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1 Introduction

Integrable open spin chains with boundaries have been widely studied in a variety of con-
texts, see e.g. [1-8] and references therein. Sklyanin [3] provided a general recipe for con-
structing such models, based on solutions of the bulk [9] and boundary [10, 11] Yang-Baxter
equations (YBEs), to which we refer here as R-matrices and K-matrices, respectively.

It was recently noticed, in the context of the Agl) R-matrix (corresponding to a spin
chain of XXZ-type) and a trivial K-matrix, that Sklyanin’s construction can be further gen-
eralized by introducing [12] a boundary inhomogeneity in the transfer matrix, as in (2.15)
below.! The corresponding Hamiltonian is generally not expected to be local; however, by
virtue of also having suitable staggered bulk inhomogeneities, the resulting Hamiltonian is
in fact local. This model has some further remarkable features, including quantum group
(QG) symmetry [13], a novel Bethe ansatz solution, and a continuum limit described by a
non-compact CFT [14], see also [15-21] for the corresponding closed chain.

The goal of the present paper is to explore such models with boundary inhomogeneities
more broadly, particularly by considering higher-rank R-matrices, as well as non-trivial
K-matrices. For concreteness, we focus here on the infinite family of Agi) R-matrices;
however, we expect that similar results hold for other trigonometric R-matrices [22-24]
with crossing symmetry (including Agi)_l ,BT(LU , y(Ll) ,Dg) 7D7(12421)- By introducing suitable
staggered bulk inhomogeneities, we find that the key features of locality of the Hamiltonian
and QG symmetry appearing at rank one can still be maintained, and again find novel Bethe
ansatz solutions.

The outline of this paper is as follows. In section 2 we define the model by construct-

ing its transfer matrix, and we see explicitly that its Hamiltonian is local. We briefly

LThis was actually a side result of [12], which was primarily devoted to solving DéQ) models.



discuss the model’s QG symmetry in section 3, and we present its Bethe ansatz solution
in section 4. We conclude in section 5 with a brief summary and a list of some interesting

remaining questions.

2 The model

We begin with a brief review in section 2.1 of the basic ingredients that are used in sec-
tion 2.2 to construct the transfer matrix. We derive the corresponding Hamiltonian in
section 2.3.

2.1 Basic ingredients

As already noted, the model is constructed from solutions R(u) of the bulk YBE [9]
Ria(u —v) Ri3(u) Reg(v) = Ra3(v) Ris(u) Ria(u — v), (2.1)
and solutions K ®(u) of the corresponding boundary YBE [10, 11]
Rua(u — ) K{*(u) Ro1 (u + v) K3'(v) = K3'(v) Ria(u+v) K{'(u) R (u—v),  (22)

where the notations follow those in [25, 26]. For concreteness, we take R(u) to be the
AgQ) R-matrices (n = 1,2,...) [22-24], which for n = 1 was obtained by Izergin and

n
Korepin [27]; we use the specific form of these R-matrices given in appendix A of [25],

with anisotropy parameter 7. These R-matrices have the following additional important
properties: periodicity
R(u+ 2im) = R(u); (2.3)

unitarity

u

Ri2(u) Ror(—u)=&(u)é(—u)Ix1, §(u):251nh(g—2n)cosh(2 (2n+1)n); (2.4)

regularity

R(0) =¢(0)P, (2.5)
where P is the permutation matrix; PT symmetry
Ro1(u) = P1a Ria(u) Pz = R1Y?(u); (2.6)
and crossing symmetry
Riz(u) = Vi R(—u—p) Vi = Va? Riy(—u—p) Va?,  p=-=22n+1)np—ir, (2.7)

where the matrix V' is given by

2n+1
V= Z e(o‘_o‘/)”ea,a/, o =2n+2—-a, a=1,...,2n+1, (2.8)
a=1



and

ats; 1<a<n+1
a=<{ « a=n-+1 . (2.9)
a—5 nt+l<a<2n+l1

We take the right K-matrices to be the diagonal matrices [28-30]

v4+1 v4+1
KR(u):diag 67“,...,67“,76 + ,...,76 + et et ], (2.10)
v+ e ytet ———
P 2n+1-2p P
N= o e@PEnse 01, oy = £, (2.11)

which for n = 1 was obtained in [31]. We emphasize that these K-matrices depend on two
boundary parameters p and 7, which can take the set of discrete values noted in (2.11).
Moreover, for the left K-matrices, we take [25, 31]

Kfu) =K (~u—-p)M, M=V'V, (2.12)

which corresponds to imposing the “same” boundary conditions on the two ends.
For later reference, we note here the useful identity [32]

tro Ké;(u) Ro1 (2u) Po1 = f(u) Vi Kﬁ(u) 1% (2.13)
with
2 2 4

x sinh (u — (4n + 2) n)

1 ) 1 }
f(u) = —4sinh (; ~3 (2n—1)n— 70”) sinh (u —=(2n+3)n —i—’yom)
1
- (2.14)
2

2.2 Transfer matrix

We consider the following open-chain transfer matrix for a spin chain of length N [12]
s {01}, o) = tro { K (u) To(us {60) K () Tou + o (6)} . (2.15)

whose key difference with respect to the transfer matrix in [3] is the shift by ug in the
argument of f, which can be regarded as a boundary inhomogeneity. We shall see that
this seemingly minor change in the transfer matrix in fact has a profound impact on the
model. The monodromy matrices are given as usual by

To(u; {91}) = RQN('LL — HN) . R01(u — 01) s
To(u; {6;}) = Rio(u+61) ... Ryo(u+0y), (2.16)

where {6;} are bulk inhomogeneities. The right K-matrix K (u) in (2.15) satisfies a gen-
eralized boundary YBE

Rio(u—v) K (u) Roy (u+v4ug) K& (v) = KE() Ria(u+v+ug) KE(u) Roy(u—v), (2.17)



which, compared with (2.2), has a shift by uy in the R-matrix whose argument has the
sum of rapidities. The generalized boundary YBE (2.17) can be mapped to the standard
one (2.2) by performing the shifts v — u — up/2 and v — v — up/2, and identifying
KP(u —up/2) = K®(u). Hence, we set

EBR(u) = KR <u + “20> : (2.18)
with K% (u) given by (2.10). Setting [12]
KEu) = K (—u—p—up) M, (2.19)
the transfer matrix (2.15) can be shown to satisfy the commutativity property

[t(u; {0i}, wo) , t(v; {61}, u0)] = 0, (2.20)

which is the hallmark of quantum integrability.
In terms of the K-matrices, the identity (2.13) reads

Uo

tro K¢ (u) Ro1(2u + ug) Por = f (U t5

) Vi K (u) vy, (2.21)
where f(u) is given by (2.14).

An important observation is that the presence of a boundary inhomogeneity affects
the crossing relation of the transfer matrix. Indeed, the crossing relation now becomes

t(—u—p—wuo; {0}, wo) =t (u; {0}, uo) , (2.22)

i.e. there is an additional ug-dependent shift.

For generic values of boundary and bulk inhomogeneities, the transfer matrix (2.15)
does not generate a local Hamiltonian (i.e., whose range of interactions is independent
of N). Following [12], we henceforth set these inhomogeneities to

) —im  for [ = odd
ug = 1m, 91 = . (2.23)
0 for | = even

Note that the boundary inhomogeneity wug is the half-period of the R-matrix (2.3), and
the bulk inhomogeneities are staggered.? The same transfer matrix but with no bulk or
boundary inhomogeneities (ug = 6; = 0), to which we refer as the “homogeneous case”,
was investigated in [25, 26].

To summarize, we consider the transfer matrix (2.15) with inhomogeneity values
given by (2.23); it depends on the discrete parameters N € {1,2,...}, n € {1,2,...},
p€{0,1,...,n} and v € {—1,+41}, as well as the continuous parameters u and 7.

2Staggered models date back at least to [33].



2.3 Hamiltonian
We define the N-site Hamiltonian by?

MY = Diog (t(w)]| = 17(0) (u)

- (2.24)

u=0 '

Note that this is the usual recipe for a closed-chain, rather than an open-chain, Hamiltonian.
(For an open chain, usually ¢(0) o I [3], hence the definition (2.24) reduces to #'(0).
However, here ¢(0) is not proportional to I, thus these two definitions are not equivalent;
and the latter definition does not yield a local Hamiltonian.) Using (2.21) and the identity

1) tlim) = ¥ 0) V2 £ (7)) 7 (55) 1, (225)

we obtain, after a long calculation, the following Hamiltonian for even values of N > 2

1
£(0) ¢4(im)
+ 5(10) Vi KR (im) Viy by 1.5 Vi KR(0) Vy
+ 5(0);2(27_‘_) RN—I,N—Q h’N—Q,N RN—Q,N—l

1 N-3
i £(0) €2(im) > Rivagerhjee Rigeo

F(N=even) _ KE(im) Rsy Rgy hig Ris Ras KTH(0)

£(0)25(im) Rjts 12 Rjy15 Rjts,j hjjr2 Rjj+3 Rjj+1 Rjyaj+3

Z Rjv3 g2 Rjv1j hjjes Riji1 Rjvo 43
4

(i) Kﬁ’( 0) + Vv KR (im) K (0) Viy

?W) (2.26)

where we have introduced the following short-hand notations

hij = Pij R};(0), hij = Ryi(im) Ry (i), Rij = R;;(im), (2.27)

and a prime denotes differentiation with respect to the spectral parameter u. Note that
the range of interactions in this Hamiltonian does not exceed 4 sites. For the case N = 2,

3We henceforth suppress displaying the dependence of the transfer matrix on the inhomogeneities, which
are given by (2.23).



we obtain

_ 1 g . L kR $
HO=2) o K)o KE0) 4 g Vo K (im) Vo Va RE(0) o

/(i
+ K (im) KF (0) + Vo K£(im) K& (0) Vi + J;((?T )) T (2.28)
2
A similar computation for odd values of N > 1 gives
1 _ _
HWN=0dD) = —— K(ir) Rsp Rs1 hia Rz Raz K140
5(0) 64(27") 1 ( ) 1 ( )
1 _ _
VN KR(0) Vi Ry N1 hnN—1 Rv—1.8 Viv KR (im) V
+ g0 eim) N(O) VN By N-1hnN-1 Rn-1,8 VN Ky (iT) VN
1 N-2

> Rjto i1 hjjro Riv1 o

£0)e2m) 43

1 =
T E0) e (im) j:; Rjss 2 Rjv1j Bjsj hyjro Byjes Rjjia Rjt2j+3
3

_l’_

N—
! h
PSYEIRY JJ+1
&2 (im) j=24,...
I - >
+ £10im) K{H(im) Rsz hus Ras K{'(0)
1 N-3 _
i) > RitsgraRivihjjes Rjja Riajes
j=24,...

+ K (im) KF(0) + Vy K& (im) K (0) Vi

1(im
S (ZET ). (2.29)
()
The range of interactions again does not exceed 4 sites. We conclude that the Hamiltonian

is local.

3 Quantum group symmetry

The transfer matrix (2.15) with inhomogeneities (2.23) has the QG symmetry Uy (Bn—p) ®

U,(Cp), corresponding to removing the p* node from the Aéi) Dynkin diagram, as follows

from arguments similar to those for the homogeneous case [25].% The “left” algebra B,y

4The gauge transformations for the K-matrices are now given by

RR(Uap):B (U‘F%,p) RR(uyp)B (u+%ap> ) I?L (U,p):B (7,“‘7%717) RL (U,p) B (7’“7%51)) )

where B(u,p) is given by eq. (3.3) in [25].



(with p=0,1,...,n — 1) has generators
H (D) = eptjpts — Conta—pjontz—p i

;r(l (P) = eptjptit1 T €2nt1-p—j2n+2—p—j

B O(p) = (Ej“)(p))t, j=1,....n—p, (3.1)

and the “right” algebra C), (with p =1,2,...,n) has generators

")y —
Hji ' (p) = —€prijpri—j + €ni1prjonilpij

EH (p) = €p—jptl—j + €2nt1-ptjont2—pt; for1<j<p-—1
V2emi1,1 for j =p ’

B V0 = (B ") =10, (3:2)

where e;; are the elementary (2n+ 1) x (2n + 1) matrices with elements (e;j)as = 0i,a0; 3-
The coproducts for the “left” generators are given by

AHD) =V @1+10HD,  j=1,...,np,

AEED) =V ge (ptim) B —nH ), |~ (vim) H 4t o ol
ABL) = Bl @il 4 = trtimi, g p(), (33)

and the coproducts for the “right” generators are given by

A(HJ(T)) = H§T)®H+H®H§T) s J=L..p,

AEED) = BEO g lrHmH =nH D, | ~(rrm B i) g gk ),

A(BEM) = B0 @2y _ c=2H” @ g () (3.4)

These expressions for the coproducts are the same as in [25] (where many further details
can also be found), except for the relative minus sign in A(EfoIE (r)) (3.4).

Due to the relative minus sign in A(E;t (r)) (3.4), this coproduct does not obey the
standard co-associativity property. Indeed,

I A)AEFD) =12 A) <E;t (") o o21Hy" _ —2mH) o B (r))
= EE () @ 2AUH) _ =2l o A(pE M)
= A(E;E (r)) ® 62’7H§T) n e_gnA(HIgﬁ) % E;E (r)
# (M@ DAE, "), (3.5)

which suggests that there is instead an underlying quasi-Hopf algebra structure [13, 34].
We define the higher coproducts for E;E ™) recursively by

AN(EEM) = (T A)Ayn_1(EEF™)
_ E;t (r) ® eQ’WANfl(Hng)) _ e_QWHI(’T) (%9) AN_l(E;: (7”))’ N > 2, (36)



where Ay = A.

The N-fold coproducts of the “left” and “right” generators commute with the transfer
matrix (2.15), (2.23)

[An(H) tw)] = [An(ET D) Hw)]| =0, j=1,...n—p, p=0,...,n-1,
[AnED) 1] = [An(EF ) Hw)] =0, j=1,...p,  p=1...n, (37
for both values 79 = 1. At least for real values of the anisotropy parameter 7, the rich

degeneracies in the spectrum of the transfer matrix are completely accounted for by its QG
symmetry, as in the homogeneous case [25].

4 Analytical Bethe ansatz

The eigenvalues of the transfer matrix (2.15), (2.23) can be determined by analytical Bethe
ansatz [35] similarly to the homogeneous case [26]; however, there are some surprises.
Indeed, let ]A(ml""’m")> be simultaneous eigenvectors of the transfer matrix and Cartan

generators
t(u) |A(m1,...,mn)> — A(m1,...,mn)( ) |A(m1"“’m”)>,
An(HP (p)) [A0mmn)y = g0 [ACm1emndy =1,
An(H (p)) [ACm1mady = p{) [AGmeema)y =1 p (4.1)

We propose that the eigenvalues of the transfer matrix for general values of n, p and
~o are given by the following TQ-equation

A () = (u, ) {A(U) 20(u) yo(u,p) [~ sinh(u—d4n) sinh (u—2(2n+1)n)] ¥
(w) Z0(u) gio (u, p) [~ sinh(w) sinh(u—2(2n— 1))

21(u) (1, p) By () + 21 () (. p) By ()]

_.I_
—_—N— :hz
o

+w(u) yn(u,p) Bn(u)} [— sinh () sinh (u—2(2n41)7)]" } (4.2)

The overall factor ¢(u,p) is given by

we“yfﬂ +1 76_“_”_% +1
¢(u’p) = et i u—p—iz ) (43)
yt+e 2 vte 2

where 7 is defined in (2.11). The tilde denotes crossing e.g. A(u) = A(—u — p — in), in



view of the crossing relation (2.22). The functions A(u) and Bj(u) are defined as

QU (u + 29)
AW = Q=20
_ Qu— 20+ 2m) QI — 20— 1)
R O T e [ T R
_ QU= 2(n +2)0) Q" — 2n ~ g +im)
Bulu) = QMl(u—2nn)  QM(u—2(n+1)n+in)’ (4.4)

where the functions QU (u) are given by
1
Q[l] H sinh ( (u — uH>> cosh (2 (u =+ ué”)) ) Q[l](—u) = Q[l](u + i),
l=1,...,n, (4.5)

whose zeros {uy]} remain to be determined. The functions z;(u) and w(u) are given by

cosh(u) cosh(u — 2(2n + 1)n) sinh(u — (2n — 1)n)

a(u) = cosh(u — 2In) cosh(u — 2(I + 1)n) sinh(u — (2n + 1)n) ’
cosh(u) cosh(u — 2(2n + 1)n)
— 4.6
w(u) cosh(u — 2nn) cosh(u — 2(n + 1)n)’ (4.6)
and the functions y;(u, p) are given by
F(u) for 0<I<p-1
G(u) for p<i<n

cosh (l(u —2n—-1)n+ iws)) cosh (%
G(u) = 1
cosh ( (u—(2n—4p—1)n+ ”75)) cosh (i

(u—(2n+3)n+ z'm—:))
(u— (2n +4p + 3)n + z’m:)) ,

B sinh ( (u+ (2n —4p — 1)n + zws)) ’
Flu) =~ ( cosh ( (u—(2n—1)n+ me)) ) Gl (45)

with

_ %(1 — o) € {0,1}. (4.9)

The Bethe equations for the zeros {ug]} of the Q-functions, which we determine by requiring

that the transfer-matrix eigenvalues (4.2) have vanishing residues at the poles u = ug} +2In,
are given by

sinh (ug} —1—277) N
Linh (ug} — 27])

Dl @il

QT (o= an) QP (uf 429

1 pn(uf)) = omi, (4.10)




QU= (u~27) QY (ll+4n) QU+ (! —21)
[y —
) = O () QB (=) G () ™
1=2,...,n—1, (4.11)
by L 2) QO () @ (uf ki)
QU1 (v 29) QI (=) QY (u 29+
(4.12)

where QU (u) is given by (4.5), and Q%] (u) is defined by a similar product with the k"
term omitted

my

Qm( )= H sinh (;(u — uy])) cosh (;(u + um)) . (4.13)

J=1j#k

Finally, the important factor ®;,,(u) appearing in the Bethe equations is given by

G(u+2
By (1) = yi(u+2ln,p) Tany forl=p
” Yi-1(u + 2In,p) 1 forl#p
. 1 . 2
sinh (7(u — 01pl(2n — 2p — 1)n + imd, 0])) (4.14)
| sinh ( (u+61p[(2n —2p — 1)n + imd, 1})) , ‘
where ¢ is defined in (4.9). Note that ®;,, ,(u) is different from 1 only if [ =p
The energy is given, in view of (2.24) and (4.2), by
E = i log (A(ml,,mn)(u)) '
du u=0
i inh(4 N sinh(2(2 3
T 0 L) 0 - —— ( (2n + 3)n) +c,  (415)
j=1sinh(u; " + 2n) sinh(u;" — 2n) sinh(4n) sinh(2(2n + 1)n)
where p
co = —-log[(u,p) zo(u) yo(u. p)]| _ - (4.16)

As in the homogeneous case [26], the Dynkin labels [agl), ce ff) »

tions of the “left” algebra B,_, (with p=0,1,...,n — 1) are given by

] of the representa-

l .
ag):mp—i-zl 2Mmpyi + Mptivt, i=1,...,n—p—1.
anl)_p =2mp—1 — 2m,,, (4.17)
where mg = N. Similarly, the Dynkin labels [aY), . ,aj(pr)] of the representations of the
“right” algebra C), (with p =1,2,...,n) are given by

al"” = mi_y — 2m; ; =1 -1

i i—1 mi + Miq1, 1 IRy 4 ;
az(f) =Mp—1 —My. (4.18)

~10 -



Given the cardinalities of the Bethe roots of each type (namely, my,...,m,) for an eigen-
value A(™1mn) (y) | eqs. (4.17)-(4.18) determine the Dynkin labels of the corresponding
“left” and “right” representations, from which one can deduce (e.g., using LieART [36])
their dimensions, and therefore the eigenvalue’s degeneracy.

We have numerically verified the completeness of this Bethe ansatz solution for small
values of n and N, namely, n = 1,2 with N = 1,2,3, and n = 3 with N = 1,2, for
all p = 0,1,...,n and 7 = =£1, for some generic value of the anisotropy 7, along the
lines in [32].

We emphasize that in the homogeneous case [26], the Q-functions are given by
() = TT sinh (X 1YY s (L my)
Q" (u) = Hsm i(u—uj) sin §(u+uj) ;
j=1

but in the presence of the boundary inhomogeneity (2.23), the Q-functions are instead
given by (4.5), with a cosh instead of sinh in the second factor. Consequently, it is not just
the “left-hand-side”, but also the “right-hand-side” of the Bethe equations (4.10)-(4.12)
that is affected by the boundary inhomogeneity, contrary to the conventional wisdom that
the boundary affects only the former. Note also that, contrary to what usually happens for
open spin chains, the power appearing in the left-hand-side of the first Bethe equation (4.10)
is IV instead of 2NV.

5 Conclusions

We have seen that an integrable open quantum spin chain with a boundary inhomogene-
ity (2.15) can have a local Hamiltonian (2.26)—(2.29), as well as QG symmetry (3.7) that
accounts for rich degeneracies in the spectrum. The presence of a boundary inhomogeneity
affects the crossing relation (2.22), and has a profound effect on the Bethe ansatz solution,
most notably on the Q-functions (4.5).

We have focused here on a boundary inhomogeneity whose value is half the period of
the R-matrix, and with corresponding staggered bulk inhomogeneities (2.23). It may be
interesting to consider other choices of boundary and bulk inhomogeneities, especially if
they give rise to local Hamiltonians. Although we have also focused here on the infinite
family of models constructed with Agl) R-matrices, we expect that similar results hold for
other models with crossing symmetry, such as those considered in [25, 26]. In the simpler
Agl) case [12], the Hamiltonian can be formulated in a beautiful compact form [14] in
terms of Temperley-Lieb (TL) operators [37]. It would be interesting if the Hamiltonians
obtained here (2.26)—(2.29) could be reformulated in a similar way in terms of some sort
of generalized TL operators, at least for the “extremal” cases p = 0,n, where the QG
symmetry is Uy(By), Uy(Cy), respectively. The continuum limit of the Agl) model [12] is
described [14] by a non-compact CFT; it would be very interesting if a similar phenomenon

occurs for the higher-rank models introduced here.

- 11 -



Acknowledgments

We thank Marius de Leeuw for his help with numerical checks of the Hamiltonian, and
Azat Gainutdinov for helpful correspondence. A.L.R. is supported by SFI and the EPSRC
No. 18/EPSRC/3590.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] M. Gaudin, Boundary Energy of a Bose Gas in One Dimension, Phys. Rev. A 4 (1971) 386
[INSPIRE].

[2] F.C. Alcaraz, M.N. Barber, M.T. Batchelor, R.J. Baxter and G.R.W. Quispel, Surface
Ezxponents of the Quantum XXZ, Ashkin-Teller and Potts Models, J. Phys. A 20 (1987) 6397
[INSPIRE].

[3] E.K. Sklyanin, Boundary Conditions for Integrable Quantum Systems, J. Phys. A 21 (1988)
2375 [INSPIRE].

[4] V. Pasquier and H. Saleur, Common Structures Between Finite Systems and Conformal
Field Theories Through Quantum Groups, Nucl. Phys. B 330 (1990) 523 [INSPIRE].

[5] S. Sandow, Partially asymmetric exclusion process with open boundaries, Phys. Rev. E 50
(1994) 2660 [cond-mat/9405073].

[6] N. Kitanine, K.K. Kozlowski, J.M. Maillet, G. Niccoli, N.A. Slavnov and V. Terras,
Correlation functions of the open XXZ chain I, J. Stat. Mech. 0710 (2007) P10009
[arXiv:0707.1995] [INSPIRE].

[7] K. Zoubos, Review of AdS/CFT Integrability, Chapter IV.2: Deformations, Orbifolds and
Open Boundaries, Lett. Math. Phys. 99 (2012) 375 [arXiv:1012.3998] [INSPIRE].

[8] Y. Wang, W.-L. Yang, J. Cao and K. Shi, Off-Diagonal Bethe Ansatz for Ezactly Solvable
Models, Springer (2015) [DOI].

[9] M. Jimbo, Introduction to the Yang-Baxter Equation, Int. J. Mod. Phys. A 4 (1989) 3759
[INSPIRE].

[10] 1.V. Cherednik, Factorizing Particles on a Half Line and Root Systems, Theor. Math. Phys.
61 (1984) 977 [INSPIRE].

[11] S. Ghoshal and A.B. Zamolodchikov, Boundary S matriz and boundary state in
two-dimensional integrable quantum field theory, Int. J. Mod. Phys. A 9 (1994) 3841
[Erratum ibid. 9 (1994) 4353] [hep-th/9306002] [INSPIRE].

[12] R.I. Nepomechie and A.L. Retore, Factorization identities and algebraic Bethe ansatz for
DS models, JHEP 03 (2021) 089 [arXiv:2012.08367] [nSPIRE].

[13] V. Chari and A. Pressley, A guide to quantum groups, Cambridge University Press (1994).

[14] N.F. Robertson, J.L. Jacobsen and H. Saleur, Lattice reqularisation of a non-compact
boundary conformal field theory, JHEP 02 (2021) 180 [arXiv:2012.07757] INSPIRE].

- 12 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevA.4.386
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CA4%2C386%22
https://doi.org/10.1088/0305-4470/20/18/038
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA20%2C6397%22
https://doi.org/10.1088/0305-4470/21/10/015
https://doi.org/10.1088/0305-4470/21/10/015
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA21%2C2375%22
https://doi.org/10.1016/0550-3213(90)90122-T
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB330%2C523%22
https://doi.org/10.1103/PhysRevE.50.2660
https://doi.org/10.1103/PhysRevE.50.2660
https://arxiv.org/abs/cond-mat/9405073
https://doi.org/10.1088/1742-5468/2007/10/P10009
https://arxiv.org/abs/0707.1995
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0707.1995
https://doi.org/10.1007/s11005-011-0515-8
https://arxiv.org/abs/1012.3998
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1012.3998
https://doi.org/10.1007/978-3-662-46756-5
https://doi.org/10.1142/S0217751X89001503
https://inspirehep.net/search?p=find+J%20%22Int.J.Mod.Phys.%2CA4%2C3759%22
https://doi.org/10.1007/BF01038545
https://doi.org/10.1007/BF01038545
https://inspirehep.net/search?p=find+J%20%22Theor.Math.Phys.%2C61%2C977%22
https://doi.org/10.1142/S0217751X94001552
https://arxiv.org/abs/hep-th/9306002
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9306002
https://doi.org/10.1007/JHEP03(2021)089
https://arxiv.org/abs/2012.08367
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.08367
https://doi.org/10.1007/JHEP02(2021)180
https://arxiv.org/abs/2012.07757
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.07757

[15] J.L. Jacobsen and H. Saleur, The Antiferromagnetic transition for the square-lattice Potts
model, Nucl. Phys. B 743 (2006) 207 [cond-mat/0512058] [INSPIRE].

[16] Y. Ikhlef, J. Jacobsen and H. Saleur, A staggered siz-vertex model with non-compact
continuum limit, Nucl. Phys. B 789 (2008) 483 [cond-mat/0612037].

[17] Y. Ikhlef, J.L. Jacobsen and H. Saleur, An Integrable spin chain for the SL(2,R)/U(1) black
hole sigma model, Phys. Rev. Lett. 108 (2012) 081601 [arXiv:1109.1119] [INSPIRE].

[18] C. Candu and Y. Ikhlef, Nonlinear integral equations for the SL(2,R)/U(1) black hole sigma
model, J. Phys. A 46 (2013) 415401 [arXiv:1306.2646] INSPIRE].

[19] H. Frahm and A. Seel, The Staggered Siz-Vertex Model: Conformal Invariance and
Corrections to Scaling, Nucl. Phys. B 879 (2014) 382 [arXiv:1311.6911] INSPIRE].

[20] V.V. Bazhanov, G.A. Kotousov, S.M. Koval and S.L. Lukyanov, On the scaling behaviour of
the alternating spin chain, JHEP 08 (2019) 087 [arXiv:1903.05033] [INSPIRE].

[21] V.V. Bazhanov, G.A. Kotousov, S.M. Koval and S.L. Lukyanov, Scaling limit of the Z,
invariant inhomogeneous siz-vertex model, Nucl. Phys. B 965 (2021) 115337
[arXiv:2010.10613] [INSPIRE].

[22] V.V. Bazhanov, Trigonometric Solution of Triangle Equations and Classical Lie Algebras,
Phys. Lett. B 159 (1985) 321 [INSPIRE].

[23] V.V. Bazhanov, Integrable Quantum Systems and Classical Lie Algebras (in Russian),
Commun. Math. Phys. 113 (1987) 471 [INSPIRE].

[24] M. Jimbo, Quantum r Matriz for the Generalized Toda System, Commun. Math. Phys. 102
(1986) 537 [INSPIRE].

[25] R.I. Nepomechie and A.L. Retore, Surveying the quantum group symmetries of integrable
open spin chains, Nucl. Phys. B 930 (2018) 91 [arXiv:1802.04864| INSPIRE].

[26] R.I. Nepomechie and A.L. Retore, The spectrum of quantum-group-invariant transfer
matrices, Nucl. Phys. B 938 (2019) 266 [arXiv:1810.09048] [INSPIRE].

[27] A.G. Izergin and V.E. Korepin, The inverse scattering method approach to the quantum
Shabat-Mikhailov model, Commun. Math. Phys. 79 (1981) 303 [INSPIRE].

[28] M.T. Batchelor, V. Fridkin, A. Kuniba and Y.K. Zhou, Solutions of the reflection equation
for face and vertex models associated with AS}’, 53), Cr(bl), D,(}) and A%Q), Phys. Lett. B 376
(1996) 266 [hep-th/9601051] INSPIRE].

[29] A. Lima-Santos, B and Agi) reflection K matrices, Nucl. Phys. B 654 (2003) 466
[n1in/0210046).

[30] R. Malara and A. Lima-Santos, On AW B,(zl), C,(ll), DS), AP Agi)_l and DS-;)J reflection

n—1s 2n ’

K-matrices, J. Stat. Mech. 0609 (2006) P09013 [n1in/0412058].

[31] L. Mezincescu and R.I. Nepomechie, Integrability of open spin chains with quantum algebra
symmetry, Int. J. Mod. Phys. A 6 (1991) 5231 [Addendum ibid. 7 (1992) 5657]
[hep-th/9206047] [INSPIRE].

[32] I. Ahmed, R.I. Nepomechie and C. Wang, Quantum group symmetries and completeness for
A(Qi) open spin chains, J. Phys. A 50 (2017) 284002 [arXiv:1702.01482] [INSPIRE].

[33] R.J. Baxter, Critical antiferromagnetic square-lattice potts model, Proc. Roy. Soc. Lond. A
383 (1982) 43.

~13 -


https://doi.org/10.1016/j.nuclphysb.2006.02.041
https://arxiv.org/abs/cond-mat/0512058
https://inspirehep.net/search?p=find+EPRINT%2Bcond-mat%2F0512058
https://doi.org/10.1016/j.nuclphysb.2007.07.004
https://arxiv.org/abs/cond-mat/0612037
https://doi.org/10.1103/PhysRevLett.108.081601
https://arxiv.org/abs/1109.1119
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1109.1119
https://doi.org/10.1088/1751-8113/46/41/415401
https://arxiv.org/abs/1306.2646
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1306.2646
https://doi.org/10.1016/j.nuclphysb.2013.12.015
https://arxiv.org/abs/1311.6911
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1311.6911
https://doi.org/10.1007/JHEP08(2019)087
https://arxiv.org/abs/1903.05033
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.05033
https://doi.org/10.1016/j.nuclphysb.2021.115337
https://arxiv.org/abs/2010.10613
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2010.10613
https://doi.org/10.1016/0370-2693(85)90259-X
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB159%2C321%22
https://doi.org/10.1007/BF01221256
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C113%2C471%22
https://doi.org/10.1007/BF01221646
https://doi.org/10.1007/BF01221646
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C102%2C537%22
https://doi.org/10.1016/j.nuclphysb.2018.02.023
https://arxiv.org/abs/1802.04864
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1802.04864
https://doi.org/10.1016/j.nuclphysb.2018.11.017
https://arxiv.org/abs/1810.09048
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.09048
https://doi.org/10.1007/BF01208496
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C79%2C303%22
https://doi.org/10.1016/0370-2693(96)00319-X
https://doi.org/10.1016/0370-2693(96)00319-X
https://arxiv.org/abs/hep-th/9601051
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9601051
https://doi.org/10.1016/S0550-3213(03)00042-7
https://arxiv.org/abs/nlin/0210046
https://doi.org/10.1088/1742-5468/2006/09/P09013
https://arxiv.org/abs/nlin/0412058
https://doi.org/10.1142/S0217751X9200257X
https://arxiv.org/abs/hep-th/9206047
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9206047
https://doi.org/10.1088/1751-8121/aa7606
https://arxiv.org/abs/1702.01482
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1702.01482
https://doi.org/10.1098/rspa.1982.0119
https://doi.org/10.1098/rspa.1982.0119

[34] A.M. Gainutdinov, R.I. Nepomechie and A.L. Retore, Quasi quantum group symmetry in
integrable spin chains, in preparation.

[35] N.Y. Reshetikhin, The spectrum of the transfer matrices connected with kac-moody algebras,
Lett. Math. Phys. 14 (1987) 235.

[36] R. Feger, T.W. Kephart and R.J. Saskowski, LieART 2.0 — A Mathematica application for
Lie Algebras and Representation Theory, Comput. Phys. Commun. 257 (2020) 107490
[arXiv:1912.10969] [INSPIRE].

[37] H. Temperley and E. Lieb, Relations between the ‘percolation’ and ‘colouring’ problem and
other graph-theoretical problems associated with reqular planar lattices: some exact results for
the ‘percolation’ problem, Proc. Roy. Soc. Lond. A A 322 (1971) 251.

— 14 —


https://doi.org/10.1007/bf00416853
https://doi.org/10.1016/j.cpc.2020.107490
https://arxiv.org/abs/1912.10969
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.10969
https://doi.org/10.1098/rspa.1971.0067

	Introduction
	The model
	Basic ingredients
	Transfer matrix
	Hamiltonian

	Quantum group symmetry
	Analytical Bethe ansatz
	Conclusions

