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Zemach and Glauber’s approximation for the nuclear spin correlation effect on the slow
neutron scattering by polyatomic gas is studied carefully with particular reference to methane.
It is shown that the partial differential incoherent scattering cross section based on the
above approximation deviates appreciably from the exact one at low temperature. It is
pointed out that the mentioned deviation comes principally from an incorrect treatment of
the transition amplitude connected with F.states of methane with failure of the condition
of detailed balance. ' ’

§1. Introduction

Following the correlation function formalism by Zemach and Glauber (ZG),”
many theoretical studies have been done on the scattering of slow neutrons by
gas composed of polyatomic molecules.” Among them several approximate
theories treated the rotational transitions semi-classically.®® The other theories
took into account the discrete nature of rotational levels.®® However, the rela-
tion of them to the semi-classical treatment was not clear. In a previous paper”
Hama and Nakamura have obtained exactly an analytical expression for the
rotational correlation function for a free spherical rotor. Basing the theory on
this exact correlation function, they have shown that the effective mass theory of
Sachs and Teller® in Krieger and Nelkin’s formalism® can be derived as a
limiting case -of short time for the free spherical rotor.

However, these are the uncorrelated theories in which the correlation between
the nuclear spin system and the rotational one through statistics of identical
nuclei is neglected. This correlation effect was taken into account for spherical
and symmetric top molecules by Sinha and Venkataramaq (8V).» However,
their treatment was based on ZG’s approximation,” which will be described below.

Now, the partial differential incoherent scattering cross section is given by

(d0 /AR )incon= (27 (/) f;dte—m [C/sG+DIT 2", (1-1)

1" =<exp(ik-r,())s, s, exp(—ik-r,.(0))), 1-2)

if the incident neutron beams are unpolarized. Here we assume the molecule
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Spin Correlation Effect on the Slow Neutron Scattering 1143

to contain only one kind of identical nuclei. C is the incoherent scattering length
of the identical nuclei, r, the position vector of the v-th nucleus, s, the y-th
nuclear spin with spin quantum number s and x#=k—k, #®» and #x are the
energy- and momentum-transfers to the scattered neutrons respectively.

ZG take into account the correlation between different nuclear spins on the
average. If one replaces s,-s, in Eq. (1-2) by its average <{s,-s,.), this average,
being independent of spin pairs, gives ZG’s spin correlation term Z(I):

_<s8- 80 d(I+1) —ns(s+1)
s(s+1) sG+Dr(r—1)

where 7 is the number of identical nuclei in a molecule and I the total spin
quantum number. If the number of spin multiplets appearing in the intermediate
states with the same energy is appropriately large, the above approximation seems
to be valid. Otherwise it is open to question. We note here that the spacial
part of the total state’ does correlate strongly with the spin part of it through
statistics of nuclei. No careful study. on the approximate nature of the ZG
decoupling procedure has been done. It is the aim of this paper to elucidate
this point- with particular reference to methane.

In §2 we give the symmetrized spin-rotational wave functions of a tetrahedral
hydrogenic molecule whence we calculate in § 3 the matrix elements of transi-
tion between rotational levels. The spin-rotational part of the intermediate scat-
tering function is treated in §4 and the relation of our exact theory to ZG- and
the uncorrelated approximations is described in §5. The differential scattering
cross section of methane gas is computed and compared with those in ZG- and

) = , o #FY) -3

uncorrelated approximations for several cases in § 6.

§ 2. Symmetrized spin-rotational wave functions

Througho\ut our study the electronic and vibrational states of the molecule
are assumed to be in the ground state; an assumption relevant to the scattering
of slow neutrons. We shall, for a moment, leave them out of our consideration.

Though the methane molecule is of T symmetry, it is sufficient to confine
ourselves to T group. This is equivalent to the alternating group of four let-
ters, i.e., the group of even permutations on them, which is relevant to the proper
rotation. There are four irreducible representations A4, F, E, and E, with
respective dimension equal to 1,3,1 and 1 in the considered group. The repre-
sentations E; and E, appearing as a pair are the complex conjugate representa-
tion to each other.

The spin wave functions are shown in Table I in agreement with Anderson
and Ramsey’s tabulation'® except for E symmetry. As is shown in Table I, the
total spin pertaining to the representation A, F and E are respectively [=2,1
and 0.
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1144 J. Hama and H. Miyag-i

Table I. Symmetrized spin wave functions ¢s(le; IM) of the four proton system.

r I 4 M ¢s (o3 IM)
A 2 2 oo
1 [Baco+ afac + aafa+anal] /2
: [aaBB+BRoc+ afBu+ o+ aifa+Buferl / 6
-1 [«BBB+ BaeBR+ BBuB+ RBRA /2
-2 BBBB
F 1 1 [(Baca—anaf) — (afoaa—aafa)]/2
1 0 [Bafa—cBaBl//Z
-1 [(xBB8—BBRc) — (BaBR—BBB)1/2
1 [(aBaa+anpe) — (Baca+anap)]/2
2 0 [aBBa—Pacfl/ T
-1 [(BBBa+BBR) — (PapB+BBeB) 1/2
| 1 [ (Baca—acaB) + (aBoa—anfa)]/2
3 0 [BRac—ctBB1/ /T ’
-1 L(«RBB— BBBa) + (RatpB— BB ]/2
E, 0 0 [(@BBa+ Banp) + & (afaf + fafa) + & (aaff+ LBa) 1/ v/ 6
E; 0 0 [(@BBa+ Bach) + & (afaf+ fafer) + € (BB + BRac) 1/ G

£=gt27/3

Next, the construction of the symmetrized rotational wave functions of the -

tetrahedral molecule has been discussed by various authors.»™'® These functions
are written formally.

U (Tuo) =N-7 31 a50* (G) Gyl @1

where G is an element of our alternating group, ‘representing the proper rota-
tion, and N the normalization constant. We note here that 4 on the left side
of the above expression depends on % in the starting function ¢}, the wave func-
tion of spherical rotor, which is expressed in terms of the element of rotation
matrix!®

st (@B7) =[(2j+1) /8T DL (aBY) - / 22

Here (afy) is a set of Euler angles of the body-fixed coordinates, O&yC, relative
to the space-coordinates system, where the coordinates system is taken as illustrat-
ed in Fig. 1. In Eq. (2-1) the coefficient a$? (G) is an element of the representa-
tion matrix I", which is obtained by observing the transformation properties of
symmetrized spin wave functions. The independent functions can be generated
with a fixed r. The results are as follows: For I'=A,

O (Al = (NEDY 2 33 [Onnat (= D0t {1k (=1 {(—1)F +i" 49,148

n2u mn s

NP =61+ (— 18,0+ 4(— 1y 45,1, 2-3)
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Spin Correlation Effect on the Slow Neutron Scattering 1145

Fig. 1. Coordinates system Oé&3¢ fixed in the molecule.
where N{» _is the normalization constaﬁt and
A9, =D (0, /2, 0). 2-4)
We note here that the suffix 2/ 1n the starting function must be an even integer.
Then we put 2=2y, For I'=F,
08 (Ful) = (NS (~ 1y 3 [1— (1114248,

n

P (Fu2) = (NED 5 "1~ (~ 114802,
08 (Fu3) = (NI 33 [Oasu— (— D02, 1652,

Vi =2[1— (—=1Y0,.]- (2-5)

We can easily show the orthogonality among ¢ (I"us) with different u. For
I'=E,

O (Bt = (NED™ 33 st (=180 gt {4+ (— 10} fe(— 1+ 4162,
N =6[1+ (—1Y0,,—2(—1Y"4ii%.]. (2-6)

Here ¢ (E.y) is given by Eq. (2-6) with replacement of ¢=¢“"* by e*=¢ "/,

In the above functions, ¢S (I'u0) with negative # differs-only by a phase factor
from that with positive z, as is proved with the help of AY)., = (—1)""™4Y, .
and 4%.= (—1)Y"4,. Hence we take 4 to be non-negative. The number
of triplets F contained in the manifold with given j proves to be j/2 for evenj
and (j+1)/2 for odd j, owing to the mentioned orthogonality. The numbers of
the other I’ contained in the same manifold are obtained from the group theo-
retical results,’'® where one gets x in the independent function ¢.$(I4) as

follows.
NVO12345678,9101112131415
0 1.0 o101 o 1 o0 1 0 1
A 1 2 1 1 2 1 2

9 3 27
0 o1 0101 0 1 o0 1 0 1
E 1 1 2 1 2 1 2
2
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1146 J. Hama and H. Miyagi

We note here that the symmetry A is splitted into A; and A, under the
group 7, The function (2-3) with even # is of the A;-symmetry while that
with odd 4 is of the other symmetry. The orthogonality between two functions
with respective symmetries A, and A, can be easily seen from Eq. (2-3). The
non-orthogonal functions appear first at j=8 for I'=E and at J=12 for I'=A,
where we take the wellknown orthogonalization procedure.

Finally the zotally symmetric wave function is written

Y(I'y; jm; IM) = d"1’22¢"’(Tﬂ0)¢s(T*6 M), (2-8)

where I'* is the complex conjugate representation to I and d the dimension

of I'.

§ 3. Matrix element

Before going into the intermediate scattering function, the matrix elements
relevant to its evaluation will be given separately for the spin and rotational
parts.

(@) Spin part Let s, be the g-th component of the p-th proton spin as defin-
ed by

Sov = Szuy S, ™ :F 2_1/2 (S:pu + isy») . - ) (3 * 1)
Let us now consider the following operator: ,
19 = 3¢5, (3-2)
with ¢,. given by
\ Y
r\\ 1 2 3 4
0 1 1 1 1
1 1 -1 1 —1 (3-3)
2 —1 1 1 -1
3 1 1 -1 -1
which satisfies
Z CpeCyre = 46»»'; Z CueCypr = 461" . B (3 . 4)

-

We can show that I, with ¢=0, +1 constitute a set of tensor operators for
each v. According to the Wigner-Eckart theorem we have

{'e’s TM\LO|To; IM>

= (= (_ Mﬁé M)<T TG Iy @3.5)
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Spin Correlation Effect on the Slow Neutron Scattering 1147

in terms of the Wigner 3j.symbol, where the double-bar matrix element can be
obtained from evaluation of a particular matrix element. It is easily proved that
L® with t=0 is of A-symmetry and that [, with r=1,2 and 3 constitute the
bases of F-symmetry, (F1), (F2) and (£3). Thus we replace r by (I'0).

With the above labeling the non-vanishing double-bar matrix elements in Eq.

~ (3-5) are given by

I'e’; PO\ Iy=[I(I+1) QI+ 1)1 *0rr 056011
(Fo7; LI A; 2> =100,

(Fo’; UITOIF6; 1y =Bk, ,

CFe’; UIFOIE,; 0y =~ 26D,

where e,.5, is the usual antisymmetric unit tensor with rank 3* and &% ="'/,

(0) Rotational part’ We describe here the matrix element of a tensor operator
To®(Iuo) defined by

T (Tuo) = [8n*/ 2L+ 1)1/ pu (Tuo), 37

where ¢, (I#0) is the symmetrized rotational wave function given in §2. By
the same procedure as Eq. (3:5) was obtained, we have'

{015 Jima| T D (T uo) | Tapta0s; Jamg)

(3-6)

=<—1>fx-'"l< a j“><r1ﬂlol;jluT“> (Tu6) |Tys; oy . (3+8)
’ —my M M
The above double-bar matrix elements are calculated as follows:
CFm0s; G T (Fuo) |F 035 oy = (eqioa ) +4%p (3-9a)
p= —8[(2in+1) 2+ DA (NS NBNEDY 17
R e LY (e (3-95)

Emoy; T (Fuo) |Esta; jip=e"04,09 , (3-10a)
7=2[(2+1) Ch+ D (NELANENED)™

. Y A S R
—1)%1 Oy — (— 168, —1)"
x ) A=Z¢1{ ¢ Yo [<_2.u1 2u 2/12> * < ) <—2ﬂ1 20p _2ﬂ2>

, , A1 Ja
F+24e(—1)P L2 (—1)#Fr) gl <

D@ i o T
CFu0ys T (Fuod)|Ats; jap = 04,09 | v (3-11)

where ¢’ is given by ¢ of Eq. (3-10b) with NP and ¢ replaced by Nfi¥ and
1 respectively.

)] (3-10b)

*) ey =emi1=e32=1, e133=egn=eg3=—1 and otherwise zero.
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1148 J. Hama and H. Miyagi

For I'=A, {I'mo; jll T (Ap) |Tanos; jiy vanishes unless =TI and 0,=0,,
whose expression is rather lengthy and may be omitted here.

§4. Intermediate scattering function

We assume that the intermediate scattering function ¥** defined by Eq. (1-2)
can be separated into the translational, vibrational and spin-rotational parts:

e UV 0 :
XW = Xtr xquXS;m rot » (4 * 1)

where yt’ is well known® and %% reduces to the Debye-Waller factor exp(—£%,..)
for the cold neutron scattering.® The 7...’s are the same for all pairs of protons
including the y=y’ case,® which is denoted by 5.

Now we look into %2%inrr. Considering xv' and 2% to be independent of y
and y’, we have

; A nerot = Z <exp(ix-b,(t))s, s, exp(—ir-b, (0))>. “4-2)

If we expand exp(ik-b,) in terms of the spherical Bessel function 71 and the
Legendre polynomial with reference to the body-fixed system, Eq. (4:-2) becomes

> = 3 @+ D) GiGB)FA), 43
i@ = TGRMGR (O , (4-4)

Here b, is the position vector of the y-th proton relative to the mass center, ’

whose magnitude is denoted by 4. G is given by
Ga=[4n/ I+ 1)~ Z Din (aBr) Z Y5 (0, 0.) 500 (4-5)

where (0,,4.) are the polar angle coordinates of the y-th proton with respect to

the coordinates system Ogy¢ illustrated in Fig. 1 and Y. (6, ¢) a spherical
harmonic function.

Now G§, must be invariant under even permutation of protons The requir-
ed form is

GR= 2 1720, (), , @
I'e

9n0(I0) = 226, (I) T (T'u0), 4-7)

where T, (I'us) is defined by Eq. (3-7) and the expansion coefficients b, (Y
are tabulated in Table II up to /=6. We note that the terms with '=E do
not appear. We also note that 5,9 (I") is 1ndependent of ¢ because of the in-
variance property of G& mentioned above, )

If we use Egs. (3-5) and (3:8), the matrix elements of G& with respect
to the totally symmetric wave function (2-8) is written
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"~ Spin Correlation Effect on the Slow Neutron Scattering 1149

Table II. Expansion coefficients &5 (I").

l A P (F)
] a0 0
1
1 0 VAL
2 / 0 ~ /g0
V5 2
3 —sz&,; "'W‘? 20
. T 25
4 _5%6” —z—‘g—%ﬂ
\ ‘ 1 . V3B
5 | 0 mmo ma,g
AVT . /35 . V77
6 9 00 1m6#1+1m [1]

s jumsy LM1|G52IT2/12§ Jma; LM,»

=(__1)!1+I,—m,_u,< I‘y 1 L)( Ja l jz>
b—Ml q Mg

P—
X (T3 HEIGOIT ot 3B (4-8)
where .
(Tt GRIGON ot Gl
= (rdr) ™" 33 3 K003 LU0 Iy
X Tap0s 319 (TO) W atta33 o (4-9)
with

{a1s JlgP (o) IMatts025 Gy
= 210, P (D) KMpa01; I TO (T uc) \Fatals; jap. (4-10)
I3

Substituting Eq. (4-8) into Eq. (4-4) and using the well-known orthogonality
relation of 3j.symbol,”® we have

fi®) =27 ,Z,'" fi (.7.1’§ J)exp[ —Be;, +i(ey,—e5) t/H], (4-11)
Filas dy= 23 23 |l lerlnG(l)”rﬂﬂz; szr,>12 » (4-12)

141 Dglty
where f=1/kzT,e;,=Bj(j+1) with rotational constant B and Z is the partition
function

Z= 2 (2j+1D CLr+ 1) np? exp(—fey). (4-13)

iT

Here I;=2,1 and O respectively for I'=A, F and E, and 7, is the number of
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1150 J. Hama and H. Miyagi

representation I” contained in the manifold with the same rotational quantum
number j. ’

If we use Eq. (4-6) with Egs. (3-6), (3-9a), (3-10a) and (3-11), Eq. (4.12)
is written as

fl(jl; j2)= Z Z I};J,Qr,r.(l",l*’)

T'ypy Pauy )
X HD (Djis Tata o) H (Dupagis Tataid)* {4-19)
HOD (M gy Tatagn) = (drdr)™ 3

7,003" .
XLm0s; HlA® To)\Mapt035 Fa) (4-14a)

In the above expression, the double-bar matrix element of A®(J'¢) is to be
identified with that of ¢®(I'¢) unless Ii=I'=F and Is=E or I''=E and I'=T;
=F. If I'=I'=F, I,=E,

{Fmoy; jlh® (Fo) | E ta; j§>=3_bv<FﬂiO‘;; Alg® (Fo) | E pa; Jp. (4-15)
The coeflicients & ,(I,I’) are given on the first line of Table IIL

Table III. Non-vanishing values for the coefficients @r,r (I',I").

,Q (A A) 'QFA ‘QAI' AQFE ‘QEF 'QFF lQFF 'QFF
e (F,F) | (B F)| (B F)| (F,F)|(F,F)| (AfF) | (F, A)
Exact Ir(Ir+1) Q2Ir+1) 10 10 4 4 6 6 6
G Ir(Ir+1) Q2Ir+1) 10/3 10 10/3 4 "5 0
Uncorrel. 3dr 3 3 3 3 9/2 0 0

We finally introduce A®(I'¢) by the following: The double-bar matrix
element of A (I'0) is identical to that of A®(I'¢) unless In=I'=I,=F. If
r1=r=F2=F, ‘

{Fly; jlnil(l) (FO) | Fus0s5 jop

=€o,00, 25 0,V (F)Ful; AT (Fu2)|Fua3; i) - (4-16)

A

The above quantity, 2 (I'0), will bé used in §5.

§ 5. ZG- and uncorrelated approximations

(@) ZG-approximation According to ZG, the intermediate scattering function
1s written :

2 Gpinro =5 (s+1) 2342 2 < fur 0>+ [1-Z(I)] 2 fu®0},  (B-1)

where f,, (¢) =exp[ix-b,(¢)Jexp[—ik-b,.(0)] and Z(I) is the ZG correlation
factor defined by Eq. (1-3). And ¢ >, means a contribution from the states
with representation I” to the average:
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Spin Correlation Effect on the Slow Neutron Scattering 1151

s

{for=27 2 <Lal f|Thrape (5-2)

where « represents a set of quantum 'numbers (u; j,m; M), By the same
procedure as ‘was taken in the preceding section, Eq. (5-1) is written in the
form (4-3), where f,(¢) is now given by

Fi@® =s(s+1) 23 {ZIr) 23 05 (950 (0))r

+[1~Z(IN] 20w @D 9% (0)r (5-3)
with
w=[4rn/ 21+ 1)]" 2 Do (aBr) Y e (005 6.) - (5-4)
Comparison of Eq. (5-4) with Eq. (4-5) leads to .
Gin= 2 Omsw - (5-5)

Substituting Eq. (3-2) into Eq. (4-6) and comparing the resulting expression
with Eq. (5-5), we have

8= 3 cured¥re 5-6)

where a suffix r in Eq. (3-2) ié replaced by (I'¢) and ¢@;,=g,®{0).
If we substitute the above expression into Eq. (5-3) and use Egs. (3-3) and
(3-4), fi(¢) becomes

Fil) =4s(s+1) 33 42 08D 920D
+[1-ZUD] T e DI O, - (5D

where the sum inside the brace runs over 7/=A and F.

In accordance with SV’s treatment, we replace the above average by the
average over the totally symmetric states, while the intermediate states are taken
to be the symmetrized rotational states. The resulting expression can be writ-
ten in the form (4.11), where f,(ji; /») is given by Eq. (4-14) with A9 0)
=h®(['¢) and with different coefficients &r.r, (I, ") shown on the second line
of Table III. The approximation A®(I'¢) =A®(I'¢) violates the selection rule
for transitions I'y=I"=I,=F, which states that H" (Fu,j.; Fusj,) should vanish
identically if 4+ 4+ 3 is an even integer according to Eq. (3-9a).

As is seen in Table III, the microscopic reversibility breaks down in ZG’s
approximation. Therefore the condition of detailed balance cannot be valid in
this approximation. In Table IV, we explicitly compare the exact values of
KMty WLIGON ey L) with those of SV, which is based on the ZG ap-
proximation, for the particular case /=1.

(b) Uncorrelated approximation In this approximation, we have
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1152 J. Hama and H. Miyagi

Table IV. Comparison of the exact values of |<Iyu;;f1li|GWVI M us; Jal|? with those based
on the ZG approximation. In the second column, the states are designated by (I'z). A,
E and F in the third column refers to the initial state.

J1—>f2 Exact ’ zG
0->1 (A0)—>(F0) 10 A 10°
1-0 (F0)->(A0) 10 F \ 10/3
1 (F0)—> (FO0) 0 F 10
2 (F0)— (E0)
. (F1) 1 2} 20 F 50/3
2-1 (F1)—(F0) 12 F 10
(E0)— (FO) 8 E 8
2 (F1)—>(F1) 0
(EO) 40/3}40/3 F . 50/3
(E0)—>(F1) ~ 40/3 E 40/3
3 (F1)—>(AlD) 50/3
(FO) 8Y74/3 F 70/3
(F1) 0
(EQ)—> (F0) 12]
(F1) 20/3}56/3 E 56/3
3 Binr =G+ DT CFu® 6-8)

in place of Eq. (5-1), where the average is to be taken over the unsymmetriz-
ed rotational states. Now the symmetrized- and unsymmetrized-rotational states
are transformed to each other through a unitary transformation. Owing to the
invariance of diagonal sum in the unitary transformation, the above expression
leads to Eq. (5-1) without the ZG factor Z(I), where { ), is to be regarded
as a contribution from the symmetrized rotational states with representation I’
to the average.

By the same procedure as was taken before, fi(®) in the uncorrelated ap-
proximation is written in the form (5-7) without
the ZG factor, where the average is to be taken 7/7 |
over the symmetrized rotational states. Thus f,(t)
in the approximation concerned can be written in
the form (4-11), in which f;(j; 5) is given by Eq.
(4-14) with A®I'0) =A®('¢) and with different
‘coefficients &y, (I",I"”) shown on the third line of
Table III. However, one should note that the parti-
tion function Z’ in the considered approximation is

4.0

20 A

a3k

0.0 . .
to be given by 0 10 kgT/B

’ — : 2 _ . Fig. 2. Z/Z' versus kzT/B (B
Z Zj} (2j+ 1) exp(—Be;) (5-9) Z155K),
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Spin Correlatiém Ejffect on the Slow Neutron Scattering 1153

in place of Eq. (4:13): It is more relevant to compare @, (I",I")Z/Z" with
2rr, (I, I7) in the other theories. In Fig. 2, we plot Z/Z’ as a function of
temperature. One should also note that the condition of detailed balance is valid
in the uncorrelated zipproximation.

§ 6. Differential scﬁttering cross section

The incoherent part of the partial differential cross section is written

(4°6 /A0 = ) (/) [C*/5(s-+ 1) Jexp (— 17,
X @uME/6)" 3 QU+ 1) (i) Z™ T f Gii exp(—Bes)

X exp[ — {fio + (#'K'/2M) + ¢;,—¢;, MB/ 21'*) ], (6-1)

which is computed for methane gas for the following three cases. i

The first case is the one taken up by SV,? i.e., the scattering of 25 meV
neutrons with scattering angle 10° by a hypothetical methane gas at 10 K. The
results are shown in Fig. 3, in
which the results based on ZG’s
formula and those on the un-
correlated theory of Griffing® 20
are also shown. Notice a con-
siderable deviation of ZG spectra
from the exact ones at the side
of high energy; a result due to
failure of the ‘condition of de-
tailed balance.

Secondly the computations
are done for the case when the 19
incident neutron energy is 4.6 Fig. 3. Partia! differential incoherent scattering cross
meV with scattering angle 20° section of a hypothetical methane gas at 10K

at temperature 293K, which with the incident neutron energy 25 meV and the
1 ' scattering angle 10°.

— exact
~=-~ Zemach-Glauber

----- uncorrelated

bn sterad™'/ mey
by

2t 23" 25 27 meY

corresponds to one of Webb’s

experimental conditions.”” The resulting inelastic spectra are shown in Fig. 4,

where contributions to the total spectra from the. incoherent scattering with
given [ and those from the coherent. scattering are separately shown in the same
figure. In the present result the térms up to j, s=15 have been taken into
account. The corresponding result in the ZG approximation is almost com-
pletely in agreement with the present result. As was mentioned by SV,” the
spin correlation effect is negligibly small at high temperature. This is manifest-
ed by comparing the above result with the exact one based on the uncorrelated
assumption,” which is given:also in Fig. 4.
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Fig. 4. Partial differential scattering cross section of methane gas at 293K with the incident neutron

energy 4.6meV and the scattering angle 20°. The contributions to the total spectra from the

incoherent scattering with given / and those from the coherent scattering are designated re-
spectively by dotted and dot-broken lines.

Fig. 5. Scattering spectra with /=1 at 100K with the incident energy 4.6meV and the scattering angle
20°. A, F and E represent symmetries of the initial states of transitions.

The third case is the one with the same incident energy and scattering angle
as in the second case but at the lower temperature 100 K. For this case the
total spectra come out almost from /=0, 1 and 2 terms. The scattering spectra
for /=1 are compared with those based on the ZG approximation in Fig. 5, where
A, F and E refer to symmetries of the initial states of transitions. For A and
E symmetries the ZG approximation gives a result identical to the exact one,
while a small but appreciable deviation occurs for the transitions from Fstates.

We may conclude that the ZG approximation becomes worse at lower tempe-
rature. The deviation comes from the transitions related to F-states. This ap-
proximation may be serious in applying it to the scattering by molecules in
condensed states at low temperature, which may be subjected to the crystalline
and/or molecular fields due to surrounding molecules.'®®

We finally compare our theoretical results with Webb’s measurements'” as
shown in Fig. 4% In this figure, we observe an appreciable difference to exist
between the theoretical and experimental ones. There may be two possible
reasons for the mentioned deviation. First, the effect of multiple scattering might

* In Fig. 1 of Ref. 17), which has also been reproduced in the standard text?® the curve
related to SV’s approximation deviates appreciably from the measured data at the side of high
energy transfer, in contradistinction with our corresponding one shown in Fig. 4. The discrepancy
is supposed to come from an insufficient account of the contributions from higher values of [ and/or
j1 and j;. We note that SV’s result has proved to be almost identical with the one in the uncor-
related approximation, which must approach Krieger and Nelkin’s result at the side of high energy
transfer as has been proved in the previous paper.?
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still be effective, though Webb’s sample was so thin.® Secondly, the C-H distance
in a molecule is not perfectly rigid due to the zero-point motion of atoms. This
effect has partly been taken into account in the form of the Debye-Waller factor.
However, the most accurate theoretical calculation®™ shows that the mean value
of the proton distance, {r), in hydrogen molecule is about 2% larger than the
same -distance estimated from another average {r~*>. The difference may be
more considerable in methane. If it is the case, {j,(k0)}* with higher / will be
more effective in comparison with the rigid-molecule approximation. A preliminary
caleulation shows that the above effect is in the right direction, though an as-
sumed C-H distance larger than its current value by 5% is not sufficient to get
a satisfactory agreement.

.

Acknowledgements

The authors are indebted to Professor Tuto Nakamura for suggesting this
research and stimulating discussions during its execution and for his critical read-
ing of the manuscript. :

References

1) A. C. Zemach and R. J. Glauber, Phys. Rev. 101 (1956), 118, 129.
2) A review article: J. A. Janik and A. Kowalska, in Thermal Neutron Scattering, ed. P. A.
Egelstaff (Academic Press Inc., New York, 1965).
3) T. J. Krieger and M. S. Nelkin, Phys. Rev. 106 (1957), 290.
4) A. K. Agrawal and S. Yip, Phys. Rev. 171 (1968), 263; A1l (1970), 970.
5) G. W. Griffing, Phys. Rev. 124 (1961), 1489.
6) G. Venkataraman, K. R. Rao, B. A. Dasannacharya and P. K. Dayanidhi, Proc. Phys. Soc.
89 (1966), 379.
7) J. Hama and T. Nakamura, Prog. Theor. Phys.. 46 (1971), 1666.
" 8) R. G. Sachs and E. Teller, Phys. Rev. 60 (1941), 18.
9) S. K. Sinha and G. Venkataraman, Phys. Rev. 149 (1966), 1.
10) C. H. Anderson and N. F. Ramsey, Phys. Rev. 149 (1966), 14. .
11) H. A. Jahn, Proc. Roy. Soc. A168 (1938), 469, 495.
12) H. F. King and D. F. Honig, J. Chem. Phys. 44 (1966), 4520.
13) T. Yamamoto, J. Chem. Phys. 48 (1968), 3199. -
14) A. R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton Univ. Press, N.
J., 1957).
15) E. B. Wilson, J. Chem. Phys. 8 (1935), 276.
16) A. W. Maue, Ann. der Phys. 30 (1937), 555.
17) F. J. Webb, Proc. Phys. Soc. 92 (1967), 912; the experiment was made at T=293K with
the incident neutron energy 4.6 meV.
18) B. Dorner and H. Stiller, Inelastic Scattering of Neutrons in Solids and Liquids (Inter-
national Atomic Energy Agency, Vienna, 1964), Vol. II, 291.
19) Y. D. Harker and R. M. Brugger, J. Chem. Phys. 46 (1967), 2201.,
20) F.J. Webb, private communication to T. Nakamura.
21) L. Wolniewicz, J. Chem. Phys.. 45 (1966), 515.
22) W. Marshall and S. W. Lovesey, Theory of Thermal Neutron Scattering (Oxford Univer-
sity Press, London, 1971).

220z 1snBny g1, uo Jssn aoisnr Jo Juswpedaq 'S'N A9 6591.281/2¥ L L//0G/210e/did/ w00 dno-olwepese)/:sdjy Woly papeojumoq



