = 7p. So we obtain the dispersion relation

E —J = 2V2\|sin(mp/2)] (5.5)
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Note that with given 0 < p < 1, there is another giant magnon with Ay = 7(1 — p)
with the same ends as the one with Ay = 7p, and has dispersion relation £ — J =
2v/2)| cos(mp/2)|. The minimal energy configuration carrying momentum p should
then be

E — J = 2v2 min{|sin(rp/2)|, | cos(mp/2)|} (5.6)

Note that this obeys the large A limit of the BPS bound (B12]), but does not saturate
it.

Naively, based on the transformation under SU(2)q, one may want to identify the
first type of giant magnons with the (4]|4) multiplet in the pp-wave limit, since it
involves excitations in the u-direction (see (L)), and to identify the second type of
giant magnons with the (2|2) multiplets. However, the second type of giant magnons
does not saturate the BPS bound of the SU(2|2) algebra, and should correspond to
long multiplets. A potential resolution to this puzzle is that there are fermion zero
modes of the giant magnons, which carry additional representations of the SU(2)q. It
is therefore not clear to us how to identify these giant magnons with the excitations in
the pp-wave limit or in perturbative gauge theory.
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